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Abstra
tWe investigate the iterative methods proposed by Maz'ya and Ko-zlov (see [3℄, [4℄) for solving ill-posed re
onstru
tion problems modeledby PDE's. We 
onsider linear time dependent problems of ellipti
, hy-perboli
 and paraboli
 types. Ea
h iteration of the analyzed methods
onsists on the solution of a well posed boundary (or initial) value prob-lem. The iterations are des
ribed as powers of aÆne operators, as in [4℄.We give alternative 
onvergen
e proofs for the algorithms, using spe
traltheory and some fun
tional analyti
al results (see [5℄, [6℄).ResumoInvestigamos neste artigo os m�etodos propostos em [3℄ e [4℄ para resolver proble-mas mal postos de re
onstru�
~ao. Consideramos problemas modelados por equa�
~oeselipti
as, hiperb�oli
as e parab�oli
as. Cada itera�
~ao dos m�etodos propostos se 
onsistena solu�
~ao de um problema bem posto. Apresentamos demonstra�
~oes alternativas asoriginais, utilizando argumentos de an�alise fun
ional e teoria spe
tral (veja [5℄, [6℄).1. Introdu
tion1.1. Main resultsWe present new 
onvergen
e proofs for iterative algorithms in [KM2℄ using afun
tional analyti
al approa
h, where ea
h iteration is des
ribed using powersof an aÆne operator T . The key of the proof is to 
hoose a 
orre
t topologyfor the Hilbert spa
e where the iteration takes pla
e, and to prove that Tl, thelinear 
omponent of T , is a regular asymptoti
, non expansive operator.Other properties of Tl su
h as positiveness, self-adjointness and inje
tivityare also veri�ed. The ill-posed problems are presented in Se
tion 2. In Se
tion 3�Resear
h partially supported by a resear
h grant from CNPq{GMD,AMS Subje
t Classi�ation: Primary 65J20, Se
ondary 65L10, 65P05.Key words and frases: Inverse problems, Re
onstru
tion of boundary data, PDE's.



2 A. LEIT~AOwe des
ribe the iterative methods for ea
h problem. The results 
on
erning theanalysis of the methods are summarized in Se
tion 4. Some numeri
al resultsare dis
ussed in Se
tion 5.The iterative pro
edures dis
ussed in this paper were �rst presented in[KM2℄ and also treated in [Bas℄. The iterative pro
edure for ellipti
 (station-ary) Cau
hy problems is dis
ussed in [KM1℄, [Le1,2℄ and [JoNa℄. The iterativepro
edure 
on
erning paraboli
 problems is also treated in [Va℄.1.2. PreliminariesLet H be a separable Hilbert spa
e endowed with inner produ
t h�; �i and normk � k. The operator T : H ! H is said to be regular asymptoti
 in x 2 Hif kT k+1(x) � T k(x)k ! 0 as k ! 1. If the above property holds for everyx 2 H, we say that T is regular asymptoti
 in H. The operator T is 
allednon expansive if kTk � 1. The next lemma is the key of the 
onvergen
e proofspresented in this arti
le.1Lemma 1 Let T : H ! H be a linear non expansive operator. With � wedenote the orthogonal proje
tor de�ned on H onto ker(I � T ). The followingassertions are equivalent:a) T is regular asymptoti
 in H;b) limk!1T kx = �x.Let 
 � IRn be an open, bounded set with smooth boundary and A bea positive, self-adjoint, unbounded operator (with dis
rete spe
trum) denselyde�ned on the Hilbert spa
e H := L2(
). Let E�, � 2 IR, denote the resolutionof the identity asso
iated to A. We 
onstru
t the family of Hilbert spa
esHs(
),s � 0 as the domain of de�nition of the powers of AHs(
) := f' 2 H j k'ks := �Z 10 (1 + �2)sdhE�'; 'i�1=2 <1g: (1)1A 
omplete proof 
an be found in [Le1℄.



