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ABSTRACT. In this article a modified Levenberg-Marquardt method coupled
with a Kaczmarz strategy for obtaining stable solutions of nonlinear systems
of ill-posed operator equations is investigated. We show that the proposed
method is a convergent regularization method. Numerical tests are presented
for a non-linear inverse doping problem based on a bipolar model.

1. Introduction. In this paper we propose a new method for obtaining regularized
approximations of systems of nonlinear ill-posed operator equations.

The inverse problem we are interested in consists of determining an unknown
quantity z € X from the set of data (yo,...,yn_1) € YV, where X, Y are Hilbert
spaces and N > 1 (the case y; € Y; with possibly different spaces Yy, ..., Yy_1 can
be treated analogously). In practical situations, we do not know the data exactly.
Instead, we have only approximate measured data yf €Y satisfying

(1) Iyl =yl <6, i=0,...,N—1,

with d; > 0 (noise level). We use the notation d := (dg,...,dn—1). The finite set of
data above is obtained by indirect measurements of the parameter x, this process
being described by the model

(2) Fl(ac)zyl, iZO,...,N—l,

where F; : D; C X — Y, and D; are the corresponding domains of definition.
Standard methods for the solution of system (2) are based in the use of Itera-
tive type regularization methods [1, 6, 11, 12, 13] or Tikhonov type regularization
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methods [6, 19, 23, 24, 25, 20] after rewriting (2) as a single equation F(z) = y,
where

N-—-1
(3) F ::(Fo,...,FN_l):ﬂizo D; — YN

and y := (Yo, ..., yn—1).
The starting point of our approach is the Levenberg-Marquardt method [10, 17,
18, 5] for solving ill-posed problems, which is defined by

B = @), — (F'(20) F'(22) + al) " 'F'(22)"(F(2}) —¢°) -
where F/(z) is the Frechet-derivative of F in z and F/(2)* is its adjoint. Motivated
by the ideas in [8, 4, 9, 3], we propose in this article a loping Levenberg-Marquardt-

Kaczmarz method (L-LMK method) for solving (2). This iterative method is defined
by

(4) szrl = 2} +wr hi,

where

(5) hi = (Fy (xi)*F[/k] () + al) ' (xi)*(y?k] — Fy ()
and

(6) wi = {1 (k) =l =T

0 otherwise

Here o > 0 is an appropriately chosen number (see (11) below), [k] := (kK mod N) €

{0,...,N — 1}, and x} = 29 € X is an initial guess, possibly incorporating some
a priori knowledge about the exact solution, and 7 > 1 a fixed constant (see (11)
below).

The L-LMK method consists in incorporating the Kaczmarz strategy into the
Levenberg-Marquardt method. This procedure is analog to the one introduced in
[8], [4], [9], and [3] regarding the Landweber-Kaczmarz (LK) iteration, the Steepest-
Descent-Kaczmarz (SDK) iteration, the Expectation-Maximization-Kaczmarz
(EMK) iteration, and the Iteratively Regularized Gauss-Newton-Kaczmarz
(IRGNK) respectively. As usual in Kaczmarz type algorithms [22], a group of N
subsequent steps (starting at some multiple k of N) is called a cycle. The L-LMK
iteration should be terminated when, for the first time, all 3:2 are equal within a
cycle. That is, we stop the iteration at

(7) k) = min{IN € N: ‘T?N = I?N—i—l == I?N—i—N}a
Notice that k° is the smallest multiple of N such that
(8) xii =$ig+1=“'=$ig+zva
or equivalently (see Proposition 2 below) such that
Wpe 1 =Wgs =+ =wpsyn—1 = 0.

For exact data (§ = 0) we have wy, = 1 for each k and the L-LMK iteration reduces
to the Levenberg-Marquardt-Kaczmarz (LMK) method. For noisy data however,
the L-LMK method is fundamentally different from the LMK method: The bang-
bang relaxation parameter wy, effects that the iterates defined in (4), (5) become
stationary if all components of the residual vector ||F;(z) — y?|| fall below a pre-
specified threshold. This characteristic renders (4), (5) a regularization method in
the sense of [6] (see Section 4).
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The article is outlined as follows. In Section 2 we formulate basic assumptions
and derive some auxiliary estimates required for the analysis. In Section 3 we prove
a convergence result for the LMK method. In Section 4 we prove a semiconvergence
result for the L-LMK method. In Section 5 a numerical experiment for an inverse
doping problem is presented. Section 6 is devoted to final remarks and conclusions.

