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State Estimation Problem

* Introduction

e State estimation problems, also designated as nonstationary inverse

problems;

* Available measured data is used together with prior knowledge about the
physical phenomena and the measuring devices, in order to sequentially

produce estimates of the desired dynamic variables;

* This is accomplished in such a manner that the error is minimized statistically.



State Estimation Problem

e Position of an aircraft

* Time integration of velocity
components since departure

 Models aren’t perfect
e Measured with an GPS and
altimeter

e Measurement devices aren’t
perfect




State Estimation Problem
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State Estimation Problem

* Consider the model for the evolution of the vector X
X, =T (X 4, W, )
* Measurements available and are related to X, as

Y =h (X5 Vi)

k=1,2,... denotes time instant
* Where:

X € R™ = state variables to be estimated y e Rny = measurements

n . n .
W € R = state noise vector V € RV =measurement noise



State Estimation Problem

* The state estimation problem aims at obtaining information about X, based
on the state evolution model and on the measurements given by the

observation model.



Bayesian Framework

* The solution of the inverse problem within the Bayesian
framework is recast in the form of statistical inference from the
posterior probability density, which is the model for the
conditional probability distribution of the unknown
parameters given the measurements.

* The measurement model incorporating the related uncertainties is

called the likelihood, that is, the conditional probability of the
measurements given the unknown parameters.

* The model for the unknowns that reflects all the uncertainty of the
parameters without the information conveyed by the measurements,
is called the prior model.



Bayesian Framework

* The formal mechanism to combine the new information (measurements)

with the previously available information (prior) is known as the Bayes’

theorem:

(X)7(y|x)
7(Y)

78 posterior (X) — 7Z-(X ‘y) —

where 7,.g.rior(X) is the posterior probability density, 7(x) is the prior density,
7(Y|X) is the likelihood function and 7(Yy) is the marginal probability density of

the measurements, which plays the role of a normalizing constant.



State Estimation Problem

e State Evolution Model: X, =, (X,.1, Wy4)

* Observation Model: Y, =h(X.,V,)

* The evolution-observation model is based on the following assumptions:
* The sequence X, for k=1,2...., is a Markovian process, that is,
(X X0 X1: X5 - - X )= TU(Xe Xy 1)

* The sequence y, for k=1,2,..., is a Markovian process with respect to the history of X,
that is,

(Y1 X X1, X0, - - - X )= (Y| )

* The sequence X, depends on the past observations only through its own history, that is,

(X Xie-15Y 1:6.1) = TXp | Xpe1)



State Estimation Problem
State Evolution Model: Xy = fk (Xk-l,Wk_l)

Observation Model: Yk = hk (Xk ) Vk)
* time domain: used to classify the method of solution in the domain y,...={VY,,
k=1,...,kf}

* The prediction problem, concerned with the determination of T(X,|Y;.,.1);
* The filtering problem, concerned with the determination of w(X,|y;..);

* The fixed-lag smoothing problem, concerned with the determination of ©(X,|Y;.x+p),

where p>1 1s the fixed lag;

* The whole-domain smoothing problem, concerned with the determination of T(X,|Y; )



State Estimation Problem

* Filtering Problem
e By assuming that (X, |y,) = 7(X,)is
available, the posterior probability
density 7(x, |y,.) is then obtained with
Bayesian filters in two steps: prediction
and update
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The Kalman Filter

e Evolution and observation models are linear.
e Noises in such models are additive and Gaussian, with known means
and covariances.

State Evolution Model: X« = FX(1 +S 4 W,

Observation Model: Yy, =H, X, +V,

e The above set o equations leads to the optimum solution of the state
variables;

e F and H are known matrices for the linear evolutions of the state x and of
the observation y, respectively.

e \Vector s is assumed to be a known input.

e Noises w and v have zero means and covariance matrices Q and R,

respectively — p(w)~N(0,0Q) and p(v)~N(0O,R)



The Kalman Filter

* Derivation of the equations
* The inverse problem solution can be obtained by

ﬁn — H};D{ {W(Xﬂ-‘yﬂ:nj}

 Where the posterior pdf can be obtained by the following proportionality
relation:

m (Xn |}ID’HJ X }T(}fﬂ IX’HJ :‘T(Xﬂ- ‘yﬂ?ﬂ—l )

 Reminding the evolution observation models:

Xn — ann—l + Win_1

Yn — H'?IXTL + VvV,



The Kalman Filter

* Derivation of the equations

* Determine the expectation and the covariance
matrix for these distributions in order for the

posterior distribution to be fully characterized.



