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Abstract

We investigate the Cauchy problem for elliptic operators with C'°°—
coefficients at a regular set © C IR?, which is a classical example of an
ill-posed problem. The Cauchy data are given at the subset I' C 992 and
our objective is to reconstruct the trace of the H'(£2) solution of an el-
liptic equation at 92/T". The method described here is a generalization
of the algorithm developed by Maz’ya et al. [Ma] for the Laplace op-
erator, who proposed a method based on solving successive well-posed
mixed boundary value problems (BVP) using the given Cauchy data as
part of the boundary data. We give an alternative convergence proof for
the algorithm in the case we have a linear elliptic operator with C'°°—
coefficients. We also present some numerical experiments for a special
non linear problem and the obtained results are very promisive.

1 Introduction

1.1 Main results

The algorithm of Maz’ia et al. [Ma] is formulated here for general elliptic oper-
ators. A new convergence proof for this iterative algorithm using a functional
analytical approach is given in section 2.1 (see Theorem 2.5), where we de-
scribe the iteration using powers of an affine operator 7'. The key of the proof
is to define an alternative topology (see Lemma 2.1) for the space Hg, (T)’
— where the iteration is considered — and to prove that the linear part of T
satisfies special properties (see Theorem 2.4). The converse of Theorem 2.5
is also proved, i.e. if the iteration converges, it’s limit is the solution of the
Cauchy Problem.



Some properties of T} (the linear part of T') such as positiveness, self adjoint-
ness and injectivity are verified in section 2.1 (see Theorem 2.3). In section 2.2
we prove a spectral property of 7T;, that is attached to the ill-posedness of the
elliptic Cauchy Problem.

In section 2.3 we analyze the convergence speed of the iteration for the
special case when the spectral decomposition of 7; is known. The effectiveness
of two regularization schemas based on the spectral decomposition of T; (the
linear part of T') is considered in section 2.4.

In section 3 some numerical experiments are presented, where we test the
algorithm performance for linear consistent, linear inconsistent and non linear
Cauchy problems.

An analysis of iterative method in the special case of a square region can
be found in [JoNa|. The idea of this method is also applied to hyperbolic
operators in [Bas| that uses semi-group theory in his approach.

1.2 About Cauchy problems

Let Q C IR? be an open, bounded and simply connected set. As an elliptic
Cauchy problem at Q we consider an (time independent) initial value problem
for an elliptic differential operator defined over €2, where the initial data is
given at the manifold I' C 0€.

The problem we analyze is to evaluate the trace of the solution of such an
initial value problem at the part of the boundary where no data was prescribed,
actually at 9Q\T. As a solution of our Cauchy problem we consider a H'(Q)—
distribution, which solves the weak formulation of the elliptic equation in €2
and also satisfies the Cauchy data at ' in the sense of the trace operator.

It’s well known that elliptic Cauchy problems are ill-posed. According to
the definition of Hadamard an initial value problem (IVP) or a BVP is said to
be well-posed, when the following three conditions are satisfied:! existence and
unicity of solutions, and continuous dependence of the data. The next example
was encountered by Hadamard himself [Had] and shows that the solution of
an elliptic Cauchy problem may not depend continuously of the initial data.
One analyzes the family of problems:

Ay, = 0, (x, y) €0 =(0,1) x (0,1)
= )
)

where ¢ (z) = (7k) tsin(rkx). The respective solutions

ug(z,y) = (k) 2sinh(rky) sin(rkx)

!More details in [Bau] or [Lo].



do exist for every k£ € IN and they are unique. The sequence {p;} converges
uniformly to zero. Taking the limit k¥ — oo we have a Cauchy problem with
homogeneous data, which admits only the trivial solution. But for every fixed
y > 0 the solutions uy oscillate stronger and stronger and become unbounded
as k — oo. Consequently the sequence u; does not converge to zero in any
reasonable topology.

If in this example one takes for Cauchy data the C*—functions (f, ¢g) instead
of (0, ), it is possible to show (see [GiTr|) that if f = 0, then g must be
analytical. This means that a classical solution may not exist, even if one uses
smooth functions as Cauchy data.

The unique well-posedness condition that is satisfied for this problem is the
second one. With adequate arguments it is possible to extend the Cauchy-
Kowalewsky and Holmgren Theorem to the H'-context in order to guarantee
uniqueness of solutions also in weak sense (see Theorem D.3).

1.3 Description of the algorithm

Let Q be an open set in IR? with smooth boundary 99, which is divided in
two open and connected components: T'; and 'y, such that Ty N Ty = () and
['TUTy = 09. Let P be the second order elliptic differential operator defined
by:
2
P(u) == — Y Di(a;;Dju) (1)
ij=1

where the real functions a; ; satisfy

— a;j € L>(Q);
— the matrix A(z) := (a;;); =, satisfies: £'A(x) £ > a|¢]]?, (2)
a.e. z € Q, V¢ € R? where a > 0 is given (independent of z).

Given the Cauchy data (f,g) € H'2(Iy) x Hyl*(I1)', we search for a H'-
solution of the problem?

Pu=0 , inQ
(Cp) u = f , at Iy

uy,, =g ,atly

Our objective is to reconstruct the trace of the solution u and it’s conormal

derivative at I'y.® Given the approximation ¢, € H&({Q(Fg)’ for u,, .., we define
the sequence {py}rew using the following iteration rule:

2Details about the notation can be found in Appendix A.
3Note that if we knew the conormal derivative at I's, u could be evaluated as the solution
of a mixed BVP.



w e H'(Q) solve: Pw=0; wy =f; Wy, = @k;

Vi = Wip,;
(IT)

v e H'(Q) solve: Pu=0; v, =05 Uy, = Ui;

P41 = Uuyulp, -
In (IT) two differential equations are solved and two trace operators are ap-
plied. Actually we generate two sequences: the first one of Dirichlet traces

and the second one of Neumann traces, both defined at I';. As the functions
w and v are both in H'(Q; P), one concludes from Theorems A.2 and A.4

respectively that {¢;} C Hed?(T5) and {i,} € H'/2(T,).

