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On iterative methods
for solving ill-posed problems
modeled by partial differential equations

J. BAUMEISTER* and A. LEITAO?
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Abstract — We investigate the iterative methods proposed by Maz’ya and Kozlov
(see [6, 7]) for solving ill-posed inverse problems modeled by partial differential equa-
tions. We consider linear evolutionary problems of elliptic, hyperbolic and parabolic
types. Each iteration of the analyzed methods consists in the solution of a well posed
problem (boundary value problem or initial value problem respectively). The iterations
are described as powers of affine operators, as in [7]. We give alternative convergence
proofs for the algorithms by using spectral theory and the fact that the linear parts of
these affine operators are non-expansive with additional functional analytical proper-
ties (see [9, 10]). Also problems with noisy data are considered and estimates for the
convergence rate are obtained under a priori regularity assumptions on the problem
data.

1. INTRODUCTION

1.1. Main results

We present new convergence proofs for the iterative algorithms proposed in [7]
using a functional analytical approach, were each iteration is described using
powers of an affine operator T. The key of the proof is to choose a correct
topology for the Hilbert space were the iteration takes place and to prove that T},
the linear component of T', is a regular asymptotic, non-expansive operator (other
properties of T; such as positiveness, self-adjointness and injectivity are also
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verified). The converse is also proved, i.e. if an iterative procedure converges,
the limit point is the solution of the respective problem.

The convergence rate of the iterative method can be estimated when we
make appropriate regularity assumptions on the problem data. In the last sec-
tion some numerical experiments are presented, were we test the algorithm
performance for linear elliptic, hyperbolic and parabolic ill-posed problems.

The iterative procedures discussed in this paper were presented in [7] and
also treated via semi groups in [1]. The iterative procedure for elliptic Cauchy
problems defined in domains of more general type is discussed in [6, 9, 10]
and [5]. The iterative procedure concerning parabolic problems is also treated
in [12].

1.2. Preliminaries

1.2.1. On non-expansive operators

Let H be a separable Hilbert space endowed with an inner product (-, -) and
norm ||-||. A linear operator T : H — H is called non-expansive if ||T|| < 1.
An operator T': H — H is said to be regular asymptotic in x € H if

lim || T*(z) — T*(2)|| =0
k— o0

holds true. If the above property holds for every x € H, we say that T is reqular
asymptotic in H.

Next we formulate the results used to prove the convergence of the iterative
algorithms analyzed in this paper.

Lemma 1. Let T : H — H be a linear non-expansive operator. With Il we
denote the orthogonal projector defined on H onto the null space of (I —T).
The following assertions are equivalent:

a) T is regular asymptotic in H;

b) lim T*z =Tz for all x € H.
k— oo

A proof of this lemma (even in a more general framework) can be found
in [4] (see also [9] and the references cited therein).

Lemma 2. Let T : H — H be a linear, non-expansive, regular asymptotic
operator such that 1 is not an eigenvalue of T'. Given z € H define S : H 3
x> Tz +2 € H. Then for every xo € H the sequence {S*zq} converges to the
uniquely determined solution of the fixed point equation Sx = x.

Proof. Let # € H be the solution of SZ = #. Defining z; := S*z¢ and
€ = T — xy one can easily see that g1 = Tey, k € N. Lemma 1 allow us to
conclude that limg e, = Ileg. From the hypothesis we have ker(I — T') = {0},
and the lemma follows. [

IThe set of all eigenvalues of a linear operator T is denoted by ap(T).
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In the next lemma we present a sufficient condition for an operator to be
non-expansive and regular asymptotic. For convenience of the reader we include
here the proof (see [7]).

Lemma 3. Let T be a bounded linear operator in H such that for ¢ > 0

(I =T)z|* < e(lel® = |IT2l]?), Ve H (1)

holds true. Then T' is non-expansive and regular asymptotic in H.

Proof. The non-expansivity of T" follows directly from the inequality
0 < 7 UI=D)z|* < |zl |IT=|?, Vze H.

Now take zg € H. Since ||T|| < 1, the sequence ||T*z¢]|? is non-increasing, from
what we conclude that limy(||T*zo||?> — ||T**'z0||?) = 0. Note that from (1)
follows

IT 20 = T* 1w ||® < e(||T 20l = |7 20 ?).