The Kalman Filter

* For the likelihood the expectation is obtained by

E [yﬂlxﬂ-] =K [H??,Kn + vn] using ¥Yn = H,x, +v,
v Non-biased

— Han

* The covariance matrix is obtained by:

cov [Vn|X,] = cov [v,,]

— Rn



The Kalman Filter

* Derivation of the equations
* Thus the pdf of the likelihood can be written as

1
(2?7 ) Nu/2 ‘ Rn | 12

1 |
?T(}f.nl}{ﬂ_) — exXp _3 (}’ﬂ_ o HnXﬂ-JT Ri’:l (yﬂ - H”X”)



The Kalman Filter

* Derivation of the equations
* For the prior pdf n(X,|Y,...1), the expectation is obtained by:

E [Xn |yl]:ﬂ.—1] =K [Fnﬁn—l T Wn—l]

— FnXﬂ-—l
¥ Equivalent
= Xn|n—1 Both using
* And the covariance matrix is obtained by: X, = FpnXp1 + W, g

CcoOv [X-31|YD:?1—1] = COV [Xn — iﬂ-l?l—l}

=cov[F,x,1 +wW,_1 — F.X,,_1]

= cov [F,, (X,,_1 —Xp_1) + Wi_1] > COV[X] =E (XXT)
— FIHP??,—IF}: n Q”
3 Equivalent

njn—1



The Kalman Filter

* Derivation of the equations
* Thus the pdf of the priori can be written as
1
(gﬂ)h}fﬁlpﬂm_l ‘1,;'*2

~ T ~
W(X?l‘y[];ﬂ__l) — CXP | — (Xn o X'ﬂ.|?1—1) Pﬂ_ﬁl_l (X-n o X?1|n—1)

o | =



The Kalman Filter

e Derivation of the equations

* The pdf of the posterior distribution is obtained combining both prior and
likelihood pdf’s:

i

1 |
T (an'r[l:n) X exp {_3 {(yn o Hﬂ-XH)T R;l (y'?l o H”X”) T

—+ (Xﬂ. — inhﬂ-—l)T P;IL-—l (X” B iﬂ'|?1_1)] }

* The logarithm of the posterior pdf is taken and the derivative is calculated as

3, | | .
- [hl W{Xn‘yiﬂ:n)] — HEREI (yn o ann) B P;;_l (X'ﬂ. — Xﬂ|'ﬂ.—1)
Jx,, |




The Kalman Filter

 Derivation of the equations

* Taking x_ as X, one obtains: \V4
| A_l\ | : I m—

SMAP T -1 —1 -1 3 T -1

X-?zl V= (Hn Hn H’r‘l + P?1|ﬂ-—1) (Pnlﬂ-—lxﬂ|”—1 T Hﬂ- Rn yﬂ)

* By using the following lemma for the first term in the right hand side (I),
(A+CBCT) " =A™ —AT'C (B! + CTATIC) CTA™!

e Where
A =P

njn—1°

B=R'!' C=H!

