
CUBO A Mathematical Journal
Vol.11, No

¯ 05, (99–115). December 2009

On Tikhonov Functionals Penalized by Bregman Distances

I.R. Bleyer and A. Leitão

Department of Mathematics, Federal University of St. Catarina,

P.O. Box 476, 88040-900, Florianópolis, Brazil

emails : ismaelbleyer@gmail.com,

acgleitao@gmail.com

ABSTRACT

We investigate Tikhonov regularization methods for linear and nonlinear ill-posed problems

in Banach spaces, where the penalty term is described by Bregman distances. We prove

convergence and stability results. Moreover, using appropriate source conditions, we are able

to derive rates of convergence in terms of Bregman distances. We also analyze an iterated

Tikhonov method for nonlinear problems, where the penalization is given by an appropriate

convex functional.

RESUMEN

Investigamos métodos de regularización de Tikhonov para problemas no lineales mal-puestos

en espacios de Banach, donde el término de penalización es descrito por distancias de Bregman.

Probamos resultados de convergencia y estabilidad. Además, usando condiciones apropriadas,

somos capazes de obtener tasas de convergencia en términos de las distancias de Bergman.

También analizamos un método de iterados de Tikhnov para problemas no lineales donde la

penalización es dada por un funcional convexo apropriado.

Key words and phrases: Tikhonov functionals, Bregman distances, Total variation regulariza-

tion.
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1 Introduction

In th is p a p e r w e stu d y n o n -q u a d ra tic re g u la riz a tio n m e th o d s fo r so lv in g ill-p o se d o p e ra to r e q u a -

tio n s o f th e fo rm

F (u) = y , (1 )

w h e re F : D(F ) ⊂ U → H is a n o p e ra to r b e tw e e n in fi n ite d im e n sio n a l B a n a ch sp a c e s. B o th lin e a r

a n d n o n lin e a r p ro b le m s a re c o n sid e re d .

T ik h o n o v m e th o d is w id e ly u se d to a p p ro x im a te so lu tio n s o f in v e rse p ro b le m s m o d e le d b y

o p e ra to r e q u a tio n s in H ilb e rt sp a c e s [1 1 , 5 ]. In th is a rtic le w e in v e stig a te a T ik h o n o v m e th o d s,

w h ich c o n sist o f th e m in im iz a tio n o f fu n c tio n a ls o f th e ty p e

Jδ
α (u) =

1

2
‖F (u)− yδ‖2 + αh (u) , (2 )

w h e re α ∈ R+ is c a lle d re g u la riz a tio n p a ra m e te r, h (·) is a p ro p e r c o n v e x fu n c tio n a l, a n d th e n o isy

d a ta yδ sa tisfy

‖y − yδ‖ < δ . (3)

T h e m e th o d p re se n te d a b o v e re p re se n ts a g e n e ra liz a tio n o f th e c la ssic a l T ik h o n o v re g u la riz a -

tio n . T h e re fo re , th e fo llo w in g q u e stio n s a rise :

• F o r α > 0, d o e s th e so lu tio n (2 ) e x ist? D o e s th e so lu tio n d e p e n d s c o n tin u o u sly o n th e d a ta

yδ?

• Is th e m e th o d c o n v e rg e n t? (i.e ., if th e d a ta y is e x a c t a n d α → 0, d o th e m in im iz e rs o f (2 )

c o n v e rg e to a so lu tio n o f (1 )?)

• Is th e m e th o d sta b le in th e se n se th a t: if α = α(δ) is ch o se n a p p ro p ria te ly , d o th e m in im iz e rs

o f (2 ) c o n v e rg e to a so lu tio n o f (1 ) a s δ → 0?

• W h a t is th e ra te o f c o n v e rg e n c e? H o w sh o u ld th e p a ra m e te r α = α(δ) b e ch o se n in o rd e r to

g e t o p tim a l c o n v e rg e n c e ra te s?

T h e fi rst p o in t a b o v e is a n sw e re d in [6 ]. T h ro u g h o u t th is a rtic le w e a ssu m e th e fo llo w in g

a ssu m p tio n s.

Assum ption 1 .1 .

(A 1 ) G iven the Banach spaces U and H one associates the topologies τU and τH , respectively,

w hich are w eaker than the norm topologies;

(A 2) The topological duals of U and H are denoted by U ∗ and H ∗, respectively;

(A 3 ) The norm ‖·‖ is sequentially low er semi-continuous w ith respect to τH , i.e., for uk → u w ith

respect to the τU topology, h (u) ≤ lim in fk h (uk);
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(A 4) D(F ) has non-empty interior w ith respect to the norm topology and is τU -closed. Moreover,

D(F ) ∩ d o m h 6= ∅;

(A 5) F : D(F ) ⊆ U → H is continuous from (U , τU ) to (H , τH );

(A 6) The functional h : [0,+∞] → H is proper, convex, bounded from below and τU low er semi-

continuous;

(A 7) For every M > 0 , α > 0, the sets

Mα (M) =
{

u ∈ U | Jδ
α (u) ≤M

}

are τU compact, i.e. every sequence (uk) in Mα (M) has a subsequence, w hich is convergent

in U w ith respect to the τU topology.

T h e g o a l o f th is p a p e r is to a n sw e r th e la st th re e q u e stio n s p o se d a b o v e . W e o b ta in c o n v e rg e n c e

ra te s a n d e rro r e stim a te s w ith re sp e c t to th e g e n e ra liz e d Bregman distances, o rig in a lly in tro d u c e d

in [3]. E v e n th o u g h th is to o l d o e s n o t sa tisfy sy m m e try re q u ire m e n t n o r th e tria n g u la r in e q u a lity ,

it is th e m a in in g re d ie n t to th is w o rk .

T h is p a p e r is o rg a n iz e d a s fo llo w : In se c tio n 2 w e c o n sid e r th e lin e a r c a se a n d g iv e q u a n tita tiv e

e stim a te s fo r th e m in im iz e rs o f (2 ), fo r e x a c t a n d fo r n o isy d a ta . In se c tio n 3 c o n ta in s sim ila r re su lts

a s th e se c tio n 2 fo r n o n lin e a r p ro b le m s. In se c tio n 4 w e b rie fl y d isc u ss a ite ra tiv e m e th o d fo r th e

n o n lin e a r c a se , th e m a in re su lts c o n ta in s c o n v e rg e n c e a n a ly sis.

2 C onvergence A nalysis for L inear Problems

In th is se c tio n w e c o n sid e r o n ly th e lin e a r c a se . E q u a tio n (1 ) w ill b e d e n o te d b y Fu = y, a n d th e

o p e ra to r is d e fi n e d fro m a B a n a ch sp a c e to a H ilb e rt sp a c e . T h e m a in re su lts o f th is se c tio n w e re

p ro p o se d o rig in a lly in [4 , 8 ].

