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A relative error tolerant iterated-Tikhonov method for solving

ill-posed problems
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Abstract

In this manuscript we propose and analyze an inexact iterated-Tikhonov method with rela-
tive error tolerance (ret-iT method) for obtaining, in a stable way, approximate solutions to linear
ill-posed operator equations. Convergence analysis is provided. Numerical experiments are pre-
sented for an exponentially ill-posed elliptic problem, demonstrating significant improvement in

performance compared to standard implementations of the iterated-Tikhonov (iT) method.

Keywords. Ill-posed problems; Iterated Tikhonov method; Inexact method; Relative error tolerance.

AMS Classification: 65J20, 47J06.

1 Introduction

The problem we are interested in consists of determining an unknown quantity z* € X from a set of
data y* € Y, where X, Y are Hilbert spaces. This is the tipical setting of inverse problems [1, 23, 26],
where an unknown quantity of interest x* must be determined, based on information obtained from
some set of measured data.
In practical situations, we do not know the data y* € Y exactly. Instead, only approximate measured
data y° € Y satisfying
Iy’ — Il < 4, (1.1)

is at hand. Here § > 0 represents the (known) level of noise, i.e. the accuracy of the measurements
is known. The available noisy data y° € Y are obtained by indirect measurements of the (unknown)

parameter, this process is described by the mathematical model
Az = ¢, (1.2)

where A : X — Y, is a bounded linear ill-posed operator, whose inverse A~! : Y — X either do not

exist, or is not continuous.
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The iterated-Tikhonov (iT) method

The starting point of our approach is the iterated-Tikhonov (iT) method [1, 8, 23]. The iT method is
an efficient alternative for obtaining approximate solutions to the linear ill-posed problem (1.1), (1.2).

The step of this iterative method reads
I?T,k (= argmin, {Ak”AJ? — I+ |z — x?T,k—le} ) (1.3)

where (M) > 0 is an appropriately chosen sequence of Lagrange multipliers [2]. This is equivalent to
compute xfmk € X such that

)‘kA*(Ax?T,k —y°) + w?T,k - wa,kﬂ = 0, (1.4)

here A* is the adjoint operator to A. The literature on the iT method is extense and focus on distinct
aspects, e.g., regularization properties [7, 12, 22, 21], rates of convergence [15, 28|, a posteriori strategies

for choosing the Lagrange multipliers [2], ciclic iT type methods [5].

An inexact iT method with relative error tolerance (ret-iT)

In this article we propose and analyze an inexact version of the iT method (1.3). The step of our
iterative method is defined by relaxing (1.4) and computing an approximate solution to this equation
(a relative error is allowed); see (2.3) for details.

The motivation for adopting this strategy is clear: computationaly, it is less expensive to obtain a
solution to a relaxed problem than to calculate the exact solution (up to the computer precision) to the
original problem.

We are able to estimate the progress towards the solution of the iterate in the ret-iT method, and
compare this progress with the one obtained in the iT method (see Section 2). We observe that they
exhibit comparable quality. The numerical findings presented in Section 5 support this conclusion.

Inexact Newton methods for the stable solution of nonlinear ill-posed problems have been considered
in the literature (see, e.g., Rieder [25, 27] and Hanke [17, 18]). In all these approaches the criteria for
computing an inexact Newton step are based on relative residual tolerance. The careful reader observes

that the ret-iT method is not a reduction of those algorithms to the linear setting.

Outline of the manuscript

In Section 2 we define the inexact step for the iterated-Tikhonov type method considered in this article;
see (2.3). Some preliminary inequalities are established and a gain estimate is derived (Lemma 2.4).
The relative error tolerant iterated-Tikhonov (ret-iT) method is presented in Section 3. First the
exact data case is considered (see Algorithm 1); a monotonicity result is proved (Proposition 3.1) as well
as a convergence result (Theorem 3.3). In the sequel, the noisy data case is addressed (Algorithm 2);
finiteness of the stopping index is proved (Proposition 3.7) as well as monotonicity of the iteration
error (Lemma 3.5). Under appropriate assumptions (Assumption 3.9, existence of an inner iteration)
we prove stability and semiconvergence results for the proposed method (Theorems 3.10 and 3.11). In
Section 4 we prove that the Conjugate Gradient (CG) method, combined with a particular stoping

rule, satisfies Assumption 3.9. Section 5 is devoted to numerical experiments. The Inverse Potential

eq:it-exa

eq:it-exa
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Problem (IPP) is used to test the efficiency of the proposed method. Conclusions and final remarks are

presented in Section 6.

2 Defining the inexact step of the ret-iT method

In this section we introduce the step of the relative error tolerant inexact iterated- Tikhonov method
(ret-iT) considered in these notes.

We discuss first a single step of the proposed method. Let x27 1 be the current iterate and A\;, > 0 be
an appropriately choosen Lagrange multiplier. In the iT method (1.3), the next iterate is the solution
of

MA (Az —y°) vz —22_ | = 0. (2.1)

For our aims, it is convenient to rewrite this equation as
r = 28 | — MA*(Az —5%). (2.2)

The method proposed in this work is based on a relaxation of equation (2.1) combined with a
modified update rule. More precisely, given the current iterate xiA € X, one computes an auzxiliary
point fi € X such that

INA* (AT =) + 3 =}l < ol T, — 2], (2.3a)
where 0 < ¢ < 1. This auxiliary point Ei is used to define the next iterate xi € X as
ad = g — MAT(ATS —90) (2.3b)

(compare with (2.2)). Observe that, for 0 < o < 1, (2.3a) is a relaxation of (2.1) with relative error
tolerance.

The motivation for the definition of the inexact step in (2.3) is twofold. First: it is very often easyer
to obtain a solution 7§ € X of (2.3a), than to compute the exact solution of (2.1) (up to the computer
precision) as in the iT method. Second: the progress towards the solution of the iterate in (2.3b) is
quantitatively “almost as good” as the one obtained in the iT method (as shown in Lemma 2.4).

For the remaining of this section we consider the exact data case y° = y* (i.e. § = 0) and write zy,
Ty, instead of 2, 3. For any 0 < o < 1, the solution of (2.1) is also a solution (2.3a). Moreover, it
is easy to verify that if either Azy_1 = y* or o = 0, then the unique solution of (2.3a) is the unique
solution of (2.1).

In what concerns the method we are proposing, the case of interest is Azxy_1 # y* and 0 < 0 < 1.
Any iterative method for solving (2.1) generates a sequence (z;) which converges to the solution of this
problem. In this case, whenever xj_1 is not already a solution of Az = y* and 0 < o < 1, the iterates

Tj, = z;j will eventually satisfy (2.3a), as shown in the next proposition.

Proposition 2.1. Suppose that zy_1 is not a solution of Ax = y*, and let x* be the solution of (2.1),
i.€.
xt = ()\kA*A + I)*l(xk,l + )\kA*y*) .