* One obtains,

(HgR;lHn —+ P__l ) — P?1|ﬂ-—1_

n|n—1

— Pn|ﬂ.—1H3; (Hﬂ-Pﬂ-l?l—ng + Rﬂ.)_l Hﬂ-Pﬂ-l?l—l




The Kalman Filter

 Derivation of the equations
* A further simplification is obtained with the following lemma:

(P~'+B"R™'B) " B’R™' = PB” (BPB” +R) ™"
e Where
p-1—p-! B-H,_. R-=R,

T onn—1°

* Then

n|n—1

1
(HERQIHH L p-l ) H'R;'=P,,H! (H,P,,_H. + Rn)_l

\




The Kalman Filter

* Derivation of the equations
* Reminding: Derivative of In(rt(x|y)) with respect to x

_1
= (HIR,'H, + Pl ) (Pl Rt + HIR Y, )

n nln—1

* With the information ot the previous lemmas:
—1
(HIRH, =Pl ) = P
— P'?1|?]!—1H3; (Hﬂ-Pﬂ-hl—ng + Rﬂ-)_l Hﬂ-Pﬂ-|n—1

(HTR 'H, +P; 1) HTR;' = P,,_HT (H,P,,_H' +R,)"

T T mn T

A MAP _
e Results in Xn n|n—1 (yn n|n—1)

1

* Where K n — P n|n— j_HT (H?1P?1|ﬂ 1HT + R)



The Kalman Filter

 Derivation of the equations
e Covariance matrix derivation

P, = cov[x, — X "]

)
— COV [Xﬂ- _/Xﬂhl—l — K (Vn H Xﬂ|?1 1
= COV [(I — K??,H?l) (Xﬂ — n|?1 1 + Kllvﬂ

— (I o K?lH?l Pﬂ. n—1 {I o Kan) T K-HR'HK-T
| T

* By using
K =P n|ln— 1HT (H?1P?1|ﬂ IHT T R)

* One obtain

Pn — (I — K?IHH) Pn|n—1



The Kalman Filter
Prediction:

X, =FX

=~ +

4
P, = FkP:—leT +Q,

Update:

K, =PH] (HPHL +R, )

Xp =X+ Kkgyk_ ka(;)/

|
+ J—
Pk — ( | - Kk H k ) Pk Measurement Innovation




Example I: Lumped System

de

| ~ mq(t)
gt T ="y

< 0(0) =6,

where

1L,

Heat flux g

i

\60 :TO _Too

Fort>0

O=T(t)-T, m=——0o



Example |: Lumped System

e Two illustrative cases are examined:
* Heat flux q(t)=q, constant and deterministically known;
* Heat flux q(t)=q,f(t) with unknown time variation;

* Plate is made of aluminum (p = 2707 kgm=3, ¢ = 896 Jkg K1), with
thickness L =0.03 m, q, = 8000 W/m?, T_=20°C, h =50 Wm=Ktand T, =
50 °C.

* Measurement of the transient temperature of the slab are assumed
available. These measurements contain additive, uncorrelated, Gaussian
error, with zero mean and a constant standard deviation o,

* The errors in the state evolution model are also supposed to be additive,
uncorrelated, Gaussian, with zero mean and a constant standard deviation
Og



Example I: Lumped System

* (i) Heat Flux q(t)=q, constant and deterministically known
* The analytical solution for this problem is given by:

Ot)=0,e™ + q—;(l— e ™)

* The only state variable in this case is the temperature 6(t,)= 6, since the
applied heat flux q, is constant and deterministically known, as the other
parameter appearing in the formulation. By using a forward finite differences
approximation for the time derivative in equation:

dé mq(t)

— +mo(t) = —2
gt TMOO="

We obtain:

6, :(1—mAt)6’k_l+%At



Example I: Lumped System

* Therefore, the state and observation models given by:

Xi = Fka—l TS W,

are obtained with

Xy = [Qk] S, :{mq—r:’At}

F=[@-man] M [

z =HX +n,




Example I: Lumped System

* (ii) Heat Flux q(t)=q, f(t) with unknown time variation,
* The analytical solution for this problem is given by:

t

a(t) ={90 + 0 [ e f (¢ )t }

h t'=0

* In this case, the state variables are given by the temperatures 8(t,)= 6, and the function that gives the
time variation of the applied heat flux, that is f(t,)=f, . As in the case examined previously, the applied
heat flux q, is constant and deterministically known, as the other parameters appearing in the
formulation. By using a forward finite-difference approximation for the time derivative we obtain the
equation for the evolution of the state variable 9(t,)= 6, :