2 .1 R a te s o f c o n v e rg e n c e fo r so u rc e c o n d itio n o f ty p e I

E rro r e stim a te s fo r th e so lu tio n e rro r c a n b e o b ta in e d o n ly u n d e r a d d itio n a l sm o o th n e ss a ssu m p tio n

o n th e d a ta , th e so c a lle d source conditions. A t a fi rst m o m e n t w e a ssu m e th a t y ∈ R(F ) a n d le t

u b e a n h-m in im iz in g so lu tio n b y d e fi n itio n A .2 . W e a ssu m e th a t th e re e x ist a t le a st o n e e le m e n t

ξ in ∂ h (u) w h ich b e lo n g s to th e ra n g e o f a d jo in t o f th e o p e ra to r F . N o te th a t R(F ∗) ⊆ U ∗ a n d

∂ h (u) ⊆ U ∗. S u m m a riz in g , w e h a v e

ξ ∈ R(F ∗) ∩ ∂ h (u) 6= ∅ , (4 )

w h e re u is su ch th a t

Fu = y . (5 )



1 0 2 I.R . Bleyer and A . L eitã o CUBO
11, 5 (2009)

W e c a n re w rite th e so u rc e c o n d itio n (4 ) a s fo llo w in g : th e re e x ists a n e le m e n t ω ∈ H su ch th a t

ξ = F ∗ω. N o te th a t u n d e r th is a ssu m p tio n w e c a n d e fi n e th e d u a l p a irin g fo r (ψ, u) ∈ U ∗ × U ,

w h e re ψ ∈ R(F ∗) a s

〈ψ , u〉 = 〈F ∗ν , u〉 := 〈ν , Fu〉
H
,

fo r so m e ν ∈ H .

Theorem 2 .1 (S ta b ility ). L et (3) hold and let u be an h-minimizing solution of (1 ) such that the

source condition (4) and (5 ) are satisfi ed. Then, for each minimizer uδ
α of (2 ) the estimate

DF∗ω
h

(

uδ
α, u

)

≤
1

2α
(α ‖ω‖+ δ)

2
(6 )

holds for α > 0. In particular, if α ∼ δ, then DF∗ω
h

(

uδ
α, u

)

= O (δ).

Proof. W e n o te th a t
∥

∥Fu− yδ
∥

∥

2
≤ δ2, b y (5 ) a n d (3). S in c e uδ

α is a m in im iz e r o f th e

re g u la riz e d p ro b le m (2 ), w e h a v e

1

2

∥

∥Fuδ
α − y

δ
∥

∥

2
+ αh

(

uδ
α

)

≤
δ2

2
+ αh (u) .

L e t DF∗ω
h

(

uδ
α, u

)

th e B re g m a n d ista n c e b e tw e e n uδ
α a n d u, so th e a b o v e in e q u a lity b e c o m e s

1

2

∥

∥Fuδ
α − y

δ
∥

∥

2
+ α

(

DF∗ω
h

(

uδ
α, u

)

+
〈

F ∗ω , uδ
α − u

〉

)

≤
δ2

2
.

H e n c e , u sin g (3) a n d C a u ch y -S ch w a rz in e q u a lity w e c a n d e riv e th e e stim a te

1

2

∥

∥Fuδ
α − y

δ
∥

∥

2
+

〈

αω , Fuδ
α − y

δ
〉

H
+ αDF∗ω

h

(

uδ
α, u

)

≤
δ2

2
+ α ‖ω‖ δ .

U sin g th e th e e q u a lity ‖a+ b‖2 = ‖a‖2 + 2 〈a , b〉+ ‖b‖2, it is e a sy to se e th a t

1

2

∥

∥Fuδ
α − y

δ + αω
∥

∥

2
+ αDF∗ω

h

(

uδ
α, u

)

≤
α2

2
‖ω‖2 + αδ ‖ω‖+

δ2

2
,

w h ich y ie ld s (6 ) fo r α > 0.

Theorem 2 .2 (C o n v e rg e n c e ). If u is an h-minimizing solution of (1 ) such that the source condi-

tion (4) and (5 ) are satisfi ed, then for each minimizer uα of (2 ) w ith exact data, the estimate

DF∗ω
h (uα, u) ≤

α

2
‖ω‖2

holds true.

Proof. T h e p ro o f is a n a lo g o u s to th e p ro o f o f th e o re m 2 .1 , ta k in g δ = 0.
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2 .2 R a te s o f c o n v e rg e n c e fo r so u rc e c o n d itio n o f ty p e II

In th is se c tio n w e u se a n o th e r so u rc e c o n d itio n , w h ich is stro n g e r th a n th e o n e u se d in p re v io u s

su b se c tio n . T h is c o n d itio n c o rre sp o n d s th e e x iste n c e o f so m e e le m e n t ξ ∈ ∂ h (u) ⊂ U ∗ in th e ra n g e

o f th e o p e ra to r F ∗F , i.e .

ξ ∈ R(F ∗F ) ∩ ∂ h (u) 6= ∅ , (7 )

w h e re u is su ch th a t

F ∗Fu = F ∗y . (8 )

N o te th a t in (8 ) w e d o n o t re q u ire y ∈ R(F ). M o re o v e r, th e d e fi n itio n A .2 is g iv e n in c o n te x t

o f le a st-sq u a re s so lu tio n . T h e c o n d itio n (7 ) is e q u iv a le n t to th e e x iste n c e o f ω ∈ U \ {0} su ch th a t

ξ = F ∗Fω, w h e re F ∗ is th e a d jo in t o p e ra to r o f F a n d F ∗F : U → U ∗.

Theorem 2 .3 (S ta b ility ). L et (3) hold and let u be an h-minimizing solution of (1 ) such that

the source condition (7 ) as w ell as (8 ) are satisfi ed. Then the follow ing inequalities hold for any

α > 0:

DF∗Fω
h

(

uδ
α, u

)

≤ DF∗Fω
h (u− αω, u) +

δ2

α
+
δ

α

√

δ2 + 2αDF∗Fω
h (u− αω, u), (9 )

∥

∥Fuδ
α − Fu

∥

∥ ≤ α ‖Fω‖+ δ +
√

δ2 + 2αDF∗Fω
h (u− αω, u) . (1 0 )

Proof. S in c e uδ
α is a m in im iz e r o f (2 ), it fo llo w s fro m a lg e b ra ic m a n ip u la tio n a n d fro m th e

d e fi n itio n o f B re g m a n d ista n c e th a t

0 ≥
1

2

[

∥

∥Fuδ
α − y

δ
∥

∥

2
−

∥

∥Fu− yδ
∥

∥

2
]

+ αh
(

uδ
α

)

− αh (u)

=
1

2

[

∥

∥Fuδ
α

∥

∥

2
− ‖Fu‖2

]

−
〈

F
(

uδ
α − u

)

, yδ
〉

H
− αDF∗Fω

h (u, u)

+ α
〈

Fω , F
(

uδ
α − u

)〉

H
+ αDF∗Fω

h

(

uδ
α, u

)

. (1 1 )

N o tic e th a t

∥

∥Fuδ
α

∥

∥

2
− ‖Fu‖2 =

∥

∥F
(

uδ
α − u+ αω

)∥

∥

2
− ‖F (u− u+ αω)‖2

+ 2
〈

Fuδ
α − Fu , Fu− αFω

〉

H
.

