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ABSTRACT

This article is devoted to the study of nonstationary Iterated Tikhonov
(nIT) type methods (Hanke M, Groetsch CW. Nonstationary iterated
Tikhonov regularization. J Optim Theory Appl. 1998;98(1):37-53;
Engl HW, Hanke M, Neubauer A. Regularization of inverse prob-
lems. Vol. 375, Mathematics and its Applications. Dordrecht: Kluwer
Academic Publishers Group; 1996. MR 1408680) for obtaining sta-
ble approximations to linear ill-posed problems modelled by oper-
ators mapping between Banach spaces. Here we propose and
analyse an a posteriori strategy for choosing the sequence of reg-
ularization parameters for the nIT method, aiming to obtain a pre-
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defined decay rate of the residual. Convergence analysis of the
proposed nIT type method is provided (convergence, stability and
semi-convergence results). Moreover, in order to test the method’s
efficiency, numerical experiments for three distinct applications are
conducted: (i) a 1D convolution problem (smooth Tikhonov func-
tional and Banach parameter-space); (ii) a 2D deblurring problem
(nonsmooth Tikhonov functional and Hilbert parameter-space); (iii)
a 2D elliptic inverse potential problem.

1. Introduction

In this article we investigate nonstationary Iterated Tikhonov (nlIT) type methods [1,2]
for obtaining stable approximations of linear ill-posed problems modelled by operators
mapping between Banach spaces. The novelty of our approach consists in the introduc-
tion of an a posteriori strategy for choosing the sequence of regularization parameters (or,
equivalently, the Lagrange multipliers) for the nIT iteration, which play a key role in the
convergence speed of the nIT iteration.

This new a posteriori strategy aims to enforce a pre-defined decay of the residual in each
iteration; it differs from the classical choice for the Lagrange multipliers (see, e.g. [2,3]),
which is based on an a priori strategy (typically geometrical) and leads to an unknown
decay rate of the residual.

The inverse problem we are interested in consists of determining an unknown quan-
tity x € X from given data y € Y, where X, Y are Banach spaces. We assume that data are
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obtained by indirect measurements of the parameter, this process being described by the
ill-posed operator equation

Ax =y, (1)

where A : X — Y isabounded linear operator, whose inverse A~! : R(A) — X either does
not exist, or is not continuous. In practical situations, one does not know the data y exactly;
instead, only approximate measured data y? € Y are available with

1y> — ylly <38, @)

where § > 0is the (known) noise level. A comprehensive study of linear ill-posed problems
in Banach spaces can be found in the text book [4] (see, e.g. [1] for a corresponding theory
in Hilbert spaces).

Iterated Tikhonov type methods are typically used for linear inverse problems. In the
Hilbert space setting we refer the reader to [2] for linear operator equations, and also to
[5] for the nonlinear case. In the Banach space setting the research is still ongoing. Some
preliminary results can be found in [3] for linear operator equations; see [6] for the non-
linear case; see also [7]. In all references above, a priori strategies are used for choosing the
Lagrange multipliers.

1.1. Main results: presentation and interpretation

The approach discussed in this manuscript is devoted to the Banach space setting, and
consists in adopting an a posteriori strategy for the choice of the Lagrange multipliers.
The strategy used here is inspired by the recent work [8], where the authors propose an
endogenous strategy for the choice of the Lagrange multipliers in the nonstationary iter-
ated Tikhonov method for solving (1), (2) when X and Y are Hilbert spaces. The penalty
terms used in our Tikhonov functionals are the same as in [6] and consist of Bregman dis-
tances induced by (uniformly) convex functionals, e.g. the sum of the L?>-norm with the
TV -seminorm. In our previous work [9], we implemented the method proposed in this
paper and investigated its numerical performance (two different ill-posed problems were
solved). Here, we extend our previous results by presenting a whole convergence analysis.
Additionally, the corresponding algorithm is implemented for solving three benchmark
problems and more details concerning the computation of the minimizers of the Tikhonov
functional are provided; our numerical results are compared with the ones obtained using
the nIT method using the classical geometrical choice of Lagrange multipliers [6].

In what follows, we briefly interpret the main results: The proposed method defines each
Lagrange multiplier such that the residual of the corresponding next iterate lies in an inter-
val which depends on both the noise level and the residual of the current iterate (see (23)).
This fact has the following consequences: (1) it forces a geometrical decay of the residual
(Proposition 4.1); (2) it guarantees the possibility of computing multipliers in agreement
with the theoretical convergence results (Theorems 4.6, 4.8 and 4.9); (3) the computation
of the multipliers demands less numerical effort than the classical strategy of computing
the multipliers by solving an equation in each iteration; (4) the next iterate is not uniquely
determined by the current one; instead, it is chosen within a set of successors of the current
iterate (Definition 4.7). We also address the actual computation of the Lagrange multipliers.
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Since each multiplier is implicitly defined by an inequality, we discuss a numerically effi-
cient strategy for computing them, which is based on the decrease rate of the past residuals
(Section 5.1).

1.2. Outline of the article

This manuscript is outlined as follows: In Section 2 a revision of relevant background mate-
rial is presented. In Section 3 the new nlIT method is introduced. Section 4 is devoted
to the convergence analysis of the nIT method. In Section 5 possible implementations of
our method are discussed; the evaluation of the Lagrange multipliers is addressed, as well
as the issue of minimizing the Tikhonov functionals. Section 6 is devoted to numerical
experiments, while Section 7 is dedicated to final remarks and conclusions.

2. Background material

For details on the material discussed in this section, we refer the reader to the textbooks
[4,10].

Unless the contrary is explicitly stated, we always consider X a real Banach space. The
effective domain of the convex functional f: X — R := (—00, 00] is defined as

Dom(f) = {xeX:f(x)<oo}.

The set Dom(f) is always convex and we call f proper provided it is non-empty. We call f
uniformly convex if there exists a continuous and strictly increasing function ¢ : Rf — R{
with the property ¢(t) = 0 implies t = 0, such that

FOx+A=0y)+2A=De(|Jx—y]) =A@ +A-=0f (), (3)

forall A € (0,1) andx, y € X. Of course f uniformly convex implies f strictly convex, which
in turn implies f convex. The functional f is lower semi-continuous (in short Ls.c.) if for any
sequence (xx)ren C X satisfying xx — x, it holds

f(x) <lim kinf f (G-

It is called weakly lower semi-continuous (w.lLs.c.) if above property holds true with x; — x
replaced by x;x — x. Obviously, every w.l.s.c functional is Ls.c. Further, any Banach space
norm is w.l.s.c.

The sub-differential of a functional f: X — R is the point-to-set mapping df : X — 2%
defined by

f () = {x" e X*: f(x) + (x",y —x) < f (y) forally € X}.

Any element in the set df (x) is called a sub-gradient of f at x. The effective domain of 9f
is the set

Dom (0f) := {x € X : 9f (x) # ¥}.
It is clear that the inclusion Dom(df) C Dom(f) holds whenever f is proper.
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Sub-differentiable functionals and Ls.c. convex functionals are very close related con-
cepts. In fact, a sub-differentiable functional f is convex and ls.c. in any open con-
vex set of Dom(f). On the other hand, a proper, convex and Ls.c. functional is always
sub-differentiable on its effective domain.

The definition of sub-differential readily yields

0edf(x) < f(x)<f(y) forallyeX.