0, = (1—mAt)g, , + (% Atj f

* Arandom walk model is used for the state variable f(t,)=f, , which is given in the form

fo="f.+el

* Where ¢, _, is Gaussian with zero mean and constant standard deviation o,,,



Example |: Lumped System

* (ii) Heat Flux g(?) = q, f(t) with unknown time variation
* Therefore, the state and observation models given by:

X, =F X _,+S _,+W, _, z, =H X, +n,
are obtained with 'o}
S, =
0 2.0
i o _{ag 2 }
[ mq ] B 7] O er
(1-mAt) ° At 0,
Fk = h Xk — f
0 1 | | Tk R, :[af]



Example |I: Experimental result

* Estimation of position-dependent transient heat source

T a[kafj é[kafJ_D(_F_Tw)Jrq(x,y,t)

= +
ot ox\{ ox) oy\ oy) e €

oT

—=0 atx=0andx=a,fort>0

oy

i—o aty=0andy=D, fort>0

OX a Y=

fort=0,in0<x<aand0<y<b

iINn0<x<a 0<y<b, fort>0

Ty =3 | T(xy.2.00
z=0

y Ambient
temperature Ty

Medium with constant properties

Ul

Candk




Example II: Experimental result

e Schematics of the experiment




Example Il: Experimental result

* Nodal approach
-I-meaS(X y t)

System of
input measurements ot _ TJ TT
?
model T(X y t) J -I—meas
ol
Fre a(x,y)VT —H (X, y)(T-T,)+G(x,y,t)

1 To, 2T +Th, T, —-2T0 + T, :
Y. = At ’ + : ij _At(Ti j _Too)Hi j +AtGij
(AX)? (AY)* | | | |



Tk+l :Tk ‘|‘JkPk ‘|‘V-l|(-+l

Example II: Experimental result

* Nodal approach for KF estimation

P = 1P + v§

L AT -T,) At 0 0
0 0 0 Ly —At(T,-T,)AtO

0 0L, —At(TY -T.) At




Example |I: Experimental result

* Therefore, the state and observation models given by:

Xi = Fka—l TS W,

z, =HX, +n,

are obtained with




Example II: Experimental result

AT (°C) in time step = 30
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AT (°C) in time step = 30
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Example II: Experimental result - Sine

Temperature estimation (°C) ati =19 and j = 7 for all time step Temperature estimation (°C) at i = 27 and j = 17 for all time stey
7 T T T T T T 7 T T T T T T
6 - 6 -
05 - 05 -
() ()
ER | ERl 1
o o
o 3 1 o 3 1
o Q.
(S S
S 2f - S 27 -
1r — Measured 1L 1
—O— SSKF
0 | 1 | | 1 1 E CKF O 1 | | 1 1 1
0 100 200 300 400 500 600 | — — gg9 C| CKF 0 100 200 300 400 500 600 700
time step — — 99% Cl SSKF time step
Temperature estimation (°C) at i = 28 and j = 9 for all time step Temperature estimation (°C) at i = 6 and j = 22 for all time step
7 T T T T T T 6 T T T T T T
6 B T 5+ -
O5F - %)
< < 4r -
o [0}
ER | E
© ©3f |
o 3 1 )
Q. Q.
(S E2r .
R 27 - K
1¢ . 1r .
0 | 1 | | 1 | 0 | | 1 | 1 |
0 100 200 300 400 500 600 700 0 100 200 300 400 500 600 700

time step time step



Examp

Tem%erature estimation (°C) at i
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e Il: Experimental result - Square

Temperature estimation (°C) ati =19 and j = 7 for all time step Tem%erature estimation (°C) ati = 27 and j = 17 for all time step
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Example |l

%104

. Experimental resu

q(Wm?)ati=19andj=7

%104

e

q (Wim?)ati=27 andj=17
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Example II: Experimental result - Square

<10  d(Wim*)ati=19andj=7
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Example [I: Experimental result

q (W/m?) in time step = 30 - CKF
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The Kalman Filter
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The Kalman Filter

* Thank you!