Putting all together one can see that T is regular asymptotic in H. O

Equivalent to the condition (1) in Lemma 3 is the following one?

c+1

(1 -T)ao) 2 <

(I = T)z||®>, Vz € H, (2)

as the following line suggests (see [7])

Izl = IT=[|* = (I = D)al]* + 2(2, (I = T)x), Vx € H.

1.2.2. On function spaces

Let © C R™ be an open, bounded set with smooth boundary and let A be a
positive, self-adjoint, unbounded operator densely defined on the Hilbert space
H := Ly(9Q). Let Ey), A € R, denote the resolution of the identity associated to
A e

(Ap, ) = A _Ad(Bp) = /0 Ad(Exg, o),

for ¢ € D(A), the domain of A, and 1) € H. Note that given f € C(R") we can
define the operator f(A) on H by setting

(F(A)p, ) = / ) d{Ba, ),

for every ¢ € D(f(A)) and ¢ € H, where the domain of f(A) is defined by

D)= et | [ 107 dlBp.e) < oo},

2Clearly, condition (1) is only sufficient for T' being non-expansive and regular asymptotic
in H.
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Now we are ready to construct a family of Hilbert spaces H*(2), s > 0, as the
domain of definition of the powers of A3
1/2

W@ = {ee | lel= ([ aeame) <o} ©

The Hilbert spaces H~*(Q) (with s > 0) are defined by duality*: H~* := (H?*)".
It follows from the definition that H°(Q) = H. It can also be proved that the
embedding H" () — H*(Q) is dense and compact for r > s (see [11], Chapter
1).

An interesting example is A = (—A)'/2, where A is the Laplace— Beltrami
operator on (). In this particular case we have the identity H*(Q) = H3*(2),
where H§ () is the Sobolev space of index s according to the definition of Lions
and Magenes (see [11], p. 54). One should note that functions in H*(Q) satisfy
null boundary conditions in the sense of the trace operator.

Given T' > 0 we define the spaces Ly(0,T;H?(Q)) of functions u : (0,7) 3
t > u(t) € H3(Q). These are normed spaces if we consider

T 1/2
lulars = ([ lutoiar) ™,

as a norm in Lo (0,T;H*(2)). Finally, we define the spaces C(0,T;H?3(Q2)) of
continuous functions u : [0,7] 3 ¢ — u(t) € H*(Q2). The norm on these spaces
is given by

1/2

lulloczom:s := sup [[u(®)]s.
t€[0,T)
2. THE ILL-POSED PROBLEMS

Let the operator A with discrete spectrum, the set Q and the Hilbert spaces
H*(2) be defined as in Section 1.2. In the next three paragraphs we formulate
the ill-posed problems that are discussed in this article.

2.1. The elliptic problem:

Given functions (f,g) € H'/?(Q) x H~/2(Q), find u € (V,,||-||v.), where
Ve := Ly(0,T; H' (),
r 2 2 1/2
lully, = ( / (a3 + Beu(t)|3) at)
0
that satisfies
(0 —A%)u=0 in (0,T)xQ P
u(0,2) = f(z), Owu(0.7)=g(z), =€ ‘

3For simplicity we may write H* instead of H*(Q).
4 Alternatively one can define % ~5(f2) as the completion of H in the (—s)-norm defined in

(3).
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Note that if u € V,, then O;u € L2(0,T; H) and appropriate trace theorems
(see [11]) guarantee that u(0),u(T) € H'/?(Q) and d;u(0), du(T) € H/?(Q).

In this problem we are mostly interested in the value of u for t = T, i.e.
u(T,z) and Syu(T,z), € Q. This elliptic initial value problem (also called
Cauchy problem) is not well posed in the sense of Hadamard (see [2]). This

follows from the general representation of the solution of (P.) given by
u(t) = cosh(At)f + sinh(At)A™'g. (4)

One can construct a sequence of Cauchy data (fx, gx) = (0, gx) using the eigen-
functions of A, such that (fy, gx) converge to zero in H'/? x H~'/? while the
norm of the solutions ||ug||v, do not.

2.2. The hyperbolic problem:
Given functions f,g € H*(Q), find u € (V4,]-||v;,), where

Vi = {v € C(0,T;H' () | du € C(0,T; H)},

lullve, == sup (u(®)[ + [10:u(®)][5)'?,
te[0,T)

that satisfies

{ (02 + A%)u n (0,T) x Q, (P

=0
u(0,z) = f(z), uw(T,z)=g(z), z€.

