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We investigate level-set-type approaches for solving ill-posed inverse problems,
under the assumption that the solution is a piecewise constant function. Our goal
is to identify the level sets as well as the level values of the unknown parameter
function. Two distinct level-set frameworks are proposed for solving the inverse
problem. Among both of them, the level-set function is assumed to be in L.
Corresponding Tikhonov regularization approaches are derived and analysed.
Existence of minimizers for the Tikhonov functionals is proven. Moreover,
convergence and stability results of the variational approaches are established,
characterizing the Tikhonov approaches as regularization methods.
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1. Introduction

Several inverse problems of interest consist of identifying an unknown physical quantity
u € X, that can be represented by a piecewise constant real function over a bounded given
domain €2, from the set of data y € Y, where X, Y are Hilbert spaces. The relation between
the unknown parameter function and the problem data is described by the model

Fu) =y, (D

where F: D(F)C X — Y, what corresponds to the fact that the set of data is obtained by
indirect measurements of the parameter. In practical applications the exact data y € Y'is, in
general, not known. One is given only approximate measured data y° € Y, corrupted by
noise of level § > 0 and satisfying

1 = ylly < 8. )

Level-set approaches in the case where the unknown function u is piecewise constant
distinguishing between two given values, were considered in [1-9]. In this case, since the
level values of u are known, one needs only to identify the level sets of u, i.e. the inverse
problem reduces to a shape identification problem. In the case where the unknown
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function u is a piecewise constant function distinguishing between several given values,
multiple level set approaches were considered in [6,10,11]. For numerical implementations
of level-set-type methods for solving inverse problems, we refer the reader to [12,13].

If the level values of u are also unknown, the inverse problem becomes harder, since
one has to identify both the level sets as well as the level values of the unknown parameter
u. In this case, the dimension of the parameter space increases by the number of unknown
level values.

Our starting point in this article is the assumption that the parameter function u in (1)
is a piecewise constant function assuming two distinct unknown values, i.e. u(x) € {c', ¢*};
a.e. in 2 C R In this case one can assume the existence of an open measurable set D CC Q
st.u(x)=c', xe D=: D, and u(x)=¢*, xe Q/D=: D-.

In this article we propose two level-set approaches to represent the unknown
parameter u:

(1) Standard level set approach (sLS): This approach consists in introducing
the level set function ¢, in L,(£2), which acts as a regularization on the parameter space.
We use the Heaviside projector, H, to represent a solution of (1) in the form

u=c'H@)+ (1 — H(g)) = Py(¢,). (©)

Notice that u(x)=c', x € D;, where the sets D; are defined by D; = {x € Q; ¢(x) >0} and
Dr={x€Q; ¢(x) <0}. Thus, the operator P, establishes a straightforward relation
between the level sets of ¢ and the sets D; representing our a priori knowledge about the
solution u.

Within this sLS framewok, the inverse problem in (1), with data given as in (2), can be
written in the form of the operator equation

F(Py(¢,¢)) =", 4)

In order to obtain approximate solutions to (4), we propose the minimization of the
Tikhonov functional

Gas(®, ) i= (P9, ) = VI + | B H@ )y + B293 0 + Bl 13} (5)

based on TV-L, penalization. Here |H(¢)|py is the functional defined by
[¥lpy:=sup{[q¥V-0dx; 0¢€ Cl(; R, 100l @) < 1}. Concurrent approaches were
proposed in [5,6,14] (using TV penalization) and [3,11] (using 7V-H" penalization).

(2) Piecewise constant level set approach (pcLS): In the sequel, we introduce the
plecewise constant level set function ¢ € Ly(2) such that ¢(x)=1i, xe D;, i=1,2. Then,
defining the auxiliary functions v4(f):=2—1¢ and ¥»(f):=t—1, we represent the
characteristic functions of the subdomains D; in the form xp,(x) = ¥i(e(x)).
Consequently, a solution of (1) can be written in the form

u=cYi(@) + Ya(¢) =: Ppe(¢, ). (6)

Notice that the piecewise constant assumption on ¢ corresponds to the constraint
K(¢) =0, where K(¢):= (¢ — 1)(¢ — 2) is a smooth non-linear operator.
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Within this framework, the inverse problem in (1), with data given as in (2), can be
written in the form of the abstract operator equation

{ F(PP(?(¢’ d )) = yé’ (7)
s.t. ¢ € {L2(2); K(¢) = 0}.

Approximate solutions to (7) can be obtained by minimizing the Tikhonov functional
Gape(@d, ) 1= |F(Pyel, ) = 3P+ BIK@), + | BlPpe@d Dl + ol 12: ] (®)

Notice that the minimization of the functional G, ,. furnishes a regularized solution to the
system of operator equations:
|:F(P[)c(¢a d ))} _ [}'5 }
K(9) 0

The penalization term in (8) corresponds basically to a TV regularization strategy.