The Kalman Filter — Extensions

Fact: Kalman filter is restrict to linear and Gaussian problems.
One investigation:

e System matrices are allowed to change with time.

 What if they don’t?

Second investigation:

* What if the hypothesis above do not hold?

* Can we solve nonlinear and/or non Gaussian problems?



The Kalman Filter — Extensions

e What if instead of

X, =FX _, +U_, +W,__, y, =H/X +n,

we had its time-invariant version:

X, =FX _, +U,_, +W, _, Yy, =HX +n,

with the noise given by

w, ~N(0,Q)| |n, ~N(O,R)




The Kalman Filter — Extensions

In other words

F=F, H=H, Q=0Q, R,=R

As a practical result, K and P matrices behave asymptotically.
After a number of steps:

Kk:Koo’ Pk_:Pk—i_:Poo

Can we use this to our advantage?




Steady-State Kalman Filter

Applying this result to Kalman filter equations yields:

P, =FP_F  —FP_H" (HP,H" + R)‘1 HP. F" +Q

K,=P,H (HP,H +R)"

X" :(I — KOOH)F)A(;_1 +K_ Y,

These equations are referred to as the Steady-State Kalman Filter (SSKF).



Steady-State Kalman Filter

What are the properties of this method?
e Equations 1 and 2: offline;

e Equation 3: online;
Thus:

P, =FP,FT —FP,H" (HP_H' + R)‘1 HP. F" +Q

* P and K are calculated offline;

* X and y appear in one equation;

K, =P,H (HP,H" +R)"

* No online matrix inversion;
* O(n?), instead of O(n3);

=(1-K_H)FX, ,+K_y,




Example |l = Introduction

Heat Flux Identification problem: 7Y

* Heating of a flat square plate; e s s o v L)<
3D Nonlinear Heat Conduction: 4 o

* High magnitude heat flux;

* Measurements taken at opposite side;
* (a,b,c)=(120,120,30) mm

o2
()
——
o
=
o~
—

a

3D Nonlinear Transient Inverse Heat Conduction Problem:
How to estimate the heat flux at real time?



Example Il = Mathematical Modeling

Complete Mathematical Model: 7Y
* Governing Equation (t > 0): /(T) ------- /)5
! qlx,y,t
aTc 1 /,’ @ b
C(T,)=2=Vok(T)VT, | ¢«
at . > T
* Initial Condition (t = 0): P N
T (X, vV, Z, t) _ To’ Thermal Properties

C(T)=1324.75T +3557900 [J/m°]

Q( (T) =12.45+0.014T +2.5171x10°T? [W/mK/]




Example Il = Mathematical Modeling

Complete Mathematical Model:

* Boundary Conditions (A 7)<l
T Ay
in x=0andx=a: —=0 b

OX
In y=0andy=Db: 8TC:O
oy
oT : oT
i -0 c — INn z=c: k(T C=(q(X,V,t
in z=0: p 0 (0)62 CI(Y)



Example |ll = Mathematical Modeling

Complete Mathematical Model:

* Nonlinear: unable to apply Kalman filter for this case;

* 3D inverse problem might lead to high computational effort;

Proposal: Use a reduced model:

* Linearize it;

* Use mean temperature at the z-direction instead of actual temperature;
* Approximate temperature gradients across the thickness.

C

- 1
T(Xy,1)= EL:OT(X’ y, z,t)dz




Example |ll = Mathematical Modeling

Reduced Mathematical Model:
e Governing Equation (t > 0):

20T 20T

* * * ) 1t

C—aT ka-l;:ka-l;:q(xy),
ot OX oy C

e Initial Condition (t = 0):

T(x,y,1)=T,

" Thermal Properties A

¢ =c(T) w/ T* =600 K

. k:k(T) .




Example |ll = Mathematical Modeling

Reduced Mathematical Model: 7Y
* Boundary Conditions 1/(T) ------- /)5
_ qlx,y,t
| oT U :
INn Xx=0andx=a: —=0
8X >
. oT
In y=0andy=D: E:O
Improved Lumped Method
* Temperature at z=0: T(X, y,O,t):T(X, y,t) *Q(X, y,t)




Example |l — Inverse Problem Settings

State vector:
* Mean temperature;
* Heat flux;

* Values throughout the mesh.

