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Introduction

Motivation

Introduction: motivation

This study presents an experimental technique to obtain the
conductivity and thermal diffusivity of solid materials.

In parameter estimation techniques properties are found
minimizing an objective function. This function is usually a square
function error calculated from the experimental and theoretical
values of temperatures.

The difficulty is the presence of local minima in the objective
function when the parameters are correlated.
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Introduction

Motivation

The proposed technique estimates the properties separately, but
using the same experimental data.

Heating and measurements of temperature and heat flux occur on
the same surface. The method uses transfer function identification
to solve inverse heat conduction problems.

The technique is based on Green’s function and on the equivalence
between thermal and dynamic systems.

Different objective functions are proposed to estimate thermal
conductivity and diffusivity.
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Introduction

Dificulties

Introduction: Dificulties

Additional problems appear in presence of conductive materials:

Problems such as contact resistance;

Low sensitivity due to the small temperature gradient;

As in any experimental method, the identification of thermal
properties is sensitive to measurement uncertainty. Thus, to
guarantee accuracy in the estimation, the design of the
experiments should be optimized.
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Introduction

Objectives

Introduction: objectives

The objective of the work is to determine simultaneously the
thermal diffusivity α and thermal conductivity k of conductor and
non conductor materials.

Two distinct problems are then established 
Experimental and thermal model developments.

In situ applications (only one access surface)
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Fundamentals

Dynamic System

The technique proposed here is based on the use of an
input/output dynamical system.

The dynamic characteristics of a constant-parameter linear system
can be described by an impulse response function h(τ), which is
defined as the output of the system at any time to a unit impulse
input applied a time τ before.

For any arbitrary input x(t), the system output y(t) is given by the
convolution integral

y(t) =

∫ ∞
−∞

h(τ)x(t − τ)dτ (1)
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Fundamentals

Dynamic System

In order for a constant-parameter linear system to be physically
realizable (causal), it is necessary that the system respond only to
past inputs. This implies that

y(t) =

∫ ∞
−∞

h(τ)x(t − τ)dτ (2)

h(t) = 0 for τ < 0 (3)
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Fundamentals

Frequency Response Functions

The dynamic characteristics of the system can be described by a
frequency response function H(f ), which is defined as the Fourier
transform of h(τ). That is

H(f ) =

∫ ∞
0

h(τ)e−j2πf τdτ (4)

The convolution integral in Eq. (2) reduces to the simple algebraic
expression in Equation Eq. (5).

Y (f ) = H(f )X (f ) (5)
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Fundamentals

Frequency Response Functions

The frequency response function is generally a complex-valued
quantity. It means, it has a magnitude and an associated phase
angle that in complex polar notation can be written by

H(f ) =| H(f ) | e−jφ(f ) (6)

The absolute value | H(f ) | is called the system gain factor, and
the associated phase angle φ(f ) is called the system phase factor.
In these terms, the frequency response function takes on a direct
physical interpretation as follows.
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Fundamentals

Dynamic System

system
X Y

This representation can be observed on different systems
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Fundamentals

Mechanical, Electrical and Thermal Systems

mÿ(t) + cẏ(t) + ky(t) = F (t)⇔ Lq̈(t) + Rq̇(t) +
1

C
q(t) = e(t)

H(f ) = [k − (2πf )2m + j2πfc]−1 ⇔ H(f ) =

[
1

C
− (L2πf )2 + j2πfR

]−1
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Fundamentals

Analogous Characteristics for Several Physical Systems

q(t)
y

x

z

T (t)2T (t)1

 isolated surface

 heat flux (S surface)1 

Figura: 3D thermal equivalent model
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Fundamentals

Thermal Equivalent System

As mentioned, the technique proposed here is based on the use of
an input/output dynamical system, given by the convolution
integral.