For any 0 < o < 1 the solution set of (2.3a) contains x+ in its interior.

eq:txk



1 Proof. Let

2 [(@) = | MA*(AZ — y*) + T — 1] — 0]|T — zp—1]| (T € X).
s The solution set of (2.3a) is the level set f < 0. It follows from the assumption Axp_; # y* that
o« xT # xp_1; therefore, f(z7) = —o|lzT —xk_1|| < 0. To end the proof, observe that f is continuous. [

o

Corollary 2.2. Suppose that Axi_1 # y*, 0 < o < 1. If (z;) is a sequence in X which converges to

s the solution of (2.1), then for i large enough, T) = z; is a solution of (2.3a).

In the next lemma, some basic inequalities relating xx_1, Zx and x; are established.

Lemma 2.3. Let o € [0,1), 41 € X. If Tk, x1 satisfy (2.3a) and (2.3b), then:

it:ag a) ||35k_37k|| SUHik_xkle{

b) (1 =)z — zpall < [low —zpall < (L+0)l[Th — 2]

Proof. To prove item (a), substitute x; with its definition at (2.3b) in ||Z — x| and use (2.3a). To

~

prove item (b), observe that
1Ze — zk—1ll = [1Z% — @il < [low — ze—all < Tk — 2p—1ll + [Ze — @l

u and use item (a). O

12 Let z* € X be an exact solution of Az = y*. In the next lemma we estimate the “gain” ||z* —
5 2p_1]|> — ||2* — 21 ||* obtained after a single step of the ret-iT method. The proof of this result will be

1 simplifyed using the identity

lall* = [IoII* = lla —c* = [Ib— ¢l +2{a = b,c) (24) | eq:aux-bs

15 for a, b, ¢ € X. This identity will also be used in the next section.

m:gain—exact—new‘ Lemma 2.4. Let k> 1, \y >0,0< 0 <1 and zy_1 € X. If T and zi are as in (2.3a) and (2.3b),
then

lz* = @ l* = lla* — 2al* = 22 ATk — y*[1* + (1 = %) @k — 21 1%,

1w for any x* solution of Ax = y*.

Proof. Using (2.4) for a = #* — x3_1, b = 2* — x, and ¢ = * — Zy; together with (2.3b) we obtain

% = zp—1||® = |o* — 2l = |Tk — zp—1]® — [Tk — @]?
+2 (x) — xp_1, 2" — T)
= Tk — zpa1]? = |MA" (AT — y*) + T — 21 )?

+2 )\k <A*(A:fk - y*)7fk — :L‘*> .

v To end the proof, use (2.3a) to estimate the second norm at the right-hand side of the last equality and
s observe that (A*(AZy — y*), Ty — z*) = || Az — v*||*. O

=

19 This lemma is a key result, from where many relevant consequences (e.g., monotonicity of the ret-iT

» method) can be derived, as we shall see in the next section.
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3 The ret-iT method

In what follows we introduce and analyze the ret-iT method for computing stable approximate solutions
to ill-posed problems of the form (1.1), (1.2). The exact data case (6 = 0) is considered in Section 3.1,
where our method is defined based on the inexact step in Section 2. In Section 3.2 the noisy data case

is addressed.

3.1 The exact data case

The inexact step discussed in (2.3) leads us to the following conceptual algorithm:

[1] choose an initial guess xzo € X;
[2] choose o € (0,1) and a sequence (\g) > 0;
[3] for k>1 do
[3.1] find Ty € X solution of (2.3a), i.e.
[\ A" (AZ), — y*) + Tk — 21| < ol|T) — 215
[3.2] define the next iterate z € X
T = Tp—1 — MA (AT — y*);

end for

Algorithm 1: The ret-iT method in the exact data case.

Proposition 3.1. Let o € (0,1), (Ag;) > 0 and the sequences (xy), (Tx) be defined as in Algorithm 1.

The following assertions hold true:
a) [Tk — il < ol|Tk — zp-all-
b) (1 = o)||Zk — wp—all < [[ox — zp—1]| = [[AA" (AT — y*)[| < (1 + 0)|| T — 21|
¢) For any x* € X solution of Ax = y*,
lo* = zpa|® = llz* = 2el® > 20 [AZe — y*||° + (1 = 02) [T — 2|1, VB> 1.

d) The following series are summable:
2 Al ATE =y 1P, X 1Tk —ae-all? X AR AT (AT -yl (3.1)
e) Adittionaly, if (M) > Amin > 0, the following series are summable:
> AT — g2, X (A% (AT -y
k=0 k=0

f) The set Ry, :={z € X; | \eA*(Az — y*) + 2z — 1| < ollz — 21|} is uniformly bounded for
all k (Ry, is the solution set of the problem in Step [3.1]).

Proof. Assertions (a), (b) and (c) were proved in Lemmata 2.3 and 2.4. In Assertion (d), the summabil-
ity of the first two series in (3.1) follow from Assertion (c), a telescopic-sum argument, and 0 < o < 1.

Moreover, Assertion (b) implies

(At o) 2k —arall = Nz — 2l = A |A"(AZL — )],

eq:series



1 from where the summability of the last series in (3.1) follows.
2 Assertion (e) follows from (d). Moreover, Assertion (f) follows from (c) (indeed, Assertion (c) implies

s lo* —xol]? > ||l2* — ap1]|? > (1 —02)||z — 2_1]|?, for all 2z € Si). O

rem:stationary+ Remark 3.2. Notice that Az, = y* for some k > 0 if and only if AZpy1 = y*. In this case, both

s sequences become stationary, i.e. x; = Z; = xy, for j > k+ 1.

6 The proof the next theorem is based on the classical proof presented in [16, Theorem 2.3] using
7 Cauchy sequence argument to establish convergence of the nonlinear Landweber iteration in the exact

s data case.

Theorem 3.3 (Convergence for exact data). Let (zy) and (Ty) be sequences defined by Algorithm 1,
w0 with o € (0,1) and (Ax) > Amin > 0. Then (zx) converges strongly to some T € X. Moreover, T is a

u  solution of Az = y*.