Iff,g: X — R are convex functionals and there is a point x € Dom(f) N Dom(g) where f
is continuous, then

A(f+g) () =3f (x) +9g(x) forallx € X. (4)

Moreover, if Y is a real Banach space, h: Y — R is a convex functional, b € Y, A: X — Y
is a bounded linear operator and h is continuous at some point of the range of A, then

d(h(-—b)(y) =@h) (y—b) andd(hoA)(x) =A"(3h(Ax)),
forall x € X and y € Y, where A*: Y* — X* is the Banach-adjoint of A. Consequently,
d(h(A-—=b))(x) =A*(0h) (Ax —b) forallx € X. (5)

If a convex functional f: X — R is Gateaux-differentiable at x € X, then f has a unique
sub-gradient at x, namely, the Gateaux-derivative itself: f (x) = {Vf(x)}.
The sub-differential of the convex functional

1
fx)= » IxI?, p=>1, (6)

is called the duality mapping and is denoted by Jj,. It can be shown that for all x € X,
Jp (x) = {x* € X*: (x*,x) = [|«*| x| and |x*| = Ix|P~"}.
Thus, the duality mapping has the inner-product-like properties:
(<) < P y] and  {x"x) = 1201,

forall x* € J,(x). By using the Riesz Representation Theorem, one can prove that J>(x) = x
for all x € X whenever X is a Hilbert space.

Banach spaces are classified according with their geometrical characteristics. Many con-
cepts concerning these characteristics are usually defined using the so called modulus of
convexity and modulus of smoothness, but most of these definitions can be equivalently
stated observing the properties of the functional f defined in (6).! This functional is con-
vex and sub-differentiable in any Banach space X. If (6) is Gateaux-differentiable in the
whole space X, this Banach space is called smooth. In this case, ],(x) = df (x) = {Vf(x)}
and therefore, the duality mapping J,: X — X* is single-valued. If the functional f in (6)
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is Fré chet-differentiable in X, this space is called locally uniformly smooth and it is called
uniformly smooth provided f is uniformly Fréchet-differentiable in bounded sets. As a
result, the duality mapping is continuous (resp. uniformly continuous in bounded sets)
in locally uniformly smooth (resp. uniformly smooth) spaces. It is immediate that uniform
smoothness of a Banach space implies local uniform smoothness, which in turn implies
smoothness of this space. Moreover, none reciprocal is true. Similarly, a Banach space X
is called strictly convex whenever (6) is a strictly convex functional. Moreover, X is called
uniformly convex if the functional f in (6) is uniformly convex. It is clear that uniform con-
vexity implies strict convexity. It is well-known that both uniformly smooth and uniformly
convex Banach spaces are reflexive.

Assume f is proper. Then, choosing elements x, y € X with y € Dom(df), we define the
Bregman distance between x and y in the direction of £ € 9f(y) as

Def (x,y) =1 (x) —f (y) — (. x —y).

Obviously, Def(y,y) = 0 and, since & € 9f(y), it additionally holds that Dgf(x,y) > 0.
Moreover, it is straightforward proving the Three Points Identity:

D¢, f (x2,x1) — Dg,f (x3,%1) = Dgsf (x2,%3) + (€3 — &1, %2 — x3)

for all x; € X, x1,x3 € Dom(df), & € df(x1) and &3 € df (x3). Further, the functional
Def (-, ) is strictly convex whenever f is strictly convex, and in this case, Dgf(x,y) =0
iffx =y.

When f is the functional defined in (6) and X is a smooth Banach space, the Bregman
distance has the special notation Ap(x,y), ie.

Ap(xy) = }, Ixll? — }, Iyl = (7). = ).

Since J; is the identity operator in Hilbert spaces, a simple application of the polarization
identity shows that A, (x, y) = %llx — y|1? in these spaces.
It is not difficult to prove (see e.g. [9]) thatif f: X — Ris uniformly convex, then

¢ ([x=yl) = Def (x.7) (7)

forallx € X, y € Dom(df) and & € 9f(y), where ¢ is the function in (3). In particular, in
a smooth and uniformly convex Banach space X, the above inequality reads ¢ (|lx — y||) <
Ap(x,y).

We say that a functional f: X — R has the Kadec property if for any sequence (xi)ren C
X, the weak convergence x; — x, together with f(xx) — f(x) < oo, implies xx — x. It is
not difficult to prove (see e.g. [6]) that any proper, w.l.s.c. and uniformly convex functional
has the Kadec property. In particular, the norm in a uniformly convex Banach space has
this property.

Concrete examples of Banach spaces of interest are the Lebesgue space LF(S2), the
Sobolev space W"P(Q2), n € N, and the space of p—summable sequences ¢#(R). All
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these Banach spaces are both uniformly convex and uniformly smooth provided that
1 <p<oo.

3. The nIT method

In this section, we present the nonstationary iterated Tikhonov (nIT) type method con-
sidered in this article, which aims to find stable approximate solutions to the inverse
problem (1), (2). The method proposed here is in the spirit of the method in [6]. The
distinguishing feature is the use of an a posteriori strategy for the choice of the Lagrange
multipliers, as detailed below.

For a fixed r>1 and a uniformly convex penalty term f, the nIT method defines
sequences (x;i)keN in X and (S,f keN in X* iteratively by

3 s oq6,.—1 ST 3

= A Ax — D , ,
x = argmindyr [Ax =y |+ Dy f (6% ,)
6 = Ep_y — AT (A — »),

where the Lagrange multiplier )»2 > 0 is to be determined using only information about A,
8,)/5 and xi_l.

Our strategy for choosing the Lagrange multipliers is inspired by the work [8], where
the authors propose an endogenous strategy for the choice of the Lagrange multipliers in
the nonsationary iterated Tikhonov method for solving (1), (2) when X and Y are Hilbert
spaces. This method is based on successive orthogonal projection methods onto a family
of shrinking, separating convex sets. Specifically, the iterative method in [8] obtains the
new iterate projecting the current one onto a levelset of the residual function, whose level
belongs to a range defined by the current residual and by the noise level. Moreover, the
admissible Lagrange multipliers (in each iteration) shall be chosen in a non-degenerate
interval.

Aiming to extend this framework to the Banach space setting, we are forced to intro-
duce Bregman distance and Bregman projections. This is due to the well-known fact that
in Banach spaces the metric projection onto a convex and closed set C, defined as Pc(x) =
arg mingecllz — x||?, loses the decreasing distance property of the orthogonal projection
in Hilbert spaces. In order to recover this property, one should minimize in Banach spaces
the Bregman distance, instead of the norm-induced distance.

For the remaining of this article we adopt the following main assumptions:

(A.1) There exists an element x* € X such that Ax* = y, where y € R(A) is the exact data.
(A.2) fisawls.c. function.

(A.3) fisauniformly convex function.

(A.4) X andY are reflexive Banach spaces and Y is smooth.

Moreover, we denote by QL C X the u-levelset of the residual functional ||Ax — y5 Il
ie.
Q) = {x eX:rlAx—y’|" < r_l,uy}.
Note that, since A is a continuous linear operator, it follows that QL is closed and convex.
Now, given X € Dom(df) and & € df(x), we define the Bregman projection of X onto Q7 ,
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as a solution of the minimization problem

{ min Dgf (x, X)

s.t.r | Ax —y5||r <rlu.

(8)

It is worth noticing that a solution of the problem (8) depends on the sub-gradient &.
Furthermore, since Dgf (-, %) is strictly convex (which follows from the uniformly con-
vexity of f), problem (8) has at most one solution. The fact that the Bregman projection
is well defined when p > § (in this case we set sz (%) := arg minerL Def(x, X)) is a

consequence of the following lemma.
Lemma 3.1: If v > &, then problem (8) has a solution.

Proof: Assumption (A.1), together with equation (2) and the assumption that p > §,
implies that the feasible set of problem (8), i.e. the set 2], is nonempty.

