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Abstract

We propose and analyze a stochastic-gradient type method for solving systems of non-
linear ill-posed equations. The method considered here extends the SGD type iteration
introduced in [2022, Rabelo et al., Inv. Probl. 38 025003] for solving linear ill-posed systems.

A distinctive feature of our method resides in the a posteriori choice of the stepsize, which
promotes a relaxed orthogonal projection of the current iterate onto a conveniently chosen
convex set. This characteristic distinguish our method from other SGD type methods in
the literature (where the stepsize is typically chosen a priori) and accounts for the faster
convergence observed in the numerical experiments conducted in this manuscript.

The convergence analysis discussed here includes: monotonicity and mean square con-
vergence of the iteration error (exact data case), stability and semi-convergence (noisy data
case). In the later case, our method is coupled with an a priori stopping rule.

Numerical experiments are presented for two large scale nonlinear inverse problems in
machine learning (both with real data): (i) we address, using neural networks, the big data
problem of CO-concentration prediction considered in the above cited article; (ii) we tackle
the classification problem for the MNIST database (http://yann.lecun.com/exdb/mnist/).
Additionally, a parameter identification problem in a 3D elliptic PDE system is considered.

Keywords. Ill-posed problems; Nonlinear equations; SGD method; Landweber method; Projective
method.

AMS Classification: 65J20, 47J06.

1 Introduction

In these notes we extend to nonlinear ill-posed problems the projective stochastic-gradient type
method proposed in [28, 27] for solving large scale systems of linear equations.

Problems under consideration

The inverse problem under consideration consist of determining an unknown quantity x € X
from a set of data (yo,...,yn—_1) = (y;) € YV, where X and Y are (infinite dimensional) Hilbert
spaces. The data (y;) correspond to indirect observations of the parameter x, this process being
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described by the model y; = F(x), for i = 0,..., N —1; where F; : D(F;) C X — Y are ill-posed
nonlinear operators [8, 10].

We are particularly interested in the situation where N >> 1 is large, and the exact data
(y;) are not available; instead, only approximate data (y?) satisfying

1y —willy < &, i=0,...,N—1, (1)

are available. Here §; > 0 are known noise levels; we write 0 := (&g, ...,0n_1) € RV,

The abstract formulation of the problems under consideration can be summarized as follows:
Given inexact data (y¢) and the levels of noise (d;) as in (1), find an approximate solution to
the large scale system of nonlinear operator equations

Fi(z) = 42, i=0,...,N—1. (2)

A straightforward approach for solving the inverse problem (1), (2) consists in rewriting
(2) as a single operator equation F(z) = y°, with F := (Fp,...,Fy_1) : X — YV and
yo = (yg, . ,y}sv_l), and using standard regularization methods; e.g., Iterative reqularization
[1, 8,14, 19, 21] or Tikhonov regularization [8, 26, 30, 31, 32, 29]. When using this functional ana-
lytical formulation, dealing with the numerical challenges of solving a high-dimensional ill-posed
equation becomes inevitable. Specifically, when applied to F(z) = y?®, the above mentioned
regularization methods often become numerically inefficient when N >> 1.

In what follows we briefly discuss alternative approaches for solving the nonlinear inverse
problem (1), (2) in a stable manner:

e Kaczmarz type methods (cyclic iterations): this technique is considered in [13, 11], [7], [12],
[2], [25] and [3] for the Landweber iteration, the Steepest-Descent iteration, the Expectation-
Maximization iteration, the Levenberg-Marquardt iteration, the REGINN-Landweber iteration,
and the Iteratively Regularized Gauss-Newton iteration respectively;

e SGD type methods (non-cyclic iterations): this stochastic technique is considered in [17]
with a priori chosen stepsize and a priori stopping rule (see [16] for the linear case);! in [15]
with a priori chosen stepsize and a posteriori stopping rule;? in this manuscript a posteriori
chosen stepsize and a priori stopping rule (see [28] for the linear case). See also [18] for a SGD
type method for solving linear ill-posed problems in Banach spaces.

