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ANALYSIS OF REGULARIZATION METHODS FOR THE
SOLUTION OF ILL-POSED PROBLEMS INVOLVING
DISCONTINUOUS OPERATORS*
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Abstract. We consider a regularization concept for the solution of ill-posed operator equations,
where the operator is composed of a continuous and a discontinuous operator. A particular appli-
cation is level set regularization, where we develop a novel concept of minimizers. The proposed
level set regularization is capable of handling changing topologies. A functional analytic framework
explaining the splitting of topologies is given. The asymptotic limit of the level set regularization
method is an evolution process, which is implemented numerically, and the quality of the proposed
algorithm is demonstrated by solving an inverse source problem.
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1. Introduction. The goal of this paper is to analyze regularization models for
the stable solution of ill-posed operator equations

(1.1) F(P(¢)) = .

Here F' is a continuous operator between Banach spaces X and Y, and P is a prob-
ably discontinuous operator into an admissible class P C X. Classical results on
convergence and stability of variational regularization principles for solving nonlinear
ill-posed problems (see, e.g., [19, 20, 10]) in a Hilbert spaces setting such as

1. existence of a regularized solution,

2. stability of the regularized approximations,

3. approximation properties of the regularized solutions
are applicable if the operator P is

1. bounded and linear or

2. nonlinear, continuous, and weakly closed.
In this paper we particularly emphasize operator equations (1.1), where the operator
P is discontinuous. Of particular interest for this paper is

0 for t<0,

(12) P(t) = { 1 for t>0.
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With P there is associated the admissible class
(1.3) P :={u:u=xp, where D C Q is measurable and H" " (9D) < oo} .

Here

1. H"~1(8D) denotes the n— 1-dimensional Hausdorff-measure of the boundary
of D;

2. xp denotes the characteristic function of the set D.
We refer to a regularization approach involving this projection as a level set regulariza-
tion since we recover the boundary of an object D, which is a level set (for instance,
with value 0) of a function ¢. The idea of considering characteristic functions as level
sets of higher-dimensional data has been used before in the context of multiphase flow
(see, e.g., [18, 26, 8]) and segmentation (see, e.g., [7]). Level set methods have been
used successively in many applications since the pioneering work of Osher and Sethian
[22]. For solving inverse problems applications with level sets, we refer to Santosa [24]
and Burger [5].

In this work we base our considerations on ideas from nonlinear convex semigroup
theory (cf. Brezis [4]), which allows us to characterize the solution of an evolution pro-
cess by implicit time steps of regularization models. Since our regularization models
appear to be nonconvex, the theoretical results of nonlinear semigroup theory are not
available. Simulating this approach, we show in this work that iterated regularization
is well posed, and (aside from the lack of theoretical results) we can interpret the
iterated regularized solutions as time instance of an evolution process.

Various other models fit in the general framework of this paper but are not par-
ticularly emphasized: for instance, for a € R let us consider the projection operator

—a for t< —a,
Pt) := t for —a<t<a,
a for t>a,

with the admissible class
(1.4) Po = {u:u=P%¢) with ¢ € H'(Q)} .

The operator P* ensures that the recovered functions are absolutely bounded by a.
The operator

PT(t) == exp(?)
with the admissible class
(1.5) Pri={u:0<u= Pt}

can be used to guarantee nonnegativity. Depending on the operator P, we actu-
ally solve a constraint optimization problem. With P, P,, P we guarantee that the
solution is in the corresponding admissible class.

The outline of this paper is as follows. In section 2 we introduce the concept
of level set regularization, based on considerations in [24, 5, 17]. The level set reg-
ularization functionals derived in [17] are modified such that a convergence analysis
becomes tractable (cf. section 2.1). That is, we show that each implicit time step
is well defined. This a prerequisite step in showing that the corresponding gradient
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flow equation (cf. section 2.1) is well defined. To this end, we introduce a novel con-
cept of a minimizer of regularization functionals involving discontinuous operators (cf.
section 2.2). A convergence analysis is presented in section 2.3. The problem of nu-
merical minimization is discussed in section 3, and in section 4 a relation to iterative
regularization is considered. Finally, numerical examples are presented in section 5.

2. Analysis of level set regularization. In the following we pose the general

assumptions which we assume to hold throughout this paper:

1. © C R" is bounded with 9Q piecewise C! (see, e.g., [2]).

2. The operator F: L'(2) — Y is continuous and Fréchet-differentiable. Y is
a Banach space.

3. €,a, 3 denote positive parameters.

4. We use the following notation:

(i) — denotes strong convergence.

)

(ii) ™) denotes weak(*) convergence.

