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Preliminaries

Let X and Y be real Hilbert spaces.

Let L: X — Y be a bounded linear operator.

Given y € R (L), we want to find x € X s.t.

Lx=y.

However, we only observe y € Y s.t.

ly =yl <8.

Since L can be non-injective, we look for

x" € argmin{||x|| : Lx=y}.
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Tikhonov Regularization

Since the inverse of L is not necessarily continuous, we apply Tikhonov
regularization and search for

xa(7) € argmin{[|Lx = 7| + ol x[[% : x € X},
which is given by
Xa(¥7) = (L' L+al) ' L.
When § — 0 and 7(8) — y, if oo = () is appropriately chosen, then
Xa(3)(7(8)) — xT,

where the convergence is in norm and x" is the minimum-norm sol.
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General Regularization

More generaly, we define the regularized solutions xq(j) by

Xa(¥) = ra(L"L)L"y

where the continuous function ry : [0,00) — [0, o) satisfies:
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General Regularization

More generaly, we define the regularized solutions xq(j) by
xa(¥) = roa(L* L)'y

where the continuous function ry : [0,00) — [0, o) satisfies:
@ there exists a constant p € (0,1) s.t.

ra(A) < mln{

} for every A > 0,00 > 0,

A Vol
the error function 7y, : [0,00) — [0, c0), defined by
Fa(A) = (1 = Ara(R))?,

is decreasing,
@ the map o — 7y (A) is continuous and increasing for each A > 0, and
o there exists a constant p € (0,1) s.t.

(1—-p)? <Fy(x) < p forall o> 0.
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Spectral Characterization

We search for conditions that imply a convergence rate

Ixo3) (7) — x| = O(9(8))

for suitable functions o and .
In order to do that we make use of the spectral measure

E : B([0,)) — L(X, X)
@ E5: X — Xis aprojection,
@ Ep=0and Ep.) =1,
® Epng = EaEs,
@ Ey, A, = Lnen Ea, for pairwise disjoint sets Ay,
o for every bounded and continuous real function g, and all x, X € X,

(Ra(L'x) = [ g(h)d(k. Eux),

where A (X, Eax) is a measure.
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Convergence Rates for Exact Data

Proposition
Let@: (0,00) — (0,0) be an increasing function with the property
O(AM)Tu (A < Ap(a), forall A>0,a>0

with u € (0,1) and A > 0 fixed constants.
Then,

Ixa(y) = x"I? = O(9(er)) & [[EpopyxII* = O((R)).
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Proof of Proposition 1

For the first implication:
By the definition of 7y, we can write, if 0 < o < ||L||?,
12 NI LT AL IL® 12
[%a(y) = x"|* = [[Fa(L°L)2x" | :/o fu(M)d|| Erx]|
o
> [ Fulb)dll B2 = Fal0)]| Ep I
> (1-p)?Epapx’ I (1)

Since we have assumed that

Ixa(y) = x> = O(9(a)),

the result follows.
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Proof of Proposition 1

For the converse, we integrate by parts to find:
2 LR [ H2g(_7
[I%a(y) = xTI= = Fa([[LI%) ]I x H+/0 1Eqo. %" [[7d(=Fee)(A)

s .
[ 1B Pa(-R)A). @)
The first term can be estimated with the condition @(A)7(A)* < Ap(a):
Fa([ILI?)IIx" = O(g(ar)).

For the second term we use the hypothesis || Ejo 3jx" |2 = O(@(1)):

o
|| B0 Pa(~7) (1) < [ Epp 51 ~ )

<(1=(1=p))Epax’I? = O(9(e)) (3)
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Proof of Proposition 1

For the last term, we use again the hypothesis || Ejo ;x" [|2 = O(9(X)) and the
condition @(A)7x(A)* < Ap(a):

L2 . L] )
| 1B Fa-rm < [ eMya(~r)R)

T
<cap(e) [ Talt) (7))
= %’;m(a)(fa(oo‘-ﬂ —R(ILIR) ) = O(p(a))  (4)

This ends the proof.
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Applications

In the case of Tikhonov regularization we have:

W)= g A Ra(h) = (1 Ma(h)? = (aj‘_—W

‘ —

>

In particular 7 (at) = 1.
To recover the result in Neubauer (1997), let us consider ¢(ot) = a?¥, then

2uny 2v 2u—2v 2v
oA oH A
2v < (XZV

(M) o(A) = CEE = (0+ A)2e2v (a+l)2va =

for every u > v with v € (0,1), and arbitrary a,, A > 0.
So, the proposition gives us the equivalence

Ixa(y) = x"[2 = 0(c®) & || Epux" > = 0(").