From Assumptions (A.2) and (A.3) it follows that Dgf (-, X) is proper, convex and Ls.c.
Furthermore, relation (7) implies that D¢f (-, X) is a coercive function. Hence, the lemma
follows using the reflexivity of X together with [11, Corollary 3.23].2 |

Note thatif 0 < /< u, then QL, - QL andA_l(y) - QL for all & > §. Furthermore,
with the available information of the solution set of (1), 2§ is the set of best possible approx-
imate solution for this inverse problem. However, since problem (8) may be ill-posed when
1 =8, our best choice is to generate xi from xi_l ¢ Qg as a solution of problem (8),
with X = xi_l and p = pk such that we guarantee a reduction of the residual norm while
preventing ill-posedness of (8).

For this purpose, we analyse in the sequel the minimization problem (8) by means of
Lagrange multipliers. The Lagrangian function associated to problem (8) is

A n
Lo = ~(lAx = YT — ") + Def (%, %).

Note that, for each A > 0, the function L(-,A) : X — R is Ls.c. and convex. For any A > 0
define the functions

7(%4) = argmin L(x, ), Gz(4) = | Am () —y"|" )
eSS

The next lemma provides a classical Lagrange multiplier result for problem (8), which will
be useful for formulating the nIT method.

Lemma 3.2: If |AX — y°|| > 1 > &, then the following assertions are equivalent

1. xis a solution of (8);
2. there exists \* > 0 satisfying x = (X, A*) and G;(L*) = u".
Proof: Tt follows from (2), Assumption (A.1) and the hypothesis 4 > § thatx* € X satisfies
lAx* =" < u".

This inequality implies the Slater condition for problem (8). Thus, since A is continuous
and Dgf (-, X) is Ls.c., we conclude that x is a solution of (8) if and only if there exists A €
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R such that the point (x, A) satisfies the Karush-Kuhn-Tucker (KKT) conditions for this
minimization problem [12], namely

220, GO <u, MGi() —u) =0,  0€dLlxh)

If we assume A = 0 in the relations above, then the definition of the Lagrangian function,
together with the strictly convexity of Dgf (-, x), implies that X is the unique minimizer of
L(-,0). Moreover, since || AX — y°|| > u, we conclude that the pair (X, 0) does not satisfy the
KKT conditions. Consequently, we have A > 0 and G3(A) — p” = 0. The lemma follows
using the definition of 7 (%, 1). [ |

We are ready to present the nIT method for solving (1).

[1] choose an initial guess xp € X and &y € 9f (xp);
[2] choose n € (0,1), T > 1and set k := 0;
[3] while (|Ax} —y*|| > 78) do

[3.1]k:=k+1;

[3.2] compute Ai and x,‘i such that

xi = argl;lei)r(l )»2 1| Ax _},BHr + Dglf_lf(x,xifl) and

8 < Gy (D) = (n8+ 1 —mlAxd_ =)
[3.3] set E,f = S,f_l - )\iA*],(Ax,’z —)’8)-

Algorithm 1: The iterative method.

Properties (4) and (5), together with the definition of the duality mapping J,, imply that
the point xi € X minimizes the optimization problem in [3.2] if and only if

0 € MA T (AxX) — y°) + of () — &_,. (10)
Hence, since Y is a smooth Banach space, the duality mapping J, is single valued and
£ — MA* (A — ) € 9f (x)).

Consequently, Slf in step 3.2 of Algorithm 1 is well defined and it is a sub-gradient of f at
B
x5
Notice that the stopping criteria in Algorithm 1 corresponds to the discrepancy princi-
ple, i.e. the iteration stops at step k(§) defined by

k(8) := min{k > 1;[|Ax; — )’ > 78, j=0,....k—land |Ax; —)°| < 78}. (11)

Remark 3.3 (Novel properties of the proposed method):

— The strategy used here is inspired by the recent work [8], where the authors propose
an endogenous strategy for the choice of the Lagrange multipliers in the nonstationary
iterated Tikhonov method for solving (1), (2) when X and Y are Hilbert spaces.
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— The penalty terms used in our Tikhonov functionals are the same as in [6] and consist
of Bregman distances induced by (uniformly) convex functionals, e.g, the sum of the
L?-norm with the TV -seminorm.

— We present a whole convergence analysis for the proposed method, characterizing it
as a regularization metod.

4. Convergence analysis

In this section, we analyse the convergence properties of Algorithm 1. We begin by present-
ing the following result that establishes an estimate for the decay of the residual ||Ax,‘3 — y‘s Il
It can be proved in much the same manner as [8, Proposition 4.1], and for the sake of brevity
we omit the proof here.

Proposition 4.1: Let (xi)oikfk((g) be the (finite) sequence defined by the nIT method
(Algorithm 1), with 6 > 0 cmdy‘S € Y asin (2). Then,

[14x} —y° 1l — 8] < n[IlAx2_, =y’ Il — 8] < n*[lAxo — y° I = 8], k=1,...,k(®),

where k(8) € N is defined by (11).

As a direct consequence of Proposition 4.1 we have that in the noisy data case, the
discrepancy principle terminates the iteration after finitely many steps, ie. k(§) < oo.
Furthermore, the corollary below gives an estimate for the stopping index k(§).

Corollary 4.2: Let (xi)oikfk(g) be the (finite) sequence defined by the nIT method
(Algorithm 1), with § > 0 and y* € Y as in (2). Then, the stopping index k(8), defined in
(11), satisfies

Axg — || =8
k() < |Iny|'In [M} ey

(t — 1§
In the next proposition we prove monotonicity of the sequence (Dé,f f (", xi))keN and we
. . S S * . .
also estimate the gain Df;f_l fOxg_ ) — Dé,f f (x*, x7), where x* € X satisfies Assumption

(A.1).

Proposition 4.3: Let (.xi)()sksk(a) be the (finite) sequence defined by the nIT method
(Algorithm 1), with § > 0 and y° € Y as in (2). Then, for every x* satisfying Assumption
(A.1) it holds

1
Dysf(*x)) < Dy f(*xp_) = Dy f(xxp ) = A} (1 - ;) lAxg =", (12)

fork=1,...,k() — 1.
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Proof: Using the three points identity we have
Dysf(x*,2) = Dy f(x*,x3_1) = —Dygp O x4_) + (68 — &_poxp — %)
= Dy fapx4_1) — WA T (Axp = y) 2 — 1),
(13)

where the second equality above follows from the definition of é‘,f. Simple manipulations
of the second term on the right hand side above yield

AA* T (AXS — %), 68 — x*) = A2 (1, (Axd —3%), Axd — 3Py + A5 U (Ax) — )00 — )

= 221AxE — 2|+ A8 (A — y0), 0 — ).
(14)

Combining these two relations we obtain
Desf (*,xp) — Dgy f(*,x¢_1) < —Dgs flx %) — AgllAxg — I
+2lAx = Y 1M Y =yl
< =Dy floxi ) = XllAxg =y I
+ A AX) — |1,

where the last inequality follows from (2). Since k € {1,...,k(8) — 1}, we have 74 <
| Ax} — »°||. Thus,

)\5
Desf (") = Dy f(* 1) < =Dy flao_y) =il =y I"+—F 1 Axg — I

We deduce (12) from the above inequality. |

Corollary 4.4: Let (xx)ken be the sequence defined by the nIT method (Algorithm 1) with
8 = 0 and (Ax)ken be the sequence of corresponding Lagrange multipliers. Then, for all k =
1,2,...,and any x* satisfying (A.1), we have

Dg,f(x*,xk) = Dg,_,f (<", xk—1) — D, f (xie» xk—1) — Aiell A — yII” (15)
Consequently, using a telescopic sum, we obtain
oo
> MllAxe = ylI” < oo. (16)
k=1
Proof: In the exact data case, i.e. § = 0 and y° = y, equality (14) becomes
M(A T (Ax — ), X — x*) = Ml Axi — yII".