12 The careful reader observes that the linear problem Ax = y* admits a zg-minimal norm solution,
15 i.e. an element 7 € X satisfying Az = y* and ||2T — z¢|| = inf{||z — x0||; Az = y*} (see, e.g., [1, 8]).
1« Moreover, x' is the only solution of Az = y* with this property. On the other hand, from Step [3.2] of
15 Algorithm 1 follows xj41 —zx € R(A*) C N(A)*. An inductive argument shows that Z in Theorem 3.3
1 satisfies T € 2o + N(A)* and, consequently, 7 = zt.

v Proof. (of Theorem 3.3) We divide the proof in two separate cases:

18 Case It Axy, = y* for some kg € N.

v It follows from Remark 3.2, that z = T), = Ty, for all k > ko. Thus the strong convergence of (xy) to

0 T := Ty, (which, in this case, is a solution of Az = y*) follows.

n Case II: Az #y for all kK € N.
» In this case (||AZ — y*||) is a strictly positive sequence. Moreover, it follows from Proposition 3.1 (e)

»  that limy, ||AZy — y*|| = 0. Thus, there is a strictly monotone increasing sequence (¢;) € N such that

JAZ, — 5| > 1 AZe, — "], 0< k<. (3.2) [eqisseqm

2 Notice that, given k > 1 and z € X it follows from (2.4) with a = 2,1 — 2, b=2p —zand c =T} — 2
»  that

loe-1 =21 = llzx = 21> = Nox—1 = Tall® = ok — Zell® + 2 (@1 — 24, Tk — 2)

IN

||xk_1 — %kHQ + 2 <J)k_1 — T, T — Z> .
s Thus, it follows from Step [3.2] of Algorithm 1

oy =202 = llow =27 < s = Bl + 2 (A" (AT ), 3 — 2).

lzr—1 — Zpl* + 20k (AT — 3, A(Tg — 2))

k1 — Zkll? + 20 (AZk — ", (AT — y*) + (y" — A2))
lox-1 = Fl? + 27 [I-4Zk — 57|12 + | 4T, — y*Illl A2 - 7]

IA
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Thus, choosing z = Z;; in the above inequality and arguing with (3.2) we obtain

lzk1 — Fe, |2 = lon — &, ||
< |Fk — 212+ 20| AT, — yF [P + 20| ATy — y* ||| ATl — v

< |l — oeoll? + Al AT — v,

for k=1,...,¢;. Adding the above inequality for k =m +1,m +2,...,¢; we conclude that

4
lom =12 <3 [IEk = ool + Al AT, — 7I?] < s,
k=m+1
where s, == > oo [|Zk — zk—1]]* + 4\e|| AT, — y*[|?]; notice that Proposition 3.1 (d) guarantees
lim s, =0.

m—00
Now, for n > m we choose £; > n and estimate

Hxn - an” S Hxn - %ﬁj H + ||%€j - x?n” S \VSn + VSm S 2\/ Sm

(the sequence (8,,) is monotone decreasing). Thus, (xy) is a Cauchy sequence and converges to some
element € X.

To prove that Z is a solution of Az = y*, it sufices to show that the residuals || Az — y*|| converge
to zero as k — oo. Since limy, ||AZy — y*|| = limy, ||xx—1 — ZTx|| = 0 (see Proposition 3.1 (d) and (e)), it

follows that limy, ||Azr — y*|| = 0 concluding the proof. O

3.2 The noisy data case

In the noisy data case, § > 0, the step of the ret-iT method is defined by (2.3). Based by the inexact
step in (2.3a), (2.3b) we propose in Algorithm 2 the ret-iT method for the noisy data case.

[1] choose an initial guess zo € X; set k := 1; set x§ = x;
[2] choose constants o € (0,1), 7 > 1 and a sequence (A;) > 0;
[3] repeat
[3.1] compute 7 € X as a solution of (2.3a), i.e.
IMA* (AT —°) + 2 — 2y || < oll2R —af_yl;

3.2] if (||AZ¢ —4°|| > 76) then
k

xz = x271 — A\ A* (Aii —9);
k= k+1;

else
EXIT LOOP;

end if

end repeat

[4] k*(6) = k-1,

Algorithm 2: The ret-iT method in the noisy data case.

Observe that Algorithm 2 generates sequences (z9)k_, and (52)£:J{1 Some relevant remarks folllow:
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— The iterates 79, ..., 2., (and 29, ..., z).) are computed solving in

each iteration a feasible problem.
— If § =0, Algorithm 2 reduces to the ret-iT method for exact data.

— The stopping criterion used in Algorithm 2 (see Step [3.2]) is based on
the discrepancy principle applied to 52, i.e. the iteration is stopped at
step k* = k*(J) € N satistying

k* = max{k € N; ||A%? Ol >78,5=1,...,k}.

— For k* € N defined in Step [4] it holds [|AZ}. —y°|| > 7§ as well as
IAZY. oy — y°ll < 76

Remark 3.4. A result analog to the one stated in Proposition 2.1 holds true in the noisy data case.
Notice that if T € X satisfies | AT —y°|| > 9, then AT —y° & Ker(A*). Thus, arguing as in the proof of
Proposition 2.1 we conclude that if ||Az_, — y°|| > 6, 2%, is the solution of (2.1) and o € (0,1) then
the solution set of (2.3a) contains x5 in its interior.

Consequently, a conclusion analog to the one discussed in Corollary 2.2 holds true in the noisy data

case.

Monotonicity results
In the sequel we establish a result, which is analog to the one discussed in Lemma 2.4.

Lemma 3.5. Let A, >0 and 0 < o < 1. Given 20 _, € X, let 78 and x3 be defined as in (2.3a), (2.3b)
respectively. If ||ATS — y°|| > d, then for any x* € X solution of Az =y it holds

lz* = 2 |I* = lla™ = 2Rlf* > e[ AZE — > = 6% + | AT — yll*] + (1 — 0®) |1 — 24 |1*-

Consequently, ||z* — z§_||? — ||z* — 2f||* > X [[|AZ] — y°[|? — 62].

Proof. Due to (2.3) it holds ||z — 22| < o||7$ — 2—1]|°. From this inequality together with (2.4) for

a=x"—20 |, b=2x"—2) and ¢ = 2* — 7{ we obtain

) ) ) ) ~0 ~0 1)
lo* = ap_y|* = lla* = ap)|* > 2 (2} — 2f_y, 2" = Tp) + (1= o) [T} — 24 ]|
Thus, to prove the lemma it suffices to prove that
(@f — 2y, 2" = 3) = [l AT — y°IP — 6% + | AT, — y*] .

Define the quadratic functional fs(z) := 1||Az—y°||%. Notice that f5(z9) = 1| Az —y°||2, V f5(ZY) =
A @y — 2f) and fs(2*) < 362, Therefore, it follows from

fa(a*) = fs@2) + (V@) o = &) + 3" —7), A A(z* — 7))
that 362 > 2| AT — y°||2 + (A, N(ad_, — 29), 2% — 22) + 5| A(z* — 9)||%. Therefore,

Mo (ag =2l _g,et = 30) > AT — o |P - 50° + 3| AT, — yll?,
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concluding the proof. O

The next result is an imediate consequence of Lemma 3.5 and (2.3a); it will be used in the proof of
the stability Theorem 3.10.

Corollary 3.6. Under the assumptions of Lemma 3.5, for all 0 < k < k*(9),
o~ 2l < lla* ol

and for all 1 <k <k*(0)+ 1, ||z* — 5| < (/\k||AH2||m0 — || + (5)(1 — o)7L

The stopping index

In what follows we establish the finiteness of the stopping index k* defined in Section 3.2. The next

result is a direct consequence of Lemma 3.5.