The rationale behind our method

The stochastic-gradient (SGD) type method considered in this manuscript aims to compute,
in a stable way, approximate solutions to (1), (2). Our method stands out due to the stepsize
selection, which is inspired by the projective Landweber (PLW) method [23] and the projective
Landweber-Kaczmarz (PLWK) method [22]. In the sequel, we briefly address these two methods:
e The PLW method was proposed in [23] for solving (1), (2) with N = 1, i.e. Fy(z) = yJ with

lyo — y5|l < 6. A sequence (xi) is generated as follows: at each iteration k, a half space

Hy = {2 € X, (z — a3, Fj(23)" Fs(23)) < —F5@) (1 = m)lIFs(zp)ll — (1 +m)) }
is defined, where Fs(x) := Fp(z) — ) (see (A2) in Section 2.1 for the definition of the constant
n). Under appropriate assumptions, it is proven that H. « contains all solutions of Fy(z) = yo;
moreover, if the norm of the residual || Fs(z9)|| is above the trashold (1 +n)(1 —n)~!§ then Hs

does not contain the iterate xg.?’ The next iterate :ci 41 is defined as a (relaxed) orthogonal

IThat is, the stepsizes are determined prior to computing the iterates; the same applies to the computation of
the stopping index.

2I.e. the stepsizes are determined while the iteration is being computed, whereas the stopping index is chosen
before the computation of the iterates begins.

3In this situation we say that the set Hxi separates the iterate x{ from the solution set F5'(yo); in

other words Fj; ' (yo) C H”i’ while z¢ ¢ Hl'i'



projection of 2 onto Hs (see [23, Eq. (8)] for details). Summarizing, PLW corresponds to a
Landweber type iteration [21, 8] with stepsize defined by (relaxed) orthogonal projections onto
the separating sets Hri'

e The PLWK method was proposed in [22] for solving systems of nonlinear ill-posed equations
as in (1), (2) with N > 1. It consists in coupling the PLW method with the Kaczmarz strategy
and incorporating a bang-bang parameter. The corresponding iteration formula reads

Dy = 2] — Ok Awwi Fg (00) (Fig (22) — vy),
where [k] := (kK mod N) € {0,..., N — 1}, 6 € (0,2) is a relaxation parameter and wy € {0,1}
is a bang-bang parameter (see [22, Eq.(6)]). Moreover, \;, > 0 (see [22, Eq. (12)]) gives the
exact orthogonal projection of xi onto the half space H (k] » where

Hyy = {2 € X, (2=l F@]) Fisa))) < ~IFs@)I(( = mlFs@Dl - (1+m9) .

for i =0,...,N — 1; here F; 5(z) := F;(x) — 3 (see [22, Eq. (11)]). Summarizing, PLWK corre-
sponds to a Landweber-Kaczmarz (cyclic) type iteration [13] with stepsize defined by (relaxed)
orthogonal projections onto the separating sets H k).t

In [28, 27] the projective step of the PLW and PLWK iterations was used as starting point
to derive a SGD type method for solving large scale systems of linear ill-posed equations.

The projective stochastic-gradient (pSGD) method

In this manuscript we build upon a well-established nonlinear assumption, namely the weak
tangential cone condition (wTCC) [14, 8], to expand the method in [28, 27]. As a result, we
create a new approach capable of efficiently solving large-scale systems of nonlinear equations of
the form (1), (2). For obvious reasons, the method considered in these notes is named projective
stochastic-gradient (pSGD) method.

Unlike the majority of SGD type methods found in the literature, our approach employs a
posteriori stepsize selection (see (6)). Additionally, in the noisy data case, our iterative method
is combined with an a priori stopping rule (see (A6)), classifying pSGD as a regularization
method as defined in [8].