Optimal Convergence Rates Results for Linear Inverse Problems @©V. Albani (University of Vienna) 25.05.2016



Applications

Let us consider logarithmic convergence rates in Tikhonov regularization, i.e.,
set: »
1 - o 1
=——, Tw(A)=——-- and o) =
o+ A a(}) (a+1)2 o)
Letalso 0 <v <u<1and0<o<e «. So,themap A+ QM) 7o (M) is
decreasing on [a,e” #) :

ra(A) oo™

. o o+ A
(972)' (M) = CESNEERIT s (v : —2,J||ogx\>

2(u|logA| — v)o?H
S Tl Az fioghptt =0 ©

So, (M) (M) < @(at), and A= 1.
Therefore, we have the equivalence:

Ixa(y) = x"? = O(llogat| ™) & [|Epax"|I> = O(|logA|™).
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Convergence Rates for Noisy Data

Proposition
Let @ : [0,00) — [0,0) be a strictly increasing function s.t. (0) = 0 and
o(vo) < g(W)o(e) forall o>0,y>0

for some increasing function g : (0,00) — (0,00). 3
Moreover, we assume that there exist constants C > 0 and C > 0 s.t.

W) _ L0(0)

forall 0<a<P<A,

B(A) ~ o(B)
fa(A) _ =0(0)
AN > C(P(B) forall 0<A<a<p.

2
Let us define: = /ap(a) and y(8) = @j(s).

Then, the equivalence holds:

Ixa(y) = xT|2 = O(9(e)) = sup Jnf [[xa(¥) —x"|1Z = 0(y(3))
y€B;s(¥)
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Proof of Proposition 2

Given @, the function y is defined s.t.:

o = 0l0) & o = V(E) = s < 6(0) = v/a(o) =3,
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Proof of Proposition 2

Given @, the function y is defined s.t.:

o = 0l0) & o = V(E) = s < 6(0) = v/a(o) =3,

Main step: if we choose for each & > 0, the regularization parameter o5
through
—x'|? =8 6
0t [ %o () = x| ; (6)
then, there exist constants ¢, C > 0 s.t.
2

b )
c— < sup inf ||xq(7) —xT|2 < C—.
O yeBy(y) “° %3

(For the lower bound we must require that oy € 6(LL*).)
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Proof of Proposition 2

Note that, .
,Y2
G

o(va) < g(v)e(a) = y(8) <

with g(v) = /va(7).

By assuming ||xo(y) — x'||> = O(o(x)) for all o > 0, we have

y(9),

2_28 < Bo(0) = ¢ (\%) <o = 2—2 <&y (%) = O(v(3)).
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Proof of Proposition 2

Conversely, assume further that 8 is s.t. o5 € 6(LL*). Then we have
52
oy(8) > sup inf [lxa(7) —x"I|* > Co_-
yeBs(y) *° o3

which implies that, by @(ya) < g(y)@(a) and the definition of y and :
N c ® ¢
<= — < —
500 o= o < oo o os) = lo(on)
For a & o(LL*), let us consider
o_ =sup{@eo(LL*)U{0} : &< a}, oy =sup{@eoc(LL"): a>a}.

Note that

o Il
Ira) =1 = [ Tl B+ [ Fu(W)al| B
+
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Proof of Proposition 2

This and the hypotheses on ¢ and 7, imply that:

Ixay) = x| <

Ta(M) Ta(M)
X —x"|I? su Nr“( + I — X" su ¢
X (¥) I Keog o (4) l| %o, (¥) | XE[MIWLHZ] 7. (1)
o(a)

¢ . (o)
< E‘p(“‘)M + Ceg(ay) o) O(p(a)). (7)
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Proof of Proposition 2 (Main Step)

Upper bound:
o - 2
Ixa(7) = x¥1[2 < (I[xa(¥) = %) + [ xaly) —x"])

Since Lrg(L*L) = rg(LL*)L and ry(A) < L, it follows that

VoA
, 82
Ixa(7) = XaW)1? = (7 =y, (L)LY (7 — y)><52max7»r (W) <p*_-
So,
12 A &
sup inf |[xg(¥)—x <|nf(x y)—x +—> :O<—>
sup inf () | ) =+ .