Proposition 3.7. Let the sequences (x3) and (%), and k* € N be defined by Algorithm 2 with T > 1,
o €(0,1) and (A\g) > 0. If >, A = oo then Algorithm 2 stops after a finite number of steps k*(0) € N.
Additionaly, if (Ag) > Amin > 0, then
B (8) < Jla* — ad)|2 (Amin (72 — 1)82) .

Proof. Adding up the inequality in Lemma 3.5 for k = 1, ..., k*, and observing Step [3.2] of Algorithm 2,

we derive the estimate

lo* —xgl* = 3 Me[lAZ) — ¢’ = 6% = (72 —1)82 3 A,
k=1 k=1
from where the finiteness of k* follows.
Additionaly, if the assumption (Ag) > Amin > 0 holds, we derive from the last inequality the estimate
lz* — 2§||? > Amin (72 — 1)6% k*, concluding the proof. O

Remark 3.8. Step [3.2] of Algorithm 2 allow us to detect the first indek k > 1 such that the corre-
sponding 78 € X satisfies |AZS — y°|| < 76. Notice that this T% is not used to compute xi_H. Instead,
the iteration is terminated at xi* with k* ==k — 1.

The reason for this choice becomes evident from Lemma 3.5. Namely, the “gain inequality” in this
corollary holds only if 78 € X obtained in Step [3.2] satisfies | ATS — y°|| > 7.

The careful reader motices that it would be possible to terminate the ret-iT method with k* := k in
Step [4] and xi = Ei, since 52 is the first point produced by Algorithm 2 which belongs to the level-set
{z € X; ||Az —y°|| < 70}

Stability and semiconvergence

In the noisy data case, to ensure stability and semiconvergence we need additional assuptions on how
Ei is computed; next we discuss and formalize these assumptions.

We will suppose that an “inner” iterative procedure is used to compute ii for all k, choosing it as
the first iterate which satisfies the error criterion (2.3a). That is, given A, xi_l and 3, an iterative

procedure generates a sequence

_ : _ .0
(Zn)n:O,l,... - (Zn,)\k,:viil,y‘s)nzo,l,m with Z[),)\k,:ciil,y‘s =Tp_1,



which converges to the exact solution of A, A*(Az — y°) + 2z — 2{ | = 0; the next “outer” iterate 79 is

the first element genarated by this iterative procedure that satisfies the error criterion

= zps Where ng = min{n : [A\eA*(Az, — y°) + 2n — 25 || < ollzn — 28|}

1 We make two aditional assumptions:

> — for each n, the iterate z,, depends continuously on fi—l and y%;
3 — for each k, the number of inner steps ni is uniformly bounded for 0 < § < §

4 (where § > 0 is fixed).

s These assumptions are formalized below.

Assumption 3.9. In Step [3.1] of Algorithm 2, each T is computed by an “inner” iterative method

whose iterates are modeled as a family of mappings on (332_1, y°)

Tpn, : X xY = X (n=0,1,...) (3.3)

6 with the following properties:
v 1) To, (xiflvyé) = Z‘i,l;
s 2) For each n and i, the mapping Ty, », is continuous;
3) for each 1 < k < k*(8) + 1, there exists ni € N such that

~5 5 5
Ty = Tng,Ak (z5_1,9°).

o Additionaly, let (6;) € R be a given zero sequence, and (y%) €Y a corresponding sequence of noisy data

w0 satisfying (1.1); and let (xij) and (5?) be (finite) sequences generated by Algorithm 2, for each j € N.
4) For each k € N, iij is generated by the “inner” iterative method with at most Ny steps, i.e. Nj
does not depend on j. That is, for each k € N

Ny = sup{nij cfor j=1,2,... with k*(6;) > k} < oo.

1 We are now ready to state and prove a stability result for the ret-iT method.

Theorem 3.10 (Stability). Let (J;) be a zero sequence and (y%) € Y a corresponding sequence of noisy
s data satisfying (1.1). For each j € N, let (xzj)Z;(gj) and (%ij)Z;(fj)H
wu  Algorithm 2.
s If Assumption 3.9 holds, then there exist K* € NU {oo}, a subsequence of (§;) (denoted again by (6;)),
6 and a pair of sequences (xy) and (Ty) generated by Algorithm 1; such that xzj — T, Ei"ﬂ — Tpt1, GS
v j — o0, for allk € N with k < K*.

be finite sequences generated by

Proof. There exists a subsequence (denoted again by (J;)) s.t.
E*(01) < k*(62) < k*(d3) < ...
Denote

K* = lim k*(5;), K" eNU{cc},

j—o0

10
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and let J; C N be the set of indices 7 € N for which xij is defined, i.e.
Je={jeN : k*(6;) > k} (1<k<K*+1).

Note that each J is an unbounded set of consecutive natural numbers.

Fix 1 <k < K*+ 1. It follows from Assumption 3.9, item 3, and Corollary 3.6 that (nij)jejk, as
defined in Assumption 3.9, item 2, is bounded. Using a diagonal process for subsequence extraction,
we conclude that there exists a subsequence again denoted by (J;) and a sequence (finite or otherwise)

(nk) {ken:1<k<K*+1} such that
nij = ng, (I1<EkE<K*+1andje Jy). (3.4)
Observe that
Ty = Toa (@)1 y”)  (1<k <K +1andje€ Jp). (3.5)
We claim that for any 1 < k < K* 41,

. 5 .5,
d 1 ! d 1 .
Jmele 3 iR
For k =1, in view of Step [1], the first above limit exists. Suppose that the first above limit exists for
some 1 <k < K* + 1. Since T, 5,
that the second limit also exists. If k < K*, then the first above limit also exists for k' = k + 1 < K*,
because k' — 1 = k and a?ii depends continuously on xzj}il, %i{ and y% .
Let

is continuous, it follows from (3.5) (and the assumption §; — 0)

zp=lim 2y 1<k<K* Fp=lmay 1<k<K +1 (3.6)
j—oo j—oo
In view of Algorithm 2 we have

N A*(ATY — %) + 30— ||| < ol|FY — 2 || 1<k<K*+1;
:I:ij = xiﬂl — )\kA*(AbEij — %) 1<k<K*.

Therefore, taking the limit j — oo we conclude that

IMA™(ATy, — y) + T — xp—1|| < o||T — 24—1]| 1<k<K"+1; (3.7a)
Tp =Tp_1 — )\kA*(Aik — y) 1<k<K*. (3.7b)
O

We conclude this section addressing a regularization property of the ret-iT method.

Theorem 3.11 (Semi-convergence). Let (§;) be a zero sequence and (y%) € Y a corresponding se-
quence of noisy data satisfying (1.1). For each j € N, let (xij) and (Ezj), for 0 < k < k*(6;), be
sequences defined by Algorithm 2.