Combining the formula above with (13), when § = 0, we deduce (15). The result in (16)
follows directly from (15). [ ]
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We now fix a xp € Dom (df) and &) € 9f (xp), and study the existence and uniqueness
of a vector x' € X with the property

Dg,f (x%,xo) = inf {Dg(lf (x,%0) : x € Dom(f) and Ax = y} . (17)

Such an element x" is called a xo—minimal-distance solution and it is the equivalent of the
Xo—minimal-norm solution of (1) in the Hilbert space setting [1].

Lemma 4.5: There exists a unique element x' € X satisfying (17).

Proof: Let (xx)keny C Dom(f) be a sequence satisfying Axx = y and
Dg,f (xx,x0) = a := inf {Dgof (x,x0) : x € Dom(f) and Ax = y} ,

then the sequence (Dg,f (xk, x0))ken is bounded, and because f is uniformly convex we
have that (x;)ren is bounded as well. Since X is reflexive, there exist a vector x € X and a
subsequence (xkj)jeN such that

Xk — X.

It follows that Ax = y and because f is w.l.s.c. we have
Dg,f (X,x0) < liminf Dg f (xkj,x0> = lim Dgf (xkj,xo) =g,
J—>00 J—>00

which implies that X is a xo—minimal-distance solution.
Suppose now that x # z are two xo—minimal-distance solutions. Since f is strictly
convex, so is Dg,f (-, xo), and for any a € (0, 1) we obtain

Dg,f (ax+ (1 — a) z,x0) < aDgf (x,x0) + (1 — ) Dg,f (z,x0) = Dgf (x,%0) »

which contradicts the minimality of x. |

In the next theorem we prove strong convergence of the sequence generated by the nIT
algorithm in the noise-free case to the solution x.

Theorem 4.6: Let (xi)keN be the sequence defined by the nIT method (Algorithm 1) with
8 = 0 and (Ar)ren the sequence of the corresponding Lagrange multipliers. Then, (xi)keN
converges strongly to x'.

Proof: We first prove that (x)ren is a Cauchy sequence in X. Let 0 <[ < m and x* a
solution of (1), using the three points identity we have

De,f (X, X1) — Dgf (5™, x1) = —Deg,, f (5™, Xm) + (Em — &1, X — X7). (18)
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We observe that

m

[Em = & 2m — ) = | Y (& — &1, — x¥)

j=1+1

m

= Z —AJ(]r(AxJ _}/);A(xm - x*»

j=l+1

m
< Y AjllAx — I Axi — yll, (19)
j=l1

where the second equality above follows form the definition of &; and the inequality is
a consequence of the properties of the duality mapping J,. Proposition 4.1, with § = 0,
implies that [|Ax,, — y|| < [|[Ax; — y|| for all j < m. Therefore, we have

m
[(Em — &bxm — x| < D AjllAx — yII”.
j=l+1

Combining the inequality above with (18) we deduce that

m
Dy f (tm» x1) < D f (6%, %1) — D, f (<%, %) + Y Al Ax; — ylI".
j=l+1

From (15) it follows that the sequence (D¢, f (x*, x¢))ken is monotonically decreasing. Thus,
by inequality above and (16) we have Dg f (x;,, x1) — 0asl,m — oo, and from the uniform
convexity of f we obtain that (x;) ke is @ Cauchy sequence in X. Therefore, there is x € X
such that x; — X as k — oo, and since Proposition 4.1 implies that [|Axx — y|| — 0 as
k — oo and A is a continuous map, we conclude that Ax = y.

Now, we prove that X = x'. We first observe that & — & € 9 (Dg,f (-, x0)) (xx), which
yields

<€k — &g, x" — xk> < Dgf (xixo) — Dg,f (xk,X0) .
Thus,

De,f (% x0) < liminf Def (¢ %0) < Deuf (xT,xo) + lim inf <gk — Eoxp — xT>. (20)
k— 00 k— o0

Next, we prove that

lim <5k — &0, X — x*) =0, (21)

k— 00
which in view of (20) will ensure that Dg f (X, x0) < Dg,f (", x0), proving that x = xf

Indeed, using equation (19) with x* = x', for m > I, we have

m m

|<§m_$l>xm_x1‘>‘ = Z —M T (Axk — y) , A — )| < Z M |Axi —y|" — 0

k=I+1 k=I+1
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as | — oo. Then, given € > 0 there exists kg € N such that
s €
k> ko = |(6 = oo — )| < 2.

Now,

ko
‘<§ko — &0, Xk — f)‘ = Z —n (Jr (Axy — y) , Ax — y)
n=1
ko
e D IR
n=1

Since ||Axx — y|| = 0ask — oo, we conclude that there exists a number k; > kq such that
; €
k>k = ’<§k0 — &0, X — X >‘ < 3

Therefore, k > k; implies (§x — &o, xx — x") < €, which proves (21) as we wanted. [ |

Our intention in the remainder of this section is to study the convergence properties
of the family (x]‘z(a))3>0 as the noise level § approaches zero. To achieve this goal we first

establish a stability result connecting x]‘z to xx. Observe that in general, xi 41 is not uniquely
defined from xJ, which motivates the following definition.

Definition 4.7: Let 0 < g < n; < 1 be pre-fixed constants. ¥ € X is called a successor of
xl‘z if
(1) k< k()

(2) There exists 0 < % < oo such that X := arg minyex Tg(x), where Tg is the Tikhonov
functional

T3(x) = 3o [ Ax = |I" + Dgaf (. 0); (22)

(3) The residual ||AX — y‘s || belongs to the interval

[(1 = n0)8 + nollAx} — ¥ Il, (1 — n1)8 + mllAx} — ¥ []. (23)

In other words, there must exist a nonnegative Lagrange multiplier %, s.t. the minimizer
X of the corresponding Tikhonov functional in (22) attains a residual [|AX — y5|| in the
interval (23) (which is defined by convex combinations of the noise level § with the residual
at the current iterate xi).
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In the noisy-data case, as long as the discrepancy principle is not satisfied, the interval
in (23) is a subset of

(8, (1 —n1) 8+ [|Axd — 5[] (24)
because
(1 —=n0)8+m0 |Axy =y’ =8+ n0(r — 1§ > 6.

Therefore, if we consider a sequence generated by Algorithm 1 with the inequalities in
[3.2] replaced by a more restrictive condition, as in item 3 of Definition 4.7, all the pre-
vious results still hold. Further, since ||Ax2 — y‘3|| > 18 > § and ny < ny, it is clear that
interval (23) is non-empty.

We note that interval (23) becomes close to the interval (24) as ny — 0, and there-
fore, the former interval is only a bit larger than the last one for 1y ~ 0. In the noise-free
case, (23) reduces to the non-empty interval

[no | Axk — y| - m | Axk — y||] (25)
and according to Theorem 4.6, the sequence (xx)ken converges to x" whenever Xyl isa
successor of xi for all k € N. In this situation, we call (xx)xeN a noiseless sequence.

Now, we study the behaviour of xi, for fixed k, as the noise level § approaches zero. For

the sake of the notation, we define
)Lk r
Ty (%) = — |Ax — y|" + Dgf (. x0)
for § = 0 (compare it with (22)).