Note that if u € V3, then u(0),u(T) € H'(Q) and d;u(0),0;u(T) € H.

Let’s assume that the numbers kn /T, k = 1,2, ... are not eigenvalues of A®.
Then this hyperbolic (Dirichlet) boundary value problem is ill-posed if the dis-
tance from the set M := {kx/T;k € N} to o(A) (the spectrum of A) is zero.
To see this, we take A\, € o(A) with limy, dist(Ag, M) = 0 and g, the respective
(normalized) eigenfunctions. Solving problem (P) for the data (f,g) = (0, gx)
one obtains respectively the solutions

up(t) = sin(At) sin(AT) " g, = sin(Apt) sin( A T) ™" gr, (5)

which happens to be unbounded in V},.

2.3. The parabolic problem:
Given a function f € H = Ly(Q2) find u € (V},,|| - ||v;), where

V, == Ly(0, T; H' (Q)),

T 1/2
full, = ([ Q@12 + oo ar)

51f this condition is not satisfied, one can easily see that problem (Pj) is not uniquely
solvable.
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that satisfies

{wrhﬂmzo in (0,T) x 9, P,

u(T,z) = f(z), =€

Note that if u € V), then u(0),u(T) € H.

Problem (P,) corresponds to the well known problem of solving the heat
equation backwards in time, which is known to be (severely) ill-posed. This
follows from the general representation of the solution of (P,) given by

u(t) = exp(AX(T — 1)) f. (6)

Again using the eigenfunctions of A, one can construct a sequence of data f
converging to zero in H while the norm of the solutions ||uy;, do not.

3. DESCRIPTION OF THE METHODS

3.1. The iterative procedure for the elliptic problem

Consider problem (P,) with data (f, g) € H'/?(Q) x H~/2(Q). Given any initial
guess @y € H'/2(Q) for 8;u(T) we improve it by solving the following mixed
boundary value problems (BVP) of elliptic type:

(02 — A%)v = 0, in (0,7) xQ,
U(O) = f, 6tU(T) = Yo,

r&—ﬁmzm in (0,T) x Q,
dw(0) =g, w(T)=0v(T)

and defining ¢; := G;w(T). Each one of the mixed BVP’s above has a solution
in V, and consequently ¢; € H'/2(Q). Setting ¢o := o1 and repeating this
procedure we construct a sequence {py} in H='/2(Q).

Our assumptions on the operator A allow the determination of the exact
solutions v and w of the above problems, which are given by

<
—~

~
~

I

sinh(At) cosh(AT)™" A~ gy + cosh(A(t — T)) cosh(AT) ™' f,
w(t) = cosh(At) cosh(AT) *v(T) + sinh(A(t — T)) cosh(AT) 1A~ g.

Finally, we can write
1 = 0w (T) = tanh(AT)?pq + sinh(AT) cosh(AT) 2 Af + cosh(AT)™'g.
Now, defining the affine operator T, : H~'/2(Q) — H~'/2(Q) by

T.(¢) := tanh(AT)%p + Zf.95 (7
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with 27, := sinh(At) cosh(AT) "2 Af+cosh(AT) g, the iterative algorithm can
be rewritten as

k—1
ok = Te(pr-1) = TF (o) = tanh(AT)**pq + ) tanh(AT)>zp,.  (8)

i=0

3.2. The iterative procedure for the hyperbolic problem

Let’s now consider problem (P,) with data f, g € H'(Q). Given any initial guess
o € H for d;u(0) we improve it by solving the following initial value problems
(IVP) of hyperbolic type®:

(07 + A%)v = 0, in (0,T) x Q,
v(0) = f, 0w(0) = po,

(07 + A%)w =0, in (0,7) x Q,
w(T) =g, Ow(T)=70w(T)

and defining ¢1 := d;w(0). Each one of the mixed IVP’s above has a solution in
V5, and consequently ¢1 € H. Repeating this procedure we construct a sequence

{¢r} in H.
Asin Section 3.1, the assumptions on the operator A allow the determination
of the exact solutions v and w of the above problems. In fact we have

v(t) = cos(At) f + sin(At) A~ iy,
w(t) = cos(A(t — T)) g +sin(A(t — T))A 0v(T).