Remark 1.1 If the Neumann data g of (CP) is a H~'/?(T'y)~distribution, one
proves using the Theorems of Appendiz C that the sequence {p} can be defined
on the Sobolev space H=/?(T;).

Remark 1.2 If one supposes 02 = I'1UL,Ul's and wants to analyze a Cauchy
problem with data given at Ty plus a further boundary condition (Neumann,
Dirichlet, ...) at T's, it is possible to adapt the iteration by adding this boundary
condition at T's to both BVP in (IT). This over—determination of boundary data
does not affect the analysis of the algorithm.

1.4 Functional-analytical approach

The main objective in this section is to represent the iteration (IT) using an
operator T : HééQ(FQ)’ — H&[{2(F2)I. We define the operators L, : H&[{2(F2)l —
H'(Q) and Ly : HY/?(Ty) — HY(Q) by:

Ln(p) :=w € H'(Q) and  Lq(v) :=v € H'(Q),

where the functions w and v are respectively solutions of the BVP’s

Pw =0 in Q, w‘rl :f; wl/A‘r2 =@
and
Py =0 in Q, Uvalp, = 95 VU, = (G

With the aid of the Neumann trace operator v, : H'(Q, P) — H&éQ(Fg)’,
Yn(t) = uy,,, and the Dirichlet trace operator v4 : H'(Q) — H'Y*(Ty),
Va(u) := w),. one can rewrite (IT) as

w = Ly(gr); e = 7a(w)
{ v = La(): @k = 7a(v) (3)

If we define T' := ~,, 0 Lyo 40 L,, we conclude immediately that 7" is an affine
operator on H&ég(f‘r)’, which satisfies



That means we are able to describe the iteration (IT) with powers of the
operator T. As L, and L, are both affine, we can write

Li() = L) +wy  and  La() = () + v,

where the H'(Q, P)—functions w; and v, depend only of f and g respectively.
With these definitions we have

ore1 = T(or) = 30 Lyova0 Lu(pr) + Yn o Lgova(wy) + 7a(vy) (4)
Ti(or) 2t

k
= T (po) + DT/ (210)-

§=0

Remark 1.3 If we set = vyyu, where u is the solution of (CP), it follows
from (IT) that T g = p. Conversely, if ¢ is a fived point of the operator T, the
functions w and v in (IT) have the same traces at T'y. From the uniqueness
Theorem D.3 follows w = v and they are both solutions of (CP).

2 Analysis of the method

2.1 Convergence proof
In order to study the iterative method proposed in section 1.3, we begin with

equipping the space H&éQ(Fg)I with a new topology.

Lemma 2.1 Let the coefficients of P satisfy the conditions in (2). The func-
tional

el = ([, (Trb oA (v i(enar)

defines on HééQ(FQ)’ a norm, that is equivalent to the usual Sobolev norm of
this space.

Proof. Given ¢ € H&éQ(Fg)’, the function u = L! (¢) solves following BVP:

Pu = 0, inQ
u = O, atF1
u,, = ¢, atly

A

From Theorem C.2 one concludes L, (¢) is the unique solution in H (QUT,).
In the same theorem the continuous dependence of the data is proved, and
from this follows

el < e IL@lme < e el

5



where the first inequality follows from the norm equivalence between || - || g1(q)
and (AV:, V)i, at HH(QUTY).

The opposite inequality follows from the continuity of the Neumann trace
operator in Theorem A.4 and the norm equivalence used just above. 0

Remark 2.2 Actually one can prove that the norm ||¢||« is defined by an

inner product and the space H&({2(F2)l is a Hilbert space with the inner product

() = [ (LW A (VL () da.

In the next theorem we investigate some properties of the operator 7Tj,
defined in section 1.4, when we equip the space H&éZ(FQ)’ with the Hilbert
space structure defined by (-, ),.

Theorem 2.3 Let T) € E(H&éQ(Fg)’) be the operator defined in (4). The fol-
lowing assertions hold:

i) T, is positive;
ii) 1 is not an eigenvalue of T);
iii) Ty is self adjoint;
iv) T is injective.
Proof. i) We define the operator W : Hy*(T5) — H'(Q) by W(p) :=

LY oryg0 Lt (¢), where the operators L., L! and ~, are the same as in section
1.4. From Theorems B.3 and B.4 follows for ¢, ¢ € H&éZ(Fg)l

[ (VILTi(0) = V() A (VI () do = 5
= [ P(LTi() - W(o) L) e
" Jer, (LLTi(e) = W(p), Li(w)dl = o.

From an analogous argument we have
t
| (VW (o) = VL) A(VW () dz = 0. (6)

If we denote by (-, -) the inner product on L?(f2), it follows from (5) and (6)

(Tie,0)s = (AVLLTi(¢), VL, (¢))
YAV (p), VIL(9)
AV (p), VIV (p))

> c| W)l
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for every ¢ € H&éQ(Fg)’.
ii) Let us suppose there exists a ¢ € H&f(l})’, such that T; ¢ = . Define
w:= L' () and v := Lyov40 L (). For the difference v — w we have:

(v=w)y, = (=W, = O

From the unicity Theorem D.3 we have v = w. The definition of w and v
imply 0 = wy;, and 0 = vy, = wy,|;,. Theorem D.3 now implies ¢ = 0.
iii) analogous to (5) and (6) one proves that for ¢,¢) € H&({2(F2)I the
identities
(AVL,(¢), VL, Ti(¥)) = (AVL,(¢), VIW(4)) (7)

and
(AVW (), VW (¢)) = (AVW(p), VL, (¥)) (8)

hold. These last equations imply
(Tro)e = (0, Tid)e, V oyt € Hyg"(Ta)'

iv) Take @1, o in H&({Q(Fg)l with T} 1 = T} 5. Define now w := L (o) —
¢2) and v := L} ovgo0 Li(p1 — pa). We clearly have v,,. = 0 and the
hypothesis Tj(¢1 — ¢2) = 0 implies v, = 0. Since v satisfies Pv = 0, we

conclude that v is constant in 2. From v, =w) € Hyl*(T5) follows v = 0.4
Then we have w = 0 in 2 and the equality ¢, = @5 follows. a

In the next theorem we verify two properties of 7T}, that are needed in the
convergence proof of the iterative method described in section 1.3.