M o re o v e r, b y (8 ), w e h a v e
〈

F
(

uδ
α − u

)

, yδ − Fu
〉

H
=

〈

F
(

uδ
α − u

)

, yδ − y
〉

H
. T h e re fo re , it

fo llo w s fro m (1 1 ) th a t

1

2

∥

∥F
(

uδ
α − u+ αω

)∥

∥

2
+ αDF∗Fω

h

(

uδ
α, u

)

≤
〈

F
(

uδ
α − u

)

, yδ − y
〉

H
+ αDF∗Fω

h (u, u) +
1

2
‖F (u− u+ αω)‖2

fo r e v e ry u ∈ U , α ≥ 0 a n d δ ≥ 0.
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R e p la c in g u b y u−αω in th e la st in e q u a lity , u sin g (3), re la tio n s 〈a , b〉 ≤ | 〈a , b〉 | ≤ ‖a‖ ‖b‖,

a n d d e fi n in g γ =
∥

∥F
(

uδ
α − u+ αω

)
∥

∥ w e o b ta in

1

2
γ2 + αDF∗Fω

h

(

uδ
α, u

)

≤ δγ + αDF∗Fω
h (u− αω, u) .

W e e stim a te se p a ra te ly e a ch te rm o n th e le ft h a n d sid e b y rig h t h a n d sid e . O n e o f th e e stim a te s is

a n in e q u a lity in th e fo rm o f a p o ly n o m ia l o f th e se c o n d d e g re e fo r γ, w h ich g iv e s u s th e in e q u a lity

γ ≤ δ +
√

δ2 + 2αDF∗Fω
h (u− αω, u) .

T h is in e q u a lity to g e th e r w ith th e o th e r e stim a te , g iv e s u s (9 ). N o w , (1 0 ) fo llo w s fro m th e fa c t th a t
∥

∥F
(

uδ
α − u

)
∥

∥ ≤ γ + α ‖Fω‖.

Theorem 2 .4 (C o n v e rg e n c e ). L et α ≥ 0 be given. If u is a h-minimizing solution of (1 ) satisfying

the source condition (7 ) as w ell as (8 ), then the follow ing inequalities hold true:

DF∗Fω
h (uα, u) ≤ DF∗Fω

h (u− αω, u) ,

‖Fuα − Fu‖ ≤ α ‖Fω‖+
√

2αDF∗Fω
h (u− αω, u) .

Proof. T h e p ro o f is a n a lo g o u s to th e p ro o f o f th e o re m 2 .3, ta k in g δ = 0. N o tic e th a t h e re α

c a n b e ta k e n e q u a l to z e ro .

Corollary 2 .5 . L et the assumptions of the theorem 2.3 hold true. Further, assume that h is tw ice

diff erentiab le in a neighborhood U of u and there exists a number M > 0 such that for any v ∈ U

and u ∈ U the inequality

〈h′′(u)v , v〉 ≤M ‖v‖2 (1 2 )

hold true. Then, for the parameter choice α ∼ δ
2
3 w e have Dξ

h

(

uδ
α, u

)

= O

(

δ
4
3

)

. Moreover, for

exact data w e have Dξ
h (uα, u) = O

(

α2
)

.

Proof. U sin g T a y lo r’s e x p a n sio n a t th e p o in t u w e o b ta in

h (u) = h (u) + 〈h′(u) , u− u〉+
1

2
〈h′′(µ)(u − u) , u− u〉

fo r so m e µ ∈ [u, u]. L e t u = u− αω in th e a b o v e e q u a lity . F o r su ffi c ie n tly sm a ll α, it fo llo w s fro m

a ssu m p tio n (1 2 ) a n d th e d e fi n itio n o f th e B re g m a n d ista n c e , w ith ξ = h′(u), th a t

Dξ
h (u− αω, u) =

1

2
〈h′′(µ)(−αω) , − αω〉

≤ α2M

2
‖ω‖2

U
.

N o te th a t Dξ
h (u− αω, u) = O

(

α2
)

, so th e d e sire d ra te s o f c o n v e rg e n c e fo llo w fro m th e o re m s 2 .3

a n d 2 .4 .
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3 C onvergence A nalysis for N onlinear Problems

T h is se c tio n p o in ts o u t th e c o n v e rg e n c e a n a ly sis fo r th e n o n lin e a r p ro b le m s. W e n e e d to a ssu m e a

n o n lin e a r c o n d itio n . In c o n tra st w ith o th e r c la ssic a l c o n d itio n s, th e fo llo w in g a n a ly sis c o v e rs th e

c a se w h e n b o th U a n d H a re B a n a ch sp a c e s.

Assum ption 3 .1 . A ssume that an h-minimizing solution u of (1 ) exists and that the operator

F : D(F ) ⊆ U → H is G â teaux diff erentiab le. Moreover, assume that there exists ρ > 0 such that,

for every u ∈ D(F ) ∩Bρ (u)

‖F (u)− F (u)− F ′ (u) (u− u)‖ ≤ cDξ
h (u, u) , c > 0 (1 3)

and ξ ∈ ∂ h (u).

T h is a ssu m p tio n w a s p ro p o se d o rig in a lly in [9 ].

3 .1 R a te s o f c o n v e rg e n c e fo r so u rc e c o n d itio n o f ty p e I

F o r n o n lin e a r o p e ra to rs w e c a n n o t d e fi n e a n a d jo in t o p e ra to r. T h e re fo re th e a ssu m p tio n s a re d o n e

w ith re sp e c t to th e lin e a riz a tio n o f th e o p e ra to r F . In c o m p a riso n w ith th e so u rc e c o n d itio n (4 )

in tro d u c e d o n p re v io u s se c tio n , w e a ssu m e th a t

ξ ∈ R(F ′ (u)
∗

) ∩ ∂ h (u) 6= ∅ (1 4 )

w h e re u so lv e s

F (u) = y . (1 5 )

T h e d e riv a tiv e o f o p e ra to r F is d e fi n e d b e tw e e n th e B a n a ch sp a c e U a n d L (U ,H ), th e sp a c e

o f th e lin e a r tra n sfo rm a tio n s fro m U to H . W h e n w e a p p ly th e d e riv a tiv e a t u ∈ U w e h a v e a

lin e a r o p e ra to r F ′ (u) : U → H a n d so w e c a n d e fi n e its a d jo in t, F ′ (u)
∗

: H ∗ → U ∗.