Observation vector:
* Temperature at z=0;

* Values throughout the mesh.

Noise Covariance Matrices:
e Assumed uncorrelated.

T,
o




Example |l — Inverse Problem Settings

Synthetic Measurements: exato
| Y, ~ N(ye*,R)
* Solution of forward complete problem;

» Achieved grid/time-step independence;

* Exact (Reference) heat flux; y‘;xato — H)(‘;Xato

* Total time: 2.0 s (200 measurements);

Inverse Problem: oxato
* Reduced model; Yn=Yn T o,®
* 24 x 24 grid with 0.02 s time step;

* No inverse crime; OBS: ® ~ N (O,I)




Example Il = Inverse Problem Settings

Exact (Reference) Heat Flux:

q(x, y,t)=<

-

O

U,
0,

X, S XX,
yll y<y12’

X5 1 < X< X505

YorSYSY,,,
otherwise

q, 1E7 W/m?
q, 5E6 W/m?
t, 0.4s
t, 0.6s

30mm x,; 90 mm
50mm x,, 100 mm
30mm vy,; 90 mm
50mm vy,, 100 mm



Example |l — Inverse Problem Settings

Exact (Reference) Heat Flux: 0.12
( 0.1 + =
X1 < XL X 95
o > to 0.08 +
yll y < yj|_21 é ooe T
X2,1 S XS X2,21 0.04 .
a(xyt)=q0, _ 7ttty |
y2,1 — y — y2,21 Ve T
0, caso contrario 002 004 006 008 01 012
x [m]

N qW/mf: 0 2E+06 4E+06 6E+06 BE+06 1E+07



Example [Il — Results

Hot Spot #1: Temperature and heat flux estimates
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Example [Il — Results

Hot Spot #1: Temperature estimates and residuals
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Example [l — Results

Hot Spot #2: Temperature and heat flux estimates
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Example |l — Results

Hot Spot #2: Temperature and heat flux estimates
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Example |l — Results

Computational time:
* Physical time: 2.0 s;
e Kalman filter: 300 s;
* SSKF: 0.9 s;

Only SSKF allows for real-time estimation;
* Majority of computational effort done at pre-processing;
* Recursive estimation: 2 matrix-vector multiplications.



The Kalman Filter — Extensions

e What if instead of

X, =FX 4 +U . +W, Y = H X +n,

we had a nonlinear non Gaussian model:

Xy :fk (Xk—l’uk—l’wk—l) Y :h(xk’nk)

How does one perform sequential estimation with such models?




The Extended KF

* |dea: Linearize the model and apply classical KF equations:

X, =T, ()A(—I:—l’uk—l’wn—l) | 2?2 - (Xk—l_)A(—kF—l) | 2&/ A Wy
Ve =h, (%n,)A 8£<k (%) %hnk |




The Extended KF — Equations

Extended KF (EKF): Linearization + Kalman Filter:

* Linearization of both evolution and observation models.
Prediction:

* Linearization:

of of
F,=— and L, =—*
T ox T owl,.

* Prior Mean and Covariance

Ry =1 ( k1 Uy 1’0) and P, :Fk—1PI<+—1FkT—1+Lk—le—lLTk—l




The Extended KF — Equations

Update:
* Linearization

szﬁ—hk and M, _ o,
OX | Con|,

Xy Xk

e Calculation of Intermediate Covariance Matrices

K, =P HL (P HL +MRM] )
X =% +K, |y, —h, (%.,0)| and P/ =(1-K,H,)P;



Example [V

Free falling of a particle:
State variables:

* Altitude (x,);

* Velocity (x,);

* Ballistic Coefficient (x;);
Observation variable:

* Observed distance:

particle

M

IM?+[x (t)-a]

observer




Example [V

Free falling of a particle:
Evolution-Observation Model

X =X, +W

X _}/po exp _)%

X_

2
XX —g+W,

\/I\/I2+[x

particle

M

observer

aT +V,



Example [V

Free falling of a particle:

Input data:

0, = 2 lbs®/ft*;
g =32.2 ft/s*;
k =2x10* ft:
M =10 ft;

a =10° ft.