If Assumption 3.9 holds, then (wii((;j))j and (%21(5J)+1)j converge strongly to x¥, the xo-minimal norm

11
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solution of Ax =y.

Proof. Tt sufices to prove that every subsequence of (xi’; ( 6j))j has itself a subsequence converging
strongly to 2T, the same holding for (Eii(&)ﬂ)j.

We denote an arbitrary subsequence of (d;) again by (d;). Two distinct cases must be considered,
depending on the corresponding subsequence (k;*(éj))j e N.
Case I: The subsequence (k*(éj))j is bounded.
Notice that (k*(éj))j is a bounded sequence of natural numbers. Therefore there exists K € N and a
subsequence (d;,,) of (J;) such that

k‘*(éjm):K m:1,2,...

It follows from Theorem 3.10 —applied to (&}, ), (y%im ), (mi“" )z;(gjm), (Eijm )Z;(fj’”Hlf that there exists
a subsequence of (6;,,) —denoted again by (d;,.)— and a pair of sequences (x) and (Zj) generated by
Algorithm 1, such that mijm — Tk, %Z{;’a — Tgi1, a8 jm w00, fork=1,... K.

We claim that Zx 11 is a solution of Az = y. Indeed, since k*(¢;,,) = K for all indices j,,, we have
||A3?(;§’j;1 — gy%im || < 765, (see Step [3.2] of Algorithm 2). Thus,

m

T 1 ~6"’” 6,1n 5'7” — 1 . —
|AZr 1 —yll < j,,lllinoo [||Am1é+1 =y || + [ly* y”] < jilinoo(T +1)d;, =0

and ATk 1 = y. Now, it follows from Remark 3.2 that xx = Tk 1. By Algorithm 2, xx — z¢ is in the

range of A*, concluding the proof of Case I.

Case II: The subsequence (k*(5j))j is not bounded.
In this case, there exists a monotone increasing (sub)subsequence k*(d1) < k*(d2) < ..., again denoted
by (k:*(éj))j7 such that k*(d;) — oo as j — oo.

Notice that the subsequence (§;) and the corresponding sequences (%), (xzj ) and (EZ’) satisfy the
assumptions of Theorem 3.10. Denote by (J;), (zx) and (%) the subsequence and sequences specified
in the conclusion part of that theorem. In particular .I‘Zj — TR as j — oo.

Fix € > 0. From Theorem 3.3 we know that z; — =¥ as & — oo; hence, there exists K. € N s.t.
|zx — 27| < ie for k > K.. On the other hand, from the choice of (k*(5j))j, follows the existence of
J € Ns.t. k*(6;) > K., for all j > J. Thus, From Lemma 3.5 follows

l s,y — ol < Nl =t v >,
As xij — x as j — oo, there exists L € N, L > J, such that
o, —ox.l| < te, ¥ j>L.
Thus, for j > L follows
a5,y — 2t < llo% — ol < 2% — 2l + ok, —2f|l < e.

Since € > 0 is arbitrary, it follows that xi’;(&) — 2, as j — oo concluding the proof of Case II. O
J
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4 The CG method as inner iteration

To prove stability and semiconvergence of Algorithm 2 (Theorems 3.10 and 3.11) we required As-
sumption 3.9. This assumption concerns existence and properties of an inner iterative method for the
computation of ¢, k = 1,...,k*(6) + 1, as specified in Step [3.1] of Algorithm 2. We will prove that
the Conjugate Gradient (CG) method [11, 13, 8, 14] combined with a particular stopping rule, as this
inner iterative method, satisfies Assumption 3.9.

We begin by presenting in Algorithm 3 the CG method with a relative error stopping rule for finding
Az, € X such that 7§ = x| + Axy, satisfies (2.3a). Fix k > 1 and let

Qr = MeA*A+ T and by := A\A™Y0 —&—xi_l. (4.1)

Notice that 5[;’2 is an approximate solution of the linear equation Qrx — by = 0 satisfying the relative
error tolerance
~5 ~5 s
1Qr Ty — bell < ollzg — x4l (4.2)

(compare with (2.3a)). Observe that the norm of that linear equation’s residual at 73 is at the left hand
side of (4.2). Thus, we use this inequality as stopping rule of the proposed variant of the CG method.
Recall that o € (0,1).

Remark 4.1. Equivalently, Ax), = 7% — x}_, satisfies

[Qr Az — k|| < ol|Azg]l, (4.3)

with cp = A\ A* (y° — Axi_l), Le. Axy is an approzimate solution of Qrx = ci satisfying the relative

error tolerance (4.3).

[1] n:=0; s9:=0; ro:=ck; po=ro;

[2] if (7"0 :O) then EXIT end if;

[3] repeat
an = (Tn,70)/(Pn, QkPn);
Sp41 = Sp + Oy Pn;
Tnt1l = Tn — nQkPn;

if (||rn+1|| >O’HSn+1H) then

._ (Prnt1,"nt1) .
DPnt1 = Tpt1 + ) Pns

n:=n+1;
else

GOTO [4];
end if

end repeat
M nti=n+1; Az =s,1; 20 =20 | + Axy; EXIT

Algorithm 3: CG method for solving (4.3) with relative error stopping rule.

13
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Direct use of (4.1) shows that for all x € X,
2l < (2, Qrz) < (Al Al +1)]l2].
Therefore, using the notation cond(Qy) for the condition number of Qj, we have
cond(Qr) < MellAIZ+1.
The norm on X induced by Qy is defined as

[zl == V(z,Qrz), z € X. (4.4) |def:normQ

First we prove finite termination of Algorithm 3.

Lemma 4.2 (Finite termination). Algorithm 3 has finite termination and

nt < ’Vhl(O\k“AHQ"‘l)+0'\/>\k||A||2+1) [m(ﬁ“)}ﬂ (4.5) [eqinddag

/2 VE—1
where £ := cond(Qy).!

Proof. Notice that A # 0 is ill-posed and 1 < x < \g||A]|? + 1. Consequently, (v/& +1)(v/k —1)" > 1,
and there exists a smallest ng € N such that

Leva+1ye o ellAI2+1) + o/ Al A2 +1
— > ) : -
() 2 a 1) [eamans

ie.

. PH(QICHAH?H) :/;\/AkHAII?H) [1n (Vfifﬂﬂ (4.7) [oqrnddag-

Since sg = 0 in Algorithm 3, it follows from Lemma A.3 for n = ng, @ = Qp and ¢ = ¢, that

Istlloe o }(\/EH)"O
long — sl — 2\WE—-1/ "

where sT is the solution of Qrx = c;. Combining (4.6) and the last inequality we obtain
o

Is* o, _ :
ORI + 1) + oy /AJ AP + 1

Thus, it follows from Lemma A.1 (see Remark A.2) that

> |Isn — ‘r+||Qk .