Theorem 2.4 Let T, € E(H&éQ(Fg)’) be the operator defined in (4). The fol-
lowing assertions are valid:

i) T, is reqular asymptotic in H&f(l})’, i.e. limy_o0 [|TF T (0) — TF ()| |4 =
0, Vo € Hy*(T2)';

ii) The operator T} is non erpansive, i.e. <1.

Tl e oy

Proof. i) Because of the identity (T} (p) — TF(p)) = TF(T; — I)(y), it is
enough to prove that T} (¢) — 0 for every ¢y € Rg(T;—1I). Take ¢ € H&éQ(FQ)’
with (T} — I)¢ = ¢. Note that we can describe the iteration T}*(1) using the

functions
{ wk(w) = Lln(’)/n(vk—l(d")))’ kE>1 (9)
u(V) = Lh(va(wr(¥)), k>0

4The unique constant function in H&éQ(Fl) is the null function.




and wo () = L (). From (9) follows wy, = (vg),, = 0at 'y, (wg)u, = (Vk—1)u,
and v, = wy at I'y. These identities and Theorem B.3 give us

Vvk (Vo) de =
Q

/ (Vwg)' A (Vwy) dz =
0

. (Vop)'A (Vuwg) dz =

/ (Vor 1) A (Vi) de =

Vi (Uk),,A dF,

T

wk(wk)l,A dI‘,

2

Wi (Uk),,A dF,

2

Wi (kal)VA dl.

2

,— 55—

From these identities we obtain
/v Wy — vp 1) AV (wy — vp1) dx = (10)
- / (Vo 1)' A (Vo1) — (Vug)'A (V)] da
and
/QV(vk —wp)' AV (vp — wy) dz = (11)
- /Q[(Vwk)tA (Vur) — (Vor)'A (Vop)] da.

Note that the definition of ¢ and ¢ imply wy (@) = wyy1 () —wi(¢)). Equations
(10) and (11) now imply

| (Tue(9)!A (V) d <
< 2 [ [(Vun()'A (V) — (Vo () A (Vg ()] do.
From this last equation we obtain
T2 < 2(TF@IE ~ 11T @)IE). (12)
Another consequence of (10) and (11) is the inequality

/Q (V) A(Vuwy) dz — /Q (Vwp) A(Viwogs) de > 0,

for every k, i.e. the sequence {||TF(¢)||.} does not increase. Now from (12)
follows

lim [T+l = 0.

— 00

ii) For ¢ € Hl/Q(Fr)’ define w := L! (¢) and v := L, ovs0 Ll (). We claim
that the inequality

(D). Ti(@). < [ (V0)'A(Vo)da (13)

8



holds. Indeed, as Ty(¢) = y,v we have
(M) T = | (VL () A (VLY (300)) da
= [ G Ll (30) dE
+ [ L) P(E () da
= [ v Lo dr + [ P@) L () do
= [ (Vo) A (VL (0)) da

< ([ woramwa)” @), nien

proving (13). Now from the definition of v and w follows

/Q (Vo)'A(Vv)de = /r2 vy, vdl = o, U dl' = /Q (Vo)A (Vw) do

1/2

< (/Q (Vo) A (Vo) d:c) </Q (Vw)'A (Vw) dx)l/Q.

Putting all together we have

T < ([ uramnds)” = o = el

proving (ii). a
The next theorem guarantees the convergence of the iterative algorithm.

Theorem 2.5 Let T and T} be the operators defined in section 1.4. If we have
consistent Cauchy—data (f,g), then the sequence pr = T*py converges to the

Neumann—trace at T's of the solution of (CP) for every ¢q € H&({2(F2)I.

Proof. Tt is enough to prove that T*p, converges to the fixed point @ of T'.
If we define ¢, = ¢, — @ we have

€kl = P41 — P
= T(ex) — T(P)
= Tiler) + 21 = Ti(P) — 214
= T}(Sk) .
Theorems 2.3 and 2.4 imply ¢, — 0. 0

The converse of Theorem 2.5 is valid, i.e. when the sequence ¢, = TFy,
converges, the associated Cauchy problem is consistent and @ := lim ¢y, is the
Neumann—trace of the problem’s solution. This result can also be understood
as an existence criterion for Cauchy problems.

9



Theorem 2.6 Given the Cauchy data (f,g) € HY/2(Ty)x Hy}*(T1)', we denote
by {¢r} the sequence generated by the iteration (IT). If {pr} converges in
H&éZ(Fg),, the Cauchy problem (CP) has a solution u in H'(Q; P) and u,,|,, =

Proof. If we define @ = limy, ), € H&éQ(Fg)’, we have
Ty = T(lim ) = lim pp1 = P.
k—o00 k—o00

Therefore @ is a fixed point of 7. The argument of Remark 1.3 implies the
existence of a solution for (CP) and the theorem follows. a

2.2 A spectral property of 7T;

Before going any further with the analysis of the iterative algorithm, we discuss
an important spectral property of 7;. We have already proved in Theorem 2.3
that T; is positive, self adjoint and it’s spectrum belongs to [0,1]. Now we
verify that 1 belongs to o(T}).