One should notice that, in the limit case @ — 0 (Recall that in the presence of noise,
8 > 0, the regularization parameter « is a function of the noisy level, i.e., @ =«(8); see
Theorem 7.) the minimizers (Y, c,) of G, ,. converge to some limit (,¢) satisfying
F(P,.(},¢)) =y and K(y) = 0. Thus, the limit level-set function v is indeed piecewise
constant (as suggested by the name of the approach).

It is worth noticing that « is the unique regularization parameter in the Tikhonov
functionals (5) and (8). The constants B; appearing in these functionals play the role of
scaling factors, which may allow the introduction of a priori information about the
solution. In particular, the factor S5 in (8) relates to a very relevant a priori information,
namely the fact that the unknown parameter is piecewise constant (Remark 5). In
Section 4 we describe in detail the factors B; which are effectively used in the numerical
experiments with exact and noisy data.

This article is outlined as follows. In Section 2 we introduce the concept of generalized
minimizers for the functional G, ; in (5). Basic properties of the generalized minimizers are
verified, as well as regularization properties of the penalization term of G, ;. Moreover, we
derive a convergence analysis for the Tikhonov method related to the sLS approach. We
prove a well-posedness result, and also convergence results for exact and noisy data. In
Section 3 we derive the convergence analysis for the pcLS approach. Section 4 is devoted
to numerical experiments. Level-set-type methods based on the sLS and pcLS approaches
are implemented for solving a two-dimensional inverse potential problem.

2. The sLS approach

We shall consider the model problem described as in Section 1 under the following general
assumptions:

(Al) QC R? d=2, is bounded with piecewise C! boundary 9.

(A2) The operator F: D C L,(22) — Y is continuous and Fréchet-differentiable on D with
respect to the L,-topology, where 1 <p < d/(d—1)=2.

(A3) &, « and B;, j=1,2,3 denote positive parameters.

(A4) Equation (1) has a solution, i.e. there exists a u € L.(2) satisfying F(u) = y; there
exists a function ¢ € L,(€2) satisfying |V¢|#£0 in a neighbourhood of {¢ =0} such that
H(¢)=z e L.(R2) and there exist constants values ¢ € R such that Py(z, /) =u.
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For each ¢ > 0, we define the operator

Pio(¢. ) == c'Ho(g) + (1 — Ho(9)) )

where H, is the smooth approximation to H given by

14+1¢t/e forte[—e,0]

H.(1) = {H .
() for t € R/[—e,0]

2.1. The concept of generalized minimizers

In order to guarantee the existence of a minimizer of G, in (5), we adapt to the level-set
framework described above, the concept of generalized minimizers formulated in [3].

Definition 1 Let the operators H, P,, H, and P, be defined as above.

(a) A vector (z,¢, ) € Loo(Q) x Ly(2) x R? is called admissible when there exists a
sequence {¢y} of Ly(S2)-functions satisfying limy .« [¢x — @llg-1(q) = 0, and there
exists a sequence {g;} € R" converging to zero such that H, (¢x) € L,(2) and
limy o0 [ Hy, (1) — Il () = 0. |

(b) A generalized minimizer of G, ; is considered to be any admissible vector (z, ¢, ¢)
minimizing

Gulz, ¢, ) = IIF(q(z, ) = 1P|} + aR(z, $, ) (10)

over the set of admissible vectors, where ¢: Loo(Q2)xR?*>(z,¢) v c'z+
*(1 —z) € Loo(2), and the functional R is defined by

Rz, ¢.¢) = p(z,8) + Bsllc 120, (11)

with p(z, ¢) ::inf{liminfk_,oo(ﬂl|H€,((¢k)|}3v+ﬂ2||¢k||2Lz)}. Here the infimum is
taken over all sequences {e;} and {¢,} characterizing (z, ¢, ) as an admissible
vector.

2.2. Preliminary results

In the sequel we investigate relevant properties of the admissible vectors as well as
properties of the penalization functional R in (11). We start by verifying some
basic properties of the operators P, ., H, and ¢ that will be necessary in the subsequent
analysis.

LemMma 1 Let Q and p be given as in (A1), (A2). The following assertions hold true.

() Let {z} be a sequence in Lo(2) converging to some element z € Loo(S2) in the
L,-topology and {c,} be sequences of real numbers converging to ¢, j=1,2. Then
q(zk, ¢, ) converges to q(z,¢) in the Ly-topology. _

(i) Let (z,¢) € Loo(R2) x La(S2) be such that H(¢) — z in L,(Q) as e — 0 and let ¢/ € R.
Then P, (¢, /)= q(z,¢) in L,(Q) as ¢ — 0.
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Proof 1t is enough to prove assertion (i). Since 2 is bounded, the constant functions are
in L,(2). Therefore,

19(zxs ) — 4zl 1,0
=llejzx +ei(l —z) —c'z— A1 ~ 210
=llep(zk = 2)+ (et =Dz +ei[(1 =20 = (1 =2D)]+ (G = ADA =2l
<leplllze = 2ll oy +lex = Nzl @)+ Ieilllze = 21l oy + 168 = 1T =211 10
and the assertion follows. [ |

LEmMMA 2 Let (zk,¢k,cJ,;) be a sequence of admissible vectors converging in
L,(R2) x H Q) xR* 10 some (z,¢,¢") in Loo(Q) x Lo(Q) x R, Then (z,¢,¢) is also an
admissible vector.