(iii) LP(€2) denotes the space of measurable p-times-integrable functions.

(iv) WhP(Q) denotes the Sobolev space of one time weakly differentiable
functions where the function and its derivative are in LP; in particular we set H' =
wh2,

(v) BV(Q2) denotes the space of functions of bounded variation.

5. We assume that (1.1) has a solution; i.e., there exists a z € P satisfying

F(z) = y and a function ¢ € H'(Q) satisfying |[V¢| # 0 in a neighborhood of {¢ = 0}
and P(¢) = z. If z = x4 and () # A, then we let

¢ = —dz + deg,

where dg and dg7 denote the distance functions from A, and C4, respectively. Since
d4 and dg7 are uniformly Lipschitz-continuous (see, e.g., [9]), they are in L>(Q).
Moreover, |Vdz| < 1 and |Vdg7| < 1 (see again, e.g., [9]). In particular this shows
that dg,dez € WH>*(Q) C H*(Q). Thus z € P if z = x4 and A satisfies that the
closure of the interior of A is the closure of A.

We consider the unconstrained inverse problem of solving (1.1) with

P:HY Q) —P,

6 g+ gomm() =

272 t9 —1forg<o.

11 1 for ¢ >0,
"2 2

The standard form of Tikhonov regularization for solving (1.1) consists of minimizing
the functional

(2.1) Fa(9) = |F(P(9) = I3 + allé — dollF (o
over H'(Q). Actually, we understand the minimizer ¢, of this functional as

¢oz = lim ¢a,ou

e—0+

where the limit is understood in an appropriate sense (weak, weak* convergence) and
$e o minimizes the functional over H'(Q):

(2.2) Feal9) = |F(P-(8)) = 4° I + alld = doll (g
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where we use

0 for o¢<—¢
P(¢)i=q 142 for ¢e 0],
1 for ¢>0,

for approximating P as ¢ — 0. In this case we define

P'(t):= lim P.(t)= .

(t) = lim P.(t) = 6()

Here and in the following, 6(t) denotes the one-dimensional §-distribution.
Taking into account that

1P-(68) = Po(6) 10y < < /imeas@) 65— Blsacon

the proof of existence of a minimizer of the functional F; , is similar to the proof of ex-
istence of regularized solutions of Tikhonov functionals for approximately minimizing
nonlinear ill-posed problems in [11, 25] (see also [10]).

THEOREM 2.1. For any ¢o € H'(Q) the functional F. . (cf. (2.2)) attains a
minimizer ¢ o in HY(Q).

2.1. Towards an analysis of level set regularization techniques. In the
following we outline the difficulties in performing a rigorous analysis for the functional
Fa, defined in (2.1).

1. ¢¢,q satisfies

[P(¢e,a)llze <1 and |0 — Pollmr (o) < o0

Since L%°(Q) is the dual of L'(2), i.e., L1*(Q) = L°°(£), we find that there exists a
subsequence {¢., o, }ren such that

Gepoy — ¢ in HY(Q) and  P(de,.0,) — 2 in L=(Q).

There is no analytical evidence for z € P; i.e., it may not be in the range of the
operator P.

2. To overcome this difficulty let us assume that the sequence {¢., o, }ren sat-
isfies the condition that the Hausdorff-measure of the boundary of the set

{:U D Gepan () > 0}

is uniformly bounded. Then the bounded variation seminorm of P(¢., «,) is uni-
formly bounded, and consequently P(¢., o, ) has a convergent subsequence in L'(),
showing that z is admissible.

This suggests that we incorporate in the functional (2.1) as an additional reg-
ularization term the bounded variation seminorm of P(¢), penalizing the length of
the zero level set of ¢. Actually in design problems the necessity of incorporating
such a term is well documented in [14, 15, 16]. This leads to the following modified
regularization method of minimizing

(2.3) Ga() = [|F(P(¢)) = y°II3 + 28a|P(d)|ev + allé — dollF1(q) -

In order to guarantee existence of a minimizer of G, we introduce a novel concept of
a minimizer in the next subsection.
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2.2. Minimizing concept.
DEFINITION 2.2. 1. A pair of functions

(2, 0) € L®(Q) x H'(Q)

is called admissible

(i) if there exists a sequence {¢}ren in H'(Q) such that ¢ — ¢ with respect
to the L*(Q)-norm and

(i) if there exists a sequence {ei}ren of positive numbers converging to zero
such that

P, (¢x) — 2z in L1 ().