Theorem 2.7 Let T; be the operator defined in section 1.4. If there exists
(f,q) € HV2(Dy)x Hol*(T1)' such that the Cauchy problem (CP) is inconsistent
for the data (f,g), then 1 belongs to the continuous spectrum o.(T;) of Tj.

Proof. Let {E)} er be the spectral family for 7; and denote by I be the
identity operator in H&({Q(Fg)’. From Theorem 2.3 we conclude that E\ = I
for A > 1. It’s enough to prove that given § € (0, 1) there exists an eigenvalue
Ao of T} in the interval (9, 1).

If this condition were not satisfied the point spectrum o,(7};) would be a
subset of [0, 6] and T} would be contractive with norm ||7}|| < 6. An immediate
consequence of this is the convergence of the sequence ¢, = T*¢y, where
T =T, + zf4. Now Theorem 2.6 would imply the existence of a solution for
the Cauchy problem (CP) with data (f,g), contradicting the hypothesis of
(f,g) being inconsistent Cauchy data. O

Corollary 2.8 From Theorems 2.3 and 2.7 follows ||T;|| = 1.

2.3 Error estimation

For simplicity we investigate in this section the iteration (IT) for the operator
P = —A in two special domains. Analog results can be obtained for general
operators of the form (1) every time the spectral decomposition of the operator
is known.

10



In the first problem we take Q = (-7, 7) x (-7, 7), Iy = {(,0); = €
(—m,m)}, Ty = {(z,7); x € (—m,m)} and want to solve the problem

Au=0, in
U = f, at Fl
(Cp 1) u, =g, at Iy

u(z,xm) =0, z€ (—mm)

In the second problem 2 is the ring centered at the origin with inner and outer
radius respectively ro and 1, I'y = {(1,0); 0 € (—n,m)}, Ty = {(ro,0); 0 €
(—m,m)}. The problem to be solved is

Au=0, in Q
(CP 2) u=f, atT,
u, =g, at Iy

As we are working on special domains, it is possible to describe the action
of the operator T; explicitly. If py = > ¢ ; sin(jy) is given in the Sobolev
space of periodic functions® H_.\/%(T';), we have for (CP 1)

(TFoo)(@) = 3 A% o sin(ja), (14)

=1

where \; = sinh(2jm)/cosh(2jm), j € N. As we intend to measure how fast
the error g, := ¢, — P converges to zero, we deduce from (14) and from the
equality €1 = T ¢) the estimate

L 2
ekl oy < ; it (Meny) (15)

If the initial error £y has the nice property of consisting only of the lower
frequencies j < J, equation (15) simplifies to
2 2%k 2
‘ ‘€k||Hp_elr/2(F2) < )‘] ‘ ‘60‘ ‘Hp_elr/Q(F2) :
In the very special case J = 1 and &7 = &9 ; sin(x) one calculates for k = 10°
the power of the first eigenvalue A\2* = 0.061. Therefore we must evaluate 10°
iteration steps to reduce the error to 6% of the initial error.
Next we analyze a more realistic situation, in which the initial error ¢y =
¢o — P has more regularity than a H_/?(T'y) distribution. We assume that

per
there exists a monotone sequence of positive real numbers {c;} such that

lime¢; = oo and E e = M < .
j—oo >

°For s € R one defines HS (=7, 7)) :=={py) = X ek e | 3 (1+k%)*c; < oo}
kEZ kEZZ

11
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Figure 1: Eigenvalues of 7} in different domains

In this case the error at the k'"-iteration step can be estimated by

CJj _
ety < N (2) ST+ g ST
ok [ CJ 2 M
< )\ <Cl> ||EU||H;elr/2(F2) + 03- (16)

For the Cauchy problem (CP 2) we have an analogous result. If the iteration
is again formulated at H../*(I'5) one obtains for the operator 7} the eigenfunc-
tions sin(j6), cos(j0) Wlth corresponding eigenvalues

A= (" =g = o)/ LYY N (g7 + )]

In Figure 1 we show a qualitative comparison between the eigenvalues of 7} in
the different domains considered in this section.

2.4 Regularization

The objective of regularizing the iteration (IT) is to choose an operator Treg

such that the regularized sequence ¢ := T]reg o + Z]<k teg Zf.g COnvVerges

faster than the original sequence ¢y := T} ©o + X ;4 T} 25,4 We also have to
assure that the difference || lim ¢y — lim ¢ || remains small.

We start with the a priori assumption that the Cauchy data of (CP) satisfies
(f.g) € H'(T1) x Hyy*(Ty)', with r > 1/2.

Given the measured data (f., g.) in L?(T'; )><H1/2(F )', we claim that using a
smoothing operator S : L* — H'/2 it is possible to generate a f.:=S8f.cH
satisfying || f — f8||1/2 < ¢'. Indeed this is a consequence of

Lemma 2.9 Let f € H", r > s > 0. There exists a smoothing operator

S : L? = H* and a positive function v with limgoy(z) = 0, such that for
e >0 and f. € L? with ||f — f.||r2 < &, we have ||f — Sf.||s < v(e).

12



Proof. This lemma describes a standard procedure in inverse problems. A
complete proof can be found in [BaLe]. O

After smoothing the data f., we obtain a corresponding z. € H'/?(T;)" such
that ||27, — 2| g2,y < e

We analyze the choice of two different regularization strategies. The first
one is a cut—off method, where we consider only the eigenvalues of 7T; lower
than 1 — 1/n.% In the second method we use powers of Tj to define Treg. For
n > 2 we set

1—1

1
A, ::/ " XdEy and B, ::/ (A=A dEy,  (17)
0 0

where F) is the spectral family of T;. Both operators A, and B, are positive,

self adjoint and contractive. Let r(gg represent one of the families defined in

(17) and define @ and ™ as the fixed points of

¢ =Tp+z, and ¢ = TWeM 42

reg

respectively. o™ will exist, as ng is contractive. We have now

1" — 2l = 17 +2p5~ T o™ — 2|
= TG =9) + (T8 —T0) 7= 27 + ||
< (I-1) " (T -T) Bl + =l (1-T%) 7 11as)
In next theorem we analyze the estimate (18) for the operators A, and B,,.