2. Assumptions and basic results. We begin this section by introducing some
assumptions, that are needed for the convergence analysis presented in the next sec-
tions. These assumptions derive from the classical assumptions used in the analysis
of iterative regularization methods [6, 12, 20].

(A1) The operators F; and their linearizations F; — see (A2) — are continuous and
the corresponding domains of definition D; have nonempty interior, i.e., there exists
xzo € X, p > 0 such that B,(zg) C ﬂN ' D;, where B »(x0) is the ball of radius p
around zg. Moreover, we assume the ex1stence of C' > 0 such that

9) IFi (@) < C, 2 € By(xo)

(notice that x{ = x¢ is used as starting point of the L-LMK iteration).

(A2) We assume that the local tangential cone condition [6, 12]

(10) [|Fi(z) = Fi(z) = F{()(@ =)y < nlFi(z) - Fi(z)lly,  Va,% € By(o)
holds for some 1 < 1. This is a uniform assumption on the nonlinearity of the
operators F;. Note that F/(x) need not necessarily be the Fréchet derivative of F;

at x, but it should be a bounded linear operator that continuously depends on =,
see (Al).

(A3) There exists an element z* € B,/s(xo) such that F(z*) = y, where y =
(Yo, --.,yn—1) are the exact data satisfying (1).

We are now in position to choose the positive constants o and 7 in (5), (6). For
the rest of this article we shall assume
C? 1

q , T > _+77
l—q L—=n
for some 0 < ¢ < 1.

In the sequel we verify some basic facts that are helpful for the convergence
analysis derived in the next two sections. The first result concerns some useful
identities.

(11) a > >1, n+(1+nrt<g<l1

Lemma 2.1. Let 2, hy and a be defined by (4), (5) and (11) respectively. More-
over, assume that (A1) - (A3) hold true.
a) For all k € N we have

y?k] — Fy (552) - F[/k] (wi)hk = Oé(F[/k] (‘Ti)F[k] (xk) +al)” (yfsk] — Fl (wi))-

b) Moreover, if w =1, we have
hy = —a_lF[lk]( 5" [F[k (@) (2041 — 27) + Fy (z7) — y?k]} )

Fiig (23) (21 —23) + Fog (23) =y = a(Fyy () Fyg (@) +ad) ™ (Fag (22) = ) -
¢c) Define B} := a(ApAp+al)™ (Fi(2) —ypy) = Fiiy (@) (@04 —27) +Fiyg (27) —
yfsk] (we write By = BY for 6 =0). Then

(12) ¢ || Fw (22) = yigll < 1B < (1w () — iyl
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Proof. The proof of a) and b) is straightforward and will be omitted. To prove c)
notice that

. . a
le( AR AR + o)™ (Fiyg (23) =yl = LAl (@) =yl = | Fiy (22) — vy |
with Ay = Fj, (z3). On the other hand, we have ||a(ApA} + of) ™' (Fjyy(z) —
Vi) | < 1w (22) — - O

Remark 1. According to [10] the Levenberg-Marquardt-iteration should be imple-
mented with variable ay, which for the LMK would mean that a4 is chosen in such
a way that hy = h(«) in (5) satisfies

(13) 1F (@) + Fg (22) = w2l = allFw (@) — vl

for some 0 < ¢ < 1. From (12) and monotonicity of the mapping « +— ||BY]|, (see,
e.g., [6]), it follows that a as chosen in (11) is larger than the ay’s defined in [10]
(see [7, Theorem 3.3.1]).

It is worth noticing that Lemma 2.2 as well as Proposition 1 remain valid with
ay, chosen as in (13).

The following lemma is an important auxiliary result, which will be used to prove
a monotonicity property of the L-LMK iteration.

Lemma 2.2. Let 23, hi, a and q be defined by (4), (5) and (11) respectively.
Moreover, assume that (A1) - (A3) hold true. If 28 € B,(xo) for some k € N, then

(14)
241 — 2™ [|* = fleg — 2*||* < 2%“32” [ = )| Foyg (2) = g | + (L + )]
— llafsr — 22ll?,
where Bg is defined as in Lemma 2.1.
Proof. Let Ay, := Fy, (z9). If wgy = 0, (14) is obvious. If wy = 1, it follows from (4),
(5) and Lemma 2.1 that
241 = 2*|I* = flzg — 2|
=2 <$i+1 -}, szrl —a") - ||$i+1 — |
= =207 (Ag(af 4y — 2p) + Flig () — yfsk]a
Ak(ﬂ?iﬂ —z") £ Akﬂ?i + F[k] (l’i) + yfsk]>
— et — 2 l?
= 20 [IBYE +(B], Avlaf - ") = Fig(a) + vl £ Fig @)]
- ||l’i+1 - l’i”Q
=207 [— B + (B, —F(x") + Fyy(23) + Ax(a* — a3))
+ (B, Figy(@™) = yi)] = llagn — il
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Now, applying the Cauchy-Schwarz inequality, (1) and (10) with z = 2* € B, 5(z0),
r =2 € B,(x0), leads to