Theorem 4.8 (Stability): Let (5j)jcn be a positive-zero sequence and fix T > 1. Assume
S; 3; 0;

that the sequences (x; Jo<k<k(s)» j € N, are fixed, where X, is a successor of x;! for k =

0,...,k(8)) — 1. Further, assume that Y is a locally uniformly smooth Banach space. If xo is

not a solution of (1), then there exists a noiseless sequence (xi)keN such that, for every fixed

number k € N, there exists a subsequence (3;,,) meN (depending on k) satisfying

Sim

5; 5;
X" = x, &7 — &, and f<xnj’")—>f(xn) asm — oo, forn=0,...,k

Proof: Assume that x is not a solution of Ax = y. We use an induction argument: since
xg = x9 and Eg = &y for every § > 0, the result is clear for k = 0. The argument consists in
successively choosing a subsequence of the current subsequence, and to avoid a notational
overload, we denote a subsequence of (§;) still by (6;). Suppose the result holds true for

some k € N. Then, there exists a subsequence (5))jen satisfying
xf,j — X, é,fj — &, and f(xf,’) — f(xy) asj— o0, forn=0,...,k (26)

. 5 5 ..
where x,, is a successor of x,,_; forn = 1, ..., k. Because ka+1 is a successor of xk’ ,itis true

S;
that k < k(&;) for all j. Due to the same reason, there exists a non-negative number A, such
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that
5 . T(Sj
X1 = Arg N Aij ()
with the resulting residual ||Ax2 N % || lying in the interval (23). Our task now is proving

that there exists a successor x4 1 of xx and a subsequence (§;) of the current subsequence

§: 8; d; . .
such that x| — Xky1, & —> k1 and f(x;/ ) — f(xk41) as j — oo. Since the proof
is relatively large, we divide it in 4 main steps: 1. we find a vector x € X such that

§i _
Xl =X (27)

for a specific subsequence (8j)jen. 2. using the third item in Definition 4.7 we show that

8; .
the sequence ()‘k] )jeN is bounded. Then, we choose a convergent subsequence and define

= lim 2 < oo, (28)
]—)OO
as well as
X1 := argmin Ty, (x) . (29)
xeX

— . Jj .
3. we prove that xx4; = X which guarantees that x;/, | — X1 4. Finally, we prove that
3j .
£ (1) = f (o) asj = oo, (30)

which in view of (27) will guarantee that ka+1 — Xk41 as j — 00, since f has the Kadec
. . . . 3j

property, see last paragraph in Section 2. The last result in turn, will prove that gkjrl —

&x+1. Finally, we validate that xy 1 is a successor of xx, completing the induction argument.

Step 1: From (12) and the uniform convexity of f follows that the sequence (xijJrl)jGN
is bounded. Thus, there exists a subsequence (;) of the current subsequence, and a vector
X € X such that (27) holds true.

Step 2: We claim that, for each k € N fixed, there exists a constant Ay > 0 such that

20 < Amagk forallje N, (31)

. s 3 .
Indeed, assume the contrary. Then, there is a subsequence satisfying A, — oo asj — oc.
But in this case,

8 (.5 5 (i
L. s r Txaj (ka) Txaj ()
liminf — HAka ) —y‘sf H < liminf —*— < lim inf —*
jooo 1 + j—00 )\‘Sj j—o00 )»Bj
k k
s.f (xF xj>
1 r J; ( >k
— lim | - HAxT ]
—oo | 1 /
J )"k
1 D x', %
< lim —¥+—§ﬂy—9 —0.
j—>oo \ 1 )”k]
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This, together with the lower bound of interval (23) implies that x is a solution of Ax=y
because
)

< liminf (HAxij_H — y0 H — 6j> =0, (32)

J—>00

0< 170+1 HAxO y|| = nkH]lirrolQ (HAxgj —

and we have a contradiction. Thus (31) is true. We fix a convergent subsequence and define
Ak as in (28) and x4 asin (29).
Step 3: Observe that

—_ 3; 8;
< (g% — ity )| + el ¢ - xkﬂ

8]
xk+1 Xk

_ 8 & 8
(&> X — xx) — <§k1,xk]+1 - xk]>

+ o -

Thus, from (27) and the induction hypothesis it follows that

. §i _
Jim (650, — ) = G % - x0).

Now, the weak lower semi-continuity of f, together with (27) and the induction hypothesis,
implies that

Dg f (%, xk) = f (X) — f (xx) — (Ep> X — xk)

5 . 5 R 8
< liminff (kaH> — 1_1)rgof (xk]> _jl—lglo <§k1,xkj+l ka>

]—)OO
= hm 1nfD 5f (ka,xk) (33)
From (27) we have
Axiﬁrl —y% ~AX—y asj— oo, (34)

which together with (28) and the lower semi-continuity of Banach space norms yields
— Ak — r —
Ty () = — | A% = y[" + Daf o)

. s T 5 8
fhmmf( st - 401 )

J—>00

5 e o
= lim 1nfTJ (xk_H) < liminf T (xk41) = lim T (xkg1) = Toy (xkt1) -
j>o0 ) jooo ) j=oo 3]

. —_ . . C .. d;
This proves that x = xy.; because xx4 is the unique minimizer of T,\ & Thus, xk’ 1 Xkt

as j — 00. The above inequalities also ensure that liminf;_, T (xk +1) = T, (Xkt1).
iy
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Taking a subsequence if necessary, we can assume that the following sequences converge:

,_ & 3 N .
aj = Dngjf (xk+1,x ) , a= ]1_13)10 aj, (35)
and
re; ‘— HAxsj —y‘SJ' ”r re ;== lim re; (36)
i k+1 , = AT

We can also assume for this subsequence that
1i Jj 5
lim T, (xk+1> = T, (%kt1) - (37)
k

Step 4: Define

¢ := D f (xes1, k)

and obseve that from (33), the inequality ¢ < a holds. Thus, it suffices to prove thata < ¢
to ensure that
. 5]' 5]'
i, Dot (xk+1’xk) = Def (%41, %K)
which will prove (30). We assume that a>c and derive a contradiction. From

(28), (35), (36), (37), together with the definition of limit, it follows the existence of a
number N € N such thatj > N implies

S [ 6 a—c a—c
j j )
T 5 (xk+1) < Ty, (xk+1) + 5 re < rej + ,
A max,k
s a—c a—c
}»kf)»k]—l— and a<aj+

6re

Therefore, for any j > N it holds
Ty (xk41) < Agre+ ¢ = (Ak - Xij) re + Aijre +a—(a—o)
LA LA Y ( )
re rej + —— a+—|—(@—c
~ 6re X7 6hmaxk J 6

8 a—c S [ 5 a—c
i L _ 79 j _
< A rej + aj = szj (xk+1) 3 < Ty, (xk+1),
k

which leads to an obvious contradiction, proving that a < ¢ as we wanted. Hence (30)

holds, and since f has the Kadec property, it follows, in view of (27), that xlij+1 — Xjt1-
This last result, together with the continuity of the duality mapping in locally uniformly
. . 8
smooth Banach spaces, implies that Skj+1 — &yl
It only remains to prove that || Axi; — y|| belongs to interval (25), which will guarantee
that xj4 is a successor of xi. But this result follows from applying the limit j — 0o to the

5 .
sequence [|Ax,’ T % |, which belongs to interval (23). [ |
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Theorem 4.9 (Regularization): Let (j)jen be a positive-zero sequence and fix T > 1.

5 5 5
Assume that the sequences (xkj )o<k<k(s;)» J € N, are fixed, where xkj 41 IS a successor of xk’
fork=0,...,k(5;) — 1. Further, assume that Y is a locally uniformly smooth Banach space.
Then,

8.
lim x . =«
]—1>Holo k(o) T (38)
Proof: The result is clear if x is a solution of Ax = y. Assume this is not the case. We
first validate that the sequence (k(j))je has no convergent subsequences. Indeed, if for
a subsequence (8j,,) men it is true that k(;,) — n as m — oo, then since k(3;,) € N for
all m € N, we must have k(8j,,) = n € N for m large enough. From Theorem 4.8, the sub-

8i . . . 8 .
sequence (x,;" )men has itself a subsequence (which we still denote by (x,;")men) which
converges to Xy, this is,

, 5; ) 5;
lim x” | = lim x,;" = x,.
m—>00 k(‘sfm) m— 00

But x,, is a solution of Ax =y since

. Sim
Iy = Jim_ [y — x|
, . . Sim
< Jim (=l [ = asgs, )

< lim (r+1)4;, =0.
m— 00
As in the proof of Theorem 4.8 (see (32)) we conclude that xq is a solution of Ax =y,
contradicting our assumption. Therefore k(5;) — oo as j — oo.
8.