ON INVERSE PROBLEMS MODELED BY PDE'S 3The Hilbert spa
es H�s(
) (with s > 0) are de�ned by duality:2 H�s := (Hs)0.It follows dire
tly from the de�nition that H0(
) = H.An interesting 
ase o

urs when A = (��)1=2, where � is the Lapla
e{Beltrami operator on 
. In this parti
ular 
ase the identity Hs(
) = H2s0 (
)holds, where Hs0(
) is the Sobolev spa
e of index s a

ording to Lions andMagenes (see [LiMa℄ pp. 54).Given T > 0 we de�ne the spa
es L2(0; T ;Hs(
)) and C(0; T ;Hs(
)) offun
tions u : [0; T ℄ 3 t 7! u(t) 2 Hs(
). These are normed spa
es if 
onsideredrespe
tively with the normskuk2;0;T ;s := �Z T0 ku(t)k2s dt�1=2 and kuk1;0;T ;s := supt2[0;T ℄ ku(t)ks:2. The ill-posed problems2.1. An ellipti
 problemGiven fun
tions (f; g) 2 H1=2(
)�H�1=2(
), �nd u 2 (Ve; k � kVe), whereVe := fv 2 L2(0; T ;H1(
)) j (�2t � A2)u = 0 in (0; T )� 
gkukVe := �Z T0 (ku(t)k21 + k�tu(t)k20) dt�1=2 ;that satis�es(Pe) � (�2t � A2)u = 0 ; in (0; T )� 
u(0) = f ; �tu(0) = g :Note that if u 2 Ve, then �tu 2 L2(0; T ;H) and adequate tra
e theorems (see[LiMa℄) guarantee that u(0); u(T ) 2 H1=2(
) and �tu(0); �tu(T ) 2 H�1=2(
).The ill-posedness of problem (Pe) 
an be easily veri�ed from the expli
it repre-sentation of it's solution:u(t; x) = 
osh(At)f(x) + sinh(At)A�1g(x): (2)2Alternatively one 
an de�ne H�s(
) as the 
ompletion of H in the (-s)-norm de�ned in(1).



4 A. LEIT~AO2.2. A hyperboli
 problemGiven fun
tions f; g 2 H1(
) �nd u 2 (Vh; k � kVh), whereVh := fv 2 C(0; T ;H1(
)) j �tu 2 C(0; T ;H) and (�2t + A2)u = 0gkukVh := supt2[0;T ℄ �ku(t)k21 + k�tu(t)k20�1=2 ;that satis�es(Ph) � (�2t + A2)u = 0 ; in (0; T )� 
u(0) = f ; u(T ) = g :Note that if u 2 Vh, then u(0); u(T ) 2 H1(
) and �tu(0); �tu(T ) 2 H. Weassume further the numbers k�=T , k = 1; 2; : : : are not eigenvalues of A.3 Thishyperboli
 (Diri
hlet) boundary value problem is ill-posed if the distan
e fromthe set M := fk�=T ; k 2 INg to �(A) (the spe
trum of A) is zero. This followsfrom the expli
it representation of the solution of (Ph)u(t; x) = sin(A(T � t)) sin(AT )�1f(x) + sin(At) sin(AT )�1g(x): (3)2.1. A paraboli
 problemGiven a fun
tion f 2 H = L2(
) �nd u 2 (Vp; k � kVp), whereVp := fv 2 L2(0; T ;H1(
)) j (�t + A2)u = 0 in (0; T )� 
gkukVp := �Z T0 (ku(t)k21 + k�tu(t)k2�1) dt�1=2 ;that satis�es(Pp) � (�t + A2)u = 0 ; in (0; T )� 
u(T ) = f :Note that if u 2 Vp, then u(0); u(T ) 2 H. This 
orresponds to the well knownproblem of inverse heat transport, whi
h is known to be severely ill-posed. Thesolution of (Pp) has the expli
it representationu(t; x) = exp(A2(T � t))f(x): (4)3If this 
ondition is not satis�ed, one 
an easily see that problem (Ph) is not uniquelysolvable.