2241 = &*[1* = llzf — 27|
< 2o [ = I BP + BRI 0l Fgy (22) — Eii (&) £ gy | + | BRIIOw ]
= llakgr — 22
(15) <2 YBR[~ BRI + nll Fyg (k) — gl + (0 + D)o ] — ll2fqr — 23]/
The estimate (14) follows now plugging (12) into (15). O

Our next goal is to prove a monotonicity property, known to be satisfied by
classical iterative regularization methods (e.g., Landweber [6], steepest descent [21]),
and also by Kaczmarz type methods (e.g., loping Landweber-Kaczmarz [8], loping
Steepest-Descent-Kaczmarz [4], loping Expectation-Maximization-Kaczmarz [9]).

Proposition 1 (Monotonicity). Under the assumptions of Lemma 2.2, for all k <
kS the iterates x{ remain in B, (z*) C By(w) and satisfy (14). Moreover,

(16) 2y — 2| < flag —*(*, K<k

Proof. From (A3) it follows that zg € B,/2(z*). If wg = 0, then z{ = 2§ = 2 €
B,/2(z*) and (16) is satisfied with equality for k& = 0. If wy = 1, it follows from
Lemma 2.2 that (14) holds for k = 0. Then we conclude from (6) and (14) that

2741 — |1 = ll2f — 2> < 20| BN [ Fpw (22) =yl [0 + (L +m)7 " —q] .

Due to (11) the last term on the right hand side is non positive. Thus, (16) holds
for k = 0. In particular we have 2§ € B,/2(x*). The proof follows now using an
inductive argument. O

In the next two sections we provide a complete convergence analysis for the L-
LMK iteration, showing that it is a convergent regularization method in the sense
of [6].

3. Convergence for exact data. Unless otherwise stated, we assume in the se-
quel that (A1) - (A3) hold true and that 22, hy, a, 7 and ¢ are defined by (4), (5)
and (11). Our main goal in this section is to prove convergence in the case §; = 0,
1=0,...,N —1. As already observed in Section 1 the L-LMK reduces in this case
to the LMK iteration (i.e. wx =1 1in (6)). For exact data y = (yo,...,y~—1), the
iterates in (4) are denoted by xy, in contrast to 2 in the noisy data case.

Remark 2. It is worth noticing that there exists an zp-minimal norm solution of
(2) in B,2(wo), i-e., a solution #' of (2) such that ||z7 — zq[| = inf{[|z — 20| : = €
B,/2(x0) and F(x) = y}. Moreover, z! is the only solution of (2) in B,/ (zq) N
(zo + ker(F’(x"))*). This assertion is a direct consequence of [11, Proposition 2.1].
For a detailed proof we refer the reader to [12].

In the sequel we derive some estimates that are helpful for the proof of the
convergence result. From Proposition 1 it follows that (14) holds for all k£ € N.
Since the data is exact, (14) can be rewritten as

(17) Nwresr—2* = lze—2*|* < 207 (=) || Bell 1| Fiig (wr) =y | = | wrgr — |-
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Now inserting (12) into (17) and summing over all k, leads to

(18a) g:o | Fg (k) =y I? < af2q(q — )] Hlzo — 2% < oo
(notice that ¢ > 7+ (1 +n)7~! > n), and also to

(18b) > B < al2(g =]~ lro — 7|2 < 0.

On the other hand, neglecting the last term on the right hand side of (17) and
summing over all k, leads to

(18¢c) kzo 1Bkl [ Fry (2x) =yl < af2(g = )]~ zo — 2™ < oo,

Finally, neglecting the first term on the right hand side of (17) and summing over
all k, leads to

[ee]
(18d) Y lleksr — zxl? < Jlwo — 27 < oo
k=0

Theorem 3.1 (Convergence for exact data). For exact data, the iteration xy, con-
verges to a solution of (2), as k — oo. Moreover, if the kernel condition [5)

(19) N(F'(z1)) CN(F'(x) for all z € B,(x),

is satisfied, where F is defined as in (3), then xyp — 7.

Proof. We define ey, := 2 — ;.. From Proposition 1 it follows that ||e;|| is monotone
non-increasing. Therefore, |e|| converges to some e > 0. In the following we show
that ey is in fact a Cauchy sequence.

