Eigenvalue Locations of Generalized
Companion Predictor Matrices
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Abstract Generalized predictor companion matrices arise in the linear predic-
tion approach for the fit of a weighted sum of n exponentials to a given set of data
points. They are special solutions of matrix equations of the type H(I+p)S = H(l)
where for each | > 0 H(l) is a M x N Hankel matrix obtained from this data
(M > N > n). We discuss in this paper results about the eigenvalue locations
of this class of solutions by means of linear algebra techniques. An application of
these results in the case of all the exponents have either negative or positive real
part is that the n exponentials can correspond to eigenvalues which are outside the
unit circle depending on the choice of generalized predictor companion matrices.
The other (N — n) eigenvalues of these matrices always lie inside the unit circle
and approach zero when p increases. This separation can facilitate their numerical
calculation.
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1. Introduction. The identification of the parameters of functions

h(t) = rie + 4 re’’, Res; <0, i=1,..,n, (1)
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is a problem which has been studied by several researchers in a variety of dis-
ciplines such as signal processing, mechanical vibrations, harmonic retrieval,
acoustics, nuclear magnetic resonance etc. One of the approaches to the
problem is the linear prediction technique, which describes the problem as
a matrix equation of the type H({ 4+ 1) = H(/)S, where H(/) is a M x N
Hankel matrix whose ¢, entries are hipiqj—2 = A(({ + ¢ 4+ 7 — 2)At) with
At as the sampling interval [11], [12]. This equation will be called a pre-
diction equation of the system it both M and N are greater than or equal
to n. Observe that, if the available data is free of noise, n is the rank of
H(!) for any [ (with respect to numerical rank determination, see e.g. [2], [6],
[17]). Usually we choose M > N > n so that H([) is rank deficient and thus
there are an infinite number of solutions of the prediction equation, which
are called predictor matrices of the system. An important result is that n of
the eigenvalues of S are 14!, .., e*» 2! which are called system eigenvalues.
The parameters rq, ..., r, are calculated once these eigenvalues are known.
In practical parameter identification problems the Hankel data matrices
are corrupted by noise, which is assumed to be additive: |:|(Z) = H(l) + &.
Several algorithms have been proposed for solving these problems and an

G

analysis of some available algorithms is presented in [19]. The prediction
methods are based on solutions of

H(Dz = H( + ey (2)

where ey is the transpose of the canonical vector (0...01), for example, the
Minimum-Norm method [9], in which z is the minimum norm least squares
solution. The different possible choices for the dimensions M, N of |:|(Z) and
the ways of solving (2) have been originated several estimation methods.
For example, in [15] the Total Least Squares (TLS) approach is applied for
solving the equation (2) to diminish the noise effects from the data matri-
ces. Other methods are the Single Shift-Invariant and the Subspace Fitting
methods (see again [19]), which include several algorithms like ESPRIT [14],
HTLS [20], Kung’s method [10], MUSIC [16] etc. Contributions for param-
eter estimation problems also appear in [1], [4], [7], [11], [12], [21], among
others. However, we don’t intend to introduce here a better performing
method for identifying parameters in the practical sense. The goal of this
paper is to present theoretical results about the locations of the eigenvalues
of a class of solutions of the general prediction equation H(/ + p) = H(I)S,
p # 0, called here generalized companion predictor matrices. These matrices
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naturally arise from the concept of linear prediction. Since any solution S
is an N x N matrix and N > n, S has extraneous eigenvalues in addition
to the system eigenvalues. One problem, therefore, is how to distinguish the
system eigenvalues from the entire spectra of S, supposing the data free of
noise. Our goal is to show that if the n exponentials are such that their
exponents have either negative or positive real parts then there are solutions
S for which the system eigenvalues have absolute value greater than 1 while
the extraneous ones have modulii less than 1. We begin with p = 1 and show
that when S is the companion matrix C(c) = [ez €5... ey ¢], where ¢, is the ith
canonical column vector and ¢ is the minimum 2-norm least squares solution
of H(I) x = H(I41) ey, then the extraneous eigenvalues are located inside the
unit circle. Observe that the system eigenvalues corresponding to undamped
signals (Res; > 0) should lie outside the unit circle. It is worth emphasizing
that the eigenvalue locations of companion predictor matrices was studied
earlier, for example by Kumaresan [9], in the context of the analysis of zeros
of linear prediction-error filter polynomials for a class of deterministic sig-
nals. Here, we state results about these locations in a linear algebra context.
This is done in Section 2. Also in Section 2, we show that the companion
matrix é(b) = [beyez...eny_1], which is the solution of the backward pre-
diction equation H({ — 1) = H()S, with b being the minimum 2-norm least
squares solution of H(/) @ = H(l — 1) e1, has the extraneous eigenvalues equal
to the conjugates of the extraneous eigenvalues of C(c¢) = [ez €5 ... e ¢]. Now,
the corresponding system eigenvalues, e =12, | e*"4! lie outside the unit
circle if all the signals are damped (Re s; < 0). Results about eigenvalues of
companion matrices can also be found in [3], [5], [8], [18]. In Section 3, we
introduce the concept of generalized companion predictor matrices as a class
of solutions of the equation H(I + p) = H(I)S, p # 0,1, —1. We also present
some results about the locations of the eigenvalues of these matrices. We
finish this paper with numerical examples and some remarks.