Y (t) =

∫ ∞
0

H(t − τ)X (t)dτ (7)

or

T1(t)− T2(t) =

∫ ∞
0

H(t − τ)q(t)dτ (8)

or in transformed frequency-plane

Y (f ) = H(f )× X (f ) (9)
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Fundamentals

Thermal Equivalent System

A dynamic model can be obtained from a thermal model shown in
Figure, where q(t) represents the heat flux, T the temperature

q(t)
y

x

z

T (t)2T (t)1

 isolated surface

 heat flux (S surface)1 

Figura: 3D thermal equivalent model

It will be shown that if we have the heat flux/temperature pair we
can obtain the expression

L[T (x , y , z , t)] = L[h(r, t) ∗ q(r, t)]⇒ T (r, s) = H(r, s) · q(x , z , s)
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Fundamentals

Thermal Equivalent System

The three-dimensional thermal model can be obtained by the
solution of the diffusion equation

∂2T

∂x2
+
∂2T

∂y2
+
∂2T

∂z2
=

1

α

∂T

∂t
(10)
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Fundamentals

subjected to the boundary conditions:

−k ∂T
∂x

∣∣∣∣
x=0

= q(t); in S1 region (11)

−k ∂T
∂x

∣∣∣∣
x=L

= 0; in S2 region (12)

∂T

∂x

∣∣∣∣
x=L

=
∂T

∂y

∣∣∣∣
y=0

=
∂T

∂y

∣∣∣∣
y=W

=
∂T

∂z

∣∣∣∣
z=0

=
∂T

∂z

∣∣∣∣
z=W

= 0

(13)
and the initial

T (x , y , z , 0) = T0 (14)
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Fundamentals

Thermal Equivalent System

If T(r,t) represents T(x,y,z,t), the solution of Eqs.(10-14) can be
given in terms of Green´s function as

T (r, t)− T0 =
α

k

∫ t

τ=0

∫ L2

L1

∫ R2

R1

[
q(τ)G (r , t|x ′,W , z ′, τ)

]
dx ′dz ′dτ

(15)

or in frequency domain

θeq(r, f ) = q(x , z , f )Geq(r, f ) (16)
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Fundamentals

Thermal Equivalent System

Since Green’s function is available and exists, the solution of the
problem defined by Eqs. (10-14) can be performed numerically or
analytically.
Different equivalent thermal model can be obtained as the
convolution product in the frequency domain. For example,

H(f ) = GH(f ) =
T1(f )− T2(f )

q(f )
(17)

where the variable f indicates that Fourier transform was applied
to the variables T (t), q(t), and GH(t) .
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Fundamentals

Thermal Equivalent System

It means

GH(t/τ) = GH(t− τ) =
α

k
[G (x1, y1, z1, t− τ)−G (x2, y2, z2, t− τ)]

(18)
It can be observed that as T1(t) and T2(t) are obtained by
discrete measurements, Fourier transformed can be performed
numerically by using the Cooley-Tukey algorithms (Discrete Fast
Fourier Transform) for these data.
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Fundamentals

Thermal Equivalent System

Therefore, an equivalent thermal system to the dynamic system
can be represented by:

H(f ) = GH(f ) =
T1(f )− T2(f )

q(f )
=

Y (f )

X (f )
(19)

where the function H(f ) is equivalent to the response in frequency
H(f) defined by Eq. (9). Observing Eqs. (10) adn (11) it can be
concluded that the frequency response H(f) is strongly dependent
of the thermal properties

H(f ) = GH(f ) = function(α, k) (20)

Gilmar Guimaraes New Trends in Parameter Identification for Mathematical Models IMPA, Rio de Janeiro, Brazil, 2017



New Trends in Parameter Identification for Mathematical Models IMPA, Rio de Janeiro, Brazil, 2017

Fundamentals

Thermal Equivalent System

It also should be observed that the transformed impedance in the
f-x plane, is a complex variable which in a polar form can be
written by

H(f ) = GH(f ) = |H(f )|e−jϕ(f ) (21)

where|H(f )| and ϕ(f ) represent, respectively the modulus and the
phase factor of H. The phase factor can be written by

ϕ(f ) = arctan

(
=H(f )

<H(f )

)
(22)

where =H(f ) and <H(f ) are the imaginary and real parts of H(f ),
respectively.
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Fundamentals

Inverse problem or Identification problem

The question is: How to obtain T(x,y,t) without knowing q(t) or
without knowing G(t)?

T (r, t)− T0 =
α

k

∫ t

τ=0

∫ L2

L1

∫ R2

R1

[
q(τ)G (r, t|x ′,W , z ′, τ)

]
dx ′dz ′dτ

(23)

or in frequency domain

Teq(r, f ) = q(x , z , f )Geq(r, f ) (24)
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Fundamentals

Inverse problem or Identification problem

Obtaining of (unknown) q(t) defines an inverse problem.