Outline of the manuscript

In Section 2 we introduce the pSGD method; the main assumptions used in our analysis are
presented. Section 3 is dedicated to convergence analysis of pSGD. In Section 3.1 the exact data
case is considered: We estimate the average gain (Proposition 3.2), and prove monotonicity of
the average iteration error (Corollary 3.3) as well as square summability of the average residuals
(Corollary 3.4). Additionally, a convergence result is proven (Theorem 3.5). Section 3.2 is
devoted to analyzing the noisy data case and regularization properties of pSGD. The key findings
include a stability result (Theorem 3.9) and a semi-convergence result (Theorem 3.11).

In Section 4 numerical experiments are presented for solving two large scale systems of
nonlinear equations with real data. Both inverse problems relate to parameter identification in
neural network training, in detail:

e In Section 4.1 we tackle the big data problem of CO-concentration prediction in a gas
sensor array [9, 28]. A special neural-network (NN) is used to model the related inverse problem
(a variation of the saturated linear activation function is used). We prove in Lemma 4.2 that
the nonlinear function modeling this NN satisfies the wTCC.

e In Section 4.2 we address the well-known classification problem for the MNIST database,
consisting of images of handwritten digits (see https://en.wikipedia.org/wiki/MNIST _database).

e In Section 4.3 a parameter identification problem in a 3D elliptic PDE system is considered.
Section 5 is devoted to final remarks and conclusions.
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2 The method under investigation

This section presents the nonlinear pSGD method under consideration in this notes. We begin by
addressing the main assumptions necessary for the analysis derived in the forthcoming sections.

2.1 Main assumptions

Throughout this work we assume that (1), D(F;) has nonempty interior, where D(F;) C X is the
domain of definition of F;. Additionally, the initial guess zog € X satisfies B,(xg) C ﬂf\jol D(F;)
for some p > 0. Moreover, the following assumptions are used:

(A1) Each operator F; is Fréchet differentiable with continuous derivative F]. Moreover, there
exists a constant C' > 0 such that

|Fi(z)]] < C, i=0,....,N—1, Vax¢€ B,(z); (3)
(A2) The weak Tangential Cone Condition (wTCC) holds at B,(xg), with 0 < n < 1, i.e.
IFi(z) - Fi(x) - Fi(z)(@ — 2)lly < n|F(z) - Fi@)ly, (4)
for i=0,...,N—1 and V x,% € B,(x);

(A3) There exists 2* € B,s(wo) such that Fy(z*) = y; for i = 0,...,N — 1, i.e. 2* is a (non
necessarily unique) solution of (2) with exact data;

(A4) (0x) € RT is a sequence satisfying 0 < infy, 0 and supy 0 < 2;
(A5) > 0 is a constant satisfying v > 11—20, with C' as in (A1) and 7 as in (A2);
(A6) The stopping index k§ = k*(J) € N, satisfies (%i_r}l}) ks = oc.
The following inequalities are immediate consequences of (A2):
1=l F(2) - F@)|l < [F(z)z-2)| < (L+n)lF(@) - F@)], (5)

for i=0,...,N—1 and z,z € By(xo) (see [8, Chapter 11] for further discussion).

2.2 Introducing the nonlinear pSGD iteration

Here we present the nonlinear pSGD method for solving (1), (2). In what follows we adopt the
simplified notation: F?(z) := Fi(z)—y?, fori = 0,..., N —1; and define the polynomial function
p(t) :==t[(1 — n)t — (1 4+ n)e], for e > 0.

Given xg, v > 0 and () as in Section 2.1, the iteration formula of the pSGD method reads

Ty = @) — Op Ay Fp (@)  Fp(2)), k=0,1,... kf — 1. (6a)

Here the stepsize A?k > 0 is a function of (xi, y}sk, d1,) and is defined by

5 P (1D () I/ F7 ()" Ff (@D, 3 |[Fy, (29)* Ff (@) > 761,
)\Ik = (Gb)
0 , otherwise.

The (1) is an independent and identically distributed sequence of random indexes, taking values
in {0,...,N — 1}, in a fixed probability space (2, F,P).* For simplicity of the presentation we
assume that P(I, = i) = & for i =0,...,N — 1.