Sketch of the proof For each keN, it follows from Definition 1 that there exists a
sequence {¢}} in Ly(Q) and a sequence {¢}} in Rsuch that as / — co we have ¢} — ¢ in
H () and HS;c(qb,l{) — zi in L,(2). Thus, we can select a monotone increasing index
function y: N— N such that

i) 1y y(k) -1 y(k) -
& = 28%k-1 > ||¢k — bk ”H—l(sz) =k, ”Ha{,“') (¢k ) - Zk| L@ = k=,
for every k € N. Now, the lemma follows arguing with the triangular inequality. [ |

In the sequel, we prove coercivity and weak lower semi-continuity of the penalization
functional R. These properties are fundamental for the convergence analysis in Section 2.3.
First, however, we briefly recall some facts about the space BV(2). For a proof, we refer the
reader to [15, Chap. 5].

Lemma 3 The following assertions hold true:

(i) The semi-norm || gy is weakly lower semi-continuous with respect to L,-convergence,
ie., if {xi} €BV(Q) converges to Xx in the Lynorm, then xeBV(Q) and
] g < liminfy ., oo | Xk| 5y

(i) BV(R2) is compactly embedded in L,() for 1 <p < d/(d—1). Consequently, any
bounded sequence {x;} € BV(2) has a subsequence converging in L,(2) to some
X €BV(RQ).

LemMmA 4 The functional R in (11) is coercive on the set of admissible vectors.

Sketch of the proof Let (z,$, ') be an admissible vector. From the definition of p(z, ¢)
and the definition of admissible vectors, we can guarantee the existence of sequences
{¢} € L>(Q2) and {e;} € R such that e — 0, ¢ — ¢ in H (), H,, (¢r) — z in L,(R2), and
[11, Lemma 3]

p(z,§) = liminf { 1| He, (90 loy + Bl el 0 }- (12)

From (12), the weak lower semi-continuity of the L,-norm, and part (i) of Lemma 3,
it follows that

Pz ¢) = Bilimint |H, ()l + A2 liminf 91l q) = Bilzlsy + BalldlT e (13)
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Thus, it follows from (11), (13) that B;|z|gy + :32”‘/’”%2(9) + Bl “éz < R(z, ¢, ), conclud-
ing the proof. u

Lemma 5 The functional R in (11) is weak lower semi-continuous on the set of admissible
vectors, i.e. given a sequence {(zx, dr. c,)} of admissible vectors such that zix— z in L,(2),
G — @ in Ly(), dk — ¢ in R, for some admissible vector (z, ¢, ), then

R(z.¢.c) < liminf R(z¢. . ).

Sketch of the proof Since the norm in R? is lower semi-continuous, it is enough to prove
the weak lower semi-continuity of p. We argue by contradiction. Let {(zx, ¢x,c})} and
(z,¢, ) be given as above and assume that p(z, ¢) > lim infi_, o, p(zx, ¢x). Consequently,
there exists a constant ¢ > 0 such that p(z,¢) > c > liminfy,cn p(zx, Px). Arguing as in
[11, Lemma 5] we prove the following Claim.

Claim For every sequence {(z;, ¢y, cJ,' )} of admissible vectors satisfying z;— z in L,(£2) and
¢ — ¢ in H'(Q) such that p(z, ¢;) < ¢, we have p(z,¢) < C.

Notice that this claim is a sufficient condition for the weak lower semi-continuity of p.
Indeed, if the claim holds true, the constant ¢ above cannot exist. [ |

2.3. Convergence analysis

Our first goal is to prove that for any positive parameters «, B, 8, B3, the functional G,
in (5) is well posed.

THEOREM 6 The functional G, in (5) attains minimizers on the set of admissible vectors.

Proof* Notice that the set of admissible vectors is not empty, since (0, 0, 0, 0) is admissible.
Let {(zx, ¢x. ¢})} be a minimizing sequence for G,, i.e. a sequence of admissible vectors
satisfying Go(zk, Pk, dk) — inf G, < G4(0,0,0,0) < co. Then, {Gu(zk, ¢, c’k)} is a bounded
sequence of real numbers. Therefore, {(zx, ¢x, ¢)} is uniformly bounded in BV x L, x R>.
Thus, Lemma 3, the Sobolev compact embedding theorem [16] and the Bolzano—
Weierstral3 theorem guarantee the existence of a subsequence (denoted again by
{(zk, #, ¢})}) and the existence of (z,¢, cj)eLp(Q)xL2(§2)><IR2 such that ¢, —¢ in
Ly(Q), ¢p— ¢ in H (Q), zx— z in L(R) and ¢, — ¢/ in R.