Noise model:

Initial State:
- 3x10°
X, =|—2x10"
10°°

P, =diag

E[w(t)[=0, =123
E|v. |=10* ft’

10°
4 x10°
10




Example [V

Free falling of a particle: Estimation error:
10*
Reference values:
110! g 102 -W
| ' ' ' ' R | —— EKF
1
10*
] E10! -.AV_/\\
>
107
101 r - Y Y v
E 310 : N -
> -2 e
3 107} .
- 5 10 15 20 25 30 0 5 10 15 20 25 30

Seconds Seconds



Higher order methods

EKF properties:

e Sequential nonlinear estimation algorithm of choice;
* Non-intrusive;

e Up for parallelization;

* Hard to accelerate theoretically (there is no “SSEKF”).
What if nonlinearities are not sufficiently captured?
 1st order approximations might be insufficient;

* EKF might lead to unreliable estimates.



Higher order methods

Example: Polar to Rectangular mapping:

r
0

and y =

Goal: Find y statistics, given

* Nonlinear mapping;
e X is uncorrelated;
* Symmetric pdfs.

X

| =

and 'y =h(x)




Higher order methods

 1st order expansion around mean of x:

e Thus

y=E|h(x

on

)]=E n(x)+ D

h
X




Higher order methods

1st component:

y, =E[rcosd]

:(F+ F)cos(§+[9ﬂ

rcoséd

E| (T + F)(cosécosé—sin 0 sin 9)}

Assuming:
r| |[T+7
X = .
0| |0+0
Thus: y, =T cosé y, =0




Higher order methods

2nd component: Assuming:

7, ~E[rsind] ] [rer
:E_(F+i’)sin(§+§)] = ol 1a+0
:E_(_+F)(sinécosé—cos?siné)}

rsing cosé]

E|
4]

_;.
E| cos

Thus: y, = E[cos é] but  y, =127?




Higher order methods

If we assume uniform distribution:

0~U[-0,.6,]

It follows that

E [cos é] = sig@m

m

<1

The first order approximation
is incorrect!!

1.01 ; : e

“— linearized
i cJTr e s " lineanzed |
0.99 NPT e e 1 ‘. covariance
0.98] L .
>' 0.97F _ _.i.
¢ )
0.96} K oo
ossf ¢ Y
0.04} "%
u'ga ‘ i 1 1 ra L L L )
-04 <03 -02 -0.1 0 0.1 0.2 0.3 0.4

Y



Higher order methods

How to improve this estimate?
In other words, we seek better ways to propagate

X = E[x]| and P = cov|x|
through a nonlinear mapping
y =h(x)
in order to obtain

y =E|y] and P, = cov|y]



Higher order methods

Solution: Unscented transform.

1st step (2n samples or sigma points):

K0 =+ 9 with X9 = (/7P

* nis the size of x vector;
* i subscript: ith row of matrix.

2nd step (Mapping of samples):
y(i) —h (X(i))

' linearized

mean

covanance

1.01 , . —
T
0.99} _
| o0.96f
; .- " nDn“nak ﬁﬂﬂ"ﬂﬂﬂf '-. :
= 0.97 A covariance mean  ° .
0.96} L
0.95}F unscented
covariance
0.94F

linearized

0.93 : ' : : '
-04 -03 -0.2 -0.1 0 0.1

02 03

0.4



Higher order methods

Solution: Unscented transform.
3rd step (Averaging of mappings):

y:%n

aln

2N T
P, = Y50 2, AYAY

y(i)

2N
1=1
d

OBS: AyY") =y —y

1.01 T T T . . '.l,.I " T T
-— linearized
1t ) mean
linearized
0.99r . covarance
0.96}
; .- " nDn“nak ﬁﬂﬂ"ﬂﬂﬂf '-. :
> 0.97 + covariance Mmean 4 ° .
L . - Rt '
osel  -.* g
. . ]
0.95}F unscented RbS
covariance "o
. t s
0.94r1 !
0.93 [ i ' Il 'l [l [ &
~04 =03 -0.2 -0.1 0 0.1 0.2 0.3