‘Here Q = {0,1,..., N —1} is the set of equation indices, F is the power set of 2, and the probability P assigns
probability p; to each element i of the sample space.



Remark 2.1. In the ezact data case, we write F(z) := F;(z) — y; and p°(t) := (1 —n)t*. The
iteration formula of the pSGD method reads

T+l = T — Qk )‘Ik F}k(xk)* Flok(ﬂjk), kZO,l,... (7&)
where the stepsize A\;, > 0 is a function of (vy,yr,) and is defined by

P Iy (i) D/ F (e)* FR () ? -, i [|FY, () Fp (z)] > 0
Ar, = (7b)
0 , otherwise.

Remark 2.2 (Exact projections). If one takes 6 = 1 in (6a), then miﬂ corresponds to the
orthogonal projection of xi onto H}sk Y where
T

HY, = {ze€X | (z—a, Fj(a)'F(2)) > |F (@] (1 = n)llF @)l - (1 +m)d)}.

Alternatively, if 0 € (0,2) xi_H can be interpreted as a relaxed projection of :1;2 onto Hlk-,:ci'

Remark 2.3 (Lower bound for the stepsizes).

e In the exact data case, it holds A, > (1 — n)C~2 whenever | Fy, (k)" Flok (xg)]| > 0. Le.
A1, in (7b) is bounded by below, whenever xy, is not a solution of Fy, (z) = yr, .

e In the noisy data case, Assumption (A5) implies A?k >C72(1—n—C(1+n)/v) = Anin,
whenever || F, (29)* Fj—sk ()| > ¥, -

3 Convergence analysis

In this section, analytical properties of the nonlinear pSGD method in (6) are investigated. We
start the discussion by considering the case of exact data, i.e. §; =0 for¢=0,...,N — 1.

3.1 The exact data case

In this case, the inverse problem (1), (2) can be written in the form

Fi(z) = yi, i=0,...,N—1, (8)
or simply F(x) = y. Next we introduce relevant notation used in this manuscript.
Remark 3.1 (Notation).

e For z* € X a solution of (8), the mean square iteration error E[|z* — z||?] is defined
by the average error over all possible realizations of Iy, ...,Ir_1 that define x. E.g., for
k=0 and k=1, it holds

N
1

-1
E[l|z* — xol?] = [la* — xol?>, E[lz* —21|?] = % ZO % — [ — 01N F (0)* F (20)]]1%.
1=

o Let k € N be fized, and denote by Fy, the og-algebra generated by Iy, ..., Ix_1. It holds

N—-1
E[AFP (@) Fe] = & 20 N lEY ()12 Elllz* — apl?|Fe] = lla* — x?,

Ellle* — zpal* — llo* — zx|*|F] = § 20 [lz* = [wr — O\ F (i) FP ()P = [l2* — %]
Moreover, by the law of iterated expectation, we have
N—-1
EDNNEP(zo)lIP] = E[ENEFP (@) IIP1FR]] = & 20 E [N FD (1) 17],



where the last expectation averages the residual of equation i times \; over all possible re-
alizations of xy. It is worth noticing that \; is a random variable (indeed, \; depends on
the realization of xy; see (7b)).

In the next proposition we estimate the difference E[||z* — x5 1|?] — E[||z* — x4]|?], where
x* € X is a solution of (8). This is a quintessential result in the forthcoming analysis.