2. Companion predictor matrices. Let H(/) be a M x N Hankel
matrix whose entries are samples of h(t):

hy hipr o0 hign—

Lo o higi higpo - hign
H(l)=Th; hyyy -+ hypnq] = i i i

higpmi—1 hienm - higmen—2
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Then by (1), for all [ > 0,
H(l) = VA'RWT, (4)

where V. =V(A,..., A,) is the M x n Vandermonde matrix described by

1 . 1
M . A
V= : : ’ (5)
AM 1 AM—I

A = diag(\i, ..., A\), with A\; = %20 R = diag(ry,...,7,), and W is the
submatrix of V formed by taking its N first rows. A direct consequence of this
decomposition is that, for all [ > 0, rank(H(l)) = n whenever M > N > n
and \; # A;, for ¢ # .

A predictor matrix, that is, a matrix S such that H(Z + 1) = H(1)S, gives
the new data sample hH_N from the preceding N samples hl, hl-|—17 .. EI+N_1.
Observe that there can be an infinite number of matrices S satlsfying this
equation and that the parameters A; can be found from the eigenvalues of
any predictor matrix according to the following relation:

H(+ 1) = H(D)S

)
WIS = AW (6)

LEMMA 1. Let S be a solution of (6), where W is any N X n matrix
and A = diag(\i, ..., \,). Then N(WT) is an invariant subspace under S.
Furthermore, if \; # 0 for all 7, SN (WT) = A/(WT).

Proof. x e N(WT) & Wz =0 = 0= AWTz = WISz & Sz € V(WT)
(if A; # 0 for all ¢, = can be replaced by < in the above chain). O

LEMMA 2. Let S be a solution of (6), where W is a full rank N x n
matrix (n < N) and A = diag(A1,..., ). Let P be a N x (N — n) matrix
whose columns are an orthonormal basis of A'(WT); and let Q be a N x n
matrix whose columns are an orthonormal basis of the row space of WH,
that is, N(WT)L. Then, for x # 0, PSPz = Az if and only if SPz = A\Px.
Moreover, A(S) = )\(QHSQ) U )\(PHSP) = AMA)U )\(PHSP).
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Proof. From Lemma 1, the columns of SP form a basis for A(W7T). Then,
since P is a full rank matrix, given any vector = there is a unique vector y

such that Py = SPxz: y = PHSPx. Therefore, P2SP2z = Az < SPz = APz,

Now, observe that
QY _/Q7sQ o0
(PH)S(Q P)_<PHSQ PHSP)'

Moreover, as W = QZ, for some n x n nonsingular matrix Z, then
Q7sQ =z "z7"Q"sQ = 27 "w7sQ =
=Z7"AWTQ =Z7"AZ"Q"Q=2""AZ". O

Remark 2.1. By equation (4), the rows of H(I) for any [ are spanned by
the rows of WT. So, the matrix Q in Lemma 2 can be calculated from a QR
decomposition of H(/). By Lemma 2, the characteristic polynomial of S,
p(x), can be written as p(x) = (z — A1)...(x — A,)g(x). Since one of our goals
is to identify the X;, ¢ = 1,...,n, then it is important to know the properties
of the N — n roots of g(x), which will be called extraneous roots from now
on. Observe that g(z) is the characteristic polynomial of PZSP. We will
focus our attention on a special solution S of equation (6) - the companion
predictor matrix:

00 -+ 0 ¢

1 0 --- 0 (4]
C:[€263“‘€NC]: o1 --- 0 C9 (7)