0.4



Higher order methods

Unscented transform:

* 3rd order accurate;

* Nonintrusive;

* No extra matrices required;

* Sg. root of P: Cholesky decomp.;

* Deterministic sampling (2n samples) gl

So, for heavily nonlinear problems:

UT-based Kalman filter

1.01

1k

0.99r

T

0.96

= 0.97F

0.95¢

0.941

% T r
- linearized
mean
linearized |
u .'l. l. mvanance
mt .
nunlinak nonlinear J -
. Covariance Mean ‘_
and -‘

unscented
covariance

0.93
~0.4

-0.3

-0.2

-0.1 0 0.1 02 03 04



The Unscented KF — Equations

Unscented KF (UKF): Unscented transform (UT) + Kalman Filter:
* 1 UT at prediction stage + 1 UT at update stage.

Prediction:

 Sampling of Sigma Points

xgyzxgliwnp;lf and XO =f(x%,,u,)
* Prior Mean and Covariance |
- 1 & & (i) - 1 & S(i) A (1), T
X, = o 2% and P, =52 AXAXY +Q,
1=1 1=1




The Unscented KF — Equations

Update:
* Sampling of sigma points

%0 =% _(\/H)T and Yy =h(x)

[
e Calculation of Intermediate Covariance Matrices

_izn oy (1)
T nizﬂ:yn

ZAyn')Ay(')T+R and P, = ZAX(')Ay(')T




The Unscented KF — Equations

Update:
e Posterior Mean and Covariance:

K =P, P

Xy 'y

Xt =% +K,[y,~-y,] and P’ =P; K PK!




Example V

Free falling of a particle — revisited:

Evolution-Observation Model

X =X, +W

X _}/po exp _)%

X_

2
XX —g+W,

\/I\/I2+[x

—aT +V,

particle

M

observer




x 10

Example V

Free falling of a particle:

5 10 15
Seconds

20

25

Altitude
3
c
LR
|




Example VI — Introduction

Heat Flux Identification problem - revisited: Y

 Same model as example Ill;
e Estimation of heat flux at z=0;

o

* Temperature measurements at z=c;

* 3D, Nonlinear;
* Heat flux application from t=0;
* Use Complete Model for Inverse Problem solution;



Example VI — Results

Hot Spot #2: Temperature and heat flux estimates
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Example VI — Results

Hot Spot #2: Temperature estimates and residuals

1000 —
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Example VI — Results

Computational time:

* Physical time: 2.0 s;

e Kalman filter: N/A;

 UKF: 115200 s (approx. 32 h);

UKF and use of the Complete Model:
* Inverse Analysis is made possible;
 Computational time is excessively large.



Overall Conclusions

Kalman filtering techniques

* Wide range of applications for sequential estimation;

* Much more variations available;

Classical Kalman Filter:

* Analytical solution for linear and Gaussian problems;

e Stable, robust, easy to program;

Extended and Unscented Kalman Filter:

* Reliable algorithms for nonlinear and/or non Gaussian problems;
* Increasing degrees of accuracy and complexity.



Overall Conclusions

A nonlinear or

S non-Gaussian particle
& systems filter
: 7
B UKF
Z A
| e
1=
>
computational effort

(a) The above figure depicts the increasing
computational effort and increasing accuracy that
is obtained by going from an EKF to a UKF to a
particle filter. This applies to systems that are
nonlinear or non-Gaussian.

N linear Gaussian

> systems

:

3

&1

5

3 particle

g | KF—>UKF —2> gy
>

computational effort

(b) The above figure depicts the fact that the
Kalman filter is optimal for linear Gaussian
systems. Going from a Kalman filter to a UKF to
a particle filter will increase computational effort
but will not improve estimation accuracy.

SIMON D., Optimal State Estimation, John Wiley & Sons, 2006.