Proposition 3.2. Let assumptions (A1), (A2) and (A83) hold and (xy) be a sequence generated
by the nonlinear pSGD method (7). If x, € By(xo), then for any x* solution of (8) it holds

E[llz* — zps1l”] = Elz* — 2il?] < 0k(6k — 2)(1 — n) E[A||FP (z)]1?]- (9)
Proof. If F, (ack;)*FIOIC (zx) # 0, we obtain from (7a) and (7b)
lo* = @ppl” = o =2l = 2@ps1 — 2, 2pr — 2) = loe — zp4a ]2
= =200\ (Fy (1) Fp (2x), g1 — @) — 0077, | F, (20) " Y, () |1
= —201)p, (F}, (xk), —F), (z) — F, (z) (@ — ) + F (20) (2rg1 — 21) + 7 (1))
—0i AT || Fr, (x)* Fr () |1
= 206Ap, [(—F7, (x1), —F7, (x1) — Fy, (an) (2" — 22)) + 060" (| F7, (ze) ) — | FL, (2) 1]
— A (17, () 1) -
Since —Flok (zr) = Fr(2*) — Fr, (x) and 2y, € B,(xg), we argue with (A2) to obtain
lo* = @ l” = [l — 2]
204 s, [ (n = DIFS, (@) |2 + 0 (IFS, (2 )] = 03Arp° (1, (@) )
1
= 200, (0= DIFS @I + 5001 — )| FF, ()|
= 00k — 2)(1 = AL FY, (xp) [ (10)

IN

Otherwise, if F7, (:L‘k)*FIOk () = 0 then zpy; =z and Fy, (zx) = yr,. Consequently, (10) holds
also in this case.

Denoting by Fj, the o-algebra generated by (1o, ..., Ix—1), we conclude that xj, is measurable
with respect to Fy, (while Iy is independent of it). Consequently, we derive from (10) the estimate

El2" = zpp|® = ll2* — 2l Fk] < 050k — 2)(1 = 0) E[AL[|F7 (x0) || Fx] -
Taking the full conditional expectation in the last inequality yields (9). O

If, additionally to (A1), ..., (A3), assumption (A4) holds, then (10) implies that any sequence
(7x) generated by the pSGD method (7) satisfies x, € B, o(2*) C By(o), for k = 0,1, ... Thus,
under this additional assumption, Proposition 3.2 implies the monotonicity of the mean square
iteration error E[||z* — x4]|?], where 2* € X is a solution of (8). This fact is summarized in

Corollary 3.3. Let assumptions (A1), ..., (A4) hold true and (xy) be a sequence generated by
the nonlinear pSGD method (7). For any solution x* of (8) in B,(xq) it holds

El|lz" = zpn[”) < Efllz” —a4)?], k=0,1,... (11)

An important consequence of Proposition 3.2 is discussed in the sequel (this result is used
in the proof of the main convergence Theorem 3.5).



Corollary 3.4. Let assumptions (Al),...,(A4) hold true and () be a sequence generated by
the nonlinear pSGD method (7). The series

k;)@k(? — 0r) (1 — n)E[X || FP () 17] k¥09k EA7||FP (x)|?]  and EOE[HF?(%)\P]
are summoable.

Proof. The summability of the first series follows from Proposition 3.2. The summability of the
second and third series follows from (A4) together with the summability of the first series and
Remark 2.3. O

We are now ready to state and prove a convergence result for the pSGD method in (7).

Theorem 3.5 (Convergence for exact data). Let assumptions (A1),...,(A4) hold. Any sequence
(zx) generated by the nonlinear pSGD method (7) converges in mean square to some element
z* € By(wp), i.e. E[||lzy —2*||?] = 0 as k — oo, which is a solution of (8).