Optimal Convergence Rates Results for Linear Inverse Problems @©V. Albani (University of Vienna) 25.05.2016 18/30



Proof of Proposition 2 (Main Step)

Lower bound:

Ixa(7) = X112 = xa(y) = XT[IP+ (7 = y, ra LL")PLL" (7 — y))
+2(ro(LL) (7 = y), ra(LL) Ly — ). (8)
Consider o5 € 6(LL*). So, the spectral measure F of LL* satisfies

Flas,205) 7 0, With a5 € (0, 05) and 7o (a5) < p-
Suppose that,

Z5 = Fia; 20;) (fas (LL*)LL"y — y) # 0 and define y = y+5|| Zll

So,

Ixa(¥) = XTI = [1xa(y) = X" + 13 (25, Fe( LL)PLL 25))

82
lIz512

120 (n(Ll)zszs). (9)

125l
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Proof of Proposition 2 (Main Step)

Using the inequality Ar2(A) > (1 —+/Fu(as))?/(20%5) in [as,20t5], we have:

1—/Ta(as))?
f T2 > inf etV il@))
sup inf [|xo(y) = x| = in <||Xa(y) x'|"+ 20

yeBs(y)
> min{HXoca(}’) —)<T||2,82(1 - 7“(35))2} > (1-vby &

205 2 Os

If z5 is zero, choose an nonzero element in R (Fiz 20;])-
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Applications

To recover the result in Neubauer (1997), let us consider Tikhonov
regularization and

o) =02, and ry(h) = —

In this particular case,

o(yar) = g(V)o(a) with g(y) =V < C(1+7),

2 ™
(T)((x,) = (x% and \V(S) = 1 = Oi+av.

1+2v

So, we have the equivalences:

sup inf [[xa(7) — x'[I2 = 0375 ) & |Ixa(y) — x| = O(a?")
y€Bs(y) *0

< || Epax[2 = 0(A%). (10)
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Applications

We now consider logarithmic source conditions and Tikhonov regularization:

1 1
ra(K) = m and (P((X) = W
The concavity of the logarithmic function gives us:
. _ )<y,
o) <gele) win o) ={ 1=

To find y, we must solve the implicit equation:
2 |

y(8) = |log v(d)

However, we cannot solve this explicitly and find when 8 — 0:

cllogd|™" < y(3) < Cllogd| ™.

Therefore,

sup inf [[xo(¥) — x"||> = O(|logd| ™) & [|xa(y) — x"||> = O(|log 8| ™)
y€Bs(y)*0

& || Eonx"|I? = O(llog8 ™). (11)
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Approximative Source Conditions

Let us consider the distance between x" and R (¢(L*L)), instead of standard
source conditions.
So, let us define the distance function dj, w.r.t. a continuous @ : [0,00) — [0, 0):

do(R) = inf |Ix" —o@(L*L)E].
o(R) gegﬁ(o)llx o(L"L)E||

The following proposition extends a result in Flemming et al. (2011):

Proposition
Let @ : [0,00) — [0,0) be increasing and continuous with ¢(0) = 0 so that
there exists a constant A > 0 with

Via(M)e(A) < Ap(a) forall A >0,0>0.

Then, for every v € (0,1) we have

v

Ixa(y) = x[|* = O(@(0)') < dp(R) = O(R™ 7).
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Proof of Proposition 3:

Note that:
~ * 1 ~ * 5 * ~ * £l *
Ixa(y) = x| = IFa(LL)2xT|| < [[FalL7L)2 (x7 — @(L*L)E) | + | Fu(L L) 2 (L* L)

We use ||7,(L*L)z | < 1 and /T (M)9(R) < Ap(a) to estimate the first and
second terms respectively and find:

Ly

1 [
IFo(L*L)2@(L" L)E|[* = /0 fa(M)9* (V)| BEI? < A@(a)?|[E]I%.
So, [[xa(y) — x| < [|Ix" — (L L)&|| + Ag(a)|[E], which leads to:
Ixay) = x7| < do(R) + Ag(e)R.