Obtaining of (unknown) G(t) defines an Identification problem.

Note that the convolution in time domain corresponds with
multiplication in the frequency domain.
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Fundamentals

Transfer function based on Green’s function (TFBGF)
method

Obtaining of (unknown) G(t) explicitly
The solution of the homogeneous problem, described by Equations
(10-14) in terms of Green’s functions is given by

θ(x , y , z , t) =
α

k

∫ t

0

∫ L2

L1

∫ R2

R1

q(τ)G (x , y , z , t|x ′,W , z ′, t − τ)dx ′dz ′dτ

(25)
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Fundamentals

Analytical solution of the direct problem with Green’s
functions

The Green’s function G (x , y , z , t|x ′, y ′, z ′, t − τ) is obtained,
observing the types of boundary conditions in the directions of x , y
and z , as the product of three independent one-dimensional
problems. For example, if all faces are subjected to heat
exchange by convection except the region with heat flux

GX33(x , t|x ′, τ) =
2

L

∞∑
m=1

e−α
2
mα(t−τ)/L2

[
αm cos

(αmx

L

)
+ B1 sin

(αmx

L

)]

×

[
αm cos

(
αmx ′

L

)
+ B1 sin

(
αmx ′

L

)]
(
α2
m + B2

1

) [
1 + B2

(α2
m+B2

2 )

]
+ B1

(26)
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Fundamentals

3D Analytical solution

The analytical expression in terms of the variable θ.

θ(x , y , z , t) = 8θ0

∞∑
p=1

∞∑
m=1

∞∑
n=1

e
−
(

α2
m

L2 +
β2
n

W 2 +
γ2
p

R2

)
αt

×
[
αm cos

(
αmx
L

)
+ B1 sin

(
αmx
L

)]
(α2

m + B2
1 )
[
1 + B2

(α2
m+B2

2 )

]
+ B1

×

[
βn cos

(
βny
W

)
+ B3 sin

(
βny
W

)]
(β2

n + B2
3 )
[
1 + B4

(β2
n+B2

4 )

]
+ B3

×
[
γp cos

(γpz
R

)
+ B5 sin

(γpz
R

)]
(γ2

p + B2
5 )
[
1 + B6

(γ2
p+B2

6 )

]
+ B5

× 1

αmβnγp

× [αm sinαm − B1(cosαm − 1)] [βn sinβn − B3(cosβn − 1)] [γp sin γp − B5(cos γp − 1)]

+
α

k

8

LWR

∞∑
p=1

∞∑
m=1

∞∑
n=1

e
−
(

α2
m

L2 +
β2
n

W 2 +
γ2
p

R2

)
αt

×
[
αm cos

(
αmx
L

)
+ B1 sin

(
αmx
L

)]
(α2

m + B2
1 )
[
1 + B2

(α2
m+B2

2 )

]
+ B1

×

[
βn cos

(
βny
W

)
+ B3 sin

(
βny
W

)]
(β2

n + B2
3 )
[
1 + B4

(β2
n+B2

4 )

]
+ B3

[βn cos (βn) + B3 sin (βn)]

(27)

The solution in terms of the original variable T is given by
T = θ + T∞. Note that the solution of the direct problem of heat
conduction X33Y 33Z33 is determined once the heat flux, q(t),
and also the coefficients of heat transfer by convection, hi are
known.
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Fundamentals

3D Analytical solution

×
[
γp cos

(γpz
R

)
+ B5 sin

(γpz
R

)]
(γ2

p + B2
5 )
[
1 + B6

(γ2
p+B2

6 )

]
+ B5

× 1

αmβnγp

× [αm sinαm − B1(cosαm − 1)] [βn sinβn − B3(cosβn − 1)] [γp sin γp − B5(cos γp − 1)]

+
α

k

8

LWR

∞∑
p=1

∞∑
m=1

∞∑
n=1

e
−
(

α2
m

L2 +
β2
n

W 2 +
γ2
p

R2

)
αt

×
[
αm cos

(
αmx
L

)
+ B1 sin

(
αmx
L

)]
(α2

m + B2
1 )
[
1 + B2

(α2
m+B2

2 )