2. A minimizer of G, is considered any admissible pair of functions (z,$) mini-
mizing

(2.4) Ga(2,0) = IF(2) = 4’|} + ap(z, ¢)
over all admissible pairs. Here
(2.5) p(z,9) i= infliminf {28 P., (60 v + 6 — Goll3rs(a |

where the infimum is taken with respect to all sequences {ey }ren satisfying item 1(ii)
and {dx }ren satisfying item 1(i).

A generalized minimizer of Go (@) is a minimizer of Go(z, ) on the set of admis-
sible pairs.

The following lemma shows that the functional p is coercive on the set of admis-
sible pairs.

LEMMA 2.3. For each (z,¢) admissible,

281zlev + |6 — dollir () < p(2, ).

Proof. Let (z,¢) be an admissible pair; then there exists sequences {ex }ren and
{ok }ken satisfying items 1(i) and 1(ii) and

p(z,¢) = lim 25|P., (¢k)lav + |[dn — ol 71 (-
By the weak lower semicontinuity of the BV and H!'-norms, it follows that

2 . 2
|6 — dollz (o) < hI,?Eglf 6 — doll 21
zlpy < liminf |P,
|2]av < m i | Pe, (01 |sv ,
which proves the assertion. 0
The definition of p(z, ¢) is impractical, since it is defined via a relaxation proce-
dure. The following arguments allow an explicit characterization of this functional.
From several experiments which we outline below, we conjecture the following char-

acterization of the functional p(z, ¢).
CONJECTURE 2.4. We define

b, ={z€Q:¢(x) >0} and P_={reQ:p(x) <0}
and

OB = O\(D, UD_).
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R(9)
R(Y)

¢ v

Fic. 2.1. (Left) n = 1: The functions ¢ and P:(¢): |P:(¢)|sv = 4. (Right) A slight perturbation:
¥ and P:(¥): |Pe(¢)lsv = 2.

Minimal Length Evolvent

Minimal Evolvent

F1G. 2.2. The minimal evolvent in C'P.

(i) If 02, NQ =0P_NQ, then

p(z,¢) = 26H" (0D N Q) +[|¢ — doll31 (0
= 28H" 1 (0P N Q) + |16 — doll3 (o -

(ii) If the n-dimensional Lebesgue measure \*(C'®) > 0, then z is not uniquely
identified; in particular, z can attain all values in [0,1] in CP. We conjecture that

inf p(z,¢) =26H"'(S) + [l¢ — PollF (o
z admissible
The problem consists of finding the surface S of minimal n—1-dimensional Hausdorff-
measure, which is contained in CP® and divides 0 in two sets. One set completely
contains @1 and the other set contains ®_ (cf. Figures 2.1 and 2.2).

Intuitively the conjecture is quite obvious. Assuming the conjecture to be true,
we are further led to conjecture that the functional p is independent of the choice of
the approximation P.. Thus any other approximation of P with Lipschitz-continuous
functions P. approximating the d-distribution is suitable as well.

Remark 2.5. For ¢ € H*(2), where {¢ = 0} is a set of positive Lebesgue measure
(cf. Figure 2.3), it is possible to find sequences {¢y }xen and {¢y }ren, which converge
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FiG. 2.3. Top: The level set function has critical values (i.e., |[V¢| = 0 in a circle). Bottom:
Two possible functions z and Z. The black value corresponds to a value of z = 1.

strongly to ¢ in L?(2). However, the limits of the projections are different; i.e.,
z = limg o0 Prp (1) # 2 = limg— oo ng(q;k); cf. Figure 2.3. In such a situation we
have p(z, ¢) # p(Z, ¢).

In the following we summarize some properties of the functional p.

LEMMA 2.6. The functional p satisfies

i
p(z,¢) < hglgglf p(2n, On)

if 2, — z in LY(Q) and if ¢, — ¢ in HY(Q) and (2,, ¢n) is admissible.

Proof. From the definition of the functional p and Lemma 2.3 it follows that the
functional p is a I'"-limit (see, e.g., [3]), and thus we conclude that it is weak lower
semicontinuous. O

Remark 2.7. Suppose for the moment that P is a continuous operator, in which
case we can set P. := P. Then the admissible class is just the set of pairs (z, )
satisfying P(¢) = z. This is just another formulation of constraint optimization. In
our context P is discontinuous, and therefore we consider the more general concept
of admissible pairs.

Ezample 2.8. Let ¢ € H'(Q) satisfying |[V¢| > 0 in a neighborhood of {¢ = 0}.