Theorem 2.10 If we define the family of operators r(gfg) using one of the fam-
ilies in (17) we have

I(r-Tw) " (TW -T) 2l =0 and ||(1-TE) || =co. (19)

reg reg

Proof. i) We analyze the case Tr(glg) = A, first. From the spectral decompo-
sition of T; follows

1—1 1 1
(I-A,) = / (1) dEA+/ CdE, and  (4,-T)) = —/ \dE.
0 1-= 1—

1
Now these equalities imply ||(I — A,) ¢|| > 1/n||¢||, and the operator (I —

A,) has an inverse. We also know that (I — A,,) is the identity operator on
Rg(A, —T;). From this follows

(1= 4)7" (4 =T) = = [ xaB, (20)

S|=

We may suppose the real numbers 1 — 1/n are not eigenvalues of Tj.

13



and we can estimate the first term in (19) by
1
0= 4" A =T)7 < [ | diBr77) — 0

for n — oco. For the second term in (19) we use the identity
17 =4 = (1-A@m) " = oo (21)

for n — oo, where A(n) is the largest eigenvalue of T}, which is smaller than
(1—1/n).
ii) For the case r(e%) = B, we have (B, —T)) = —T" and from the spectral
decomposition of 7T follows
(I—B,) (B, —T) = /IA—ndE
SO N (I NPt

If we define the functions pu(n) := n(=)  and d(n) := 1 — p(n) we can
decompose the operator (I — B,)~'(B, — T;) in Q, + R,, where

0, — /H(") N B d R, = /1 AN g
" (14—t o " Jisemy L am— )

From the convergence p™(n) (1 + p™(n) — p(n))~" — 0 for n — oo follows
lim ||Q,|| = 0. The convergence ||R,| — 0 follows from inequality 0 < A" (1+
AP —N)"1 <1, VA€e[l—4(n), 1], Vn > 2. With this we have proved

lim [|(T = Ba) (B, ~ Tl = 0.

n—o0

-1

To obtain the second limit in (19) we deduce from the spectral decomposition
of (I — B,)~ ! the equality

H(]_Bn)ilH = (1+T"(n)—T(n))*1 - 0

for n — oo, where Y (n) is the largest eigenvalue of 7}, which is smaller than
p(n). O

Our next step it to use a prior: information about the solution P of the
fixed point equation 7" ¢ = @ in order to find an optimal regularization strategy.
Let’s suppose there exists a function G with

G :[0,1) = IR" is continuous and monotone increasing;

lim G(\) = o0 (22)

A—=1-

1
| [ aBrn =M <
0

In the next theorem we analyze how the regularity condition in (22) can be
used to balance the approximation and regularization errors.

14



Theorem 2.11 Let G be a function which satisfy (22) and 6, p, A, Y be
the functions used in the proof of Theorem 2.10. For the two regularization
strategies in (17) there exists nope € IN, such that

[l =2l < le™ - 7ll,

for every n € IN. Further nop is obtained by solving the minimization problem

min {G(ljvi Iy - (1—&;\(%))}

for the regularization strategy using A,. For the B, regularization strategy nopt
is obtained as the solution of the minimization problem

{( p(n) |9l M

T () — p(n) G(M(”))) " (1+T”(n)—’f(n))}'

min
n>2

Proof. We show here only the proof for the regularization strategy A,,, the
second case being analog. From (20) and (22) follows

1
=4 A -D7lF = [ N dE7)

< mf_aﬁla%na@@@
M2
= @07
Now inequality (18) and (21) imply
M 3

(

and the assertion follows. O

Remark 2.12 One can interpret the regularity condition in (22) as follows:
With the aid of the function G one can define the unbounded operator

G = [ Goar,

on H&éZ(FQ)’. The existence of the integral in (22) is equivalent to the assump-
tion that @ belongs to D(G), the domain of G defined by

D(G) = {p e Hy (Ts)' | G(p) € Hy*(To)'}.

15



3 Numerical experiments

In this section we present some results obtained by the numerical implemen-
tation of the iterative algorithm. In the first two examples in sections 3.1 and
3.2 respectively we solve linear consistent problems in a square and in a an-
nular domain. In section 3.3 we exhibit a linear inconsistent problem and in
section 3.4 we analyze a non linear consistent problem.

The computation was performed on the IBM-RISC/6000 machines at the
Federal University of Santa Catarina. The elliptic mixed boundary value prob-
lems that appear in the iteration were solved using the PLTMG package (see
[Ban]).

3.1 A linear problem in a square domain

In this example we take 2 = (0,1) x (0,3/4) and decompose the boundary 0
in Fl U FQ U Fg U F4, where

Iy={(z,0);2 € (0,1)},  Ty:={(x,3/4);2€(0,1)},

I3 :={(0,y);y€(0,3/4)}, Tu:={(1,y)ye(0,3/4)}.

Given the Cauchy data f(z) = sin(rz) and g(x) = 0 at I'y we reconstruct
the (Dirichlet) trace at T’y of the solution of following Cauchy Problem:

Au = 0, inQ

u = f, at Fl
u, = ¢, atl
u == 0, at F3UF4

The exact solution of this Cauchy Problem is u*(z,y) = cosh(7y) sin(nz).

Each mixed problem is solved using an uniform mesh with 262913 nodes
and linear elements. The trace at 'y of the sequence generated by (IT) is
shown (solid line) after 10, 25, 50 and 100 steps at Figure 2. The dotted line
represent the trace of the exact solution u* at I's.