IOA* A+ Dy = MeA™(y° = Azg_ )| < 0 llsnll-
Therefore, 7, in Algorithm 3 satisfies

7o |l = 1@n5ne = cill = [(AA™ A+ D)sny — AeA*(y° = Azg_y)]| < ollsno

IHere [z] = ceiling(x) denotes the least integer that is greater than or equal to .
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from where we conclude that n* < ny. The estimate in (4.5) is a direct consequence of this fact and
(4.7). O

We conclude this section verifying Assumption 3.9 for Algorithm 3.
Item 1) From Step [1] of Algorithm 3 follows T, (xifl, y0) = x271 + 59 = xifl;

Item 2) The continuity of T}, 5, : X XY — X follows from the continuity of the mapping ¢, : X XY >
(z,y) — ci(z,y) = \pA*(y — Az) € X and Lemma A.4.

Item 3) From Step [4] of Algorithm 3 and Lemma 4.2 follow the existence of nd = n*, satisfying
estimate (4.5), such that 7§ =z | + Sns = Ts x, (z¢_,,y°) for each 1 < k < k*(0) + 1;

Item 4) Let (§;), (y%), (xzj) = xg",...,xijkyj and (fij) = ffj,. LT ,+1 be given as in Assump-

Nk
tion 3.9; for each j € Nand 1 < k < k*(4;) we denote by n ; € N the number of iterations required by
Algorithm 3 (with y° = y%, 2 | = xiﬂl, Qr = MA*A+ T and ¢, = N\ A*(y% — Amiﬂl) to reach the
stop criteria (see Step [4] in Algorithm 3).
Define x := cond(Q%). Since k € N is fixed, it follows from (4.5)

ng; < Ny = {ln(

OelAP +1) + o/ NPT 1, (W)ﬂ
/2 VE—1

for j =1,2,... with k*(67) > k, proving item 4 of Assumption 3.9.

5 Numerical experiments

In what follows the Inverse Potential Problem [19, 9, 4, 29] is used to test the numerical efficiency
of the ret-iT method. All computations are performed using MATLAB® R2017a, running on an
Intel® Core™! i9-10900 CPU.

The 2D Inverse Potential Problem

Let © C R? be an open bounded domain with Lipschitz-continuous boundary 9€2, and assume that

u € H}(Q) is the weak solution of the elliptic boundary value problem (BVP)
—Au=2,inQ, u=0, onod, (5.1)

where & € Lo(Q) is a source function. See [24] for the solution theory of this particular problem.

The corresponding inverse problem is known as Inverse Potential Problem (IPP) [19]. It consists of
recovering an Lo—function z, from measurements of the Neumann data of its corresponding potential
on the boundary of 2, i.e. we aim to recover x € Lo() from y := u,|sq (the normal derivative of u
at the boundary 0f2). Generalizations of this linear inverse problem lead to distinct applications, e.g.,
Inverse Gravimetry [20, 29], EEG [6], and EMG [30].

Given the usual Sobolev space H' (), let H'/2(9Q) be the space of boundary traces of functions in
HY(Q), and H~'/2(0Q) the dual of H'/2(98). The linear direct problem is modeled by the operator
A Ly(Q) — H™Y2(09Q), where Az := u,|sn and u € HE () is the unique solution of (5.1) Using
this notation, the IPP can be modeled in the form (1.2), where the available noisy data y° € Ly(952)
satisfies (1.1).

15
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Let A* : H/2(99) — Ly(Q) be the harmonic extension operator, i.e. given v € H'Y/2(9Q), A*v
solves
—A(A*v) =0, inQ, A*v = v, on JQ. (5.2)

Note that A* is the dual of A since, from the above definitions, given z € L*(2) and v € HY?(9Q),
/ Axv = / Vu-VA*v Jr/ TA*v = / A%,
00 Q Q Q

We next rewrite (5.1) and (5.2) in a single formulation. Consider ¢ € H'(Q) weak solution of
—A¢ = finQand ¢ = g on 9N for given f € L*(Q) and g € H/?(99). The primal-mixed formulation
states that (¢,1) € H' () x H~/2(99) is such that [10]

as expected.

/V¢-Vu+ Yv /fv for all v € H' (),
Q o0 Q

(5.3)
/ ) =g for all € H™Y/2(09).
o0

Above, the “integrals” involving elements of H'/2(9Q) and H~/2(d9) actually denote the duality
between these spaces. Integrating by parts the first equation in (5.3), we see that —A¢ = f and that
1 = O¢/On over the boundary. The second equation in (5.3) imposes the Dirichlet boundary condition
¢ = g weakly.

In what follows, we assume that (5.1) is regular in the sense that the normal derivative of the solution
in Ly(092) and not only in H~1/2(9Q), i.e. an extra regularity holds [3].

Discretization using finite elements

To discretize the above problems, we use finite element methods as described in [10]. Consider a regular,
quasi-uniform triangulation 7 with elements of characteristic length h > 0. Note that 7; defines a
partion on 0f, and we define a new boundary partition I'j, such that each edge of I'y, is the union of
two edges of Ty,.

We define the spaces of piecewise linear and piecewise constant functions

Vi, = {Uh S C(ﬁ) : 'Uh|K S Pl(K), K e 7—h},
Qn = {un € L2(09) : vk € Pole), e € Ty},

and search for (up,¥p) € Vi, x Qp, such that

Vuy - Vo, + Yoy, = / zv, for all vy, € Vp,
Q le) Q

/ LR, =0 for all pp € Q.
o

Such formulation computes the approximation v, of the normal derivative of the exact solution without

post-processing.

16
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Figure 1: Inverse Potential Problem setup. (LEFT) Ground truth z*; (RIGHT) Finite element mesh used to

solve the inverse problem. fig:IPP-se

Experiments with noisy data

The numerical tests discussed in this section follow [2, 4] in the experimental setup. Here, d = 2 and
Q = (0,1) x (0,1). Moreover, the unknown ground truth z* is assumed to be an H!-function with sharp

gradients (see Figure 1). The setup of our experiments is as follows:

— Problem (5.1) is solved for = z* and data y* are computed.

— We added to data y* a normally distributed noise with zero mean and suit-

able variance for achieving a prescribed relative noise level.

— Two distinct noise scenarios are considered, where the relative noise level
ly* — v°||/lly*|| corresponds to 0.1% and 2%.

— The constant function zg = 1.5 is used as initial guess.
— We set 7 =1.5, 0 = 0.9 and A\, = (2)* in the ret-iT method (Algorithm 2).
— Algorithm 3 is used to compute % in Step [3.1] of the ret-iT method.

The finite element mesh used to solve the inverse problem (see Figure 1) is coarser than the one

used to generate the data y*. This strategy is adopted in order to avoid inverse crimes [1, 8].

Noisy level of 0.1% The ret-iT method (Algorithm 2) is implemented using the above described setup.