1. Let ¢ = ¢ € H(Q) and let z = P(¢y). Since for any sequence g — 0

P (¢x) — =z in LN(Q),

it follows that (z,¢) is admissible.
2. Let ¢ € H'(Q) and define ¢y, = %(;5. Then there is a sequence ¢ — 0 with

P. (¢r) — z in LY(Q).

Consequently, (z,0) is admissible.
The consequence of the second item is striking. Suppose that ¢9 = 0 and that
there exists a minimizer ¢, # 0 of (2.3). Then for any k € N

Ga(ba/k) < Gal9),

showing that a minimizer of G, is not attained in a common setting. However, the
pair (z = P(dq),0) is admissible and can be considered as the generalized solution.

Note that in this example we consider only functions ¢ € H'(2) without critical
points along the zero level set.
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2.3. Well-posedness and convergence analysis.
THEOREM 2.9 (well-posedness). Both the functional G, and the functional

Galz,0) = [IF(2) =y’ [|% + 2Bal2ley + all — dollF (q)

attain minimizers on the set of admissible pairs.
Proof. 1. Since (0,0) is admissible, the set of admissible pairs is not empty.
2. Suppose that {(zk, dr)}ren is a sequence of admissible pairs such that

ga(2k7¢k) - infga S ga(070) < 0.

From Lemma 2.3 it follows that {(z, ¢x)}ken is uniformly bounded in BV x H!((Q).
By the Sobolev embedding theorem there exists a subsequence, denoted again by

{¢ }ren, such that
2, — 2z in LY(Q), 28|zlev < p(z,¢) < likminfp(zmqsk),

Since p is weakly lower semicontinuous (cf. Lemma 2.6) it follows that
inf Go = lim_Go(2k, b)

Jim {[[F(z0) = °[F + ap(ze, 1) }

> ||F(2) = 4° I3 + ap(z,9)

= Ga(2,9)-

3. It remains to prove that (z, ¢) is admissible. For k fixed, since (2, ¢ ) is admis-
sible, there exists a sequence {ex;}ien of positive numbers and a sequence {¢;}ien
in H'(Q) such that

Dy =100 Ok in L2(Q),  Pry(d1,1) =100 2 in L'(Q).

Thus there exists an index [(k) € N such that
(1) eram) < %Ekq,z(kq);
(i) llPrin) — PrllLz) < &

(iii) HPEA-,,z(k) <¢k,l(k)) - ZkHLl(Q) < %
Define

(2.6)

U = Q) and Mg 1= g -
Then, since
Y — ¢ in L*(Q) and Py, (¥) — 2 in L1(Q),

we see that (z, ¢) is admissible.

The proof of existence of a minimizer of Q; is analogous to that for G, and is
thus omitted. 0

We have shown that for any positive parameters «, 8 the functionals G, and Ga
both attain a minimizer.

In what follows we denote by (za, ¢o) a minimizer of G,.

In the following we summarize some convergence results for regularized minimiz-
ers, which are based on the existence of a minimum norm solution.
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THEOREM 2.10 (existence of a minimum norm solution). Under the general
assumptions of this paper there exists a minimum norm solution (21, ¢"), that is, an
admissible pair of functions that satisfies

L F(ef) =y,
2. p(z1,¢") = ms:=inf {p(z,9) : (2,¢) admissible and F(z) =y} .

Proof. 1. According to assumption 5 in section 2, there exists a function z € P
and a function ¢ € H'(Q) such that P(¢) = z and F(2) = y. Then the pair (, ¢) is
admissible for the sequence ¢y, = ¢, because P, (&k) — Z converges in L(2) for every
sequence €, — 0 due to the fact that P., is a convolution of P with a é-distribution;
i.e., P., = P« 6. Thus the set of admissible pairs with F(z) = y is not empty.

2. Suppose that {(zx, dr)}ren is a sequence of admissible pairs with F(zx) = y
such that

p(zk, $1) — ms < p(Z,6) < oo.

From Lemma 2.3 it follows that the sequences {¢y }ren and {zj}ren are uniformly
bounded in H'(£)) and BV(2), respectively. Thus there exists subsequences, again
denoted by {¢r}ren and {2 ren, such that

dr — ¢ in L*(Q), zp — 21 in LY(Q).
Since p is weakly lower semicontinuous, it follows that
ms = lim p(zk, ¢x) > p(2', ¢7).
k—o0

Since F is continuous on L(Q), F(2") = limy .o F(21) = y. Analogous to the proof
of Theorem 2.9 it follows that (zf, ) is admissible and therefore a minimal norm
solution. O

Below, we summarize a stability and convergence result. The proof uses classical
techniques from the analysis of Tikhonov-type regularization methods (e.g., see [11,
25, 1, 10, 21]) and thus is omitted.