If do(R) = O(R~7+), we choose R s.t. both terms are balanced, i.e.
R = ¢(a)'", so,
Ixa(y) = x| = O(¢" (er)).
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Proof of Proposition 3:

Conversely, we have that || Ejg 3x*|| = O(@())"), and define:
the operator T = @(L*L)|(k,,.,) and the element &, = T~ E(go)x".

So,
Ix' — (L )l = [[Epg' | < Cop(e)™
and ILIf?
JEal®= [ 0(2) 2d]Eux’|F < co(a)® 2.

By setting R = co(a)¥~ ", then

v

do(cp(a)’ ) < ()Y, ie. dy(R) < CR 7.
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Relation to Variational Inequalities

The following proposition extends a result in Andreev et al. (2015):
Proposition

Let @ : [0,00) — [0,0) be increasing and continuous andv € (0,1). Then,

(xox) < Cllo(LDx|¥Ix™™ = [[Eonx"lI* = 0(e(h)")
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Relation to Variational Inequalities

The following proposition extends a result in Andreev et al. (2015):
Proposition

Let @ : [0,00) — [0,0) be increasing and continuous andv € (0,1). Then,

(xox) < Cllo(LDx|¥Ix™™ = [[Eonx"lI* = 0(e(h)")

Proof:
By assuming :

1 Epagx 112 = (x", Ejoayx™)
< Cllo(L*L)Epopyx I | Ejopgx I
< CO(N)Y||Epayx']l. (12)
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Proof of Proposition 4

Conversely, let A > 0 be arbitrary. So,
[{Epo. X" )| < [1Ep.ngx7Il[Ix]| < Co(A)¥ x|l

Let us consider T = @(L"L)|g(g,..,). it follows that

{En )X X)] = (T Ejp X, TEp o) X) |

< | TEn, w>x||\/ im / 1) 2| B2 (13)
After integration by parts, it follows that
[(Efn X", )] < c@(A) " l@(L L)x]|-
Choosing A = inf{A >0 : [(Egx",x)| > %|< x)|}, we get

(" x) < 2/(Eo x0T [(Epyx )Y < llp(L"L)x ][ 1x] .
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Standard Source Condition

Proposition

Let®: (0,00) — (0,0) be increasing and continuous, and Wy(\) > c@(L)* for
c>0andu<1. Then,

x" € R(Q(L*L)) = || Epax" || = O(9(1)) = x" € R(w(L'L)).
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Standard Source Condition

Proposition

Let®: (0,00) — (0,0) be increasing and continuous, and Wy(\) > c@(L)* for
c>0andu<1. Then,

x" € R(Q(L*L)) = || Epax" || = O(9(1)) = x" € R(w(L'L)).

Proof: The first implication follows by x™ = @(L*L)w, which implies that
1Ejongx ™Il = llo(L* L) Eporgw]| < o(A)[|w].
The second implication can be seen from:

2

s 1Ll
¢ [ v dIEAP< [ o) Pl
0 0

X2 |1 Epp X" 117 /”“2 |1 Ep X" (12

~ (L) a0 @A) o(A) 12 do(A) <. (14)
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Concluding Remarks

We have stated the following equivalences:
o [xa(y) — x| = O(o(ar)) < [[Ejopx"[IZ = O(e(1))-

o [Ixa(y) = x"[[* = O(¢(a))  supycg,y) infoso [1xa(¥7) — x7|* = O(w(3)),
2

where ¢(yo) < g(Y)o(a), = /(o) and y(d (p 6(6)

o [[xaly) = x| = 0(¢>(e)) & do(R) = O(R" ™),
where do(R) = infe 5,0 [IX" — @(L*L)E] and v/Tu(R)@(R) < Ag(L).
o (x'x) < Cllo(LL)x|[Ix'™ [ Epax'IF = 0(e(M)").

o x" € R(Q(L*L)) = [|Epopyx"[ = O(9(R)) = x € R(w(L*L)),

with w(%) > cp(A)*
These results are part of Albani et al. (2016).
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Thank you!
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