00 -+ 1 ey

NxN

in which the column vector ¢ is the minimum 2-norm solution of the system:
H(!)c=H(+ 1)en, (8)

or, equivalently, of the following system:

Whe = AW ey, (9)

PROPOSITION 1. Let W = W(Aq, ..., A,) be a Vandermonde matrix of
order N x n, N > n, where \; # X; for ¢« # j, and let C = C(¢) be a
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companion matrix whose Nth column vector, ¢ = (co, ..., cn—1), is a solution
of (9). If pi1, ..., iy —n are the extraneous roots of the characteristic polynomial
of C, then an eigenvector associated with p; is the vector of coefficients of the
polynomial (& — Ay)...(@ — Ap) (@ — p1).oo(@ — prica) (@ — fig1)e (@ — pn—n).

Proof. Since C is a solution of (6), an eigenvector associated with an ex-
traneous root belongs to A(WT). Without loss of generality we may consider
only the case of yi. So, let @ = (ag,...,an—1) be an eigenvector associated
with p1. Then Ca = pya is equivalent to

Co N -1 = MH1do
ap + cran—1 = 1o
aN-—2 + CN_1GN_1 = pM1aN-1

Since ay—1 # 0 (otherwise a = 0), we can write

_ do ey — do .
Cop = , 0l = ———————,...,CN_1 =
aN-1 aN-1 aN-1

H1N—_1 — GN_—2

On the other hand, since a € N'(WT),

a(x) = an_172N '+ dagrtag = an—1(x—=A).. (= ) (x—Fk)o..(x—kn_n_1)

By comparing the coefficients of a(x) to the coefficients of c(x) = 2V —
(DCN_l:L'N_l + ... + a1x 4 ¢), we conclude that e¢(x) = aNl—l a(x)(x — pr).

In order to prove the first proposition about the location of the eigenvalues
of this matrix, we first state the following lemma, which is easily verified.

LEMMA 3. Let P be a m X n matrix whose columns are orthonormal. If
Bis ar x s submatrix of P then ||B|z < 1.

PROPOSITION 2. Let W = W(Aq, ..., A,) be a Vandermonde matrix of
order N x n, N > n, where \; # A, for ¢ # j, and let C = C(¢) be a com-
panion matrix whose Nth column vector, ¢ = (co, ..., ¢y—1), is the minimum
2-norm solution of (9). Then the N —n extraneous roots of the characteristic
polynomial of C have moduli less than 1.
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Proof. Since C is a solution of (6), by Lemma 2 the extraneous roots
are the ones of the characteristic polynomial of PYCP, where P is such that
its columns form an orthonormal basis of A(WT). Since ¢ is the minimum
norm solution of a linear system, whose matrix is WT, ¢ € N(WT)+. Hence,
PHC = (B 0), where B is a submatrix of P. Let u be an extraneous root.
Now, by Lemma 2 the extraneous roots are the roots of the characteristic
polynomial of PYCP, and an eigenvector y of C associated with an extraneous
eigenvalue is of the form y = Pz for some x. If gy # 0 then y has its
last coordinate a different from zero (if not, Cy = py = y = 0). So, if

a
(therefore ||z|| = 1), then

y = (v) = Pz is an eigenvector of C associated with g such that ||y|| = 1

v
ul = ua| = ||PECP|| = | (B" 0) (a) 1= 118"l < [1BYl[lo]l.

By Lemma 3, ||BY||2]lv|l2 < ||v|lz- And in the case of 2-norm, ||v]| <

(2=t o

Remark 2.2. Tt can happen that a companion matrix as defined in Propo-
sition 1 can have a system eigenvalue as an extraneous eigenvalue, as in the
following example.

FExample. Let Ay = 1 and X, be the real root of the polynomial 22% +

322 +4x + 1. Let
r |1 X\ )\%
W _[1 Ag )\g )

Let C(c¢) be the companion matrix such that ¢ = (¢o, ¢1,¢2) is the minimum
2-norm solution of (9). Then z® — c22? — 1z — g = (x — A)(z — A2)%
Therefore, although A, is the only extraneous root, its geometric multiplicity
is 1 and not 2 because a companion matrix is nonderogatory [22], [13].