As a stopping criterion we choose |[1y11 —¥k||cor, < 1072, In this example
the iterative sequence converges extremely fast. We observe a slower rate of
convergence when the mesh is refined, but the approximation obtained with
the same stopping criterion is more accurate.

3.2 A linear problem in an annular domain

In this second example €2 is an annulus centered at the origin with inner and
outer radius respectively 1 and 7. Given the Cauchy data f(f) = sin(f) and
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step 10

Ot of of
0 02 04 06 08 1 0 02 04 06 08 1 0 02 04 06 08 1 0 02 04 06 08 1

Figure 2: Iterated sequence at the unknown boundary for a linear Cauchy
problem at the domain Q = (0,1) x (0,3/4)

step 10 step 25 step 50 step 100
J J J J
2 2 2} 2
1. it 1 it
of of of of
-4 1 -1 1
-2 2 -2 2
-3 3 -3 3

0 05 1 15 2 0 05 1 15 2 0 05 1 15 2 0 05 1 15 2

Figure 3: Iterated sequence at the unknown boundary for a linear Cauchy
problem at a ring domain with inner and outer radius respectively 1 and 7

g(0) = 0 at the inner boundary T'y, we reconstruct at the outer boundary Ty
the trace of the solution of following problem:

Ay = 0, in
u = f, atly
u, = g, atl}

The exact solution of this problem is u*(x,y) = (r 4+ 1/r)sin(#)/2. We used
a finite element mesh with 61824 nodes, linear elements and the stopping
criterion ||¢g1 — ¥k||oor, < 107% The dotted line in Figure 3 represents the
exact solution (note that the x—axis is parameterized from zero to 27) and the
solid line represents the sequence 1 generated by (IT).

The iteration gives for this Cauchy problem a better approximation than
it does in section 3.1. The reason for this behavior is that the eigenvalues of
the operator 7; (defined in (4)) converge to one slower, i.e., they are smaller
than we estimated in section 3.1 (see Figure 1).
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Figure 4: Difference (¢ — 1) calculated for a linear inconsistent Cauchy
problem

3.3 A linear inconsistent problem

In this example we take Q = (0,1) % (0,1/2) and define the boundary segments:
D= {(z,0:;2€(0,1)},  Tyi={(2,1/2);2 € (0,1)

[3:={(0,y);y€(0,1/2)}, T4:={(1,y);y€ (0,1/2)}.
For n € IN we define at ['; the functions:

_ [ n=n?lz—m/2] | |lz—7/2/<1/n
fl@)=0 and 9(x) = { 0 , otherwise '

Using the reflection principle of Schwartz (see [GiTr| or [Le]) one proves that
the Cauchy problem
Au = 0, in
U = f, at Fl s
u, = g, atl}

has an analytical solution only if g is itself analytical. So with our choice of
data we know a priori that the respective Cauchy problem has no classical
solution.

We take n = 100 in the definition of ¢ and add to the Cauchy problem
above the over determinating condition: v = 0 at '3 UT'y. The iteration is
performed as before over a 262913 node mesh using linear elements and the
same stopping criterion as in section 3.1. In Figure 4 the difference ¢ — ¢r_1
is plotted for some values of k.

The sequence g converges in the || - ||« as fast as it does in section 3.1,
but this does not mean that it converges to a solution of the Cauchy problem
(see Remark 4.2).

Both sequences wy and vy of H'-functions generated in (IT) converge to
the solution of the Cauchy problem, when this problem does have a solution

18



(see Theorem 2.5). In this example, when we analyse the sequences wj and
v, we note that they are not converging in H'(Q) to the same limit. In
Figures 5 (a) and 5 (b) we show the functions wigy and vyg9 respectively.

One observes that on I'y we have wygg =~ v199 and (wigo), = (v100),. The
difference wj, — v, generates also a sequence of H'-functions with vanishing
Cauchy data at I'y; but that does not converge to zero at 2. Such examples
are known to exist due to Hadamard (see section 1.2).

16e+01
AseeraD 0008400
627e+00 —-162e+00
: —.325e+00

A5%e+00
207e—01

—.48Te+00
—.177e+00 —.B43e+00

— 4452400

—713e+00

— &R1e+00

—125s+01

152040t —148e+01
: —.162e+01

—.51Ze+00
—.874e+00
—114e+01
= A30e+01

—178e401 —17%e+01

(a) (b)
Figure 5: Functions wy and v, — at (a) and (b) respectively — after 100 steps
for a linear inconsistent Cauchy problem

3.4 A non linear problem

Take €2 the annulus centered at the origin with inner and outer radius re-
spectively 1/2 and 1. This time we decompose the outer component of the
boundary in two different ways: 00 =Ty UTl's = I'; UT'y where

o= {(z,y) | 2* +y* =1, 2 <0}, Ty:={(z,y)|2*+y*=1, 2>0}
and
Tyi={(z,y) | 22 +y> =1, 2 < V2/2}, Ty:={(z,y)|2>+y* =1, z > V2/2}.
The inner component of 99 is called T'; := {(z,y); 2* + y* = 1/4}.
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Given the Cauchy data f(6) = sin(f) and g(#) = 0 on I'; (respectively I';) we
reconstruct on I'y (respectively ') the trace of the solution of the non linear
Cauchy problems:

Au+u® = [(r+1/r)sin(0)/2]*, inQ
u = f, atT

u, = ¢g, atl ’
u = 32sin(f), at I

where T stands for both T; and T';. Both problems have the same solution
u*(x,y) = (r+1/r)sin(0)/2.