ON INVERSE PROBLEMS MODELED BY PDE'S 53. Des
ription of the Methods3.1. An iterative pro
edure for the ellipti
 problemConsider problem (Pe) with data (f; g) 2 H1=2(
)�H�1=2(
). Given any initialguess '0 2 H�1=2(
) for �tu(T ) we try to improve it by solving the followingmixed boundary value problems (BVP) of ellipti
 type� (�2t � A2)v = 0 ; in (0; T )� 
v(0) = f ; �tv(T ) = ' � (�2t � A2)w = 0 ; in (0; T )� 
�tw(0) = g ; w(T ) = v(T )and de�ning '1 := �tw(T ). Ea
h one of the mixed BVP's above has a solution inVe and 
onsequently '1 2 H�1=2(
). Repeating this pro
edure we 
an 
onstru
ta sequen
e f'kg in H�1=2(
). Using the expli
it representation of the solutionsv and w of the above problems, one obtains'1(x) = tanh(AT )2'(x) + sinh(At) 
osh(AT )�2Af(x) + 
osh(AT )�1 g(x):De�ning the aÆne operator Te : H�1=2 ! H�1=2, Te(') := tanh(AT )2' + hf;g,where hf;g := sinh(At) 
osh(AT )�2Af + 
osh(AT )�1g, the iterative algorithm
an be rewritten as'k = Te('k�1) = T ke ('0) = tanh(AT )2k'0 + k�1Xj=0 tanh(AT )2jhf;g: (5)3.2. An iterative pro
edure for the hyperboli
 problemLet's now 
onsider problem (Ph) with data f; g 2 H1(
). Given any initialguess '0 2 H for �tu(0) we try to improve it by solving the following initialvalue problems (IVP) of hyperboli
 type4� (�2t + A2)v = 0 ; in (0; T )� 
v(0) = f ; �tv(0) = ' � (�2t + A2)w = 0 ; in (0; T )� 
w(T ) = g ; �tw(T ) = �tv(T )and de�ning '1 := �tw(0). Ea
h one of the IVP's above has a solution in Vh and
onsequently '1 2 H. Repeating this pro
edure we 
an 
onstru
t a sequen
e4The se
ond problem is 
onsidered with reversed time.



6 A. LEIT~AOf'kg in H. Determining the solutions v and w of the above problems, oneobtains'1(x) = �tw(0; x) = 
os(AT )2'(x)� 
os(AT ) sin(AT )Af(x) + sin(AT ) g(x):Now de�ning the aÆne operator Th : H ! H, Th(') := 
os(AT )2' + hf;g,where hf;g := � 
os(AT ) sin(AT )Af +sin(AT )g, the iteration 
an be written as'k = Th('k�1) = T kh ('0) = 
os(AT )2k'0 + k�1Xj=0 
os(AT )2jhf;g: (6)3.3. An iterative pro
edure for the paraboli
 problemWe 
onsider problem (Pp) with data f 2 H. Let '0 2 H be an initial guess foru(0) and de�ne �� := inff�;� 2 �(A)g. Now 
hoose a positive parameter 
 su
hthat 
 < 2 exp(��2T ). The method 
onsists in solving the initial value problemsof paraboli
 type� (�t + A2)v0 = 0 ; in (0; T )� 
v0(0) = '0 � (�t + A2)vk = 0 ; in (0; T )� 
vk(0) = vk�1(0)� 
(vk�1(T )� f)for k � 1. The sequen
e f'kg is now de�ned by 'k := vk(0) 2 H. De-termining the solutions vk of the above problems, we have 'k+1(x) = (I �
 exp(�A2T ))'k(x) + 
f(x). De�ne the aÆne operator Tp : H ! H, Tp(') :=(I � 
 exp(�A2T ))' + hf , where hf := 
f , we 
an write the iteration as'k = Tp('k�1) = T kp ('0)= (I � 
 exp(�A2T ))k'0 + k�1Xj=0(I � 
 exp(�A2T ))jhf : (7)4. Analysis of the Methods4.1. The ellipti
 
aseWe start presenting a result, whi
h is a generalization of the Cau
hy{Kowalews-ki theorem. A 
omplete proof 
an be found in [Le1℄.



ON INVERSE PROBLEMS MODELED BY PDE'S 7Lemma 2 Given (f; g) 2 H1=2 � H�1=2, the problem (Pe) has at most onesolution in Ve.In the next theorem we verify some properties of the operator Tl;e, that willbe needed for the 
onvergen
e proof of the algorithm.Theorem 3 The linear operator Tl;e is positive, self-adjoint, inje
tive, regularasymptoti
, non-expansive and 1 62 �p(Tl;e).Proof. The inje
tivity follows from Lemma 2. The properties: positiveness, self-adjointness and 1 62 �p(Tl;e) follow from the assumptions on A. The last twoproperties follow from the inequalityk(I � Tl;e)xk2 � (kxk2 � kTl;exk2); 8x 2 H�1=2: (8)
Theorem 4 If problem (Pe) is 
onsistent for the data (f; g), then the sequen
e'k 
onverges to �tu(T ) in the norm of H�1=2(
).Proof. Follows from Theorem 3 and Lemma 1.The 
onverse of Theorem 4 is also true. This is dis
ussed inTheorem 5 If the sequen
e 'k 
onverges, say to �', then problem (Pe) is 
on-sistent for the data (f; g) and it's solution u 2 Ve satis�es �tu(T ) = �'.Proof. Follows from Lemma 2 and the de�nition of Te.4.2. The hyperboli
 