From Lemma 2 we conclude that (z, ¢, ¢/) is an admissible vector. Moreover, from
Lemma 5 together with the continuity of F and ¢ we obtain

infGy = lim Ga(zi. ¢ i) = lim inf { | Fg(zi. ¢}) = 3*II3 + R (2 i )}
> |Fg(z, ) = Y1} + aR(z, ¢, ) = Gulz, b, ),
proving that (z, ¢, ¢/) minimizes G,,. |

In the next theorem we present the main convergence and stability results. The proofs
use classical techniques from the analysis of Tikhonov-type regularization methods
(see, e.g. [17,18]) and will be omitted.

THEOREM 7  The following assertions hold true.

(i) [Convergence for exact data] Assume that we have exact data, i.e. y° =y and B; >0,
Jj=1,2,3. For every a >0 denote by (z4, ¢y, ¢.,) a minimizer of G, on the set of
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admissible vectors. Then, for every sequence of positive numbers {w,} converging to
zero there exists a subsequence, denoted again by {ay}, such that (zy, ,¢ak,c{;,‘) is
strongly convergent in L,(2) x H™Y(Q) x R%. Moreover, the limit is a solution of (4).

(i) [Convergence for noisy data] Let o =w(8) be a function satisfying lims_.o a(5)=0
and limg_, o 8%a(8) "' =0. Moreover, let {5} be a sequence of positive numbers
converging to zero and {y*} € Y be corresponding noisy data satisfying (2). Then,
there exist a subsequence, denoted again by {3;}, and a sequence {a; :=a(8;)} such
that (zy, , g, c{;k) converges in Ly(2) x H Q) x R? 10 solution of (4).

3. The pcLS approach

In the sequel, we consider the model problem described in the introduction under
assumptions (A1)-(A3). Moreover, we also require

(A4’) There exists ue Lo(2) satisfying F(u)=y. Moreover, there exists a function
¢ € BY(Q) C L»(2) and constants ¢' # ¢* € R such that P, y=u and K(¢)=0.
Differently from the operator Py, the operator P,(-, ) (for fixed constants ¢/) is 1-1,
continuous and continuously differentiable from L,(£2) onto L,(£2). Consequently, the set
of admissible vectors for the Tikhonov functional in (8) is defined in the following way.

Definition 2 Let the operator P,. be defined as in (6) and ©>0. A vector
(¢, &) € Ly(Q2) x R? is called admissible when ¢ € BV(Q) and |¢*> —¢'| > .

From (6), it follows that P,. maps admissible vectors to BV(£2). The next two lemmas
are devoted to the investigation of relevant properties of operators K and P, respectively.

Lemma 8 Let K be the operator defined in Section 1. The following assertions hold true:

(1) K is a continuous map from L,(2) to Li(R).
1) If 1D 1, = 0 for some ¢ € Ly(2), then ¢p(x) € {1,2}; a.e. in Q.

Proof Assertion (i) follows from

/W(qs)—/cwns /|<¢—1)(¢—w)|+/ 0 — 20 — B,
Q Q Q

together with the Cauchy—Schwarz inequality. Assertion (ii) follows directly from the
definitions of I and the L;-norm. |

LemMMA 9 Let Py be the operator defined in (6). The following assertions hold true:

() For every admissible vector (¢, ) it holds [Py, Nlpr=>tlolpr-
Moreover, if (¢r, ) is a sequence of admissible vectors converging in L,(2) x R 0
some admissible vector (¢,c’), then
(i) Ppe(¢, c}) converges to P, ) in L(S).
(i) |Ppc(9, C{)|BV < liminfi_, o | Ppe(Pr, C;CNBv'
(V) [Pl Iy = Tl -

Proof  Assertion (i) follows from the identity |P,(¢, Ay =12 — '] |Play.

Assertion (ii): Since ¢} — ¢ in R* and ¢ — ¢ in L,(R), it follows that ¢,¢x — /¢ in
L,(2) and we conclude that Py.(¢x, ¢}) = ct(2 — ¢x) + ci(dr — 1) = Py, ) in L().
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Assertion (iii) follows from part (ii) together with Lemma 3 (i), while assertion (iv) is a
corollary of part (i). |

Notice that Lemma 9 (iv) guarantees the coercivity of the functional |P,.(-, -)|gy (W.r.t.
the L,-norm) on the set of admissible parameters.

We are now ready to state and prove the convergence analysis results for the pcLS
approach. Let Ry.(¢,c) := Bi|Ppe(p, ¢ )lgy + Balld! ||u22{2 be the penalization term of G, .
in (8). Given «a, B, B, B3 > 0, the next result guarantees that the functional G, ,. is well
posed.

TueoreM 10 The functional G . in (8) attains minimizers on the set of admissible vectors.