]
+ B1

×

[
βn cos

(
βny
W

)
+ B3 sin

(
βny
W

)]
(β2

n + B2
3 )
[
1 + B4

(β2
n+B2

4 )

]
+ B3

[βn cos (βn) + B3 sin (βn)]

×
[
γp cos

(γpz
R

)
+ B5 sin

(γpz
R

)]
(γ2

p + B2
5 )
[
1 + B6

(γ2
p+B2

6 )

]
+ B5

(28)

The solution in terms of the original variable T is given by
T = θ + T∞. Note that the solution of the direct problem of heat
conduction X33Y 33Z33 is determined once the heat flux, q(t),
and also the coefficients of heat transfer by convection, hi are
known.
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Fundamentals

3D Analytical solution

×
{
L

[
sin

(
αmL2

L

)
− sin

(
αmL1

L

)]
− B1L

αm

[
cos

(
αmL2

L

)
− cos

(
αmL1

L

)]}
×
{
R

[
sin

(
γpR2

R

)
− sin

(
γpR1

R

)]
− B5R

γp

[
cos

(
γpR2

R

)
− cos

(
γpR1

R

)]}

×
∫ t

0

[
q(τ)e

(
α2
m

L2 +
β2
n

W 2 +
γ2
p

R2

)
ατ
]
dτ

(29)

The solution in terms of the original variable T is given by
T = θ + T∞. Note that the solution of the direct problem of heat
conduction X33Y 33Z33 is determined once the heat flux, q(t),
and also the coefficients of heat transfer by convection, hi are
known.
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Fundamentals

Identification of the analytical impulse response

From the knowledge of the Green’s function which describes the
problem, it is possible to identify the impulse response of the
system and therefore its transfer function.
The general solution of the problem X33Y 33Z33, can be rewritten
as

Θ(x , y , z , t) =
α

k

∫ t

0

∫ L2

L1

∫ R2

R1

q(τ)G (x , y , z , t|x ′,W , z ′, τ)dx ′dz ′dτ

(30)
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Fundamentals

Identification of the analytical impulse response

As the transfer function is independent of the input / output pair,
it is proposed as the input signal (heat flux), the Dirac Delta
function, q(t) = δ(t). In tis case

Θ(x , y , z , t) =

∫ t

0
h(x , y , z , t − τ)δ(τ)dτ = h(x , y , z , t) (31)

Since h ∗ δ = h, the impulse response is obtained without the need
to solve the integral. It means

h(x , y , z , t) = Θ(x , y , z , t) =
α

k

∫ L2

L1

∫ R2

R1

G (r, t|x ′,W , z ′, τ) (32)
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Fundamentals

Identification of the analytical impulse response

Note that the solution method of the proposed inverse problem can
be applied to any type of heat conduction problem 1D, 2D or 3D
for different types of boundary conditions. The crux of the method
lies in identifying the impulse response / transfer function for each
particular problem of heat conduction, using the Green’s function
that describes the problem.
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Fundamentals

Inverse problem or Identification problem

The phase of frequency response H(f ) and the time evolution of
superficial temperatures, T1(t) and T2(t) are the experimental
data used for estimation of thermal diffusivity and thermal
conductivity respectively.
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Fundamentals

Thermal Diffusivity Estimation: Frequency Domain

Guimaraes et al, (1995) observed that the phase factor, ϕ, is a
function exclusively of the thermal diffusivity. This fact is the base
of the procedure for obtaining the thermal diffusivity thorough
minimization of an objective based on the difference between
experimental and calculated values of ϕ. This objective function
can be written as

Sϕ =
Nf∑
i=1

(ϕe(i)− ϕ(i))2 (34)

where ϕe and ϕ are the experimental and calculated values of the
phase factor of H(f ), respectively.
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Fundamentals

The theoretical values of the phase factor are obtained from the
identification of H(f ) by Eq. (35).
In this case the output Y (f ) is the Fourier transform of the
difference obtained by the numerical or analytical solution of
Eqs.(10-14).
If numerical methods are used, this procedure avoids the necessity
of obtaining an explicit and analytical model of H(f ).
It means, we just need to use

H(f ) = GH(f ) =
T1(f )− T2(f )

q(f )
=

Y (f )

X (f )
(35)
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Fundamentals

The values of α will be supposed to be those that minimize the
square error between the experimental and calculated values of the
phase factor of H(f ).
In this work, this minimization is done by using the golden section
method with polynomial approximation (Vanderplaats, 1984).