In order to show that ey, is a Cauchy sequence, it suffices to prove |{e,, —eg, €,)| —
0, |{en — €1,€n)| — 0 as k,l — oo with k& <[ for some k <n <[ [11, Theorem 2.3].
Let k < I be arbitrary, k = koN + k1, | = loN + 11, k1,11 € {0,...,N — 1}, let
ng € {ko,...,lo} be such that

N-1

(20) ZO {||33noN+s+1 - fEnoNJrSH + ||FS($noN+s) - yS”} <

N—-1
< Y {llwioN o1 — Tign sl + 1Fs(ignrs) —wsll},  forall ig € {ko,...,lo},
s=0
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and set n = ngN + N — 1. Therefore

[{en — €k, en)]
n—1

= Yo {(@igr — x4), (w0 — fET)>

= | X o NFy (@) (@isr — z3) + Fg (@) — ypap, 1y (23) (@0 — ITM

<.
B

i
L

~
Il
B

1
L

= 1 a_l <F[/1] (:Ei)(xi—i-l — ,’Ei) + F[l] ((Ez) — y[l],

.
Il

Fly (i) (o — 25) + Fy(a) (@i — 1))

n—1
< 2 o HIB;|| [(1+ ) || Fg(zn) — Fig(z)ll + (1 +n) | Fy(z:) — Fig (2]
n—1
< a M1+ ;ﬂ I Bill [[| Friy (zn) — ypagll + 211 Flig () — wpagll]

(21)
With ¢ = igN + i; we get

£ () — ypa
= ||‘F11 (xnoN-i-N—l) _yi1||

N-2
< ||E1 (xn0N+il) —Yi || + E ||F11 (IHONJrSJrl) - El (IHONJrS)”

S=11

1 N=2
< ||E1 (xn0N+il) — Yiy || + m Z ”F‘i/l ({En0N+S)(ZEn0N+S+1 - IHONJrS)”

S:il
N_
< ||E1 (xn0N+il) — Vi || + 1— Z ||J?n0N+S+1 - :EnoNJrSH
- 77 S:il
C \ N-2
< (14775) Z Ulmmovson = znovesl + 1 Es@nves) = wsll}-
S5=11

Hence, by minimality (20) we get

C _N-1
11 (zn) =yl < (1 + m) Z:O {llzioNtst1 — Ziontsl + | Fs(zign+s) — ysll} -

Inserting this into (21) we obtain

|<6n—€k,6n>|
1 nl C
(22) < 207 () B IF(ee) = all + (14 7= ) (14 0) sums
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with

’n,()fl N-—1

sumy = > > a MF (TigNtiy) (TigN iy 41 — TigN4iy )
i0o=ko 11=0

+Fi1 (IioN“l’il) - yil ||

N—-1
> {lzionts1 — TigNtsll + | Fs(@ignts) — sl }

s=0

no— 1 N—-1 _1 ,
< NS S {5 (07 IF @iow i) @i i1 — i)

10=ko 11=0

2
+Fi1 ($i0N+i1) — Yiy ||>
+ [ Tio N1 — TioNin 12+ 1 (TigN+in) — ¥i ||2}

< N Zn: {04_1||Bz'||2 + | ZioNtir 41 — TigN i |2
~  min{20, 1} 5, o o

B (@in+) = v I}

Hence by (18a), (18c), (18d), (18b), both terms on the right hand side of (22) go

to zero as k,l — co. Analogously one shows that (e, — ¢;,e,) — 0 as | — oo.
Thus, e is a Cauchy sequence and z; = 2f — e; converges to some element

T € X. Since the residuals || Fig(xx) — ypx|| converge to zero, 7 is a solution of

(2)-

Now assume N (F’'(z1)) € N(F'(z)), for z € B,(x0). Since zp41 — xy is ei-
ther zero or hg, it follows from Lemma 2.1 b) that zx41 — 2k € R(F}),(xx)*) C
N(F, ()t C N(F' (1))t € N(F/(2))1. An inductive argument shows that all
iterates x, are elements of xo + N (F’/(z"))L. Therefore, z* € xo + N (F'(2))*. By
Remark 2, z' is the only solution of (2) in B, s(z¢) N (o + N(F/(z7))*), and so
the second assertion follows. O

Remark 3. In order to consider the variable choice of « according to (13) let us
consider for the moment a condition which is slightly stronger than the tangential
cone condition, namely the range invariance condition

(A2’) There exist linear bounded operators R;(Z, ) satisfying

(23)  F/(z) = Ri(z,z)F/(z), |Ri(z,z)—1I| < cg, z,T € By(zo),

2

for some 0 < cg < 1.
Notice that from F/(x)(z — z) :(fo i(x+0(z — x),2)db)
follows that (A2’) implies (A2) with n = cr(1 —cg)~ .