We now prove that each subsequence of (xk’( 5]-)) jieN has itself a subsequence which con-

verges to x'. This will prove (38). We observe that since any subsequence of (8))jen is
8.

itself a positive-zero sequence, it suffices to prove that (xkj( 8]_)) ien has a subsequence which

converges to x'.
Our first step is proving that, for every € > 0 fixed, there exists a subsequence (which
we still denote by (d;)jen) depending on €, and a number ] = J(¢), such that

IS
i > D s ( a0 ) . 39
ji>]= f,f](,;j)f x xk(sj) <€ (39)
In fact, fix € > 0 and let (xx)ren be the noiseless sequence constructed in Theorem 4.8.

Since xyy1 is a successor of xi for all k € N, the sequence (xi)ken converges to x" (see
Theorem 4.6). Then, there exists a natural number N = N(¢) such that

" 1 Je €
HxN —x H < 5\/; and Dg,f (xT,xN> < 7

From Theorem 4.8 there exists a subsequence (still denoted by (§;)jen) depending on N,
and a number J; € N, depending on ¢, such that

pzn= [Je e < 5 [hoa] <55,
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Since k(8;) — oo, there is a number ], € N such that k(;) > N for all j > J,. It follows
from (12) and the three points identity that for j > J := max{J}, 2},

D s f(x%,xij(sj» <D 5f(x xi)

o)
<D ) Do (o) 8~ 5]
<o () -] (s + =) <
which proves (39).

Choosing € = 1, we can find a subsequence (§j)jen and select a number j; € N such
that

5.
D s (JcT,xJ1 ) <1
e S0 %)
k(1)
Since the current subsequence (j);en is also a positive-zero sequence, the above reasoning

can be applied again in order to extract a subsequence of the current one satisfying (39)
with € = 1/2. We choose a number j, > j; such that the inequality

Dsa( z)f( i](z 2)) = %

holds true. Using induction, it is therefore possible to construct a subsequence (§;,,)men
with the property

i 1
Dgaf(m )f (x xk(sjm)) forallm e N,

which implies that

lim D Sjm f(xT i](’:’sj )> 0,
" ) "

and since f is uniformly convex,

lim

8 .
Jm [}
X —x'"|| =0.
m— 00 H k(‘sjm) H

5. Algorithms and numerical implementation
5.1. Determining the Lagrange multipliers

As before, we consider the function G3(1) = ||Ax), — y(S |", where x; = 7 (A, X) represents
the minimizer of the Tikhonov functional

T3 (x) = 1A Ax — Y||" + Def (x, %).
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In order to choose the Lagrange multiplier in the k-th iteration, our strategy consists in
finding a A > 0 such that Gy, | (Ax) € [ak, br], where

ar = (108 + (1 — o) lAxk—1 —»°II)" and by := (md + A — n) | Axk—1 — °11)".

Here 0 < ng < 11 < 1 are pre-defined constants.

We have employed three different methods to compute Aj: the well-known secant and
Newton methods and a third strategy, here called adaptive method, which we now explain:
fix o1, 05 € (0,1), ¢c; > 1 and some initial value Ag > 0. In the k-th iteration, k > 1, we
define Al‘i = ckki_l, where

ck—101,  if Gy, ()»2_1) < ag—1
k= ck,laz_l, if ka—z()‘ifl) > bp_y, fork>2.
Ck—1> otherwise

The idea behind the adaptive method is observing the behaviour of the residual in last
iterations and trying to determine how much the Lagrange multiplier should be increased
in the next iteration. For example, the residual Gy, , ()»2_1) = ||Axp_1 — y‘S | lying on the
left of the target interval [a;_1, bx—; ], means that Ai_l was too large. We thus multiply cx_;
by a number o7 € (0, 1) in order to reduce the rate of growth of the Lagrange multiplier
)Li, trying to hit the target in the next iteration.

Although the Newton method is efficient, in the sense that it normally finds a good
approximation for the Lagrange multiplier in very few steps, it has the drawback of
demanding the differentiability of the Tikhonov functional, and therefore it cannot be
applied in all situations.

Because it does not require the evaluation of derivatives, the secant method can be used
even for a nonsmooth Tikhonov functional. A disadvantage of this method is the high
computational effort required to perform it.

Among these three possibilities, the adaptive strategy is the cheapest one, since it only
demands one minimization of the Tikhonov functional per iteration. Further, this simple
strategy does not require the derivative of this functional, which makes it fit in a large range
of applications.

Note that this third strategy may generate a Ai such that G, ()»2) & lak, bi] in some
iterative steps. This is the reason for correcting the factors ¢ in each iteration. In our
numerical experiments, the condition Gy, | ()\z) € [ay, bx] was satisfied in almost all steps.

5.2. Minimization of the Tikhonov functional

In our numerical experiments, we are interested in solving the inverse problem (1), where
A:LP(Q) — L*(Q), with 1 < p < 00, is linear and bounded, noisy data y‘S are available,
and the noise level § > 0 is known.

In order to implement the nIT method (Algorithm 1), a minimizer of the Tikhonov
functional (22) needs to be calculated in each iteration step. Minimizing this functional can
be itself a very challenging task. We have used two algorithms for achieving this goal in our
numerical experiments: 1. The Newton method was used for minimizing this functional
in the case p # 2 and with a smooth function f, which induces the Bregman distance in the
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penalization term. 2. The so called ADMM method was employed in order to minimize
the Tikhonov functional for the case p=2 (Hilbert space) and a nonsmooth functional f.
In the following, we explain the details.

First we consider the Newton method. Define the Bregman distance induced by the
norm-functional f(g) := %H g||P , 1 < p < 0o, which leads to the smooth penalization
term Dgf (g, h) = Ap(g, h), see Section 2. The resulting Tikhonov functional reads

Ti(g) = 3AIAg = Y17 + Ap(g k1)
where gi_; is the current iterate. In this case, the optimality condition (10) reads:
F@) = *A* + Jp(g-1) (40)

where g € LP(2) is the minimizer of T} (g) and F(g) := AA*Ag + J,(g).

In order to apply the Newton method to the nonlinear equation (40), one needs to eval-
uate the derivative of F, which (whenever exists) is given by F'(g) = AA*A 4 J,(g). Next
we present an explicit expression for the Géteaux-derivative ]‘[, (g) (the derivation of this
expression is postponed to Appendix A, where the Géteaux-differentiability of ], in LF(€2),
for p > 2, is investigated). Given g € LP(2), with p > 2, it holds

(@) = ((p = DIglP™h),  Vhe IP(Q), (41)

where the linear operator (p — 1)[g|P~2 : h > (p — 1)|g(-)|P~2h(-) is to be understood in
pointwise sense. In the discretized setting, J;,(¢) is a diagonal matrix whose i—th element
on its diagonal is (p — 1)[g(x;) |P—2, with x; being the i—th point of the chosen mesh.

In our numerical simulations, we consider the situation where the sought solution is
sparse and, therefore, the case p & 1 is of our interest. We stress the fact that (A2) (see
Appendix A) holds true even for 1 < p <2 whenever x # 0. Using this fact, one can prove
that (41) holds for these values of p, e.g. if g does not change signal in € (i.e, either g > 0 in
2, or g < 0in ) and the direction h is a bounded function in this set. However, these strong
hypotheses are very difficult to check, and even if they are satisfied, we still expect having
stability problems for inverting the matrix F’(g) if the function g attains a small value in
some point of the mesh, because the function in (A2) satisfies " (x) — oo as x — 0. In
order to avoid this kind of problem in our numerical experiments, we have replaced the
i—th element on the diagonal of the matrix J;,(g) by min{(p — 1)|g(x:) P=2,10°}.