THEOREM 2.11 (convergence and stability). Let ||[y® — ylly < 6. If a = a(é)
satisfies

2

li = li =
61_)mooz(6) 0 and 61_1{(1)(1(6) 0,

then, for a sequence {6 }ren converging to 0, there exists a sequence {ay := (k) }ren
such that (2a,, ba, ) converges in L*(Q) x L2(Q) to a minimal norm solution.

3. Numerical solution. We consider a stabilized functional

(3.1) Gera(0) = |F(P-(8)) = I} + 28a|Pe(¢)lev + | — doll7 (q)-

This functional is well posed, as the following lemma shows.
LEMMA 3.1. For any ¢o € HY(Q) the functional (3.1) attains a minimizer.
Proof. The proof is similar to that of Theorem 2.1, taking into account that,
for any sequence {¢x}ren converging weakly to ¢ in the H'(Q)-norm, there exists
a strongly convergent subsequence in L?(Q2). Denoting the subsequence again by

{¢r }ren, we find
1.

1P-(60) ~ Po(6) ) < - /meas(@) |65 — Sy — 0.
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2. Therefore

|P-(¢)]v < liminf |P. (%) |sy-
k—oo

Now, the assertion can be proved as for Theorem 2.1. 1]

In the following we show that for ¢ — 0 the minimizer of G, , approximates a
minimizer of G,; i.e., it approximates an admissible pair.

THEOREM 3.2. Let ¢ o be a minimizer of G, o. Then for €, — 0 there ezists a
convergent subsequence (Pe, (¢ey.0)s bep.o) — (2,0) in L) x L2(Q), and the limit
minimizes G, in the set of admissible pairs.

Proof. 1. The infimum of G, is attained (cf. Theorem 2.9); i.e., there exists
(%o, $o) minimizing G, over all admissible pairs. In particular, taking into account
the definition of admissible pairs, there exists a sequence {ej, }ren of positive numbers
converging to zero and a corresponding sequence {@;}, oy in H'(Q) satisfying

(Per(60),61) = (20, 6a) in L1(82) x L(Q),
plas 6a) = lim {261P., (60w + 16 — b0l } -

2. Let ¢¢, be a minimizer of G., . The sequence {¢., }ken is uniformly bounded
in H'(Q)). Thus it has a weakly convergent subsequence (which is again denoted
by the same indices), and the weak limit is denoted ¢. Moreover, { P, (¢z, )} ren is
uniformly bounded in BV(§2). Thus, by the compact Sobolev embedding theorem there
exists a subsequence {¢., }ren (again denoted with the same indices) satisfying

¢, — ¢in L*(Q) and P.,(¢,) — Zin L'(Q).
Thus (2, ¢) € P x H'(Q) is admissible.
3. From the definition of p and the continuity of F : L'(Q2) — Y it follows that

IF () =o' I} = Jim |F(P., (62,)) — 5}

p(2,6) < liminf {28]Po, (82, lov + 92, — dol2(qy } -
This shows that

Ga (27 Qg) < likm inf Ge, o (¢5k>
< lim inf Gepa(Pr)

= HF(Zoc) - y6||%/ + ap(za7¢a)
=inf G,.

Therefore the infimum of G, is attained at (2, ¢). 0

Theorem 3.2 justifies using the functionals G, ,, for approximation of the minimizer
of G,. In contrast to the minimizer of G, o, which is a function in H 1 (), the minimizer
of G, is an admissible pair (z,,¢,). Recall that the function z, is not uniquely
defined by ¢, if it attains critical values in a neighborhood of the zero level set (cf.
Remark 2.5).

For numerical purposes it is convenient to derive the optimality conditions of
a minimizer of this functional. To this end we consider the functional G, , with

Y = L2(09).
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Since P!(¢) is self-adjoint, we can write the formal optimality condition for a

minimizer of the functional G, , as follows:

(32) a(A - I)(¢ - ¢0) = Ra,a,ﬁ(¢)a
where

. VP,
e s9) = PLOF(P0) (FP.0) ~ ") ~ BP0V - (G ).
IVP-()|
4. Tterative regularization and the relation to dynamic level set meth-

ods. For n =1 set gél)(z,gb) = Ga(z,0) (cf. (2.4)). Tterative regularization consists
of minimizing the family of functionals

(4.1) GV (2,0) = |1F(2) = y° I + ap'™ (2, 9),

where p(™ is the functional p (as defined in (2.5)) with ¢g replaced by ¢,_;. The
minimizer of QS”)(Z, ¢) is denoted by ¢,.