Finally, we can write
o1 = 8;w(0) = cos(AT)?pg — cos(AT) sin(AT)Af + sin(AT)g

and defining the affine operator T, : H — H by

Th(p) = cos(AT) ¢ + 2.4, 9)
with 2y, := —cos(AT)sin(AT)Af + sin(AT)g, the iterative method can be
rewritten as

k—1
o1 = Tilpr1) = Th(9o) = cos(AT)* g + 3 cos(AT)¥ 275, (10)
7j=0

6The second problem is considered with reversed time.
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3.3. The iterative procedure for the parabolic problem

We consider problem (P,) with data f € H. Define A :=inf{\ X € 0(4)} and
chose a positive parameter v such that v < 2exp(A\2T). Now, given ¢y € H an
initial guess for u(0), the method consists in first solving the IVP of parabolic

type:
(0 + A?)vg =0 in (0,T) x Q,
'UO(O) = ¥o0-

Then we solve for k > 1 the sequence of IVP’s:
(0 + A% v =0 in (0,7) x Q,
0k (0) = vr-1(0) = (V-1 (T) — ).

The sequence {pi} is defined by ¢ := v,(0) € H. Note that the analytic
solutions of the above problems are given by

vk (t) = exp(=A*t)gy,
and we obtain
prp1 = (I = vyexp(=AT))px +7f.
Now, we define the affine operator T}, : H — H by
Ty(p) == (I — yexp(=A’T))¢ + 2y, (11)

with 2y := v f, and we are able to rewrite the iterative algorithm as

or = Tp(er-1) = Ty (o)
k—1

= (I - yexp(—A°T))*pq + Y (I — yexp(—A°T)) 2. (12)

j=0

4. ANALYSIS OF THE METHODS

4.1. The elliptic case

The linear part of the affine operator T, defined in (7) is given by T;. :=
tanh(AT)2. We begin the discussion analyzing an important property of prob-
lem (P,).

Lemma 4. Given (f,g) € H'/? x #H~'/?, problem (P,) has at most one
solution in V,.

Proof. This result is a generalization of the Cauchy —Kowalewsky theorem.
A complete proof can be found in [9]. O
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From Lemma 4 follows that if problem (P,) has a solution u € V., then it’s
Neumann trace ¢ := d;u(T') solves the equation T, = @. The objective of the
iterative method in Section 3.1 is to find a solution of this fixed point equation.
The ill-posedness of problem (P,) can be recognized in the fact that 1 belongs
to continuous spectrum of 7j ., as one can see in the next lemma.

Lemma 5. The linear operator T : M2 5 HV2? s positive, self-
adjoint, injective, non-expansive, regular asymptotic and 1 is not an eigenvalue
of T} .. Further T; . satisfies the condition (1).

Proof. The injectivity follows promptly from Lemma 4. The properties:
positiveness, self-adjointness and 1 ¢ 0, (7}¢) follow from the definition of T; .
together with the assumptions on A made in Section 1.2.2 (remember we re-
quired in Section 2 that o(A) is discrete).

In order to prove that 7; . is non-expansive and regular asymptotic, it is
enough to verify the condition (1) (see Lemma 3). It’s easy to see that Tj.
satisfies this condition with ¢ = 1, if o(T},) € [0,1]. One should note that this
last property was already proved above. 0O

In the next theorem we discuss the convergence of the algorithm described
in Section 3.1.

Theorem 1. Let T, be the operator defined in (7) and T} . it’s linear part. If
problem (P,) in Section 2.1 is consistent” for the data (f,g), then the sequence
{1} defined in (8) converges to dyu(T) in the norm of H /().

The proof follows from Lemma 5 and Lemma 2 with 2z := 2; 4, T := T}, and
S:=T..

The converse of Theorem 1 is also true, i.e. if the sequence {p;} in (8)
converges in H~'/2(Q), it converges to the solution of (P,).

Theorem 2. If the sequence {¢y} defined in (8) converges, say to @, then
problem (P,) is consistent for the Cauchy data (f,g) and it’s solution u € V,
satisfies Oyu(T) = @.

Proof. If limy ¢, = @, then T, = ¢. Taking ¢y = ¢ in the mixed BVP’s of
Section 3.1 we see that the functions v, w satisfy the same boundary conditions
(Dirichlet and Neumann conditions, respectively) at ¢ = T'. From Lemma 4 we
must have v = w and one can see that u := v = w is the solution of (P,), the
identity 0;u(T) = @ being obvious. O

4.2, The hyperbolic case
The linear part of the affine operator T}, defined in (9) is given by T;p :=
cos(AT)2. We start the discussion proving some properties of this operator.