A mesh with 82 688 nodes and linear elements is used, the stopping criterion
being the same as in section 3.1. In Figure 6 (a) and 6 (b) one can see the
exact solution (dotted line) and the iterated sequence v (solid line) for the
Cauchy problems with data given on I'; and T, respectively. (note that the
x—axis is parameterized from 0 to 7 in Figure 6 (a) and from 7/4 to 37/4 in
Figure 6 (b))

058
© sep3000 - S
o6 - . e
04 . Apm", 08 | Step 100
\ )
03
02 04 08 08 1 03 04 05 06 07

() (b)

Figure 6: Trace of the iteration for a non linear Cauchy problem at the annulus
with inner and outer radius respectively 1/2 and 1

Both iterations begin with ¢ = 0. As it happens in the linear case, the
limit of the sequence 1, does not depend on the choice of the initial data v,
but the convergence of the iteration is slower for this non linear operator.

Comparing the iteration for both Cauchy problems with data at I'; and
T, is clear that the amount of known information one has, determines both
velocity of convergence and precision of the reconstruction.

4 Concluding Remarks

Remark 4.1 The classical problem of Hadamard in section 3.1 is numerically
treated in [FaMo]. They propose a direct method to solve the Cauchy problem
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on the square (0,1) x (0,1) and obtained a reconstruction with approzimately
5% error in the L?(T'y) norm, while our reconstruction has an error of approz-
imately 4% in this norm (see Figure 2 after 100 iterations).

The Cauchy problem in section 3.2 is numerically treated in [Kuls], where
boundary elements are used on the annulus with inner and outer radius 2 and
6 respectively. The reconstruction error in the L*°(Ty)—norm has the order of
1072, The corresponding error after 100 iteration steps has the same order
(see figure 3).

The difficulty in solving Cauchy problems by using direct methods is that
the ill-posedness of the resulting system increases as one tries to refine the
numerical model.

Remark 4.2 A motivation for the convergence of the iteration (in the L>—
norm) even in the inconsistent case can be found on the fact that the numerical
discretization Ty of the operator T; we use to generate the sequence ¢y, is
contractive. In fact, the finite element method has the property that only the
spaces, and not the differential equation itself, are discretizated (see [Od]).
This 1mplies that the eigenvalues of T} are lower or equal to the respective
eigenvalues of Ty. As the eigenfunctions of T; (defined at T'y) cannot be obtained
by taking traces of the linear finite elements we are using, we conclude that the
eigenvalues’ of Ty, are strict smaller than the respective eigenvalues of Tj.

Remark 4.3 Another discretization of the operator T, was tested. We tried
to solve the mized problems on the square domain using finite differences. This
has the advantage of being faster (we must invert 2 stiffness matrices once, but
each iteration is than evaluated as a simple matriz vector product) specially if
the number of iteration to be computed is large. Our numerical experiments
show that the eigenvalues of this second discretization of T) approximate the real
eigenvalues better than the discretization by finite elements does. As a direct
consequence, the approzimation obtained using a finite difference discretization
—with the same stopping criterion— is better than the one obtained using finite
elements.

Remark 4.4 If the differential operator P in (1) is non linear, the property

Teo = o,

where T is the operator defined in (4), will only hold if one can guarantees the
unicity of solutions for the Cauchy problem governed by P a priori. FEven if
this is the case, one still have to make sure that each mized problem on the
iteration is uniquely solvable.

"Obviously there is only a finite number of them.
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We does not prove these properties for the Cauchy problem in section 3.4,
but the iteration was performed using different analytical functions as initial
data. The velocity of convergence and the limit encountered is the same for all
our tests.

In spite of the fact that the convergence of the iteration is much slower in
the non linear case, it can be again verified that the fixed point of Ty, ¢ = ¢
approaches better the fixed point of T @ = @, if the precision h of the discretiza-
tion increases.

A Sobolev spaces and trace Theorems

Let Q € IR? be an open, bounded, regular® set with C>-boundary 02, which

is splited in 02 = Ué\;lF—j, the subsets I'; being open, connected and satisfying

[NL; =0 for1 <i# j < N. Wedenote by v; the trace operator with domain

C*°(Q) and range C*(T;). With v; we represent the vector field normal to T';.
Given the second order elliptic operator

2 2
P(U) = — Z Di(ai,iju) + Z aiDiu + apu,

ij=1 i=1
we represent the co-normal derivative of a function u respective to P by

ou

2
Uyy = EOA = MZ_I aij vi (Dju)

where A represent the 2 x 2 matrix (a; ;).
We introduce now the Sobolev spaces used in this article. For s = k40 €
R* with k € Ny and o € [0,1), we define

1) = @ ", 1) = CF@) 7, Hy@un) = Gt
where the functional || - ||5,q is defined by
[Du(z) — Du(y)?
= pe / dz dy.
‘UH aZ;kH UHLZQ + Zk Q%0 ‘x_y|n+20 ray

For s > 0 we define the space H~*(2) by duality
H?(Q) = {ueD'(Q) /) <u,- > € Hj(Q)'}.

Given the differential operator P as above, we define the space H'(Q; P) as
the space of distributions with

{uec H(Q) / Puc L*(Q)}.

8We mean ( is locally at one side of 9.
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The last space we need is Hgo(2), s € R™. If s = k+ o with k¥ € Ny and
o € ]0,1) we define the functional

1/2
lullsoon = { + X [ D), 00) dx} ,

la|=k

where d(z,09) is the Euclidean distance between z € R" and 0. Now we
define H{,(€2) as the closure of C§°(£2) with respect to || - [|s,00.0-

The next theorems can be found in [DaLi] or [Gr1,2] and will be needed in
the study of weak solutions of mixed boundary value problems.

Theorem A.1 (Neumann trace of a H'(Q; P) distribution) The opera-
tor

ou
SU o y——

Ly,
al/A

A

defined on C*(Q) has only one continuous extension defined at

T,: H(Q; P) — HY2(3Q).