Gilmar Guimaraes New Trends in Parameter Identification for Mathematical Models IMPA, Rio de Janeiro, Brazil, 2017



New Trends in Parameter Identification for Mathematical Models IMPA, Rio de Janeiro, Brazil, 2017

Fundamentals

Thermal Conductivity Estimation: Frequency Domain

Once the thermal diffusivity value is obtained, an objective function
based on least square of temperature error can be used to estimate
the thermal conductivity in time domain or in modulus error in the
frequency domain. In this case, there is no identification problem
as just one variable is being estimated. Therefore, the variable k
will be supposed to be the parameter that minimizes the least
square function, Sq, based on the difference between the calculated
and experimental of the frequency response modulus defined by

SqH =
s∑

j=1

n∑
i=1

(|He(i , j)| − |Ht(i , j)|)2 (36)
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Fundamentals

Thermal Conductivity Estimation: time Domain

The variable k can also be the parameter that minimizes the least
square function, SqT , based on the difference between the
calculated and experimental temperature defined in time domain
and given by

Sq =
s∑

j=1

n∑
i=1

(Te(i , j)− Tt(i , j))2 (37)

where Te(i , j) is the experimental temperature and Tt(i , j) is the
calculated temperature, n is the total number of time
measurements and s represents the number of sensors.

Gilmar Guimaraes New Trends in Parameter Identification for Mathematical Models IMPA, Rio de Janeiro, Brazil, 2017



New Trends in Parameter Identification for Mathematical Models IMPA, Rio de Janeiro, Brazil, 2017

Sensitivity analysis
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Sensitivity analysis

Sensitivity analysis

Although the thermal contact resistance and the low gradient
problems do not represent any difficulties for non-metallic
materials, they must be taken into account in the presence of
conductor materials. This section discusses both problems.
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Sensitivity analysis

Sensitivity analysis

Figure presents the thermal contact resistance that can appear
between sample and sensors in a one-dimensional model and the
3D alternative model to avoid this problem allowing experimental
flexibility in location of the identification sensors.

Figura: Experimental scheme for models a) 1D and b) 3D
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Sensitivity analysis

1D and 2D configurations

Figura: Temperature evolution for AISI304 sample: a) 1D model and b)
3D model
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Sensitivity analysis

a)

b)

Figura: Temperature difference for AISI304 sample: a) 1D model, b) 3D
model
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Sensitivity analysis

sensitivity coefficients

This fact can be better analyzed through a sensitivity analysis.
Small and/or inaccurate values of temperature difference and heat
flux signals produce linear dependence or low values. The linear
dependence of two or more coefficients indicates that the
parameters cannot simultaneously be estimated. Low values
indicate that the estimation is strongly sensitive to the
measurements uncertainty.
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Sensitivity analysis

sensitivity coefficients

The sensitivity coefficients involved in this technique are defined as
following and presented in Figs.

ST ,α =
α

T

∂T

∂α
, ST ,k =

k

T

∂T

∂k
,Sϕ,α =

α

ϕ

∂ϕ

∂α
,Sϕ,k =

k

ϕ

∂ϕ

∂k
(38)

S|H|,α =
α

|H|
∂|H|
∂α

,S|H|,k =
k

|H|
∂|H|
∂k

(39)
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Sensitivity analysis

sensitivity coefficients

Figura: Sensitivity coefficient of phase for 1D and 3D for the AISI 304
sample

Gilmar Guimaraes New Trends in Parameter Identification for Mathematical Models IMPA, Rio de Janeiro, Brazil, 2017



New Trends in Parameter Identification for Mathematical Models IMPA, Rio de Janeiro, Brazil, 2017

Sensitivity analysis

sensitivity coefficients

Advantage of a 3D model: application to the thin sample. In the
1D case, for conductor materials, it is very hard to obtain
temperature gradients with values high enough to allow a good
estimation. it can be seen that no temperature variation in the
direction y is observed. This fact makes the one-dimensional
analysis unpractical.