For comparison purposes, the iT method is implemented for solving the IPP (the same experimental
setup is used). In order to compute the step of the iT method, see (2.1), the CG method with standard
stopping rule is used (i.e. Algorithm 3 with stopping rule ||r;+1]| > tol in Step [3]).? The discrepancy
principle is used as stopping rule for the iT method, i.e. the iteration stops when ||A.’IJ;ST7k — 0 <76
for the first time.

The ret-iT reaches the stop criteria after k*(§) = 11 steps. The iterate 2§, as well as the correspond-
ing relative iteration error |z* —x¢,|/|z*| are depicted in Figure 2. The iT method is implemented with

T=15 A\ = (%)k and initial guess xo; it reaches the stop criteria after £*(J) = 11 steps.

2We choose tol := 10—, which is the default MATLAB tolerance.
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Figure 2: Noise level 0.1%. The ret-iT method reaches the stop criteria after k*(8) = 11 steps. (LEFT) Iterate
z91; (RIGHT) Relative iteration error |z* — z$,|/|z*|.

In Figure 3 we compare the performances of ret-iT and iT methods. In this figure, the evolution
of the relative iteration error (TOP) and the evolution of the relative residual (BOTTOM) are plotted
for the ret-iT and iT methods (both plots are in logarithmic scale). Additionaly, in order to compare
the numerical effort of these two methods, the number of accumulated CG-steps computed in the inner
iterations is plotted (CENTER). In Table 1 the number of CG-steps needed in each iteration of the
ret-iT method is comapred with the number of CG-steps needed in each iteration of the iT method, for
k=1,...,11 = k*(9).

Iteration number

1 2 3 4 5 6 7 8 9 10 11
ret-iT method 1 1 1 1 1 1 2 2 1 2 3
iT method 4 4 5 5 6 7 8 8 9 10 12

Table 1: Noise level 0.1%. Number of CG-steps required to compute Zo in each iteration of the ret-iT method
vs. number of CG-steps required to compute xfT,k in the iT method.

Noisy level of 2%  The ret-iT and iT methods are implemented using the above described setup.
Both methods reach the stop criteria after k*(J) = 7 steps. In Figure 4 the performances of ret-iT and
iT methods are compared. In Table 2 the number of CG-steps needed in each iteration of the ret-iT
and iT methods is plotted.

Iteration number

1 2 3 4 5 6 7
ret-iT method 1 1 1 1 1 1 2
iT method 4 4 5 5 6 7 8

Table 2: Noise level 2%. Number of CG-steps in each iteration of ret-iT and iT methods.

Comparison with other inexact iT method (relative residual tolerant)

Inexact Newton type methods are a well established alternative for solving nonlinear ill-posed opera-
tor equations of the type F(x) = 3%, e.g., the REGINN iteration [25, 27] or the inexact Levenberg-

18
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Marquardt (LM) method [17]. In both REGINN and inexact LM methods the iterative step x§ =
x9_| + sy is computed using updates s, satisfying ||[F'(z$_;)s — v° + F(2)_,)|| < oxl|F(z¢_,) — 4|l
for apropriately chosen o) < 1.3 In particular, in the inexact LM method the update sg v is an
aproximate solution of the equation (A F"(z{ | )*F'(z¢ )+ I)s = M F'(2)_)*(y° — F(2_,)).*

In the linear setting (1.2) the inexact LM method above reduces to an inexact iT type method with
update sy i1 satisfying [|[(A\yA* A+ 1)s — A A*(y° — Axd_ )| < opl[MA*(y° — Azl _ )| (compare with
the update of the ret-iT method in (4.1), (4.2) and (4.3)). Such an uptade sg iT can be obtained using
a slight variation of CG in Algorithm 3, where the stop criterion of the repeat-loop is substituted by:
GE ([|rn1ll > pnllckl]) then”, with ¢ = A A*(y° — Azy—1) and i, € (0,1) chosen as in [25, Lemma 3.2].

We refer to this inexact iT method as rr-iT, since the calculation of the inexact update sy, i1 is based
on relative residual tolerance. In the sequel we revisit the experiment with noise level 0.1% and compare
the numerical performance of both inexact iT methods, ret-iT and rr-iT. The discrepancy principle is
used as stopping rule for both methods.

In Figure 5 the evolution of residual and iteration error for both inexact iT methods ret-iT and
rr-iT are plotted. In Table 3 the number of CG-steps needed in each iterative step of ret-iT and rr-iT
is plotted. The rr-iT method requires 12 iterations to reach the stop criterion (one more than ret-iT).

Notice that rr-iT requires 37% more CG-steps than ret-iT in order to reach the same stop criterion.

Iteration number

12 3 4 5 6 7 8 9 10 11 12
ret-iT method 1 1 1 1 1 1 2 2 1 2 3
rr-iT method 1 1 2 2 2 2 2 2 2 2 2 2

Table 3: Noise level 0.1%. Number of CG-steps required in the implementation of the ret-iT method vs.
number of CG-steps required in the implementation of the rr-iT method.

6 Conclusions

In this notes we propose an inexact iterated-Tikhonov method with relative error tolerance, here called
ret-iT, for solving linear ill-posed problems.

The advantage of adopting the relative error tolerant strategy in the computation of the iterative
step of the iT method is evident: computationaly, it is less expensive to obtain a solution to the relaxed
problem (2.3a) than to calculate the exact solution (up to the computer precision) to the original
problem (2.1). In the first numerical experiment (noise level of 0.1%) the ret-iT method required a
total of 16 CG-steps to reach the stop criteria, while the iT method required 78 CG-steps (see Table 1
and Figure 3 (CENTER)). In the second experiment (noise level of 2%) the ret-iT method required 8
CG-steps to reach the stop criteria, while the iT method required 39 CG-steps (see Table 2 and Figure 4
(CENTER)). In the third experiment (noise level of 0.1% revisited) the ret-iT method is compared with
the rr-iT method (an inexact relative residual tolerant iT method). The rr-iT required a total of 22
CG-steps, 37% more than the ret-iT method (see Table 3 and Figure 5 (CENTER)).

An additional benefit of this strategy lies in the fact that the progress towards the solution of the
iterate in (2.3b) is quantitatively “almost as good” as the one obtained in the iT method (2.2); see
Lemma 2.4 and the pictures on the (TOP) of Figures 3 and 4.

3Clearly, s, is an approximation for the exact Newton step SZ, which satisfies || F’(zx)s — o+ F(zp)| = 0.
4Here (A1) > 0 is an appropriately chosen sequence of Lagrange multipliers [17].
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Appendix (auxiliary results)

In order to prove that the CG method in Algorithm 3 satisfies Assumption 3.9, three auxiliary results
are required. The first auxiliary result gives a sufficient condition for Z to satisfy the error criterion in
(2.3a), using the norm defined by the quadratic form to be minimized by the CG method.