T h e so u rc e c o n d itio n (1 4 ) is sta te d a s fo llo w s: T h e re e x ists a n e le m e n t ω ∈ H ∗ su ch th a t

ξ = F ′ (u)∗ ω ∈ ∂ h (u) . (1 6 )

Theorem 3 .2 (S ta b ility ). L et the assumptions 1 .1 , 3 .1 and relation (3) hold true. Moreover,

assume that there exists ω ∈ H ∗ such that (1 6 ) is satisfi ed and c ‖ω‖
H ∗ < 1. Then, the follow ing

estimates hold:
∥

∥F
(

uδ
α

)

− F (u)
∥

∥ ≤ 2α ‖ω‖
H ∗ + 2

(

α2 ‖ω‖2
H ∗ + δ2

)
1
2

,

D
F ′(u)∗ω

h

(

uδ
α, u

)

≤
2

1− c ‖ω‖
H ∗

[

δ2

2α
+ α ‖ω‖2

H ∗ + ‖ω‖
H ∗

(

α2 ‖ω‖2
H ∗ + δ2

)
1
2

]

.

In particular, if α ∼ δ, then
∥

∥F
(

uδ
α

)

− F (u)
∥

∥ = O (δ) and D
F ′(u)∗ω

h

(

uδ
α, u

)

= O (δ).
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Proof. S in c e uδ
α is th e m in im iz e r o f (2 ), it fo llo w s fro m th e d e fi n itio n o f th e B re g m a n d ista n c e

th a t

1

2

∥

∥F
(

uδ
α

)

− yδ
∥

∥

2
≤

1

2
δ2 − α

(

D
F ′(u)∗ω

h

(

uδ
α, u

)

+
〈

F ′ (u)
∗

ω , uδ
α − u

〉

)

.

B y u sin g (3) a n d (1 5 ) w e o b ta in

1

2

∥

∥F
(

uδ
α

)

− F (u)
∥

∥

2
≤

∥

∥F
(

uδ
α

)

− yδ
∥

∥

2
+ δ2 .

N o w , u sin g th e la st tw o in e q u a litie s a b o v e , th e d e fi n itio n o f B re g m a n d ista n c e , th e n o n lin e a rity

c o n d itio n a n d th e a ssu m p tio n
(

c ‖ω‖
H ∗ − 1

)

< 0, w e o b ta in

1

4

∥

∥F
(

uδ
α

)

− F (u)
∥

∥

2
≤

1

2

(

∥

∥F
(

uδ
α

)

− yδ
∥

∥

2
+ δ2

)

≤ δ2 − αD
F ′(u)∗ω

h

(

uδ
α, u

)

+ α
〈

ω , − F ′ (u)
(

uδ
α − u

)〉

≤ δ2 − αD
F ′(u)∗ω

h

(

uδ
α, u

)

+ α ‖ω‖
H ∗

∥

∥F
(

uδ
α

)

− F (u)
∥

∥

+α ‖ω‖
H ∗

∥

∥F
(

uδ
α

)

− F (u)− F ′ (u)
(

uδ
α − u

)∥

∥

= δ2 + α
(

c ‖ω‖
H ∗ − 1

)

D
F ′(u)∗ω

h

(

uδ
α, u

)

+ α ‖ω‖
H ∗

∥

∥F
(

uδ
α

)

− F (u)
∥

∥ (1 7 )

≤ δ2 + α ‖ω‖
H ∗

∥

∥F
(

uδ
α

)

− F (u)
∥

∥ (1 8 )

F ro m (1 8 ) w e o b ta in a n in e q u a lity in th e fo rm o f a p o ly n o m ia l o f se c o n d d e g re e fo r th e v a ria b le

γ =
∥

∥F
(

uδ
α

)

− F (u)
∥

∥. T h is g iv e s u s th e fi rst e stim a te sta te d b y th e th e o re m . F o r th e se c o n d

e stim a te w e u se (1 7 ) a n d th e p re v io u s e stim a te fo r γ.

Theorem 3 .3 (C o n v e rg e n c e ). L et the assumptions 1 .1 and 3 .1 hold true. Moreover, assume the

existence of ω ∈ H ∗ such that (1 6 ) is satisfi ed and c ‖ω‖
H ∗ < 1. Then, the follow ing estimates

hold:

‖F (uα)− F (u)‖ ≤ 4α ‖ω‖
H ∗ ,

D
F ′(u)∗ω

h (uα, u) ≤
4α ‖ω‖2

H ∗

1− c ‖ω‖
H ∗

.

Proof. T h e p ro o f is a n a lo g o u s to th e p ro o f o f th e o re m 3.2 , ta k in g δ = 0.

3 .2 R a te s o f c o n v e rg e n c e fo r so u rc e c o n d itio n o f ty p e II

In th is su b se c tio n w e c o n sid e r a so u rc e c o n d itio n sim ila r to th e o n e in (7 ), n a m e ly w e a ssu m e th e

e x iste n c e o f

ξ ∈ R(F ′ (u)
∗

F ′ (u)) ∩ ∂ h (u) 6= ∅ .

T h e a ssu m p tio n a b o v e is e q u iv a le n t th e e x iste n c e o f a n e le m e n t ω ∈ U w ith

ξ = F ′ (u)
∗

F ′ (u)ω ∈ ∂ h (u) . (1 9 )
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Theorem 3 .4 (S ta b ility ). L et the assumptions 1 .1 , 3 .1 hold as w ell as estimate (3). Moreover, let

H be a H ilbert space and assume the existence of an h-minimizing solution u of (1 ) in the interior

of D(F ). A ssume also the existence of ω ∈ U such that (1 9 ) is satisfi ed and c ‖F ′ (u)ω‖ < 1.

Then, for α suffi ciently small the follow ing estimates hold:

‖F
(

uδ
α

)

− F (u) ‖ ≤ α ‖F ′ (u)ω‖+ g(α, δ) ,

Dξ
h

(

uδ
α, u

)

≤
αs+ (cs)2/2 + δg(α, δ) + cs (δ + α ‖F ′ (u)ω‖)

α (1− c ‖F ′ (u)ω‖)
, (2 0 )

w here g(α, δ) = δ +

√

(δ + cs)2 + 2αs (1 + c ‖F ′ (u)ω‖) and s = Dξ
h (u− αω, u).

Proof. S in c e uδ
α is th e m in im iz e r o f (2 ), it fo llo w s th a t

0 ≥
1

2

∥

∥F
(

uδ
α

)

− yδ
∥

∥

2
−

1

2

∥

∥F (u)− yδ
∥

∥

2
+ α

(

h
(

uδ
α

)

− h (u)
)

=
1

2

∥

∥F
(

uδ
α

)∥

∥

2
−

1

2
‖F (u)‖2 +

〈

F (u)− F
(

uδ
α

)

, yδ
〉

H

+ α
(

h
(

uδ
α

)

− h (u)
)

= Φ
(

uδ
α

)

− Φ (u) . (2 1 )

w h e re Φ (u) =
1

2
‖F (u)− q‖2 + αDξ

h (u, u) −
〈

F (u) , yδ − q
〉

H
+ α 〈ξ , u〉, q = F (u) − αF ′ (u)ω

a n d ξ is g iv e n b y so u rc e c o n d itio n (1 9 ).