The second method that we used in our experiments was the well-known Alternating
Direction Method of Multipliers (ADMM), which has been implemented to minimize the
Tikhonov functional associated with the inverse problem Ax = y5, where X = Y = R”,
A:R" - R" andf: R" — R is a nonsmooth function.

ADMM is an optimization scheme for solving linearly constrained programming prob-
lems with decomposable structure [13], which goes back to the works of Glowinski and
Marrocco [14], and of Gabay and Mercier [15]. Specifically, this algorithm solves problems
in the form:

min _ {¢(x) + ¢(2) : Mx + Bz = d}, (42)
(x,z)eR" xR™M
where ¢ : R” — Rand ¢ : R” — R are convex proper Ls.c. functions, M : R” — R and
B:R™ — R!are linear operators, and d € R’.
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ADMM solves the coupled problem (42) performing a sequences of steps that decouple
functions ¢ and ¢, making it possible to exploit the individual structure of these functions.
It can be interpreted in terms of alternating minimization, with respect to x and z, of the
augmented Lagrangian function associated with problem (42). Indeed, ADMM consists of
the iterations

X1 = arg min L, (X, zk, Ux)
xeR"
Zie1 = arg min L, (Xk+1,2, U
k1 g min, p (Xiet1, 2, )
U1 = U + p(Mxgy1 + Bzgg1 — d),
where p > 0 and £, is the augmented Lagrangian function
Ly(x,z,u) = ¢(x) + ¢(2) + (u, Mx + Bz — d) + 1 p||Mx + Bz — d||3.

The convergence results for ADMM guarantee, under suitable assumptions, that the
sequences (xx)keN, (Zk)keN and (ux)ren generated by the method are such that My +
Bz —d — 0, p(xx) + ¢ (zx) — s* and ux — u*, where s* is the optimal value of prob-
lem (42) and u* is a solution of the dual problem associated with (42).

For minimizing the Tikhonov functional using ADMM we introduce an additional deci-
sion variable z such that problem of minimizing Ti s (%) for x € X is rewritten into the form
of (42). '

The specific choice of the functions ¢, ¢ and the operators M and B is problem depen-
dent (for a concrete example see, e.g. Section 6.2). This allows us to exploit the special form
of the functional Ti,;, and also to pose the minimization problem in a more suitable form,

in order to be solved numerically.
In all numerical simulations presented in Section 6, the ADMM method is stopped when
[|Mxy 4 Bz — d|| becomes smaller than a predefined threshold.

6. Numerical experiments
6.1. Deconvolution

In what follows we consider the application of the nIT method to the deconvolution
problem modelled by the linear integral operator

1
Ax = f K(s, t)x(t) dt = y(s),
0
where the kernel K is the continuous function defined by

49s(1 —t), s <t

K(s, t) =
0 {49t(1 —5), s>t

This benchmark problem is considered in [3]. There, it is observed that A : LP[0,1] —
Cl[0, 1] is continuous and bounded for 1 < p < co. Thus, A : LP[0,1] — L"[0,1] is com-
pactforl <r < oo.
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Figure 1. Deconvolution problem: Numerical experiments.

In our experiment, A is replaced by the discrete operator A4, where the above integral is
computed using a quadrature formula (trapezoidal rule) over an uniform partition of the
interval [0, 1] with 400 nodes.

The exact solution of the discrete problem is the vector x* € R*% with x*(27) = 2,
x*(72) = 1.25, x*(103) = 1.75, x*(255) = 1.25, x*(350) = 1.5 and x*(i) = 0, elsewhere.*

We compute y = Ajx*, the exact data, and add random Gaussian noise to y € R400 ¢4
get the noisy data y° satisfying ||y — y°|ly < 8.

We follow [3] in the experimental setting and choose 6 = 0.0005, T = 1.001 (discrep-
ancy principle), and Y = L2, For the parameter space, two distinct choices are considered,
namely X = L% and X = 2,

Numerical results for the deconvolution problem are presented in Figure 1 (for sim-
plicity, all legends in this figure refere to the space L!; however, p=1.001 is used in the
computations). The following methods are depicted:

— (BLUE) L?-penalization, Geometric sequence;
— (GREEN) L2-penalization, Secant method;
P
— (RED) L' _penalization, Geometric sequence;
P q
—  (PINK) L% _penalization, Secant method;
— (BLACK) L'%!_penalization, Newton method.

The six pictures in Figure 1 represent:
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[TOP] Iteration error in L>-norm (left);’ residual in L?>-norm (right);

[CENTER] Number of linear systems/step (left); Lagrange multipliers (right);
[BOTTOM] exact solution and reconstructions with Lz—penalization (left); exact
solution and reconstructions with L%!-penalization (right).

6.2. Image deblurring

In the sequel an application of the nIT method to an image deblurring problem is consid-
ered. This is a finite dimensional problem with spaces X = R"” x R" and Y = R" x R".
The vector x € X represents the pixel values of the original image to be restored, and y € Y
contains the pixel values of the observed blurred image. In practice, only noisy blurred data
y) € Y satisfying (2) is available. The linear transformation A represents some blurring
operator.

In the numerical simulations we consider the situation where the blur of the image is
modelled by a space invariant point spread function (PSF). The exact solution is the 512 x
512 Barbara image (see Figure 2), and y° is obtained adding artificial noise to the exact
data y = Ax (here A is the covolution operator corresponding to the PSF).

For this problem the nIT method is implemented with two distinct penalization terms,
namely f(x) = ||x||§ (L? penalization) and f(x) = %llxll% + TV (x) (L*> + TV penaliza-
tion). Here 1 > 0 is a regularization parameter and TV (x) = || Vx||; is the total variation
norm of x, where V : R” x R"” — (R" x R") x (R" x R") is the discrete gradient opera-
tor. We minimize the Tikhonov functional associated with the L? + TV penalization term
using the ADMM described in Section 5.

In our experiments the values u© = 1074, 8 = 0.00001 and T = 1.5 are used. Moreover,
Xo = y‘3 and & = V*(sign(Vxp)) are chosen as initial guesses.

In Figure 2, the exact solution, the convolution kernel, and the noisy data are shown.
The reconstructed images are shown in Figure 3, while the numerical results are presented
in Figure 4. The following methods were implemented:

— (BLUE) L? -penalization, Geometric sequence;
— (RED)L? + T'V-penalization, Geometric sequence;
— (PINK) L? 4 TV-penalization, Secant method;
— (GREEN) L? + TV-penalization, Adaptive method.

The four pictures in Figure 4 represent:

[TOP] Iteration error ||x* — xill;

[CENTER TOP] Residual || Ax — y°||;

[CENTER BOTTOM] Number of linear systems solved in each step;

[BOTTOM] Lagrange multiplier Ax. and 7 = 1.5. Moreover, the initial guesses
Xp = )/8

Remark 6.1: The Tikhonov functional associated with the L? + TV penalization term is
minimized using the ADMM in Section 5. Note that, if f(x) = %llxll% + IVx||; then one
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Figure 2. Image deblurring problem: (LEFT) Point Spread Function; (CENTER) Exact image; (RIGHT)
Blurred image.