Lemma 6. The linear operator T, : H — H is positive, self-adjoint,
injective, non-expansive, regular asymptotic and 1 is not an eigenvalue of T} ,.
Further Ty j, satisfies the condition (1).

7This means that it has a corresponding solution u € Ve.
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Proof. The injectivity follows from the assumption {k7/T;k € N}No(A) =
(. The properties: positiveness, self-adjointness and 1 & 0,(T},5,) are proved like
in Lemma 5.

Again we use Lemma 3 to prove that T;j, is non-expansive and regular
asymptotic. Since o(Ty) € [0, 1], the condition (1) is obtained analogous as in
Lemma 5. 0O

From Lemma 6 follows that if problem (Pj,) has a solution u € V}, then
it’s Neumann trace ¢ := 0,u(0) solves the equation T, = @. Just like in
the elliptic case (see Section 4.1) the objective of the method in Section 3.2 is
to approximate the solution of this fixed point equation. The ill-posedness of
problem (Py) reflects in the fact that 1 belongs to continuous spectrum of 7; p,
(see Lemma 6). In the next theorem we discuss the convergence of the algorithm
described in Section 3.2.

Theorem 3. Let T}, be the operator defined in (9) and T}, it’s linear part.
If problem (Py) in Section 2.1 is consistent for the data (f, g), then the sequence
{¢r} defined in (10) converges to Oyu(0) in the norm of H.

The proof follows from Lemma 6 and Lemma 2 with z := z¢ 4, T := T} ;, and
S = Th.

The converse of Theorem 3 is also true, i.e. if the sequence {y;} in (10)
converges in H, it converges to the solution of (Py).

Theorem 4. If the sequence {¢}} defined in (10) converges, say to @, then
problem (Py) is consistent for the Cauchy data (f,g) and it’s solution u € V},
satisfies Oyu(0) = @.

Proof. If limy pr = @, then Thg = @. Taking g = ¢ in the IVP’s of
section 3.2 we see that the functions v, w satisfy the same Neumann boundary
conditions at ¢ = 0 and ¢t = T. From Lemma 6 we must have v = w and one
can see that u := v = w is the solution of (P), the identity d;u(0) = @ being
obvious. O

4.3. The parabolic case

The linear part of the affine operator T, defined in (11) is given by T}, :=
I — yexp(—A?T). First, we analyze an important property of problem (P,).

Lemma 7. Given f € H, problem (P,) has exactly one solution in V.

This result is suggested by the general representation of the solution given
in (6). A complete proof can be found in [11], Chapter 3.

Just like in the other cases, the iterative method in Section 3.3 approxi-
mates the solution of the corresponding fixed point equation T, = @, which is
uniquely solved by the Dirichlet trace ¢ = u(0) of the solution u € V, of (P,)
(see Lemma 7). Next, we discuss some properties of T} p.
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Lemma 8. The linear operator T}, : H — H is self-adjoint, non-expansive,
regular asymptotic and 1 is not an eigenvalue of T} ,. Further, ify < 2exp(A*T),
where A := (\A2=T~"1n2)'/2, then Tj , is injective and satisfies the condition (1).

Proof. The self-adjointness follows follows from the definition of 7; ;. Since
the inequality 0 < yexp(—=A2T) < 2exp([A\2 — A2]T) < 2 holds for every \ €
o(A), we have 0,(T;,,) € (—1,1) and the non-expansivity follows. Note that the
property 1 & 0,(T;,) was also proved.

To prove the asymptotic regularity we take ¢ € H and write Tl’f;' 1<p—Tl’fp<p =
TF,, where ¢ := (Ti,, — I)¢ € H. Since 0,(Ti,,) € (—1,1), it follows that
limy, Tl’fp@b =0, forally € H.

Now, if v satisfies the extra assumption, a simple calculation shows that
op(T1p) € (0,1). The injectivity follows immediately and the condition (1) is
proved analogous as in Lemma 5. O

In the next theorem we discuss the convergence of the algorithm described
in Section 3.3.

Theorem 5. Let T, be the operator defined in (11) and T;, it’s linear part.
Given f € H, let u € V,, be the uniquely determined solution of problem (P,).
Then the sequence {y¢y.} defined in (12) converges to u(0) in the norm of H.

The proof follows from Lemma 8 and Lemma 2 with z := 2z, T' :=T; , and
S:=T,.