Proceeding as before, we find that ¢, can be realized by solving the formal opti-
mality condition

(4.2) (A =1)(¢ = dn-1) = Re,a,5().
Identifying o = 1/At, t,, = nAt, and ¢, = ¢(t,,), n =0,1,..., we find

(tn) — d(tn—1
(1.3 @ (L)) R sestot),
Considering At as a time discretization and using 8 = ba At, we find that in a formal
sense the iterative regularized solution ¢,, is a solution of an implicit time step for the
dynamic system

(4.4 @1 (%50 = Repsunsarloto):

In our numerical experiments we have calculated the solution of the dynamic system
(4.4).

Each time step requires solving (4.3). Then ¢(¢,) in (4.3) can be solved with a
fixed point iteration: setting ¢(t,_1) = ¢(9), we get d(t,) = limg_, o0 ¢

(k+1) _ 4(0)
(4.5) (A-1) (W) = Ra,l/At,bAAt(¢(k)) .

In our numerical experiments we observed that the iteration starts oscillating after the
first iteration (cf. Figure 4.1). This behavior becomes transparent by noting that the
H'-seminorm typically dominates the L?-norm in the quadratic regularization term.
The H'-seminorm difference of the regularized solution and ¢ is small if it is just
shifted up or down. In numerical experiments it is observed that the first iteration
almost corresponds to a horizontal shift of ¢(®) such that the residual functional is
minimized (cf. Figure 4.2), and also the further iterations are again nearly horizontally
shifted versions of ¢(9) (cf. Figure 4.3).

In almost all test examples the residual ||[F/(P.(¢®*))) —y?||? is oscillating in a way
dependent on k (cf. Figure 4.2) and smallest for k = 1.
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FIG. 4.1. The functions $© (solid line), ¢(1) (dashed line), $(*) (dash-dot line), and (3
(dotted line). To recover is the interval [0.4,0.6], which is displayed by the grey rectangle. The first
iteration is the best. In the right picture o is smaller than in the left picture.

O

FiG. 4.2. Decay of the residual ||F(P:(¢(*))) — y°||2. dependent on the number of iterations
(residual evaluated for the first experiment—noise-free data in section 5). After the first iteration
the fized-point iteration stagnates.

—os5} .

o 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Fic. 4.3. The differences between ¢(°) and the functions ¢ (dashed line), e (dash-dot
line), and ¢(3 (dotted line) from the left picture of Figure 4.1.
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The above consideration justifies our restricting attention to the approximate
solution of the dynamic system (4.2), where in each time step only one iteration step
of (4.5) is used; i.e., we use an explicit Euler method for solving the evolution process.
In this case numerical instabilities may occur by dividing by small absolute values
of the gradient in the differential V - ( VFe(9) ) Thus, for numerical purposes it is

[VP:(9)]
convenient to introduce a small positive number h and replace the differential by

o (VP9
[VP(6)]* + h?
Usually semiimplicit iteration schemes require a less restrictive time marching. (This

approach is commonly referred to as Dziuk’s method.) The implementation would
require solving

(k+1) _ 4(0)
(a-1) (M) _ PUSS) (P68 (F(Pa(6D)) — )

At
, VP (¢t D)
—b vy . .

In implementation of this approach the difficulty arises that the function in front of
V- (VP(¢+1)) /\/|VP-(¢*))[2 + h2) vanishes outside of a neighborhood of the zero
level set, which makes it almost impossible to implement this scheme efficiently.

(4.6)

5. Numerical experiments. In this section we shall consider an inverse po-
tential problem of recovering the shape of a domain D using the knowledge of its
(constant) density and the measurements of the Cauchy data of the corresponding
potential on the boundary of a fixed Lipschitz domain Q C R?, which contains D.
This is the same problem as considered by Hettlich and Rundell [12], which used
iterative methods for recovering a single star-shaped object.

To achieve an analogous problem, a certain definition of the operator F' is neces-
sary:

F:L*(Q) —=L*(09),
xp — F(xp).

This is possible because we consider only characteristic functions xp. The L?(Q)-
norm is then equivalent to the L!(€2)-norm of xp. Therefore the necessary properties
are retained.

The problem introduced above can mathematically be described as follows:

(5.1) Au=xp in Q, ulaq =0,

where yp is the characteristic function of the domain D C 2, which has to be re-
constructed. Since xp € L?(f2), the Dirichlet boundary value problem in (5.1) has
a unique solution, the potential u € H?(Q) N H} (). Here H{ () is defined as the
closure with respect to H'(2) of functions in C*°(£2) with compact support in Q.

The inverse problem that we are concerned with consists of determining the shape
of D from measurements of the Neumann trace of u at 9€2, i.e., from [0u/0v]gq, where
v represents the outer normal vector to 0€).