Proof. We claim that (x) is a Cauchy sequence. It is enough to prove that ey := x* — xj is
Cauchy, where z* is defined as in (A3). From Corollary 3.3 follows

lim E[||lex]|?] = >0, (12)
k—o0
Next we prove that
E[{en — er,en)] =0 and E[(e; —en,en)] -0 as k, | — oo, (13)

with & < [ for some k < n < | (compare with [14, Theorem 2.3]). Notice that E[(-,)x],
E[(-,-)y]) define inner products in Ly(£2; X) and Ls(£;Y") respectively.®
Notice that, for any fixed k <[, one can always choose an index n with k¥ < n <[ such that

ENF () |P] < EDIEP (5)IP], VE<j<l. (14)

Next, arguing with (7a) and the Cauchy—Schwartz inequality (for random variables) we estimate

[Elfen — eusen)] = | T Elfasaa = o500 ~ )] = | ' B0 M F](a,) P o), — )
j= j=

— |'E 6B @), Fiay) o — a3 + 25— )]
2

ni; 0, BI(A? F9 (), A2 Fy ;) (@n — )] + 0, BIAZ FO(), A2 Fy () () — g;*)>])

Zk (65 B ER @) I213 BN F () (@n — 2212

IN

+ OB NFD ()72 EI1Ff () (25 — 2)]2)])

Thus, it follows from (5) that

El(en — exsean)]] < (1+1) Zk 0; B[N |[FY(2)|2)2 B || FP () — FY(5)]|)2

@) S 6N
z

®L2(%; X) is the space of square integrable random variables defined on Q and taking values in X.



The term E[A; || FY(x,,) — F2(x;) HQ]% on the right hand side of the last estimate can be estimated
using (14). Indeed, for each j = k,...,n — 1 it holds

D=

EDIFf (wa) = FR@)IPE < (2EDIFD @) |2+ 2B 0| FP ()] )

N

< V2 (B FD () 12+ EDGlIF @)I2))* < 2 [EDulFf () 12 ]

Consequently,

n—1
[Bllen = ewseal] < 3(L+n) X 0 EDIFP ()]
j=
Now, Corollary 3.4 allow us to conclude that E[(e,, — ek, e,)] — 0 as k,I — oco. Analogously one
proves that E[(e; — en,en)] — 0 as k,l — oo, establishing (13).
Finally, one argues with (13), (12), inequality E[Hel—ekHQ]% < IE[Hel—enHQ]% +E[Hen—ek||2]%
and identities
Elller — eal®] = 2E[(en — €1, )] + Elller]|*] — Elllenl?],
Elllen — exl’] = 2E[(en — ex, en)] + Elllex[*] — Elllen|],
to conclude that E[|e; — ex||?] — 0, as k,I — oo; i.e. (eg) is a Cauchy sequence in Lo(2; X).
Since, (xy) is Cauchy in Lo(€; X) it has an accumulation point z* € Lo(€Q; X). It remains
to verify that this «* is a solution of (8). It follows from Corollary 3.4 that the mean square
residuals E[||FY(zy)||%] converge to zero as k — oo. Therefore, E[||[FY(z*)||?] = 0, i.e. 2* € X
and ||Fy(z*) —yil|> =0 for i =0,..., N — 1.5 In other words, x* is a solution of (8). O

3.2 The noisy data case
In this section we investigate regularization properties of the nonlinear pSGD method in (6)
coupled with the (a priori) stopping criterion in (A6).

In the next result, the nonlinear residual norm ||F?(z)|| is compared with the norm of the
linearization ||F?(z) + F/(z)(x* — z)|| for x € B,(zo) and * € B,(z¢) a solution of (8).
Lemma 3.6. Let Assumptions (A1), (A2) and (A3) hold. For all x, T € B,(xo) we have

| = FP(2) = F(2)(@ = 2)|| < nllF (@) + A+ F @), i=0,...,N —1.
In particular, if T = x* € B,(x0) is a solution of (2) it holds
I = F(z) = Fi(z)(a* = 2)|| < nllF ()] + (1 +0)di, Yo € By(xo).