aseTheorem 6 The linear operator Tl;h : H ! H is positive, self-adjoint, inje
-tive, non-expansive, regular asymptoti
 and 1 is not an eigenvalue of Tl;h.Proof. Analog to the proof of Theorem 3.Theorem 7 If problem (Ph) is 
onsistent for the data (f; g), then the sequen
e'k 
onverges to �tu(0) in the norm of H.Proof. Follows from Theorem 6 and Lemma 1.



8 A. LEIT~AOTheorem 8 If the sequen
e 'k 
onverges, say to �', then problem (Ph) is 
on-sistent for the Cau
hy data (f; g) and it's solution u 2 Vh satis�es �tu(0) = �'.Proof. Analog to the proof of Theorem 5.4.3. The paraboli
 
aseLemma 9 Given f 2 H, the problem (Pp) has exa
tly one solution in Vp.Proof. This result is suggested by the general representation of the solution givenin (4). A 
omplete proof 
an be found in [LiMa℄, Chapter 3.Theorem 10 The linear operator Tl;p : H ! H is self-adjoint, non-expansive,regular asymptoti
 and 1 is not an eigenvalue of Tl;p. Further, if it is possible to
hoose 
 < 2 exp(~�2T ), where ~� := (��2� T�1 ln 2)1=2, then Tl;p is also inje
tive.Proof. Analog to the proof of Theorem 3. The inje
tivity under the extra as-sumption on 
 follows from an inequality similar to (8).Theorem 11 Given f 2 H, let u 2 Vp be the uniquely determined solution ofproblem (Pp). Then the sequen
e 'k 
onverges to u(0) in the norm of H.Proof. Follows from Theorem 10 and Lemma 1.5. Numeri
al resultsExample 12 Consider the problem of �nding u(0) 2 L2(
), where u solves� a2 �tu � �u = 0u(T ) = fIn this example 
 = [0; 1℄ � [0; 1℄, a2 = 2 and the �nal time is T = 0:625.We 
hoose the parameter 
 = 2 for the iteration. In Figure 1 one 
an see theproblem data f and the 
orresponding solution u(0).In Figure 2 the error j'k � u(0)j is is shown after 10, 104, 105 and 106iterations. One should note that the re
onstru
tion error is smaller at the partof the domain where u(0) is smooth. In Table 1 the evolution of the relativeerror in the L2{norm of the iteration is shown. Note that the 
onvergen
e speedde
ays exponentially as we iterate.
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Figure 1: Problem data u(T ) = f and 
orresponding u(0).
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Figure 2: Evolution of the error j'k � u(0)j.



10 A. LEIT~AO10 steps 103 steps 104 steps 105 steps 106 steps49.8% 42.2% 40.1% 36.2% 31.4%Table 1: Evolution of the relative error in the L2{norm.Example 13 Consider the problem of �nding w(0) 2 L2(
), where w solves:� �tw � �w = 0w(T ) = fThe set 
 is the same as in the previous example, the �nal time is T = 0:625and we 
hose the parameter 
 = 2 for the iteration. We solve the dire
t Cau
hy-problem for two di�erent initial 
onditions, whi
h are shown in Figures 3 and4 respe
tively.
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Figure 3: First 
hoi
e of f = u(T ) and 
orresponding u(0).
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Figure 4: Se
ond 
hoi
e of f = v(T ) and 
orresponding v(0).In Figure 5 the evolution of the iteration error for both problems is shown after10, 103 and 105 steps.
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Figure 5: Evolution of the error for the boundary 
onditions u(T ) and v(T )respe
tively.In Table 2 we present the evolution of the relative error in the L2{norm for bothboundary 
onditions u(T ) and v(T ).
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