F ro m (2 1 ) w e h a v e Φ
(

uδ
α

)

≤ Φ (u). B y th e d e fi n itio n o f Φ (·), ta k in g u = u− αω a n d se ttin g

v = F
(

uδ
α

)

− F (u) + αF ′ (u)ω w e o b ta in

1

2
‖v‖2 + αDξ

h

(

uδ
α, u

)

≤ αs+ T1 + T2 + T3 , (2 2 )

w h e re s is g iv e n in th e th e o re m , a n d

T1 =
1

2
‖F (u− αω)− F (u) + αF ′ (u)ω‖

2
,

T2 =
∣

∣

〈

F
(

uδ
α

)

− F (u− αω) , yδ − y
〉

H

∣

∣ ,

T3 = α
〈

F ′ (u)ω , F
(

uδ
α

)

− F (u− αω)− F ′ (u)
(

uδ
α − (u− αω)

)〉

H
.

T h e n e x t ste p is to e stim a te th e c o n sta n ts Tj , j = 1, 2, 3 a b o v e . W e u se th e n o n lin e a r c o n d itio n

(1 3), C a u ch y -S ch w a rz , a n d so m e a lg e b ra ic m a n ip u la tio n to o b ta in T1 ≤
c2s2

2 ,

T2 ≤
∣

∣

〈

v , yδ − y
〉

H

∣

∣ +
∣

∣

〈

F (u− αω)− F (u) + αF ′ (u)ω − , yδ − y
〉

H

∣

∣

≤ ‖v‖
∥

∥yδ − y
∥

∥ + cDξ
h (u− αω, u)

∥

∥yδ − y
∥

∥

≤ δ ‖v‖+ δcs ,
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a n d

T3 = α
〈

F ′ (u)ω , F
(

uδ
α

)

− F (u)− F ′ (u)
(

uδ
α − u

)〉

H

+α 〈F ′ (u)ω , − (F (u− αω)− F (u) + αF ′ (u)ω)〉
H

≤ α ‖F ′ (u)ω‖
∥

∥F
(

uδ
α

)

− F (u)− F ′ (u)
(

uδ
α − u

)∥

∥

+α ‖F ′ (u)ω‖ ‖F (u− αω)− F (u) + αF ′ (u)ω‖

≤ α ‖F ′ (u)ω‖ cDξ
h

(

uδ
α, u

)

+ α ‖F ′ (u)ω‖ cDξ
h (u− αω, u)

= αc ‖F ′ (u)ω‖Dξ
h

(

uδ
α, u

)

+ αcs ‖F ′ (u)ω‖ .

U sin g th e se e stim a te s in (2 2 ), w e o b ta in

‖v‖2 + 2αDξ
h

(

uδ
α, u

)

[1− c ‖F ′ (u)ω‖] ≤ 2δ ‖v‖+ 2αs+ (cs)2

+2δcs+ 2αcs ‖F ′ (u)ω‖ .

A n a lo g o u sly a s in th e p ro o f o f th e o re m 2 .3, e a ch te rm o n th e le ft h a n d sid e o f th e la st in e q u a lity is

e stim a te d se p a ra te ly b y th e rig h t h a n d sid e . T h is a llo w s th e d e riv a tio n o f a n in e q u a lity d e sc rib e d

b y a p o ly n o m ia l o f se c o n d d e g re e . F ro m th is in e q u a lity , th e th e o re m fo llo w s.

Theorem 3 .5 (C o n v e rg e n c e ). L et assumptions 1 .1 , 3 .1 hold and assume H to be a H ilbert space.

Moreover, assume the existence of an h-minimizing solution u of (1 ) in the interior of D(F ), and

also the existence of ω ∈ U such that (1 9 ) is satisfi ed, and c ‖F ′ (u)ω‖ < 1. Then, for α suffi ciently

small the follow ing estimates hold:

‖F (uα)− F (u)‖ ≤ α ‖F ′ (u)ω‖+

√

(cs)
2

+ 2αs (1 + c ‖F ′ (u)ω‖) ,

Dξ
h (uα, u) ≤

αs+ (cs)2/2 + αcs ‖F ′ (u)ω‖
H

α
(

1− c ‖F ′ (u)ω‖
H

) , (2 3)

w here s = Dξ
h (u− αω, u).

Proof. T h e p ro o f is a n a lo g o u s to th e p ro o f o f th e o re m 3.4 , ta k in g δ = 0.

Corollary 3 .6 . L et assumptions of the theorem 3 .4 hold true. Moreover, assume that h is tw ice

diff erentiab le in a neighborhood U of u, and that there exists a numberM > 0 such that for all u ∈ U

and for all v ∈ U , the inequality 〈h′′(u)v , v〉 ≤ M ‖v‖2 holds. Then, for the choice of parameter

α ∼ δ
2
3 w e have Dξ

h

(

uδ
α, u

)

= O

(

δ
4
3

)

, w hile for exact data w e obtain Dξ
h

(

uδ
α, u

)

= O
(

α2
)

.

Proof. T h e p ro o f is sim ila r to th e p ro o f o f c o ro lla ry 2 .5 a n d is b a se d o n th e o re m s 3.4 a n d 3.5 .

4 A n Iterated Tikhonov M ethod for N onlinear Problems

O n th is se c tio n w e in v e stig a te a n ite ra tiv e m e th o d b a se d o n B re g m a n d ista n c e s fo r n o n lin e a r

p ro b le m s. W e c o n sid e r th e o p e ra to r F : U → H d e fi n e d b e tw e e n a B a n a ch sp a c e a n d a H ilb e rt
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sp a c e , F ré ch e t d iff e re n tia b le w ith c lo se d a n d c o n v e x d o m a in D(F ). T h e o p e ra to r e q u a tio n (1 ) is

ill-p o se d in th e se n se o f H a d a m a rd , th e so lu tio n d o e s n o t n e e d to b e u n iq u e , so w e d e fi n e

S (y) = {u ∈ D(F ) | F (u) = y} .

T h e m e th o d w a s o rig in a lly p ro p o se d b y O sh e r in [7 ], w h o g e n e ra liz e d th e id e a s o f th e m e th o d

R O F [1 0 ] (se e [1 ] fo r fu rth e r d e ta ils).