Since the parameters s; in the function h(?) have negative real part, the
non-extraneous eigenvalues e*2! of any solution S of (6) have moduli less than
one. Our goal is to identify these eigenvalues among all the eigenvalues of S.
The above proposition states that when S = C(¢) the extraneous eigenvalues

also have moduli less than 1. At first sight this doesn’t help us in the task of
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identification of the non-extraneous roots. However, when the solution é(b)
of the backward prediction equation

H( 4+ 1)b = H(l)ey, (10)

is considered, the non-extraneous eigenvalues have moduli greater than 1,
while the extraneous roots, which are the conjugates of the extraneous roots
of C(¢), have moduli less than one. A separation between the two sets of
eigenvalues is then realized. This companion matrix, which from now on will
be called companion b-predictor matrix, is

by_1 1 0 --- 0
by_o 0 1 -0
C = é(b) = [b €1 €2 €N_1] = . ) (11)
by 0 0 1
bp 0 0 0 NxN
which satisfies ) )
H(I 4 1)C = H(l) & WIC = A~'WT. (12)

As before, the column vectors of W are left eigenvalues of ¢ , which are now
related to AT!, ..., A-%. One can see that C(b) = PIC(b)P, where P = PT is
the N x N permutation matrix such that Pe; = ey_; and b = Pb.

Remark 2.3. Another result obtained in a similar way to Proposition
1 is that if uq,...,p, are the non-zero extraneous roots of the character-
istic polynomial of é, the companion matrix whose first column vector,
b= (by_1,...., bo), is a solution of (12), then an eigenvector associated with p;
is the vector of coefficients of the polynomial (z—Ay)...(x = \,)(z —pit)...(z —
(@ — pi).(x — p7t). This means that if we have an extraneous root
then an eigenvector associated with it gives us the other extraneous roots in
addition to the system eigenvalues.

PROPOSITION 3. Let W = W(Aq, ..., A,) be a Vandermonde matrix of
order N xn, N > n, where \; # X, for ¢ # j, \; # 0 for all i. Let ¢ = é(b) be
a companion b-predictor matrix whose first column vector, b = (by_1, ..., by),
is the minimum 2-norm solution of (10). Then the non-extraneous eigenvalues
of C are A i=1,..,n, and the (N —n) extraneous roots are the conjugates
of the (N — n) extraneous roots of C = C(¢), the companion matrix where ¢
is the minimum 2-norm solution of equation (9).
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Proof. By (12) the column vectors of W are left eigenvectors of C corre-
sponding to the eigenvalues A\7', ..., A1,

In order to see that the N — n extraneous eigenvalues of C are the conju-
gates of the N — n extraneous eigenvalues of C, let p(z) and p(z) be defined
as

p(z) = N ey N =~z —

and

plz) = AN by 2N — = bz — by,

respectively. Then p(z) = f(2)g(z) and p(z) = f(z)f](z), where f(z) =
(z — A1)z — Xn) and f(2) = (z — AT")...(z — A;1). The problem is then

to show that the roots of g(z) are the conjugates of the roots of §(z). Or
equivalently, that the points which minimize the function

F=F(z1,02np) =14+ |Fi(z1, s 2nen) P e+ T EN (21, s 2020 |

are the conjugates of the points which minimize

A

F=F(z, 0 znven) = L4 [Fi(zy, s enen) P o4 (21 e 2v—n)

where

NN Py = f(2)z—=21)e (2 — 2N-n)
and ) ) )

NN Py = F(2)z—=21).. (2 — 2n=n)-

On the other hand,

27‘(’in/Bff(z)f(z)|Z—Zl|2...|Z—ZN_n|2dZ,

where B is the unit circumference. Moreover, for z € B, z = z7!, and so,

FEFGE) = PP P (2) ().

But f(2)f(2) = [z = AP 12 = AT = [z = AP e = AT Let
d(z) = (= = A7)+ (= = A71). So,

= [M]? - [A\ 2D, where 27i D = / zd(2)d(2) |z — z1]*... |2 — 2n_nl?d2.
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Therefore, F' and D have the same minimum points. But the minimum
points of D are the conjugates of the ones of F'. a

Remark 2./. Since the eigenvalues of a matrix depend continuously on its
entries, given a companion b-predictor matrix é(b), where b is the minimum
2-norm solution of the prediction system, there is a neighbourhood V of b
in CV such that the companion matrices é(?)) still have n eigenvalues with
moduli greater than 1 and (N — n) eigenvalues with moduli less than 1 for

allbe V.