Figura: Spatial temperature in a thin conductor sample
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Sensitivity analysis

sensitivity coefficients

Another important characteristic of the technique presented here is
the very low sensitivity of α related to the amplitude of the signals
X and Y. It means, the estimated value of the thermal diffusivity is
insensitive to bias error, like uncertainty due to poor calibration of
thermocouples or heat flux transducers or both. This fact can be
demonstrated by verifying the figures which show the behavior of
phase factor and modulus due to the same input/output signals in
both versions: original data, muV /mV , and calibrated data
W /m2/0C .
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Sensitivity analysis

sensitivity coefficients

It can be observed that there are no changes in the phase factor
while the modulus is strongly affected.

Figura: Phase factor subjected to the original and calibrated pair of
input/output data
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Sensitivity analysis

sensitivity coefficients

Figura: Modulus of Z for the original and calibrated pair input/output
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Experimental determination of thermal conductivity and diffusivity using partially heated surface method with heat flux

transducer

Experimental apparatus and results: Conductor material
application

It should be observed that the boundary conditions present in the
theoretical model must be guaranteed in the experimental
apparatus. It means that the isolated condition at the reminiscent
surface needs to be reached for the success of the estimation
techniques. A good way to reach the isolation condition in a
vertical direction is the use of a symmetric experiment apparatus.
Figure presents this scheme.
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Experimental determination of thermal conductivity and diffusivity using partially heated surface method with heat flux

transducer

Conductor material application

Figura: apparatus scheme
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transducer

Conductor material application

Twenty independent runs were performed. In each of the
experiments were acquired 1024 points at time intervals, of 0.54 s.
The time duration of heating, th, was approximately 120s with a
heat pulse generated at 90V (DC ).
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Experimental determination of thermal conductivity and diffusivity using partially heated surface method with heat flux

transducer

In Table 3 a summary of the simultaneous estimation of α and k of
the AISI304 sample is presented. In this table, the value obtained
for α using the Flash method and the value of k from literature are
also presented.

It can be observed an excellent agreement between the values of
this work and the literature (error less than 2 percent).
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transducer

The comparison between the experimental and estimated
temperatures for α = 3.76× 10−06m2/s and k is shown in Fig.

Figura: Comparison of an output of a typical run
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transducer

Non conductor material application

The thermal identification technique can also be applied to non
conductor solid materials. In this case, a 1D model can be used.
This section presents some results for two different polymers:
Polythene and Polyvinyl chloride.

Fifty independent runs for PVC and twenty independent runs for
Polythene were realized.For both samples 1024 points were taken.
The time intervals, t, were 7.034 s for PVC and 6.243 s for
Polythene.

The time duration of heating, th, was approximately 150 s for PVC
and 90 s for Polythene with a heat pulse generated at 40V (DC )
for both samples.
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transducer

Non conductor material application

Tables 4 and 5 present respectively the value estimated of α and k
for the fifty runs of PVC, with 99.87 perc confidence interval.
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transducer

Non conductor material application
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transducer

Non conductor material application

In Figure a comparison between experimental and estimated phase
factor is presented. It can be observed a very good agreement
between them.

Figura: Phase factor: experimental and calculated data
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transducer

Non conductor material application

Figura: Phase factor: residuals beteewen experimental and calculated
data
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transducer

Non conductor material application

The comparison between the experimental and estimated
temperatures for α = 1.24x10−7m2/s and k = 0.152W /m.K is
shown in Fig.

Figura: Temperature evolution: experimental and calculated data
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transducer

Non conductor material application

Figura: Temperature evolution: residuals of experimental and calculated
data
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transducer

Non conductor material application

Table 7 presents a summary of the simultaneous estimation of α
and k for the Polythene sample with a confidence interval of 99.87
perc. For this sample only the reference value for k obtained by
the guarded hot plate method is presented.
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Conclusions

In this work the transfer function (or impulse response) which
describes a given thermal problem was obtained through analogies
between the theories of Green’s functions and dynamic systems,
and then applied to the solution of inverse problems in heat
conduction.

The use of MATLAB software proved to be very efficient and
simple to execute the transposition of the mathematical theory
employed in the estimation method for the heat flux as a solution
of low computational cost and easy implementation.

The procedure gives a great flexibility to the technique allowing
the technique to deal with sample of small dimensions and also can
be applied to conductor or non conductor materials.

The great advantage of the dynamic observers technique is the easy
and fast numerical implementation for any 1D, 2D or 3D model.
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