T h e a n a ly z e d m e th o d g e n e ra liz e s th e ite ra te d T ik h o n o v m e th o d a n d is g iv e n b y

uk+1 ∈ ar gm in

{

1

2

∥

∥F (u)− yδ
∥

∥

2
+ αkD

ξk

h (u, uk)

}

, (2 4 )

w h e re th e su b g ra d ie n t re q u ire d is u p d a te d b y th e ru le

ξk+1 = ξk −
1

αk

F ′ (uk+1)
∗
(

F (uk+1)− y
δ
)

. (2 5 )

Alg orithm 1 g e n e ra liz e d T ik h o n o v w ith B re g m a n d ista n c e

Req uire: u0 ∈ D(F ) ∩ d o m h, ξ0 ∈ ∂ h (u0)
1: k = 0
2: αk > 0
3: repeat

4: uk+1 ∈ ar gm in

{

1

2

∥

∥F (u)− yδ
∥

∥

2
+ αkD

ξk

h (u, uk)

}

5 : ξk+1 = ξk −
1

αk

F ′ (uk+1)
∗
(

F (uk+1)− yδ
)

6 : k = k + 1
7 : αk > 0
8 : until c o n v e rg e n c e

Rem ark 4 .1 . It is easy to see that the defi nition (2 5 ) is equivalent to

ξk+1 = ξ0 −
k

∑

j= 0

1

αj

F ′ (uj+1)
∗
(

F (uj+1)− y
δ
)

. (2 6 )

W e o b ta in m o n o to n ic ity o f re sid u a ls d ire c tly fro m th e a b o v e d e fi n itio n s.

L em m a 4 .2 . The iterates defi ned by algorithm 1 satisfy the estimate

∥

∥yδ − F (uk+1)
∥

∥ ≤
∥

∥yδ − F (uk)
∥

∥ .

Proof. D e fi n in g Jδ
α (u) =

1

2

∥

∥F (u)− yδ
∥

∥

2
+ αkD

ξk

h (u, uk), th e le m m a fo llo w s th e fa c t th a t

uk+1 is a m in im iz e r o f (2 4 ), i.e ., Jδ
α (uk+1) ≤ Jδ

α (uk).

U n d e r a n o n lin e a rity c o n d itio n o n F w e p ro v e a m o n o to n ic ity re su lt fo r th e B re g m a n d ista n c e ,

i.e ., D
ξk+ 1

h (u, uk+1) ≤ Dξk

h (u, uk).



1 1 0 I.R . Bleyer and A . L eitã o CUBO
11, 5 (2009)

L em m a 4 .3 . L et yδ ∈ H be the given data. If for some uk and ξk, the iterate uk+1 in (2 4 ) satisfi es

∥

∥yδ − F (uk+1)− F ′ (uk+1) (u− uk+1)
∥

∥ ≤ c
∥

∥yδ − F (uk+1)
∥

∥ ,

for some 0 < c < 1, then

D
ξk+ 1

h (u, uk+1)−D
ξk

h (u, uk) +Dξk

h (uk+1, uk) ≤ −
1− c

αk

∥

∥yδ − F (uk+1)
∥

∥

2
. (2 7 )

Proof. T h is re su lt fo llo w s fro m th e e q u a lity (se e [1 ] fo r d e ta ils)

Dξk+1
h (u, uk+1)−D

ξk

h (u, uk) +Dξk

h (uk+1, uk) = 〈ξk+1 − ξk , uk+1 − u〉 .

U sin g (2 5 ) o n th e rig h t h a n d sid e , su m m in g ±(F (uk+1)− yδ) o n th e se c o n d te rm (in sid e th e in n e r

p ro d u c t), u sin g C a u ch y -S ch w a rz a n d th e a ssu m p tio n s, w e c o n c lu d e th a t e stim a te (2 7 ) h o ld s.

T h e su b se q u e n t re su lts a re o b ta in e d a ssu m in g th a t th e n o n lin e a r o p e ra to r F is su ch th a t

D(F ) ⊆ L2 (Ω) a n d Ω ⊂ R
n is a b o u n d e d L ip sch itz d o m a in , a n d a ssu m in g th a t th e re g u la riz a tio n

c o n v e x fu n c tio n a l is g iv e n b y

h (u) =
1

2
‖u‖2L2(Ω ) + |u|B V (Ω ) . (2 8 )

L em m a 4 .4 . If h (·) is the convex functional defi ned by (2 8 ), then

1

2
‖v − u‖2L2(Ω ) ≤ Dξ

h (v, u)

for every u, v ∈ D(F ) and ξ ∈ ∂ h (u).

Proof. T h is p ro o f is stra ig h tfo rw a rd , o n c e w e e sta b lish so m e a u x ilia ry p ro p e rtie s c o n c e rn in g

c a lc u lu s o f su b g ra d ie n ts. F o r a c o m p le te p ro o f w e re fe r th e re a d e r to [2 ].

Assum ption 4 .5 . L et F : D(F ) ⊂ L2 (Ω)→ H be a w eakly sequentially closed nonlinear operator,

F ′ (·) be locally bounded. Moreover, suppose that the nonlinearity condition

‖F (v)− F (u)− F ′ (u) (v − u)‖ ≤ η ‖u− v‖L2(Ω ) ‖F (u)− F (v)‖ (2 9 )

is satisfi ed for every u, v ∈ Bρ (u)∩D(F ), w here η, ρ > 0 and Bρ (u) denotes the open ball around

u of radius ρ in L2 (Ω) and u ∈ S (y) ∩ d o m h.

Rem ark 4 .6 . W e can rew rite the left side of the inequality given in (29) as

‖F ′ (u) (v − u)‖ ≤
(

1 + η ‖u− v‖L2(Ω )

)

‖F (u)− F (v)‖ .

T h e n e x t re su lt g iv e s th e m e a n re su lt a b o u t th e se q u e n c e o f ite ra te s fro m a lg o rith m 1 is

w e ll-d e fi n e d .
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P roposition 4 .7 . L et assumption 4.5 hold, k ∈ N and uk, ξk be a pair of iterates according

to algorithm 1 . Then, there exists a minimizer uk+1 for (2 4 ) and ξk+1 given by (2 5 ) satisfi es

ξk+1 ∈ ∂ h (uk+1).

Proof. If th e re e x ists a n u su ch th a t Jδ
αk

(u) is fi n ite , th e n th e re is a se q u e n c e (uj) ∈

D(F ) ∩ B V (Ω) su ch th a t lim j J
δ
αk

(uj) → β, w h e re β = in f
{

Jδ
αk

(u) | u ∈ D(F )
}

. In p a rtic -

u la r, Dξk

h (uj , uk) ≤
M

αk

. B y d e fi n itio n o f th e B re g m a n d ista n c e , to g e th e r w ith (2 8 ) a n d o b se rv in g

th a t
1

2
‖uj‖

2
L2(Ω ) − 〈ξk , uj〉 =

1

2
‖uj − ξk‖

2
L2(Ω ) −

1

2
‖ξk‖

2
L2(Ω ), w e o b ta in |uj|B V (Ω ) ≤ M̃k, w h e re

M̃k ≥ 0 d e p e n d s o n th e c u rre n t ite ra te s. T h u s, th e e x iste n c e o f a m in im iz e r fo llo w s fro m c o m p a c t-

n e ss a rg u m e n ts.