Notice that this problem can be considered in the framework of an inverse problem
for the Dirichlet-to-Neumann map. For given h € L?(f2), the Dirichlet-to-Neumann
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operator maps a Dirichlet boundary datum onto the Neumann trace of the potential,
ie., A: HY2(0Q) — H-Y2(09), Ap) := [04/0v]sq, where @ solves

At =h in Q, ’L~L|3Q:g0.

The inverse problem for the A operator consists of determining the unknown param-
eter (i.e., the function h) from different pairs of Dirichlet Neumann boundary data.
The general case with h € L?(Q) has already been considered by many authors, in-
cluding [6, 23], who introduced numerical methods based on Tikhonov regularization,
and [12], who used iterative regularization methods.

Hettlich and Rundell [12] observe that, in the particular case h = xp, one pair
of Dirichlet—-Neumann measurement data furnishes as much information as the full
Dirichlet—-Neumann operator; i.e., it is sufficient to consider only one pair of Cauchy
data for the inverse problem. Therefore, no further information on D can be gained
by using various pairs of Dirichlet—Neumann data, since we can always reduce the
reconstruction problem to the homogeneous Dirichlet case.

For the particular case h = xp, it has been observed by Hettlich and Rundell [12]
that the Cauchy data may not furnish enough information to reconstruct the boundary
of D, e.g., if D is not simply connected. On the other hand, Isakov observed in [13]
that star-like domains D are uniquely determined by their potentials.

The inverse potential problem is discussed within the general framework intro-
duced in section 1. In particular, we allow domains that consist of a number of
connected inclusions. For this general class we do not have unique identifiability, and
we restrict our attention to “minimum-norm solutions.” Recall that in this case a
minimum-norm solution is a level set function ¢, where P(¢) determines the inclu-
sion. A minimum-norm solution satisfies the requirement that it minimize the func-
tional p(z, ®) in the class of level set functions such that the corresponding Neumann
boundary values % fit the data y°.

5.1. The level set regularization algorithm. In the following we describe the
level set regularization algorithm. This method is comparable with the Landweber
iteration as proposed by Hettlich and Rundell [12]. In our context the operator F’
can be considered as an approximation of the domain derivative operator for multiple
connected domains (cf. Figure 5.1).

The complexity of our algorithm is as follows: at each iteration of the level set
method, three elliptic boundary value problems are solved (two of Dirichlet type and
one of Neumann type).

In Figure 5.1 the iteration procedure for the solution of the formal optimality
condition (3.2) is outlined. The algorithm can be implemented using finite element
codes (as we did) or finite difference methods for the solution of partial differential
equations.

5.2. Reconstruction of a density function with non—simply connected
support. In this first experiment we consider the inverse problem of reconstructing
the right-hand-side xp in (5.1) from the knowledge of a single pair of boundary data
(u, Au) = (0,7°) at 9. In the examples considered below we always use the squared
domain 2 = (0,1)? c R?. Additionally, xp € L*(Q) is the characteristic function as
represented in Figure 5.2.

The overdetermined boundary measurement data y° for solving the inverse pro-
blem is obtained by solving the elliptic boundary value problem in (5.1). Notice that
xp corresponds to the characteristic function of a not-connected proper subset of €.
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1. Evaluate the residual 7y := F(P.(¢p)) —y® = % -y,
where uj solves

Auy, = P.(¢r) in ugloq = 0.
2. Evaluate vy := F'(P.(¢r))*(rx) € L?(2), solving
Avp, =0 in Q, wvglgg =7k .
3. Evaluate wy € HY(Q), satisfying

(I — A)wy = —P(n) vp + Pl (64)V - (

8wk
WL’?Q =0.

VP.(ér) \ .
|VP5<¢k>|> o6

4. Update the level set function ¢py1 = ¢ + é W -

Fic. 5.1. Implementation of a single iteration step for minimizing the level set regularization.

Exoct solution of the inverse problem

.100e+01 Initial condition for the level set function
.909e+00
.818e+00
.727e+00
.636e+00
.545e+00
.455e+00
364e+00
273e+00

.180e+01
144e+01
.107e+01
709¢+00
345400
~182¢-01
~.382¢+00
—.745e+00
—111e+01
AN —147e401
¢t —.184e401
~.220e+01

NV
RNV
KRNV

.000e+00

<>

Fi1Gc. 5.2. The picture on the left-hand side shows the coefficient to be reconstructed. In the
other picture, the initial condition for the level set regularization method is given.

The initial condition for the level set function is shown in Figure 5.2. In order to
avoid inverse crimes, the direct problem (5.1) is solved on an adaptively refined grid
with 8.807 nodes (three levels of adaptive refinement). Alternatively, in the numerical
implementation of the level set method, all boundary value problems are solved on a
uniformly refined grid with 2.113 nodes.