Lemma A.1. Given x5_, € X and A\, > 0; define Qy, by as in (4.1), and || - ||, as in (4.4). Let x*
be the solution of Qrx = by, i.e.

et o= 2l - QAT (Axd_ —°).
Foro >0, ifx € X and

g

T—gt < ot —ad -
7=l < e el

then || M A*(AZ —40) +7 — x271|| <oz - xiﬂ”.

Proof. To prove this lemma, it suffices to show that 5 := U||§—mi_1 II— ||/\kA*(AE—y5)+§—xi_1|| >0,
whenever = € X satisfies (A.1). First observe that, for any z € X

1@zl < VAP + 1zllgr» N2l < llzllews lIzller < VARIANZ + 12| (A.2)

It follows from the definition of 1 and the operator @}, that
MAY (AT — ) +T —2) | = Qx(T —a™).
Combining this identity with the above definition of 3, the triangle inequality, and (A.2), we obtain

B = ol -]~ |QuE — 27|
> ollzt — 2] - 17 - 2T|) - |1Qk(E — =)
o
> =zt —af_ .—[0—1— A A2+1} z—at .
e It el JAF 1] - o,
Thus, it follows from (A.1) that 8 > 0, concluding the proof. O

An immediate consequence of Lemma A.l is the fact that 552 = T satisfies (2.3a), the problem in
Step [3.1] of Algorithm 2.

Remark A.2. In the context of (4.3), Lemma A.1 reads:
Given z{_, € X and A\, > 0; define Qx as in (4.1) and cx, = \A*(y° — Az ). Let st be the solution
of Qrxr = cg, i.e. sT = Q,;l)\kA*(y‘s — Az} ). Foro >0, if5€ X and

~ g
I5=2"lq, <

+
S X
S WA D) toyngaE Lt e e

then ||(\eA* A + I)F — M A* (1 — AzS_)|| < o|3].

(A.3)

The second auxiliary result in this appendix provides a convergence rate for the CG method. For a

proof we refer the reader to [11, 13].

Lemma A.3. Let Q be a bounded, self-adjoint, coercive operator with condition number k, let sT be
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the solution of Qx = ¢, and let (s,) be the sequence generated by CG method. Then

_ gt _ n ny—1 — n
llsn =5l 2[<\/E 1) +(ﬁ+1) } < 2(ﬁ 1) Cn=1,2,...
50 =¥l NS N NS

Here || - ||l is defined as in (4.4).

The last auxiliary result in this appendix addresses the continuity of the n'® step of the CG method
for each fixed n € N.

Lemma A.4. Let {c'} be a sequence in X, c € X, and let Q be a self-adjoint, coercive, and bounded
linear operator on X. Define, forn=0,1,...,

st = argmin 3 (z, Qz) — (z,c¢')  forx € K,(Q,c), i=1,2,...;

n

s, = argmini(z,Qz) — (z,c) forx € K,(Q,c).

Here K, (Q,c) are the Krylov spaces generated by Q and ¢, i.e. Ko(Q,c) = {0}, K,(Q,c) = span(c,...,
Q" te),n=1,2,... If
¢ —c as 17— 00
then
5= sp, as i— 00 for n=0,1,... (A4)

Proof. Fix n. There are £ € R™ and ¢ € R®, for i = 1,2, ..., such that

Sn=3 Qe s =) g (A.5)
j=1 j=1
We shall consider whether ¢, ..., Q" !¢ are linearly independent (LI) or not.

a) Suppose first that c,..., Q" 'c are LI
Under this assumption, &% as in (A.5) is univocally determined
Define M € R™ ™ and n € R™ as
Mjk = <jSlc> ch> 1< Jvk < n; nj = <jSlca C> 1< .7 <n.
Since Qs, —c L Qi lcforj=1,...,n

D M = (@sn, Q') =5 j=1,...,n
k=1

Hence M¢ =1n. Asc,...,Q 'care LI, M is non-singular and
§=M""n.
Define M* € R"*" and n* € R", fori = 1,2, ..., as
M;k = (QP7',QFc) 1< j,k<n; nj. =(Q'7 1,y 1<j<n.
By the same token, Qs — ¢’ L Q7~'¢' for j = 1,...,n, and M*¢* = n'. Since M* — M, for i large

enough M? is non-singular. Therefore,
&= (MH 1yt (for ¢ large enough). (A.6)
Since M* — M and n* — 1 as i — 0o,
€ —¢ and s, = Zf}@j_lci — Z§ij_1c = s,
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as 1 — 00.

b) Suppose that c,...,Q" ¢ are linearly dependent (LD).
Define

5= @
j=1
andlet o' : X = X, fori=1,2,...,and ¢ : X — X be
p(z) = 5(2,Q2) — (z,¢), ¢'(z) = 3(z,Qz) — (z,c") (A7)
As & € K,(c',Q) and s, minimizes ¢’ on K, (c,Q)

FQTIE) + b |st = Q71| = ¢'(sk) < o (5)

Since c,...,Q" ! are LD, s, is the global minimizer of ¢ and s, = Q@ 'c. To end the proof, observe
that
5 — sp, @ (531) — ©(sn), (A.8)
Q7' = Qe = sy, ¢ (Q71e") = @(sn). (A.9)
O
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Figure 3: Noise level 0.1%. Comparison betwen ret-iT method and iT method. (TOP) Relative iteration error;

(CENTER) Accumulated number of CG-steps computed in the inner iterations; (BOTTOM) Relative residual. | fig:IPP-er

25



Relative iteration Error

Relative residual

Accumulated nr. of CG-steps

0.35
0.3

0.25

0.2

0.15

=@ ret-iT method
=== T method

o
[y

[ee]

T
40 —

=@ ret-iT method
=@ iT method

=—6— ret-iT method
=@ T method

Figure 4: Noise level 2%. Comparison betwen ret-iT method and iT method. (TOP) Relative iteration error;

(CENTER) Accumulated number of CG-steps computed in the inner iterations; (BOTTOM) Relative residual. | fig:IPP-er

26



0.35

T

=@ ret-iT method

. 03F e -iT method j
o £ .|
W 0.25 -
c r 4
9 ¥ ]
s 02 7]
i : ]
Lo1s [ .
kS i ]
[0]
o [ 4
Il Il Il Il Il Il
0 2 4 6 8 10 12

15

10

Accumulated nr. of CG-steps

=@ ret-iT method
= 1-iT method

|

8 10

12

Relative residual
=
o
N

T

T

T

=@ ret-iT method
= 1-iT method

Lol I

Ll

il

Figure 5: Noise level 0.1% revisited. Comparison betwen inexact iT methods ret-iT and rr-iT. (TOP) Relative
iteration error; (CENTER) Accumulated number of CG-steps computed in the inner iterations; (BOTTOM)

Relative residual.
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