5. REGULARIZATION

In order to regularize the algorithms proposed in Section 3 we make the following
assumptions on the formulation of the respective problems:

(H,) Given the Cauchy data (f.,g.) € H'? x H /2, there exist consistent
Cauchy data (f, g) € H'/*xH="/> such that | f = fell1 /2 +[lg =gl -1/2 <,
where € > 0.

(Hy) Given the Dirichlet data (f., g.) € H! xH!, there exist consistent Dirichlet
data (f,g) € H' x H! such that ||f — f-||1 + |lg — 9:|l1 < &, where & > 0.

(Hp) The given data f. € H is such that ||f — f.||g < €, where f € H is the
Dirichlet trace at ¢ =T of the exact solution of (P,) and £ > 0.

The assumptions on the data made in (H,) and (H}) may look very restric-
tive. One would prefer f. € H = L,(Q) in (H,) and (f-,g:) € H x H in (Hy),
since these represent measured data. Nevertheless (H.) and (Hj) are naturally
satisfied if we make stronger assumptions on the regularity of the solutions of
the corresponding ill-posed problems. This fact is explained in

Lemma 9. Let f € H", 7 > s >0, and f- € H be such that ||f — f-||} <&,
where ¢ > 0. Then there exists a smoothing operator S : H — H*® and a
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positive function vy with lim,oy(z) = 0, such that fo := Sf. € H* satisfies
If = Fell; < (o).
Proof. Using the resolution of the identity associated to A, we define for

h > 0 the operator Sy, : H — H* by Sp, := Ol/h dE) 8. Defining fs = Spf- € H*
one can estimate

1f = Fol3 = 1 = Sufe £ Sufll2 < 2(1T = Su)fI3 + Sa(f = fI). (13)
The first term on the right hand side of (13) can be estimated by

o0 (1+A2)"

I =SwflE = [ 1400 [{5ah] B )

1/h

<y [ TN AE, )
0

— (14 h2) A

For the second term on the right hand side of (13) we have

1/h
ISu(f — £)I12 = / (L4 N d(EA(f — o), (f — £2))

1/h
< (14 h2) / UEN(f — £, (f = £))

0

<A+ = fellir
Substituting the last inequalities in (13) we obtain
1F = FlI? < 2[(L+A72)%e + (L + B2 "I £117]. (14)

To balance the right hand side of (14) one must choose h = [(¢ || f||2)*/" —

1]-1/2. Now the theorem follows choosing S := S}, and v(z) := 4:0(7"’3)/T||f||72«s/r.
O

Remark 1. Let f. € H be the given Cauchy data for (P.). From Lemma 9
follows that when the exact Cauchy data f is better than H'/2,i.e. f € H" for
r > 1/2, then it is possible to find a f. in #'/? near to f in the (1/2)-norm.
For the hyperbolic case one obtains an analogous result.

Since the affine term z; , depends continuously on the data (f, g) and z; de-
pends continuously on f, we conclude from Lemma 9 that under the correspond-
ing assumption it is possible to obtain from the measured data (f.,g.) € H?
a z. satisfying ||z, — 2:|| < €' (respectively ||z; — 2-|] < &').

Let T be one of the operators defined in (7), (9) or (11) and T; the corre-
sponding linear part. We want to choose a linear operator R such that given ¢,
the regularized sequence @11 := Ry + z. converges faster then the original

8Recall that [ dE is the identity operator in H.
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one ¢i41 = Typr + 2f,4. Simultaneously we have to assure that the difference
|| im @5, — lim ¢4 || remains small.

In Section 3 we have seen that T; = fooo F(N)dEy, where F()\) is either
tanh?()\), cos?(A) or (1—yexp(—A?T)). Given n € N we define the regularization
operator R, by

R, :=/ F()\) dEj.
0

Next we define ¢ and ¢,, as the fixed points of ¢ = Tj@+2z¢ 4 and ¢, = Ry, + 2.
respectively (note that ¢, exists since R,, is contractive). From the identity

on =@ =Rulpn — @)+ (Bn = TP+ 2: — 254
one obtains the estimate
len = @Il <N = Ra) ™ (Rn = T)@|| +ll(T = Ra) 7', (15)
which leads us to the following lemma