It re m a in s to p ro v e th a t ξk+1 ∈ ∂ h (uk+1). T h is re su lt fo llo w s fro m th e in e q u a lity φ2(v) ≥

φ2(uk+1)+〈−φ
′

1(uk+1) , v − uk+1〉, w h e re φ1(u) =
1

2

∥

∥yδ − F (u)
∥

∥

2

L2(Ω )
a n d φ2(u) = αkD

ξk

h (u, uk)

(se e [1 , 2 ] fo r d e ta ils).

4 .1 M a in re su lts

T h e m a in re su lts o f th is se c tio n g iv e su ffi c ie n t c o n d itio n s to g u a ra n te e e x iste n c e o f a c o n v e rg e n c e

su b se q u e n c e in a lg o rith m 1 , (fo r b o th e x a c t a n d n o isy d a ta ). In p a rtic u la r, fo r n o isy d a ta , w e

in tro d u c e a sto p p in g ru le b a se d o n th e d isc re p a n c y p rin c ip le . F o r a c o m p le te p ro o f w e re fe r th e

re a d e r to [2 ].

Theorem 4 .8 (C o n v e rg e n c e ). L et the assumption 4.5 hold, γ < m in
{

1
η
, ρ

2

}

for η, ρ as in (2 9 ),

0 < αk < ᾱ, h (u) < ∞. Moreover, assume that the starting values u0, ξ0 ∈ L2 (Ω) satisfy

Dξ0

h (u, u0) <
γ2

8 for some u ∈ S (y). Then, for exact data, the sequence (uk) has a subsequence

converging to some u ∈ S (y) in the w eak-∗ topology of B V (Ω). Moreover, if S (y) ∩Bρ (u) = {u},

then uk
∗

−⇀ u in B V (Ω).

Proof. Step 1 : F irst w e re w rite th e a ssu m p tio n in th e fo rm 2
√

2Dξ0

h (u, u0) < γ. A ssu m in g

th a t th e sa m e c o n d itio n h o ld s fo r a p a ir o f ite ra te s uk, ξk w e p ro o f b y in d u c tio n th a t it a lso h o ld s

fo r th e in d e x k + 1.

L e t uk+1 b e th e m in im iz e r o f Jαk
(·), so Jαk

(uk+1) ≤ Jαk
(u). T h u s w e re w rite th e in e q u a lity ,

th e n a p p ly le m m a 4 .4 tw ic e , a n d c o n c lu d e th a t ‖uk+1 − u‖L2(Ω ) < γ. H e n c e , a ssu m p tio n 4 .5 is

sa tisfi e d a n d th e le m m a 4 .3 h o ld fo r a ll ite ra te s.

Step 2 : In th is ste p w e p ro o f th a t
∑

∞

i=0

1

αi

‖y − F (ui+ 1)‖
2

< ∞.

As in the previous step, it follows from Lemma 4.3 that (27) holds for every k. Adding up the first

k terms and using the assumptions on the starting values, we conclude that

Dξk

h (u, uk) +

k−1
∑

i=0

Dξi

h (ui+ 1, ui) +

k−1
∑

i=0

1− ηγ

αi

‖y − F (ui+ 1)‖
2
≤

γ2

8
.
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S ince all terms on the left hand side are positive, step 2 follows from the third term tak ing the

limit as k tends to infinity. N ote that this series is convergent, b y the convergence criterion for

series follows F (uk)→ y.

Step 3: W e show the uniform limitation of the seq uence (h (uk)). Applying the B regman distance

(it is always grater than zero) we have h (uk) ≤ h (u) − 〈ξk , u− uk〉. T hus, b y remark 4.1 ,

‖uk+ 1 − u‖L2(Ω ) < γ and the C auchy-S chwarz ineq uality, we ob tain

h (uk) ≤ h (u) + γ ‖ξ0‖L2(Ω ) +

k−1
∑

i=0

1

αi

‖F (ui+ 1)− y‖ ‖F ′ (ui+ 1) (u− uk)‖ .

In order to estimate the term inside the sum, note that for 0 ≤ i ≤ k−1, the estimate ‖F ′ (ui+ 1) (u− uk)‖ ≤

‖F ′ (ui+ 1) (u− ui+ 1)‖ + ‖F ′ (ui+ 1) (uk − ui+ 1)‖ holds. N ow, using remark 4.6 twice, we find the

b ound (3 + 5 ηγ) ‖F (ui+ 1)− y‖ for the previous estimate. S ub stituting this estimate in the sum

ab ove and using step 2, the desired b oundedness of the seq uence (h (uk)) follows.

Step 4 : W e k now that |h (uk)| = h (uk) ≤ N , for some N > 0 (see (28 )). T he remaining

assertions of the theorem follow from standard compactness results (B anach-Alaoglu theorem). W e

use the closed graph theorem to ensure that the limit of the ob tained seq uence b elongs to S (y).

In the case of noisy data we use a generalized discrepancy principle as stopping rule. T he

stopping index is defined as the smallest integer k∗ satisfying

‖F (uk∗)− yδ‖ ≤ τδ (30 )

where τ > 1 still has to b e chosen.

T h eo rem 4 .9 (S tab ility). Let assu m p tion 4 .5 h old, γ < m in
{

1
η
, ρ

2

}

for η and ρ as in (29 ),

0 < α ≤ αk ≤ α, h (u) < ∞ and th e starting valu es u0, ξ0 ∈ L2 (Ω ) satisfy Dξ0

h (u, u0) < γ2

8 for

an u ∈ S (y). M oreover, let δm > 0 be a sequ ence su ch th at δm → 0, and let th e corresponding

stop p ing indices k∗m be ch osen according to (30 ) w ith τ > (1 + ηγ)/(1 − ηγ). T h en for every δm

th e stop p ing index is fi nite and th e sequ ence
(

uk∗
m

)

h as a su bsequ ence converging to an u ∈ S (y)

in th e w eak-∗ topology of B V (Ω ). M oreover, if S (y) ∩Bρ (u) = {u}, th en uk∗
m

∗

−⇀ u in B V (Ω ).

P roof. Step 1 : T his step is analogous to step 1 in the proof of theorem 4.8 . F or each k such

that k < k∗−1, we have
∥

∥F (uk)− yδ
∥

∥ > τδ. B y induction one can prove that ‖uk+ 1 − u‖L2(Ω ) < γ,

and that the nonlinear condition (27) holds. T herefore, lemma 4.3 holds for c = 1
τ

(1 + ηγ) + ηγ.