“YF(@) - Fi(x), it

INVERSE PROBLEMS AND IMAGING VOLUME 4, No. 3 (2010), 335-350



ON LEVENBERG-MARQUARDT-KACZMARZ ITERATIVE METHODS 343

If (A2) is substituted by (A2’) in Theorem 3.1, the estimates can be improved to

|<€n—ekven>|

CR ’no—l N—1

2(1 Z
(1—cr) io=ko i1=0

Wi N

{OZOTTHFZI (@) (TioNtir 41 — TigNtin + Fiy (Tion1i) — i |12
0 11

(24) +q%% |‘Fi11 (xi)(xnoN-H'l-i-l - anN"l‘il) + Fil (xnoN-Hd) — Yiy ||2}

N no—1 N—1

o

i0=ko 11=0

Wi s

{710 SO F (20) (@i Nin 41 = TioN+in + Fiy (TigN+in) — Yin |12
aioN+i1

+ Wno N4iq
AngN—+ig

Fi/1 (Ii)(xnoNJrilJrl - InoNJril) + Fil (In0N+il) — Yiy ”2} .

This suggests that if, instead of (20) the index ng is chosen from the more natural
requirement

z_: WngN+s
( OnoN+ts

s=

Fs/(xnoN-i-S)(xnoN-i-s-i-l - xnoN-i-S) + Fo(Tponys) — ys||2 <

ZO e I (@i N o) (i Nts1 — TigN+s) + Fa(@ioNops) — sl
Ss=

for all ig € {ko,...,lo},

then the analysis might extend to the variable parameter choice (13). Note however,

that due to the factor m% (instead of an in this context desirable ip-independent
0N tit

WnoN+ig ) i 0

= L) in (24), this is unfortunately not the case.
noN+iq

factor

4. Convergence for noisy data. Throughout this section, we assume that (A1)

- (A3) hold true and that x, hg, a, T and g are defined by (4), (5) and (11).

Our main goal in this section is to prove that z¢, converges to a solution of (2)

as § — 0, where k¢ is defined in (7). The first step is to verify that, for noisy data,
the stopping index k¢ is well defined.

Proposition 2. Assume 6y := min{dg,...dn_1} > 0. Then kS in (7) is finite,
and the estimate k? = O(6_2) holds true. Moreover,

min

(25) IFi(20s) =9}l < 76,  i=0,...,N—1.

Proof. Assume by contradiction that for every I € N, there exists ai(l) € {0,..., N—
1} such that ||F;q)(ziv4iq)) — yf(l)H > 76;). From Proposition 1 it follows that
(14) holds for k =1,...,IN. Summing over k, leads to

§ INZ1
—llwo —2™||* < Py 2Bl (= ) 1 Fy (1) — o[l + L+ 0)0pg ], LEN.
Using the fact that either wy =0 or ||Fjg(z9) — yfk] | > 70k, we obtain
- INDL gy
(26) [0 — ™7 = k; 2—=|IBill oy [7(a —m) = (L +m)] -
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From equations (12), (26) and the fact that w4y = 1 for all I’ € N, we obtain

62,
(27) oo |2 = [rg—m - (1+m)| 20, reN.

Due to (11), the right hand side of (27) tends to +o00 as | — oo, which gives a
contradiction. Consequently, the minimum in (7) takes a finite value.

To prove k¢ = O(52)), it is enough to take | = k¢ /N € N in (27) and estimate

-1
K< al oo — oI (20r [r(a =) = (L4 0)]63) -

It remains to prove (25). Assume to the contrary that [|Fj(z2,) — y?|| > 79;
for some i € {0,...,N —1}. From (6) and (7) it follows that wys,; = 1 and
xzhﬂ.ﬂ = xiui respectively. Thus, from (14) and (12) it follows that

0 < 207 YBlill [(1- @I Fials ) — 2l + (1 + )]
< 207 |Fi(ags) = ol 12 [0 — @) + (L +m)7 1]

However, since ||F;(22,) — 42| > T6min > 0, the inequality above leads to [(n — q) +
(1+n)7~%] > 0. This contradicts (11), completing the proof of (25). O
Lemma 4.1. Let 6; = (650,...,0;,n-1) € (0,00) be given with lim;_, d; = 0.
Moreover, let y% = (ygj, ce y%il) € YN be a corresponding sequence of noisy data
satisfying ||yfj —yil| <054, i=0,...,N—1, j € N. Then, for each fizred k € N we
have lim;_, o xij = Ty