Proof Let {(d:/(,cJ,;)} be a minimizing sequence for G, ., i.e. a sequence of admissible
vectors satisfying Go, pe(@r, ¢;) = inf Gy pe, k— 0o. Then, {R,(¢r,c))} is a bounded
sequence of real numbers. Therefore, it follows from Lemma 9 (iv) the existence of a
subsequence {¢;} and ¢ € Ly(RQ) such that ¢ — ¢ in L>(). Moreover, from Lemma 9 (i)
and (ii) we conclude that ¢ € BV(Q2) and that this subsequence also satisfies ¢, — ¢
in L,(S2). '

On the other hand, the boundedness of {R.(¢x, ¢)} also guarantees the existence of
subsequences {c,} converging to @ in R>.

Clearly, (¢,7) is an admissible vector. Moreover, from (A2), Lemmas 9 (iii)) and
Lemma 8 (i) it follows that

infGope = lim Gupe(@r. ;)
= liminf | F(Pye(@r. ) = ' I5 + BIK@OIL, + aRpe(d )}
> 1F(Ppe(@® @) = 515 + BsIK@ 1, + Ry @) = G pel @),

proving that (¢, ) minimizes G, .. [ ]

The convergence and stability results in Theorem 7 hold true for the pcLS approach, as
we shall see next.

THeOREM 11 Assume that we have exact data and B; > 0, j=1,2,3. For every a > 0 denote
by (¢, ¢,) a minimizer of Gy . on the set of admissible vectors. Then, for every sequence of
positive numbers {oy} converging to zero there exists a subsequence such that (¢q,c}, ) is
strongly convergent in L,(S2) x H () x R*. Moreover, the limit is a solution of (7).

In the case of noisy data, let a« =a(8) be a function chosen as in Theorem 7. Given a
sequence {8} of positive numbers converging to zero and {y**} € Y be corresponding noisy
data satisfying (2), there exist a subsequence, denoted again by {5}, and a sequence
{ag :=a(8k)} such that (¢, c{;lk) converges in L,(§2) x H () x R? 10 solution of (7).

Notice that the limit elements (¢,c¢’) obtained from the convergence-stability
(Theorem 11) satisfy not only F(Ppc,(¢,ci))=y, but also [|[K(¢)ll,, = 0. Therefore, due to
Lemma 8 (ii), we conclude that the limit level-set function ¢ is piecewise constant.

4. Numerical experiments

In this section we discuss the numerical implementations of iterative methods based on the
sLS and pcLS approaches. We use an inverse potential problem as test problem, similar to
the one considered in [3,11,19-21].
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The forward problem consists of solving on a given Lipschitz domain Q@ cR", for a
given source function u € L,(2), the Poisson boundary value problem

—Aw=u, in 2, w=20 on JQ. (14)

This problem can be modelled by the operator F: L,(2) — L»(92), F(u) :=w,|sq [22]. The
corresponding inverse problem is the so-called inverse potential problem, which consists of
recovering an L,-function u, from measurements of the Cauchy data of its corresponding
potential w (the measurements are available only on the boundary of Q).

Using this notation, the inverse potential problem can be written in the abbreviated
form F(u)=)°, where the available noisy data y° € L,(3$2) have the same meaning as in (2).

It is worth noticing that this inverse problem has, in general, non-unique solution [20].
Sufficient conditions for identifiability are given in [23]. For issues related to redundancy
of data as well as for an example of non-identifiability, we refer the reader to [20].
A generalization of this inverse problem, with the Laplacian replaced by a general elliptic
operator, appears in many relevant applications including inverse gravimetry [22,24],
EEG [25] and EMG [26].

Remark 1 Notice that the operator F above is a continuous and continuously
differentiable mapping from L,(2) to L,(92). Moreover, continuity of F w.r.t. the
L-topology can be proved in the parameter space DD consisting of characteristic functions
(see (A2)).

In our experiments we follow [11] in the experimental setup, selecting 2 =(0, 1) x (0, 1)
and assuming that the unknown parameter is a piecewise constant function of the form
u=14 xp, where DCC Q. In particular, we allow piecewise constant functions u
supported at domains consisting of several connected components. For this class of
parameters no unique identifiability result is known. Nevertheless, our methods prove the
ability to detect the desired (piecewise constant) solutions.

4.1. A level set algorithm based on the sLS approach

The iterative algorithm based on the sLS approach proposed in this article is an explicit
iterative method derived from the formal conditions of optimality for a smooth Tikhonov
functional approximating G, in (5). These optimality conditions can be written in the
form of the system

ap = Leop(@.c' ), ad =L, (p.c'.P), j=12, (15)

where

Leap(@,c',?) = (" — APy ' HAB) F'(Ps (g, ', ) (F(Pye(, ', ) — 1)
— Bi2B2) ' HA(Q)V - [VH(9)/(e + [VH(H)))], (16a)

Ll 4@, c' ) = 2B3) (FI(Pyo(@ ', ODHAS) (F(P, (', — ), (16b)

L2 o (@.¢'s P = 283 (F(Poa(dy ¢, N1 — Ho@) (F(Pu(dy ¢, ) =17 (16¢)
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Table 1. Iterative algorithm based on the sLS approach for the inverse potential problem.