Theorem A.2 (Dirichlet trace on v;) Let m € IN. The operator

R ou o1y,
’7] ) 7] ayja ) ny 8y]77171
defined for every j = 1,...,m at C*®()) has only one continuous extension
from
m—1
H™(Q) onto [ H™ ' 2(Ly)
i=0

Remark A.3 The trace operator in Theorem A.2 has a continuous right in-
verse. This fact follows from the existence of a prolongation operator w €
L(H*(T';), H*(0R2)), s > 0, that is the continuous right inverse of the restric-
tion operator p € L(H*(0Y), H*(L';)). For details see [Au] pp. 187-194.

Theorem A.4 (Neumann trace on v;) The Neumann trace operator de-
fined on C*°(Q) with range in C*°(T';) has only one continuous extension as
an operator from

H'(Q; P) into H&({Q(F]‘)I,
forj=1,..., N.
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B Green’s formula

In the analysis of the mixed boundary value problems that appear in the it-
erative procedure (IT), we make use of a special version of the (first) Green
formula. The results presented here are still valid if 02 only Lipschitz contin-
uous and they can be found in [Au], [DaLi], [Grl], [Le], [LiMa] or [Tx].

Theorem B.1 If (u,v) is a pair of functions in H*(Q) x H'(Q), then we have
/ Puv dx = / Uy, v dl' — / (Vo) AVu d. (23)
Q 20 Q

Equation (23) is still valid if (u,v) € H'(Q; P) x H'(Q2).?

In next theorem the boundary integral in (23) is replaced by a sum of
integrals over each ;.

Theorem B.2 Given functions u in H*(Q) and v in H'(Q) we have

N
/Puv de = > / Uy, v dl — /(Vv)tAVu dx. (24)
0 iy 0

This theorem is a consequence of the trace Theorem A.2, that guarantees
the boundedness of the inner products in (24) in the sense of L*(T';). Theo-
rem B.2 still holds if 9Q is a C"! polygon. In the next theorem (see [Le]) we
formulate Green’s formula in the exact context needed in this paper.

Theorem B.3 Given u € H'(Q; P) and v € {v € H(Q)|y;v € Hy*(T;),
j=1,...,N} we have

N
/Puv dr = / Uy, v dl' — /(Vv)tAVu dx.
Q o %

The next two theorems describe some characteristics of the trace of H'—
functions, that are needed in the formulation of the iterative procedure (IT).

Theorem B.4 Let N = 2, i.e. 0Q =T, UTy andu € HY Q). If yyu is a
H&éQ(Fl) distribution, then v u is a H&éQ(Fg) distribution.

Theorem B.5 Let N =2, i.e. 0Q =T,UTy and u be a P-harmonic function
in H'(Q). If v 2% belongs to H™'/*(Ty), than v, 2% belongs to H~'/*(Ty). '

9The last assertion follows from the density of the embedding of C>°(Q) into H'(2; A)
together with Theorem A.1.

100ne should note that H~'/2(Ty) = H'/%(T,)', because of the identity Hi/*(T,) =
HY2(Ty).
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C Mixed boundary value problems

For the analysis of mixed problems we need a type of Poincaré inequality on
the space Hy(Q UT;). This is obtained with theorem

Theorem C.1 Given a function u € Hy (QUT;) we have
lullr2@) < cl[Vullrzg),
where the constant ¢ depends only on Q.1

We analyze the following mixed problem problem at €2. Given the functions
f e HYX(T)) and g € Hy{*(T5)', find a H'-solution of
Auy=0 , in
(GP) u = f y at Fl
u, =g , at Iy
Existence, unicity and continuous dependency of the data for (GP) are given
by the following theorem of Lax—Milgramm type.

Theorem C.2 For every pair of data (f,g) € H'/?(T) x HééQ(FQ)’ the prob-
lem (GP) has a unique solution u € H'(Q). Further it holds

llliey < e (I vy + 19l ) - (25)

The next theorem investigates the regularity of the H'-solution of (GP).
For a detailed proof see [Grl,2] or [Wn].

Theorem C.3 For boundary data f € H¥*(['y) and g € HY?(Ty), the H'-
solution u of (GP) can be written as

2

=1

where h € H*(Q), a; € R and u; are the singular H'-functions

ui(r,0) = r*sin @
2
Here ry (respectively r9) is the distance from z = (r, ) € Q to the contact point
po between T'y and Ty (respectively p, between T's and T'y); 0 (respectively 65)
is the angle between z — p, (respectively z — p;) and the line tangent to 09 at
pa (respectively at p,) in the direction of T'y.

UFor a detailed proof see [Tr] pp. 69.
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D Unicity results for Cauchy problems

What we present now is a generalisation of some classical results concerning
the theory of diferential operators with analytical coefficients. We use the
Cauchy-Kowalewsky and Holmgren theorems'? together with a regularity the-
orem for weak solutions of elliptic equations, to guarantee the uniqueness of
H'-solutions of Cauchy problems.'?

Theorem D.1 Let L be a linear differential operator of order 2 with C* ()~
coefficients, where Q C R" is an open regular set. Define a(-,-) the respective

bilinear form, which is supposed to be strong coercive. If the distribution u is
a solution of Lu = v with ¢ € HE (Q), k € N, then u € H?(Q).M
Remark D.2 Under the same assumptions as in Theorem D.1 it follows from
the assumption 1 € C*(Q) that u belongs to C*>(Q).

We can now state the uniqueness result for Cauchy problems.

Theorem D.3 Let Q be an open, bounded and simply connected set of R>
with analytical boundary 0X). Let T be an open simply connected subset of Of)
and the differential operator L defined as in Theorem D.1. Then the Cauchy—
Problem

Lu=+1 ,in
u=/f LatT
u, =g ,atl

has for ¢ € L*(Q), f € HY2T) and g € Hy*(T) at most one solution in
H'(Q).

For the special case L = A, the Laplace operator, the assumptions relative
to €2 can be weakened. For this operator Theorem D.3 still holds even if € is
not supposed to be simply connected.
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