Proof. The proof of Lemma 4.1 uses an inductive argument in k. First assume
k = 0 and notice that xgj = xo for j € N. Now, take £ > 0 and assume that for

. 5 .
all k' < k we have lim;_. x,, = xx. Two cases must be considered: If w, =1 we
estimate

ey = @il
<l — el + 1y = el
< llay? —
+ |1 (Fy (Ii)*F[/k] (x3) + al)’lF{k] (x9)" — (Fliy (k)" Fig () + al)’lF[’k] ()"l
: Hyfk] — Fiy (xi)H
+ ([ (Flg () * Fyg (ex) + o)™ Fig ()| - yfg — i) — Fir (23) + Fiag ()|
< [l — ]
+9/407 Y Fy(22) — Fy (@) Hlyfy — Fiy (23]
(28)
+1/2a72 {8 + | Firg (23) — Fig (@)1}
where we have used the identity
(A*A+al)'A* — (B*B+al)"'B*
— (A*A+al)"'(A* — B*) + (A*A+ o) " (B*B — A*A)(B*B + o) "' B*
= (A*"A+al)"Y(A— B)*
+ (A*A+al) ' (A"(B—A) + (B* — A")B)(B*B +ol)'B*
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and the estimates
[(A*A+al) 7l <a™t,
[(A*A+al) LA < 1/2a7 Y2,
|A(A*A +al)PA*|| < 1.
for linear operators A, B. Otherwise, if w;, = 0 we have xiﬂrl = :zrij and || Fi (a:ij) -
yfé]ll < 70,;. Therefore,
gy = @il =y = (e +h)ll < oy — il +1/207 2| Flg () =y
< g —anll
+1/2a7 2 {||Fg () = Fg () + 1P (@) = wigg || + gy — v 1}
(29) < o — ]l + 1/20 V2| Fig(an) — Fog (@) + (7 + 1)dr; } -
Thus, it follows from (28), (29), the continuity of Fi, F[’k]7 and the induction

. . 5
hypothesis that Jlirgo Tyl ] = Thte O

Now we are ready to state a semi-convergence result for the loping Levenberg-
Marquardt-Kaczmarz iteration. For the proof, both Proposition 2 and Lemma 4.1
are required.

Theorem 4.2 (Convergence for noisy data). Let §; = (0j0,..., 0;n—1) be a given
sequence in (0,00)N with lim; o 6; = 0, and let y% = (ygj, ceey yf{,'_l) cYY bea

corresponding sequence of noisy data satisfying
§; . .
||yij_yi||§6j-,i7 ZZO)"'vN_lv.]EN-

Denote by ki ==k, (67,y%) the corresponding stopping index defined in (7). Then
xzjj converges to a solution x+ of (2). Moreover, if (19) holds, then xzjj converges
to xf.

Proof. The proof follows the lines of [4, Theor.3.6] (see also [11]) and is divided
into two cases. For the first case Proposition 2 and Lemma 4.1 are needed. For the
second case, we need Proposition 1, Theorem 3.1 and Lemma 4.1. O

5. Numerical experiment.

5.1. Description of the model problem. In this section we introduce a model
which plays a key rule in inverse doping problems related to measurements of the
current flow, namely the linearized stationary bipolar case close to equilibrium.

This model is obtained from the drift diffusion equations by linearizing the
Voltage-Current (VC) map at U = 0 [14, 2], where the function U = U(z) denotes
the applied potential to the semiconductor device. This simplification is motivated
by the fact that, due to hysteresis effects for large applied voltage, the VC-map
can only be defined as a single-valued function in a neighborhood of U = 0. Ad-
ditionally, we assume that the electron mobility p,(x) = u, > 0 and hole mobility
pp(x) = pp > 0 are constant and that no recombination-generation rate is present
[16, 15].
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Under these assumptions the Gateaux derivative of the VC-map ¥ ¢ at the point
U =0 in the direction h € H3/2(92p) is given by the expression

(30) Yo (0)h = / (1n €™y, — pp e "419,) ds,
I

where the concentrations of electrons and holes (4, 9) (written in terms of the Slot-
boom variables) solve

(31a) div (pune" V) = 0 in Q
(31b) div (upe V' V0) = 0 in Q
(31c) 4 = —0 = —h ondfQp
(31d) Vi-v = Vo-v =0 ondQy

and the potential V' is the solution of the thermal equilibrium problem

(32a) NAVY = ¢V’ —e V' C(z) inQ
(32b) VY = Vhi(z) on 9Qp
(32c) vVl =0 on 0Qy .