(1) Evaluate the residual ri := F(Ps(¢, C}(, c,%)) — 3% = (W), lag — P, where wy
solves

AM}]{ = P_S',S(d)ka c,’l(a C]2() b
in Q; wr =0, at 0.

(2) Evaluate hy := F'(Ps(¢x, c}(, ci))*(rk) € L,(R2), solving
Al =0, in Q;  hp =1, at 0.
(3) Calculate 8¢y := Leap(i.ch.}) and 8¢} := L, 4(¢x. cl. c}). as in (16).

(4) Update the level-set function ¢ and the level values ¢, j=1,2:

1 4 oy
¢k+1=¢k+&8¢/ﬁ chH:ch—i—&Scjc.

Notice that the operators H and P in G, are substituted by smooth approximations H,
and P, respectively.

Each step of this iterative method consists of three parts (Table 1): (1) The residual
e € Ly(092) of the iterate (¢k,cf€) is evaluated (this requires solving one elliptic BVP of
Dirichlet type); (2) The L,-solution /. of the adjoint problem for the residual is evaluated
(this corresponds to solving one elliptic BVP of Dirichlet type); (3) The update ¢, for the
level-set function and the updates 802 for the level values are evaluated (this corresponds to
multiplying two functions).

Remark 2 In order to improve the regularity of the update 8¢y, the third step in Table 1
can be substituted by

(3) Evaluate the update 8¢ € H'(S2), solving
(] - MA)8¢/( = Ls,a,ﬂ(d’ka C}(a 612()9 iIl Qs (5¢k)u = 07 a-t aQ

where the positive constant u satisfies u < 1. Notice that this corresponds to the
optimality condition for the functional G, in (5) if we add Boul|Ve| ) to the the
penalization term. In [27] such a Tikhonov functional (with u=1) based on BV-H'
regularization was proposed. The corresponding update 8¢ was very smooth and led to a
slow convergence of the iteration.

Remark 3 In [21] another level-set method was proposed in order to attack the inverse
potential problem described above. The level-set method proposed in [21] is different from
the one proposed in this article. The main differences are:

e Here we work with L, level-set functions, while [21] uses the H'
framework.

e In [21] the regularization parameter « > 0 is kept fixed, while here we define
8t=1J/a as time increment and take the limit o — oo in order to derive a
continuous evolution equation for the levelset function (a fixed point equation
related to the system of optimality conditions for the Tikhonov functional).
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e In [21] the iteration is based on an inexact Newton-type method, where the inner
iteration is implemented using the conjugate gradient method. Here the iteration
is based on a gradient type method.

4.2. A level set algorithm based on the pcLS approach

The iterative algorithm based on the pcLS approach proposed in this article is an explicit
iterative method based on the operator splitting technique in [28] and derived from the
optimality conditions for the Tikhonov functional G, ,. in (8). First, the operator G, . is
splitted in the sum Gy, (¢, ¢/) = G, (@) + G. Je(®), where

Gope @) := | F(Ppe(p, ) = ¥ II5 + @Bl Ppel, gy + eBalic! Il
Go p (@) = B3 IK@) 1,

Each step of the iterative method consists of two parts: (i) The iterate (¢x, d,;,) is updated
using an explicit gradient step w.r.t. the operator g;’ o 1€

9 - 9 -
¢k+1/2 = ¢k - %g&pc((ﬁka C;\ )’ C2»+]/2 = C;\ - @g;,pc((pk! 02 )

It is worth noticing that this first part is analogue to steps 1-4 in Table 1.
(ii) The obtained approximation (¢x41/2, ¢}, ) is improved by giving a gradient step

w.r.t. the operator Qipc,, ie.

d
Qr+1 = P12 — diqbgi,pc((pk-&-lﬂ), C;chl = C;C+1/2~

In [29] a similar operator splitting strategy was use to minimize a Tikhonov functional
related to an elliptic inverse problem in EIT.

Remark 4 The pcLS approach described above is characterized by a constraint enforcing
either =1 or ¢ =2 in Q. It is worth noticing that the resulting (two steps) level-set
algorithm relates to the phase field method used by the dynamic interface community to
analyse front propagation problems [30,31].

4.3. First numerical example: exact data

In this first numerical experiment we aim to identify the right-hand side u of (14) from the
knowledge of the exact data y =w,|5o. We assume that the level value ¢>=0 is given, and
that we have to identify only the support of u and the level value ¢' > 0.

The exact data y = F(u) is obtained by solving numerically the elliptic boundary value
problem in (14) at a very fine grid (the word ‘exact’ here means: up to the precision of the
numerical method used for solving the direct problem). In order to avoid inverse crimes,
the direct problem (14) is solved on an adaptively refined finite element grid with 8.804
nodes. However, in the numerical implementation of the level-set method, all
boundary value problems are solved at an uniform grid with 545 nodes (33 nodes at
each boundary side).
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Exact solution of the inverse problem Projection of level set function (at time t=0)

100e+01
.909e+00
.818e+00
7276400
.836e-+00

545400
.455e+00
.364e+00
2736400
.182e+00

909e-01

"mm"““““"“" .000e+00

1506401
136e+01
123e+01
.109e+01
.955e+00

818400
.6820+00
.545e+00
.409¢+00
.273e+00

136e+00
.000e+00

Figure 1. First experiment: the picture on the left-hand side shows the coefficient ey, to be
reconstructed. On the right-hand side, the initial condition for the sLS level-set method.