Proof. Given z, T € B,(x¢) we conclude from (A2) that

| = F(2) - F@)@ —a)ll = |y} - Fi(z) - F(2)(@ - )|

lyf — Fi() + Fi(2) — Fy(z) - F{(2)(z — 2)|
< nllF(@) — Fi(@)ll + |y — F(@)|

< iy = E@)ll + @ +n)llyf — E@)],

proving the first assertion. The second assertion is a direct consequence of the first one. O

In the sequel we estimate the difference E[[z* — x2+1||2] — E[|lz* — 22|%], extending the
estimate (9) in Proposition 3.2 to the noisy data case.

®Recall that P([ = i) = + fori=0,...,N — L.



Proposition 3.7. Let Assumptions (A1), (A2) and (A3) hold, (x3) be a sequence generated by
the nonlinear pSGD method (6), and z* € B,(x0) be a solution of (8). If 28 € B,(x¢) for some
0 <k <kj, then

E[le* — 2f, %] —E[Je” —2}[?] <
00— 2) |1 = MEN I @DIP] - (1 +mELIF @DIT| - (15)
Proof. 1f || Fy, (:Ui)*Fjsk (22)|| > 701, it follows from (6a) and (6b)
lo* = ad |12~ lle* — ol = 2adyy — o adyy —2*) — llady, — o))
= 200\, (— F3,(a}), = F,(a}) = Ff, (@) (0" = af) + FF, (a}) (e} — 2]) + F}, a]))
R A
= 200X, |( = F (@), —F, (e}) — Ff, (e (@" — o)) + (= F, (@) Ff, (a), 2 — 2l)
~ F @)I2] = llaf s — )
= 200X, [( - F}, (), — Ff,(a]) — Ff, (a)(@" — o)) + 0u™s (|, (s ) = 173, ()]
—023 " (| FS (@)]) -
Thus, arguing with the Cauchy-Schwartz inequality, Lemma 3.6 and the definition of p°(-) follows
la* — oy |12 — lla* — 231

206X, | 1F7, (@) = F7, (23) = Fr, (23) (2" — 2l + 500 (I FD (D)) — | F, (l‘?k)!lz}

IN

< 200, [l F, @I + (1 + 03, 175, @Il + S0 (1FY, (=) — 175, (3, 1?]

2067, [0 = DIF EDI? + (14 mr 1, @) + 30: (1= m)| FY, (2]

(1 morIFf 1)
= 208, [(1=m(§ = DIFL @D+ 1+ m)(1 = Dol F, @]

= 00— 2)A%, | (1 = I F) @I = (1 -+ mon )| F, )] - (16)

Otherwise, if HFI’k(xi)*FI‘l(xi)H < ~dr,, then A?k =0 and 29, = 29 (see (6a) and (6b)).
Therefore, (16) holds also in this case. By employing a similar reasoning as in the final part of
the proof of Proposition 3.2, we establish the validity of (15). O

It is worth noticing that the right hand side of (16) can be rewriten in the form
0161 — 28, [(1 =) FL DI — L+ mor 17 D] = 006 — 23,97 (1FL (D)
= Ok(0k — 2)(N) )21 FY, (1) F}, ()] = 0
(see Assumption (A4)), from where we conclude that ||z* — 2 all <l = 2{||. This inequality

and (A3) allow us to conclude that (z9) satisfies ||z* — a:z+1|| < |lz* — 28| and ¢ € B,(xo), for
k=0,...,kj. Summarizing, we have

Corollary 3.8. Under the assumptions of Proposition 3.7 it holds ||x* — 2} || < ||la* — 2|, for
k=0,...,ki Consequently, (20) C B,(x0). Additionally, for any x* solution of (8) in B,(x)
it holds

El|lz* — 20, 0?] < E[|=* —20)?], k=0,...,k}.
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We are now ready to state and prove a stability result (Theorem 3.9) and a semi-convergence
result (Theorem 3.11) for the pSGD method in (6).
Theorem 3.9 (Stability). Let Assumptions (A1),(A2) and (A4) hold, (§7) = (68, e ,53\,_1) €
(RN be a sequence with ||67] — 0 as j — oo, and (v*') = (43',...,y%_1) € YV be a corre-

sponding sequence of noisy data satisfying (1). Moreover, let (x;)en and (x?j)fio be sequences
generated by the nonlinear pSGD method in the case of eract and noisy data respectively; all

sequences are generated using the same (lo, ..., I, ...). For each k € N it holds
lim E[[af — 2% = 0. (17)
j—o0