When the data is given exactly, we tested the iterative level set regularization
without the additional regularization term |P: (¢ )lpy, i-e., 3 = 0.

In all computed experiments we use the operator P. defined in section 2 with
e = 1/8. This seems to be compatible with the size of our mesh, since the diameter of
the triangles in the uniform grid (used in the finite element method) is approximately
V2/32.

In Figure 5.3 we present the evolution of the level set function for given exact
data for the first 3000 iterative steps. As one can see in this figure, the original
level set splits into two convex components after approximately 800 iterations. After
1000 iterations, the level set function still changes but very slowly. We performed
similar tests for different initial conditions and observed that, after 1000 iterations,
the corresponding pictures look very much alike.
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Fic. 5.3. Level set evolution for exact data. Plots after (grouped by row) 0,1,2,10;
100, 200, 300, 400; 500, 600, 700, 800; 900, 1000, 2000, 3000 iterative steps.

For the second part of this experiment, the density function to be reconstructed
is still the one shown in Figure 5.2. This time, however, we add randomly generated
noise to the data y® used in the first part of the experiment.

The exact boundary data 3° is shown in Figure 5.4 as the square-dotted (blue)
line. We consider actually two distinct sets of perturbed data. For the first experiment
we add to the exact data a white noise of 10% (in the l.-norm). For the second
experiment we use a noise level of 50%. Both sets of inaccurate data are plotted in
Figure 5.4 and correspond to the solid (red) line.

As in the noise-free experiment, care was taken to avoid inverse crimes. The choice
of the parameter e (operator P.) also follows the same criteria as before. However,
since we are now dealing with noisy data, we have to develop a strategy for choosing
the regularization parameter 5. For this proposal we opted for the fit-to-data strategy;
i.e., Ba is chosen such that the regularization term (see Figure 5.1) has the same order
as the noise level.

The corresponding results generated by the level set method were surprisingly
stable, as one can observe in Figures 5.5 and 5.6. In the first case (noise level of 10%)



REGULARIZATION METHODS FOR ILL-POSED PROBLEMS 783

0.05+

Q

-0.05 ; |
64 128 192 256 64 128 192 256

FIG. 5.4. The square-dotted (blue) line represents the exact data y®; the solid (red) line repre-
sents the perturbed data. The noise level corresponds to 10% at the left-hand side and 50% at the
right-hand side.

Fi1G. 5.5. Level set evolution for inaccurate data; moise level of 10%. Plots after 0,1,2,10;
100, 200, 300, 400; 500, 600, 700, 800; 900, 1000, 2000, 3000 iterative steps.
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Fic. 5.6. Level set evolution for inaccurate data; noise level of 50%. Plots after 0,1,2,10;
100, 200, 300, 400; 500, 600, 700, 800; 900, 1000, 1300, 1600 iterative steps.

the results are comparable with the previous experiment, where exact data was avail-
able. In the second case (noise level of 50%) we are not able to precisely recover the
shape of the set D, corresponding to the characteristic function shown in Figure 5.2.
However, we are still able to identify the number of connected components of D, as
well as their relative positions inside the domain 2.

5.3. Reconstruction of a density function with nonconvex support. In
this second experiment we consider the problem of reconstructing the density function
shown in Figure 5.7. The main goal now is to investigate the difficulty of the level
set method in recovering nonconvex domains. The domain ) is the same used in
subsection 5.2, and again we aim to reconstruct the density function in (5.1) from
boundary measurements.

As in the first part of the previous experiment, the data is given almost exactly,
and the velocity wy is again obtained by solving the boundary value problem with
B = 0. The evolution of the level set function is shown in Figure 5.8.
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Exact solution of the inverse problem Projection of level set function (at time t=0)

1002401
908e+00
8182400
7272400
636+00
5450400
4552400
364400
2732400

.182e400
908e-01

.Q00e-+00

<

Fic. 5.7. (Left) The coefficient to be reconstructed. (Right) The (projection of the) initial
condition for the level set reqularization method.

100e+01
908e+00
8180400
7270400
636e+00
5450400
4550400
3642400
273e+00
.182e4+00
909001
.000e+00

¢

Fic. 5.8. Level set evolution for the second experiment. Plots after 0,1,5,20; 50, 100,200, 400;
600, 800, 1000, 2000; 5000, 10000, 20000, 50000 iterative steps.
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Remark 5.1. The effect of parameter changes. In our numerical observations we
observed that in numerical simulations the minimizer is not severely affected by the
choice of Sa and can, in fact, be neglected.
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