Lemma 10. Let T; represent the linear part of the iterative procedure
for one of the problems (P,), (Py) or (P,). Given the corresponding family of
operators R,, defined as above, we have

lim (I -R,) " (R, —T))@||=0  and lim [|(I — R,)™'|| = oc.

n— 00 n—o0

Proof. Since (I — R,) is the identity operator on Rg(R, — T;), the first
assertion follows from the innequality®

o0

1= Ra) ™ (B = T)IE < [ (14X d(Erg. ).
n
The second assertion follows from the identity ||[(I — R,)7!|| = (1 — A(n))~1,
where A(n) := max{\ € o(A);\ < n}, and the fact that A : H — H is
unbounded. 0O

Now making a priori assumptions on the regularity of @, we obtain from
Lemma 10 and the estimate (15) the desired regularization result.

Lemma 11. If there exists a positive monotone increasing function G €
C(R") with

oo
lim G\ =co  and / (14 X2 G2 () d(Ex, @) = M2 < oo,
A—00 0
then exists an optimal choice of n* € N such that ||¢n+ — @|| < |lpn — @|| for all
n € N. Further n* solves the minimization problem

min {MG™'(n) +e(1+A(n)~"}.

n

9Here s € R must be chosen according to the space where the iteration takes place.
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Proof. From Lemma 10 follows

(I = Ry)™" (R — T1)ep||2 < /00(1 + AQ)SgZ’Ei;

<67 | T4 )@ () A B B
< M?G2(n).

d(Exg, )

From (15) we obtain
lpn — @Il < MG™'(n) + (1 + A(n)) ™!

and the theorem follows. 0O

6. NUMERICAL RESULTS

6.1. A parabolic reconstruction problem

We consider the heat equation a>0;u = Au at (0, T)x (2, where Q = (0,1)x (0, 1).
The solution u(0) of the reconstruction problem is shown in Figure 1. Tt consists
of a L?() function added to a polynomial of fourth degree.

In the first example we choose a? = 8 and take as problem data f := u(T)
evaluated at 7' = 0.0625. The iterative procedure is started with ¢g = 0 and we
chose the parameter v = 2, which is in agreement with Lemma 8. In Figure 2
one can see the data f of the reconstruction problem and the iteration error
after 10% steps.

In the second example we choose a?> = 2 and set f := u(T) for T = 0.0625,
where 1(0) is the same as before. The iterative procedure is started with ¢ = 0.
In Figure 3 one can see the problem data f and the iteration error after 10°
steps.

Figure 1. Solution of the reconstruction problem (u(0))
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Figure 2.
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Temperature profile u(T) for a®> = 8 and iteration error after 105 steps

Figure 3. Temperature profile u(T) for a®> = 2 and iteration error after 10° steps

Table 1. Evolution of the relative error in the L?-norm (parabolic problem)

10 steps | 103 steps | 10* steps | 10° steps | 10° steps
2=8| 325% 25.7% 23.5% 22.5% 20.9%
2=2 49.8% 42.2% 40.1% 36.2% 31.4%
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Table 2. Evolution of the relative error in the L?-norm (elliptic problem)
102 steps | 10% steps | 10° steps | 10® steps | 108 steps | 107 steps
k 48.33% 5.34% 5.30% 5.30% 5.30% 5.30%
k=21 99.86% 98.61% 29.72% 11.28% 11.28% 11.28%
k=31 99.99% 99.98% 99.74% 97.44% 21.79% 18.42%

One should note that ¢ := u(0) is a fixed point of the numerical iteration.
This follows from the fact that f = u(T) was obtained by solving a direct
problem.

In both examples the reconstruction is much better at the part of the domain
where the initial condition is smooth. In Table 1 we present the evolution of
the iteration error ¢, — u(0) for the two examples above.

Note also that the convergence speed decays exponentially as we iterate.
This is a consequence of the exponential behaviour of the eigenvalues of 7;,
(see Paragraph 4.3).

6.2. An elliptic reconstruction problem

We consider next the Laplace equation d?u + 02u = 0 at (0,7) x Q, where
Q2 =(0,1). Given k € N we choose the Cauchy data f = 0, g; = sin(knz) and
try to reconstruct the corresponding traces d,u(T) at the final time 7' = 1'°.

In Table 2 the evolution of the relative reconstruction error for three distinct
values of k is presented. From this data one can see that if g can be expanded
in a Fourier series, it’s first coefficient will be accurately reconstructed after 10*
steps, while the second one only after 10° steps, etc.
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