3. Generalized companion predictor matrices. We shall now gener-
alize the notion of a companion predictor matrix. Since for all [ > 0 we have
H(/+ 1) = H(])C, then for any positive integer p, H(I+p) = H(l+p—1)C =
H(l4+p—2)C* =--- = H(I)C. So, it is possible to compute the state [ + p
directly from the state [. This motivates the following definition:

DEFINITION. Let H(I) be a Hankel matrix defined as in (3). Let p be a
positive integer. S, is a p-predictor matrix if, for all [ > 0, H(I 4 p) = H(])S,.

From the above definition and (4), we have
H(l+ p) = H(1)S, & WTS, = APWT. (13)

There is a collection of matrices which satisfy the above definition, and for
all these matrices S,, W7 is a matrix of left eigenvectors of S,, associated with
A, .o A2 We shall analyze the eigenvalue location of a class of p-predictor
matrices, | < p < N, which in some sense are a sort of generalized companion
matrices:

Cp=leps1 -~ €N M0, (14)
Here, ¢V, i = 1,...,p, are column vectors satisfying the following system:
H(D)e = H(l + p)en—is (15)
or, equivalently, ' '
WP = AWTey, i =1,...,p. (16)

PROPOSITION 4. Let C, be a p-predictor matrix defined as in (14), with
the column vectors ¢(9, 1 <7 < p, being the minimum 2-norm solutions of
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the system (16), where W = W(Aq,...,A,) is a N X n Vandermonde matrix
with A; £ A; if ¢ # 7, and A = diag(M, ..., A\n). Then XY, ... A2 are n of its
eigenvalues and the extraneous roots have moduli less than 1. Moreover, if
1 < p < nthen rank(C,) < n; otherwise, rank(C,) < N 4+ n — p.
Proof. Since C, is also a solution of the equation H(/ + p) = H(])S,, we
have by (13) that
wTc, = APWT, (17)

Therefore, A},..., AP are eigenvalues of C,. The proof that the extraneous
roots have moduli less than 1 is analogous to the proof of Proposition 2,
remarking that now the last p coordinates of the eigenvectors of C, cannot
be all null at the same time.

If 1 < p < n, the set of vectors A'WTe,,, ¢ = 1,...p, is linearly indepen-
dent. Let (WT)J[ be the pseudo-inverse of W, Then, since (WT)J[ is a full
rank matrix, the vectors ¢ = (WT)J[N WTen, i =1,...,p, are linearly in-
dependent. So, p < rank (C,) < n. Forn < p < N, since for all 7, 1 < < p,
A e NWDYL and dim N(WT)E =n, rank (C,)) < N 4+n — p. O

When linear prediction is carried out in the backward direction we have
the following definitions.

DEFINITION. Let H(/) be a Hankel matrix defined as in (3). Sg is said a
p-backward predictor matrix if, for p > 0 and [ > 0, H(]) = H(l + p)Sg.

Analogous to the case of forward prediction, if (V2) A; # 0 and A; # A,
for ¢ # 7, then
H(l) = H(l + p)C) & WTS) = A~PW7. (18)

Hence, A{”,..., AP belong to the spectrum of Sg. Again, we are interested
in analyzing p-backward predictor matrices of the type:

C£ — [b(p) bW ey en_pl, (19)
where b; is the minimum norm solution of
H(I+ p)b = H(D)es, i = 1,...,p, (20)
which is equivalent to the following equation:

WT0 = A= WTey, i=1,...,p. (21)
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PROPOSITION 5. Let W = W(Aq, ..., A,) be a Vandermonde matrix of
order N xn, N > n, where \; # X; for ¢ # j, A\; # 0 for all 2. Let p < N and
Ch = (61 oo b ey oot en_,], where b is the minimum 2-norm solution
of (21). Then, AT, ..., A ? are n of its eigenvalues, whereas the extraneous
roots are the conjugates of those of its corresponding matrix C, (equation
(14)).

Proof. As Cg is also a solution of the equation H(/ —I—p)Sg = H(!), we have
by (18) that

Woeh = AW (22)

—p —p i b
Therefore, A1", ... AP are eigenvalues of C).