For this experiment with exact data, the level-set method was tested without the BV
regularization term: we set 8; =0, B> =1 (the choice of B3 is discussed in Remark 5).
Moreover, we chose ¢ =2 in (9).

In Figure 1 the solution uey, of the inverse problem and the initial guess for the
iterative method based on the sLS approach are presented (the initial guess ¢} = 1.5 is used
for the unknown level value). Notice that the support of u is a non-connected proper
subset of Q. In Figure 2 the evolution of the sLS level-set method for the first 1500 iterative
steps is presented. Notice, the shapes of both inclusions are reasonably reconstructed, and
the level value ¢' is accurately reconstructed as well. The iteration is stopped when the
residual drops below the predefined precision |F(Py.(¢x, c,L)) =, < 1072, For
comparison purposes we present in the second line of this figure the evolution of the
BV-H" level-set method [27] for the same initial guess.

The same stop criteria is used. Both methods deliver good approximations for the
support of u as well as for the unknown level ¢'. However, the sLS level-set method uses a
less regular update and converges much faster. In Figure 2 (last line) we present the
iteration error after £ =200 steps for sLS level-set method, and after &£ = 1900 steps for the
BV-H" level-set method.

We performed other numerical simulations with different choice of initial guess (¢, c(‘)),
and observed that the number of iterative steps required in order to obtain a reasonable
approximation (up to the predefined precision of 1072 in the L,-norm) strongly depends
on the choice of the initial guess ¢). On the other hand, the final result is not sensitive with
respect to the choice of the initial guess ¢.

In Figure 3 we present the results obtained for the exact data case which concerns the
level-set method based on the pcLS approach. The initial guess is a smooth (polynomial)
function attaining values in the interval (1, 2). The initial guess for ¢ is the same as before.
The evolution of the pcLS level-set method is shown for the first 1000 iterative steps of the
algorithm presented in Subsection 4.2. As in the previous methods, the shape of the
inclusions could be well reconstructed. The level value ¢' could be accurately reconstructed
as well. For comparison purposes, we used the same stop criterion as before, i.e.
IF(Ppe(rs 1)) = yll, < 1072

Remark 5 What concerns the numerical implementation of the level-set method based on
the pcLS approach, some facts have to be observed:

(1) Due to the operator splitting technique, we compute several times the step-part (i)
before a single calculation of step-part (ii) is performed.
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Step .50 : Level Set Function

Step 500 : Level Set Function

Step ..200 : Rekonstruktionsfehler
103e401

936¢+00
842¢+00
749¢+00
655¢+00

5610400
| [ “680100
(W W 374e+00
i At 2810100
I 1 dite | ’\ 1876400
I ' I
|

936e-01
000e+00

Step ..100 : Level Set Function

Step 800 : Level Set Function

Aol

Step .1900 : Rekonstruktionsfehler

Step ..200 : Level Set Function

13

Step 1900 : Level Set Function

1042401
949¢+00
854¢+00
759e+00
6642400
568e+00
4750400
380e+00
285¢+00
190e+00
948e-01
000e+00

>

Figure 2. First experiment sLS: on the first line, plots of Px,e((i)k,c}ﬁ), k=150, 100,200, for the sLS
level-set method. The pictures on the second line show P; (¢, c,L), k=500, 800, 1900, for the BV—H"
level-set method in [27]. On the third line, the picture on the left hand side shows the iteration error
for the sLS level-set method after k =200 iterations, while the other picture shows the iteration error
for the BV-H" level-set method after k= 1900 iterations.

Level set function (at time 1=0)

Step .2000 : Level—Set Projection

100e+01
909e+00
8180400
7270400
636¢+00
5450+00
455¢+00
3642400
2736400
182400
909¢-01

‘l\ll '\ 000e-+00
(it 1| I '; I
I

Step 1000 : Level-Set Funktion

N

(AN

2070401

Step .2000 : Rekonstruktionsfehler

Step 2000 : Level-Set Funktion

100e+01
909e+00
8180400
7276400
636¢+00
5450+00
455¢+00
3642400
2736400
182400
909¢-01
000e+00

<>

Figure 3. First experiment pcLS: the picture on the top left shows the initial condition for the pcLS
level-set method. On the two subsequent pictures of the first line, plots of ¢y, for k = 1000, 2000. The
bottom left picture shows P,.(¢x., c}() for £ =2000. The bottom right picture shows the iteration error

after kK =2000 iterations.
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(2) Step-part (i) aims to minimize the misfit in the iteration and is the most relevant
component of the iteration step described in Subsection 4.2.