Here Q C R?is a domain representing the semiconductor device; the boundary 92 of
Q is divided into two nonempty disjoint parts: 92 = 0QxnUIQp. The Dirichlet part
of the boundary 0€2p models the Ohmic contacts, where the potential V' as well as
the concentrations @ and © are prescribed; the Neumann part 9€2x of the boundary
corresponds to insulating surfaces, thus a zero current flow and a zero electric field
in the normal direction are prescribed; the Dirichlet part of the boundary splits
into 9Q)p = 'y UT'1, where the disjoint boundary parts I';, ¢ = 0, 1, correspond to
distinct contacts (differences in U(z) between different segments of 9Q2p correspond
to the applied bias between these two contacts).

The function C(z) is the doping profile and models a preconcentration of ions
in the crystal, so C'(z) = C4(x) — C_(z) holds, where C; and C_ are concentra-
tions of negative and positive ions respectively. In those subregions of €2 in which
the preconcentration of negative ions predominate (P-regions), we have C(z) < 0.
Analogously, we define the N-regions, where C'(x) > 0 holds. The boundaries be-
tween the P-regions and N-regions (where C' changes sign) are called pn-junctions.
Moreover, V4; is a given logarithmic function [2].

5.2. Inverse doping problem. The inverse problem we are concerned with con-
sists in determining the doping profile function C' in (32) from measurements of the
linearized VC-map Xf,(0) in (30). Notice that we can split the inverse problem in
two parts: The first step is to define the function ~(x) := eVo(w), x € Q, and solve
the parameter identification problem

div (upyVa) =0 in div (ppy~1VD) = 0 in Q
(33) @ =—=U(zx) on 9Qp o= U(z) on 0Qp
Viu-v=20 on Oy Vo-v=20 on 00N

for , from measurements of [ (0)[(U) = [ (uayin — ppy~"0y) ds. The second
step consists in the determination of the doping profile in C(z) = v(z) — vy~ !(x) —
AN A(Inv(z)), z € Q. Since the evaluation of C' from 7 can be explicitly performed
in a stable way, we shall focus on the problem of identifying the function parameter
v in (33).
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Summarizing, the inverse doping profile problem in the linearized stationary
bipolar model (close to equilibrium) for pointwise measurements of the current
density reduces to the identification of the parameter « in (33) from measurements
of the DN map

Ay H3?(0Qp) — R.
U fpl (Mn’y'&u - Nzﬂ/_lﬁu) ds
In the formulation of the inverse problem we shall take into account some restrictions
imposed by the practical experiments, namely
i) The voltage profile U € H3/2(0Qp) must satisfy Ulp, = 0 (in practice, U is
chosen to be piecewise constant on the contact I'; and to vanish on I'y);
ii) The identification of v has to be performed from a finite number N € N of

measurements, i.e. from the data {(Ui,AW(Ui))}j\:Ol € [H32(I) x R}N.
Therefore, we can write this particular inverse doping profile problem in the abstract

formulation of system (2), namely
(34‘) ‘FZ(V) = A’Y(UZ) = yiai:Ow'wN_lu

where U; are fixed voltage profiles chosen as above; X := L?(Q) D D(F;) := {y €
L®(Q); 0 < v <v(x) <ym, ae. in Q)Y :=R.

To the best of our knowledge, assumptions (Al) - (A3) are not satisfied for
the Dirichlet-to-Neumann operator A,. Therefore, although the operators F; are
continuous [2], the analytical convergence results of the previous sections do not
apply for system (34).

In the following numerical experiment we assume that nine measurements are
available, i.e. N = 9, in (34). The domain 2 C R? is the unit square, and the
boundary parts are defined as follows

Iy o= {(z,1); € (0,1)}, Ty := {(z,0); x€(0,1)},

oy = {(0,y); y€ (0, 1)} U{(Ly); y€ (0,1)}.
The fixed inputs U;, are chosen to be piecewise constant functions supported in I'y

N T e I
Ui(z) = {07 olse 1=0,...,N—1,

where the points x; are uniformly spaced in [0, 1]. The parameter y to be identified
is shown in Figure 1 (a) (notice that v(x) € [0,10] a.e. in Q). In Figure 1 (b) a
typical voltage source U; (applied at T'g) and the corresponding solution @ of (33)
are shown. In these two pictures, as well as in the forthcoming ones, I'y is the lower
left edge and I'y is the top right edge (the origin corresponds to the upper right
corner).