50 100 150 200 250 300 350 400 450 500 50 100 150 200 250 300 350 400 450 500

50 100 150 200 250 300 350 400 450 500 50 100 150 200 250 300 350 400 450 500

Figure 3. Image deblurring problem: Reconstructions (TOP LEFT) [2-Geometric; (TOP RIGHT) L2 +
TV-Geometric; (BOTTOM LEFT) L2 + TV-Secant; (BOTTOM RIGHT) L? + TV-Adaptive.

needs to solve
-1 512 L m 52 5 s b
min Do Ax = 7”4 S lix = 1P+ IVl — 19— (5 — )

in each iteration. In order to use ADMM, we sate this problem into the form of (42)
by defining z = Vi, p(x) := % Ax — |2 + Lllx — x> — (&) . x—x} ), ¢(2) =
Izl = IV%_,lli, M = =V, B=Iand d=0.
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Figure 4. Image deblurring problem: Numerical experiments.
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Figure 5. Inverse Potential problem: Numerical experiments.
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6.3. Inverse potential problem

The third application considered in this section, the Inverse Potentinal Problem (IPP), con-
sists of recovering a coefficient function x : Q — R, from measurements of the Cauchy
data of its corresponding potential on the boundary of the domain € = (0,1) x (0, 1).

The direct problem is modelled by the linear operator A : L*(Q) 3 x> wylsq €
L*(3R2), where w € H () solves the elliptic boundary value problem

Aw=x1nQ; w=0, atdf. (43)

Since x € L*(R2), the Dirichlet boundary value problem in (43) admits a unique solution
(known as potential) w € H2(2) N Hé(Q) [16].

The inverse problem we are concerned with, consists in determining the piecewise con-
stant source function x from measurements of the Neumann trace of w at 9S2. Using the
above notation, the IPP can be written in the abbreviated form (1), with data y = w,|3q.

In our implementations we follow [8] in the experimental setup: we set 2 = (0,1) x
(0, 1) and assume that x* € H!() is a function with sharp gradients (see Figure 6).

The boundary value problem (43) is solved for w using x = x*, and the exact data y =
wy|sq for the inverse problem is computed. The noisy data y? for the inverse problem is
obtained by adding to y a normally distributed noise with zero mean, in order to achieve a
prescribed relative noise level.

101
76
51

26

101
76 4
51

26

1 26 51 76 101 1 26 51 76 101

Figure 6. Inverse Potential problem: (TOP LEFT) Exact solution x*. Reconstructions (TOP RIGHT)
L'-Geometric; (BOTTOM LEFT) L'-Newton; (BOTTOM RIGHT) L'-Adaptive.
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In our numerical implementations we set T = 5 (discrepancy principle constant), § =
0.5% (relative noise level), and the initial guess xp = 1.5 (a constant function in €2). For the
parameter space we choose X = LP(Q2) with p = 1.5, while the data spaceis Y = L2(0).

Numerical results for the Inverse potential problem are presented in Figure 5. The
following methods are depicted:

— (RED) LP-penalization, Geometric sequence;
— (BLACK) LP-penalization, Newton method;
— (BLUE) LP-penalization, Adaptive method;

The four pictures in Figure 5 represent: [TOP] Iteration error in LP-norm;
[CENTER TOP] Residual in L?-norm; [CENTER BOTTOM] Number of linear Sys-
tems/step; [BOTTOM] Lagrange multipliers.

The corresponding reconstruction results are shown in Figure 6: [TOP LEFT]
Exact Solution; [TOP RIGHT] geometric method; [BOTTOM LEFT] Newton method;
[BOTTOM LEFT] Adaptive method.

7. Conclusions

In this manuscript we investigate a novel strategy for choosing the regularization parame-
ters in the nonstationary iterated Tikhonov (nIT) method for solving ill-posed operator
equations modelled by linear operators acting between Banach spaces. The novelty of
our approach consists in defining strategies for choosing a sequence of regularization
parameters (i.e. Lagrange multipliers) for the nIT method.

A preliminary (numerical) investigation of this method was conducted in [9]. In the
present manuscript we derive a complete convergence analysis, proving convergence, sta-
bility and semi-convergence results (see Section 4). In Sections 6.1 and 6.2 we revisit two
numerical applications discussed in [9]. Moreover, in Section 6.3 we investigate a classi-
cal benchmark problem in the inverse problems literature, namely the 2D elliptic Inverse
Potential Problem.

The Lagrange multipliers are chosen (a posteriori) in order to enforce a fast decay of the
residual functional (see Algorithm 1 and Section 4). The computation of these multipliers is
performed by means of three distinct methods: (1) a secant type method; (2) a Newton type
method; (3) an adaptive method using a geometric sequence with non-constant growth
rate, where the rate is updated after each step.

The computation of the iterative step of the nIT method requires the minimization of
a Tikhonov Functional (see Section 4). This task is solved here using two distinct meth-
ods: (1) in the case of smooth penalization and Banach parameter-spaces the optimality
condition (related to the Tikhonov functional) leads to a nonlinear equation, which is
solved using a Newton type method; (2) in the case of nonsmooth penalization and Hilbert
parameter-space, the ADMM method is used for minimizing the Tikhonov functional.

Notes

1. The differentiability and convexity properties of this functional are independent of the particular
choice of p > 1.
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. This Lemma guarantees that, given a reflexive Banach space E, and a nonempty closed convex

set A C E, then any convex Ls.c proper function ¢ : A — (—00, 00] achieves its minimum on
A

. Here (1) is replaced by Ag = y‘s.
. Notice that we are dealing with a discrete inverse problem, and discretization errors associated

to the continuous model are not being considered.

. For the purpose of comparison, the iteration error is ploted in the in L?-norm for both choices

of the parameter space X = L? and X = L'0%1,
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Appendix

In this appendix we discuss how to compute the Gateaux derivative of J,. Given g € LF(), the key
idea for deriving a formula for ]1/7 (g) is to observe the differentiability of the function y : R 5 x —

p~!lx|P € R. This function is differentiable in R whenever p > 1 and, in this case it holds

1, ifx>0
y'(x) = |x|P~'sign(x), wheresign(x) =10, ifx=0. (A1)
-1, ifx<0

Furthermore, y is twice differentiable in R if p > 2, with derivative given by
y" (0 = (p—1) x> (A2)

This formula still holds true for 1 < p < 2, but only in R\{0}. In this case, y”(0) does not exist and
y"(x) grows to infinity as x approaches to zero.

Since J,(g) = (% ||g||€1,)/ can be identified with

Jp (8) = lg” " sign(g) (A3)

(see [10]), which looks very similar to y’ in (A1), the bounded linear operator ]I’,(g) LP(Q) —

L”"(2) should be in some sense similar to y” in (A2). We then fix g € LP(2) with p > 2 and try to
prove (41), i.e.

(@) () = {(p— DIgP~2 k), Vhe L),

where the linear operator (p — 1)|g|P’2 th— (p— 1)|g(-)|P’2h(-) is to be understood in pointwise
sense. This ensures that ], is Gateaux-differentiable in LP(2) and its derivative ]}’, can be identified
with (p — 1| - |P72.

Note that, given h € LP(2), equality (41) holds iff }imoft = (p— D|g(-)|P~2h(-), where f; : @ —

R is defined by f; (x) := ¢! Up(g + th) — J5(9)1(x). This is equivalent to prove that

P _
e = 0.

lim |[f; = (p = DIg)F*h()|
In view of (A3) and (A2), it follows that for each x € Q2 fixed we have
lim () = lim ¢~ 1g06) + th() P~ sign(g(x) + th(x) — g1~ sign(g(x) |

d
= a[|g(x) + th(0) P~ sign(g(x) + th(x))]

t=0

= [0 = DIg® + (P ?h0)] _ = (o~ DIgIh.

=
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Thus, making use of Lebesgue’s Dominated Convergence Theorem, we conclude that

. - . , YN
lim [fi = (p = DIgOP2hO) [ g = lim /Q i) = (0 = DIgCOPheo) | dx

).

lim i) — (p = Dlg k(| dx=0.

which proves (41).