Step 2 : W e show that the stopping index k∗ is finite. Analogous to step 2 in the proof of theorem

4.8 , we sum up the first k∗ − 1 terms of (27), ob taining

k∗−2
∑

i=0

1

αi

∥

∥yδ − F (ui+ 1)
∥

∥

2
<

γ2

8 (1− c)
. (31 )

S ince for every k < k∗ − 1 the ineq uality
∥

∥F (uk)− yδ
∥

∥ > τδ holds, we use this ineq uality on the

left hand side of the ab ove estimate and conclude that

k∗ <
( γ

τδ

)2 α

8 (1− c)
+ 1 .
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Step 3: In order to prove the convergence of the series in (31 ), notice that the right hand side of

(31 ) does not depend on k∗.

Step 4 : Analogous to step 3 in the proof of theorem 4.8 , we use the B regman distance, and remark

4.1 to conclude that

h (uk∗) ≤ h (u) + |〈ξ0 , u− uk∗〉|

+

k∗−2
∑

i=0

1

αi

∣

∣

〈

F (ui+ 1)− yδ , F ′ (ui+ 1) (u− uk∗)
〉

H

∣

∣

+
1

αk∗−1

∣

∣

〈

F (uk∗)− yδ , F ′ (uk∗) (u− uk∗)
〉

H

∣

∣ .

In the seq uel we estimate the three terms on the right hand side of this ineq uality. F or the first

of them we have ‖u− uk∗‖L2(Ω ) < ρ. Indeed, on step k∗ − 1 we have uk∗ as minimizer of Jδ
αk

(·),

thus Jδ
αk

(uk∗) ≤ Jδ
αk

(u). R earranging the terms and discarding some positive terms, it follows

that D
ξk∗−1

h (uk∗ , uk∗−1) <
δ2

2αk∗−1
+

γ2

8
. F inally, we apply lemma 4.4 with δ < δ =

√

3/4γ2α.

T o estimate the last two terms we use C auchy-S chwarz , assumption 4.5 , lemma 4.2 and 4.3, remark

4.6 together with steps 1 , 2 and 3 ab ove. S ummariz ing, we ob tain

h (uk∗) < h (u) + ρ ‖ξ0‖L2(Ω ) +
(c + 3 + 4ηρ)

(1− c)

γ2

8
+

τδ2 (1 + ηρ) (1 + τ)

α
.

Step 5 : T his step is very similar to step 4 in the proof of theorem 4.8 . W e just need to show that

F
(

uk∗
m

)

→ y. T his convergence follows from the estimate
∥

∥F
(

uk∗
m

)

− y
∥

∥ ≤
∥

∥F
(

uk∗
m

)

− yδm

∥

∥ +
∥

∥yδm − y
∥

∥

≤ (1 + τ) δm

when δm goes to zero.

A Definitions

D efi n itio n A .1 . G iven h (·) a convex fu nctional, one can defi ne th e Bregm an distance w ith respect

to h betw een th e elem ents v, u ∈ d o m h as

Dh (v, u) =
{

Dξ
h (v, u) | ξ ∈ ∂ h (u)

}

,

w h ere ∂ h (u) denotes th e su bdiff erential of h at u and

Dξ
h (v, u) = h (v)− h (u)− 〈ξ , v − u〉 .

W e remark that 〈 , 〉 denotes the standard dual pairing (duality product) with respect to

U
∗ × U .

Another important definition is the generalized solution, we introduce the notion of the h-

m inim izing solu tion b ellow.
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D efi n itio n A .2 . An elem ent u ∈ d o m h ∩ D(F ) is called an h-m inim izing solu tion of (1 ) if it

m inim izes th e fu nctional h am ong every possib le solu tions, th at is,

u = a r g m in {h (u) | F (u) = y} .

W henever we need, we can choose the least-sq uare solution instead the standard solution

F (u) = y.
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Preface

T h e S econ d S y mp osium on S p ec tra l a n d S c a tterin g T h eory w a s p a rt of th e a c tiv ities
of th e In stituto d o Milên io in 2008 a n d h eld in Rec ife a n d S erra mb i, from A ug ust 11 to 22,
2008 . W e h op e oth er sy mp osia on th ese top ic s w ill ta k e p la ce in Rec ife in th e future.

T h e a c tiv ities d urin g th e fi rst w eek of th e sy mp osium took p la ce a t th e P h y sic s De-
p a rtmen t of th e U n v ersid a d e F ed era l d e P ern a mb uco in Rec ife a n d con sisted of fi v e sh ort
courses: T h e sp eed of p rop a g a tion of fron ts for th e rea c tion -d iff usion eq ua tion , b y Ra fa el
Ben g uria from th e Ca th olic U n iv ersity of S a n tia g o, Ch ile, S p ec tra l meth od s in sup ercon d uc -
tiv ity b y Bern a rd H elff er, from th e U n iv ersité d e P a ris-S ud , F ra n ce, G eometric sc a tterin g
th eory w ith a p p lic a tion s to con forma l a n d CR g eometry , b y P eter H islop , from th e U n i-
v ersity of K en tuck y , U .S .A , S h a rp b oun d s on th e n umb er of reson a n ces a n d a p p lic a tion s
to sc a tterin g th eory , b y G eorg i Vod ev , from th e U n iv ersité d e Na n tes, F ra n ce, a n d S ome
ma th ema tic a l p rob lems rela ted to med ic a l ima g in g , b y A n tôn io S á Ba rreto, from P urd ue
U n iv ersity , U .S .A . T h e fi rst four courses w ere in ten d ed for stud en ts a t th e P h .D lev el, w h ile
S á Ba rreto’s course w a s for un d erg ra d ua te a n d b eg in n in g g ra d ua te stud en ts, mostly from
P ern a mb uco a n d n eig h b orin g sta tes.

T h e secon d w eek w a s h eld a t th e b ea utiful b ea ch of S erra mb i, w h ich is 7 0 k m south of
Recife a n d th e a c tiv ities con sisted of ta lk s b y in v ited sp ea k ers.

T h e org a n iz in g committee con sisted of F ern a n d o Ca rd oso, U n iv ersid a d e F ed era l d e P er-
n a mb uco, Bra z il, Vesselin P etk ov , U n iv ersité d e Bord ea ux I, F ra n ce, Did ier Rob ert, U n iv er-
sité d e Na n tes, F ra n ce, A n tôn io S á Ba rreto, P urd ue U n iv ersity , U .S .A , P la men S tefa n ov ,
P urd ue U n iv ersity , U .S .A a n d G un th er U h lma n n , U n iv ersity of W a sh in g ton , U .S .A .

W e a re v ery g ra teful to CNP q (Bra z ilia n Min istry of S c ien ce a n d T ech n olog y ), CA P ES
(Bra z ilia n Min istry of Ed uc a tion ), In stituto d o Milên io, F A CEP E (S ta te of P ern a mb uco),
In tern a tion a l Ma th ema tic a l U n ion , Cla y Ma th ema tic s In stitute a n d to th e Na tion a l S c ien ce
F oun d a tion , g ra n t O IS E 07 3 8 07 9, for th eir fi n a n c ia l sup p ort.
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