N (WT) is an invariant right subspace of both C, and C; (Lemma 1), which
is associated with the extraneous roots (Lemma 2). Now, let & = (u]) be a
matrix whose (N — n) columns form an orthonormal basis of N'(W7T). We
wish to prove that U*C, U is equal to the conjugate of Z/{HC;; U, which yields

the statement about the extraneous roots. Since the last p columns of C, as
well as the first p columns of C; are in N (WT)*, we have

1 N—-n
ul .« o e ul
il . 71 . : :
Upt1 Un 0 0 ul e yN-n
uHC U= . . . . N-p N—p
p = : : : : ul R AN
—N-n —N-—n 0 0 N-p+1 N—-p+1
up_l_l .« o e uN .« o e X X
1 —-n
uN .« o e uN
and
1 —-n
Uy Uy
1 1 :
0 0 Uy Uy_, | Nen
H b Up Uy
U?C U = | : : : : 1 Nen
. . . . u PR u
0 ... 0 @V ... gN-n Pl rt
“ UN—p : :
1 N-—n
Uun Upn
So,

u'cu =wuc,u)”. o

Remark 3.1. Observe that the above demonstration provides another
proof of Proposition 3.
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Figure 1: Figenvalue Locations of p-Backward Predictor Matrices

Remark 3.2. When the eigenvalues A; are either real or complex conjugate
pairs, both matrices C, and Cg are real, and so, those invariant subspaces are
also real.

Remark 3.3. 1f U is an orthonormal basis of A (WT), both (é)p and C;

can be decomposed as
(CFF =T —uu™)y(CF +UU" (C)F = L+ M (23)

Ch= (I —uu™ et +uutch = £+ M (24)
where UU™ is the orthogonal projection onto N (WT), and I — UU™ is the

orthogonal projection onto A'(WT)+. Observe that I — UU! = (WT)J[WT
and (WHTWT (G = (WT)TwT¢? = (WI)TA-PWT = £, because both
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Figure 2: Eigenvalue Locations of Powers p of a 1-Backward Predictor Matrix

matrices are solutions of (18). Hence, (é)p — Cz = M — M. Since the first
p columns of Cg belong to N'(WT)L, the first p columns of M = uut Cz are

zero. Thus, (é)p — Cz = M — NP, where N is the nilpotent matrix such that
Ne; = 0, Ne; = €549 for e = 1,..., N — 1. The non-zero extraneous roots of
C; are the non-zero eigenvalues of X' = UUHC;;, which equals ZUU7NP. On
the other hand the non-zero eigenvalues of X" are the non-zero eigenvalues of
UU(I;IH:NJ:N_ZD), that is, the submatrix of AU with the rows and columns
indicated by the subscript.

We hope for a better separation of the system eigenvalues from the ex-
traneous roots of p-backward predictor matrices when p increases, because
UUTNP = 0 when p = N. Thus, the non-zero extraneous roots approach zero
when p increases. The system signals have moduli greater than one and they
will increase in magnitude with p. Observe that if |pq| > |pa] > ... > |un_s]
are the extraneous roots of Cg then

N-—n i N-—p o
Sl < UUINPY G = 3 | el

Since ||CY||F < 1(C)?||, we also expect a better separation between the two

classes of eigenvalues when the matrix C; is used instead of (é)p.
In Figure 1, we can see the behavior of the eigenvalues of Cz, which is a
p-backward predictor matrix for a 3-dof simulated mechanical system whose
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p=1 and At = 16A1

Figure 3: Eigenvalue Locations of a 16-Backward Predictor Matrix and a
1-Backward Predictor Matrix after a Downsampling Operation

impulse response function is
h(t) = ¢ ~0-06¢ sin(4t) + (.8¢0:056¢ sin(t) + 1.2¢ 7009 sin(91),

taking N = 80 and At = 0.05. We observe in Figure 1 that the locations of
the extraneous roots seem to have a certain pattern. This is because these

roots are eigenvalues of submatrices P, corresponding to different p values
of Py = UUM, with each submatrix P, embedded in P; if » > 5. In Figure

A

2 we can compare the locations of the extraneous roots of (C)? with the
corresponding roots of Cz.

Concluding Remarks. In this paper an eigenvalue locations analysis of
generalized companion predictor matrices has been presented and illustrated
by numerical examples. A final remark is that if the sample rate is reduced
by a factor of p (AAt = pAt) the resulting regular predictor matrix C? has the
same system eigenvalues than the generalized companion matrix Cg (sample
rate equal to At). However, the extraneous eigenvalues are very different.
This fact is illustrated for p = 16 in Figure 3. The regular predictor matrix
(AAt = 0.8) has their extraneous eigenvalues close to the unit circle, while the
extraneous eigenvalues of Cs (At = 0.05) are closer to zero.
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