(3) Step-part (ii) aims to drag the iterate ¢, to a piecewise constant (integer valued)
function. If step-part (ii) is implemented too often, all the iterates ¢, become
piecewise constant functions and the operator equation is not satisfied in an
satisfactory way. On the other hand, if step-part (ii) is implemented only
seldom, the iterates ¢, become too smooth and may be trapped in some local
minimizer (due to the non-uniqueness of the inverse potential problem).
Therefore, the determination of how often the step-part (ii) should be
implemented is crucial for the good performance of the algorithm. In our
numerical experiments the step-part (i) was committed in computation of the
initial 100 iterations; then we started computing the step-part (ii) after every 20
iterations. For all test problems considered in our experiments, this strategy
brought good results.

(4) The constant 85 should be chosen in such a way that 3 <« 1 in step-part (ii). This
choice guarantees that the dragging effect resulting from step-part (ii) is not
enforced too strongly. If @B, ~ 2 the iterates once again become piecewise constant
functions and the misfit does not decrease.

4.4. Second numerical example: noisy data

In the sequel we consider once again the inverse potential problem in (14) with the solution
shown in Figure 1. This time, the data y° for the inverse problem is obtained by adding to
the exact data y = F(u) random generated noise of 25%.

As in the previous experiment, the direct problem is solved at a grid that is finer than
the one used in the numerical implementation of the level-set method. The initial guess
(o, c}) is the same as in the experiment with exact data (Figure 1), as well as the value used
for e. For this experiment with noisy data, the level-set method was tested with the BV
regularization term: g; =10">. Moreover, 8, =1. We used the generalized discrepancy
with =2 as stop criteria, i.e. the iteration was stopped when for the first time
I1F(Ps (s 1)) = V2ll, < T6.

In Figure 4 we show the evolution of the level-set method based on the sLS approach,
while in Figure 5 the evolution of the level-set method based on the pcLS approach is
shown. The number of iterative steps required to obtain an acceptable approximation is
similar for both approaches. However, the iterative method based on the sLS approach
produced smoother and slightly more accurate approximate solutions.

For comparison purposes we present the evolution of the BV-H' level-set method [27]
in this noisy data case (Figure 4). The same initial guess and the same stop criteria are
used. The goal is to establish a comparison between the stability of the proposed methods
and the method in [27].

The results in Figure 4 indicate that the sL.S method and the method in [27] are able to
produce approximate solutions with similar accuracy. However, the sLS method requires
much less numerical effort. Indeed, the sLS method requires only k=230 iterative
steps to reach the stop criteria, while the previous method in [27] requires over k = 2000
iterations to reach the same accuracy. These findings corroborate the results obtained in
Section 4.3.
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Step .50 : Level Set Function " Step ..100 : Level Set Function " Step ..230 : Level Set

Step ..500 : Level Set Function Step 800 : Level Set Function Step 2000 : Level Set Function

3sern)

176k

Step ..230 : Rekonstruktionsfehler Step .2000 : Rekonstruktionsfehler

113401
103e+01
927¢+00
824¢+00
7212400
6182400
5156400
412e+00

\" l 309¢+00

L I | 205e+00

'I I 103e+00
"'"“ |

117e401
106e+01
957¢+00
851¢+00
7450400
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532e+00
426e+00
319e+00
213e+00
106e+00
000e+00

000e+00

Figure 4. Second experiment sLS: on the first line, plots of P .(¢x, c,L), k=150,100,230, for the sLS
level-set method. The pictures on the second line show Py (¢, c}(), k = 500, 800, 2000, for the BV—H"
level-set method in [27]. On the third line, the picture on the left-hand side shows the iteration error
for the sLS level-set method after £ =230 iterations, while the other picture shows the iteration error
for the BV—H'" level-set method after k= 2000 iterations.

Figure 5. Second experiment pcLS: on the left, plots of ¢, for k=2000, for the pcLS level-set
method. On the centre the corresponding projection P,.(¢x). On the right-hand side, the iterative
CIror ¢; = |Ps,s(¢ks C11() — Uexact|-

5. Conclusions
Two distinct level-set-type approaches for solving ill-posed problems are proposed, where
the level-set functions are chosen in L,-spaces.

e The first approach (sLS) corresponds to an extension of the results obtained in
[11,27] for H' level-set functions.
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e In the second approach (pcLS) the parameter space consists of piecewise constant
level-set functions. An extra equation is added to (4), namely /C(¢) =0, in order to
enforce the level-set functions to become piecewise constant.

Based on each one of these two level-set approaches, corresponding Tikhonov
functionals are derived. We provide convergence analysis for the resulting Tikhonov
regularization methods.

Numerical experiments for an inverse potential problem are presented and the
implementation of algorithms for both regularization methods is compared. Moreover, we
compare our results with the BV—H' level-set method in [27] in the case of exact and noisy
data. This comparison indicates that, although the sLS method and the BV~H' method are
able to produce approximate solutions with similar accuracy, the numerical effort required
by the sLS method is significantly smaller.
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