For comparison purposes we implemented both the L.-LMK and the L-LK iter-
ation. The initial condition for both methods is presented in Figure 2 (¢). The
linear system in the L-LMK is solved inexactly by three CG steps, so the numerical
effort for one step of the L-LMK is three times the one for one step of the L-LK.
In the computations it turned out that the performance of the L-LMK is not very
sensitive to the value of . The “exact* data y;, i =0, ...,8, were obtained by solv-
ing the direct problems (33) using a finite element type method and adaptive mesh
refinement (approx 8000 elements). Artificially generated (random) noise of 5% was
introduced to y; in order to generate the noisy data y? for the inverse problem. In
order to avoid inverse crimes, a coarser grid (with approx 2000 elements) was used
in the finite element method to implement the L-LMK and L-LK iterations.
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Exact Coefficient

Solution of direct problem: Tipical source

100e+02
.18e+01
.836e+01
755e+a1

6732401
591e+01
.509e+01
L427e+01
.345e+01

2642401

100e+01
.809e+00
.818e+00
727e+00

6362400
.545e+00
.455e+00
.364e+00
.273e+00

1820400

182e+01
.100e+a1

-

(a) (b)

FIGURE 1. In picture (a) the parameter v to be identified is shown.
In picture (b) a typical voltage source U; (boundary condition) and the
corresponding solution 4 of (33) are shown.

For both iterative methods the same stopping rule (7) was used. We assumed
exact knowledge of the noise level and chose 7 = 2. In Figure 2 (e) we plot, for
each one of the iterations, the number of non-loped inner steps in each cycle. For
the L-LMK iteration (solid red line) the stopping criterion is achieved after 24
cycles, while the L-LK iteration (dashed blue line) is stopped after 205 cycles. In
this picture one also observes that the computational effort to perform the L-LMK
cycles decreases much faster than in the L-LK iteration.

The quality of the final result obtained with the L-LMK method can be seen
at Figure 2 (b), where the iteration error for the approximation obtained after 24
cycles is depicted. In Figure 2 (a) we present the iteration error for the L-LK
iteration after 205 cycles, when the stopping criterion is reached.

Since the same noisy data and the same stopping rule were used for both itera-
tions, the quality of the final results in Figures 2 (a) and (b) is similar. However, the
L-LMK iteration needed a much smaller number of cycles to reach the stopping cri-
terion than the L-LK iteration (starting from the same initial guess). Moreover, the
number of actually performed inner steps per cycle is much smaller for the L-LMK
iteration. All these observations lead us to conclude that the L-LMK iteration is
numerically much more efficient than the L-LK iteration.

6. Conclusions. In this article we propose a new iterative method for inverse
problems of the form (2), namely the L-LMK iteration. In the case of exact data
this method reduces to the LMK iteration.

In the L-LMK iteration we omit an update of the LMK iteration (within one
cycle) if the corresponding i-th residual is below some threshold. Consequently, the
L-LMK method is not stopped until all residuals are below the specified threshold.
We provide a complete convergence analysis for the L-LMK iteration, proving that
it is a convergent regularization method in the sense of [6]. Moreover, we provide
a numerical experiment for a nonlinear inverse doping problem and observe that
the L-LMK iteration generates results that are comparable with other Kaczmarz
type iterations. The specific example considered in Section 5.2 indicates that the
L-LMK iteration is numerically more efficient than the L-LK iteration.
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.900e+01
.B18e+01
7366401
.655e+01
573e+01
491401
409401
327401
245401
164e+01
.818+00
.000e+00

. 4

100+02
918401
836e+01
75%+01
673e+01
591e+01
509401
4276401
345401
264401
182401
100e+01

Step ..205: Londweber—Kaoczmarz N=9 Step ...24: Levenberg—Kaczmarz N=8

.900e+01
.B18e+01
7366401
.655e+01

573e+01
491401
409401
327401
245401

164e+01
.818+00
.000e+00

. 4

(a) (b)

Initial Guess 1006402 Step ...24: Levenberg—Kaczmarz N=8

918401
836e+01
75%+01

673e+01
591e+01
509401
4276401
345401

264401
182401
100e+01

10 24 50 75 100 125 150 175 205

FIGURE 2. Numerical experiment with noisy data: On picture (a) the
iterative error obtained with the L-LK method after 205 cycles. On
picture (b) the iterative error obtained with the L-LMK method after
24 cycles. On picture (c) the initial condition for both iterative meth-
ods. On picture (d) the approximate solution obtained with the L-LMK
method after 24 cycles. On picture (e) the number of non-loped in-
ner steps in each cycle for L-LMK (solid red) and L-LK (dashed blue),
respectively.
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