Prior to establishing this theorem, we examine an auxiliary result:

Lemma 3.10. Under assumptions of Theorem 3.9, if || Fy, (»Tk)*FIOk (k)| > 0 and lim; a;ij =z
for some k € N, then lim; |)\§Z — A, | =0.

Proof. From (A1), (1), lim; 67| = 0 and lim; xij = 1z}, follow

lim p2x (|5 (2)) = (I F2 (zn)]]) - (18)

J]—00

On the other hand, from (A1), (1), lim; ||6/|| = 0 and lim; arij = 1z, we conclude that

limy [|F7, () Fy, ()| = |1Fy, ()" P, (2x)]-
Therefore, the hypothesis HFI’k(xk)*FPk(xk)H > 0 (together with the'fact lim; (5}; = 0) allow
us to conclude that ||F7 (xi])*FI‘S: @) > %HFI’k (xk)*FIOk (zx)|| > ~d7, for sufficiently large j.
Consequently, the lemma follows from (18) together with the definitions of )\% and A7, in (6b)
and (7b) respectively. O

Proof. (of Theorem 3.9) _

We give an inductive proof in k. Since z¢ = wg] for all j € N, (17) trivially holds for k = 0.
Assume that lim; E[||29" —z||?] = 0forl =0,... k. We aim to prove lim E[“xi:_l_xk+1“2] =0.
The argumentation is divided in three steps:

Step 1: We claim that lim; Hx?] —x|?=0forl=1,...,k.

Arguing as in the proof of [28, Theorem 4.3] one proves that, for each realization (lo,...,I;_1)
the inequality Hx?j —x* < (%)ZE[HJZ?] —y||*] holds for I = 1,...,k and j € N. Thus, for each
fixed I € {1,...,k} the inductive hypothesis guarantees that lim; Ha:?j —x]|> =0.

Step 2: We claim that lim; Hmi:_l — zp41]|? = 0. Two distinct cases are considered:
(I [IF7, (lUk)*FIOk (zx)|l > 0. From the iteration formulas (6a) and (7a) follow

xiil_xk-i-l =
59 59 89\ % 87 (8 *
= 5%] -z — b [)‘IiFllk (l”kj) FI,: (ﬂfkj) - )‘Ikak(ﬂﬁk) FIOk (%)}

= ) — ), — Ok [(XZ — i)y, (2) F (zn) + M) (Fp (2 ) Fp (2 ) — Fy, (2)* F, (fﬂk))} :
Therefore, arguing with (A1) we estimate

281 — 2] <
2 — @kl + 2CIN), — A | |FL ()| + 2IN) || F, (2 ) Y (2)) — F, (xn)* Fp ()] -
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Taking the limit j — oo in the above inequality and arguing with Step 1 (for [ = k), Lemma 3.10
and (A1), we conclude that the three terms on the right hand side do converge to zero;’ proving
our claim in Step 2, in case (I).

(D) [|F7, (a:k)*FIOk ()| = 0. In this case A\;, =0 and Flok (zx) = 0. From (6a) and (7a) follow

59 59 5 PN
gy — zpll < oy — all + 207 [|1F7, (xf )" Fr, (2f,)]].- (19)

Given j € N, if [|F], (a:ij)*FI‘Z( Nl < 753 then )\ = 0 and we derive from (19)

_ o kaﬂ - $k+1” < Hmk» — - (1)
Otherwise, if [|F7, (xi])*Fl‘-slj (22| > 75}k we argue with Lemma 3.6 to estimate

IFY (aP)|* = <sz<xij>—y?k, y1k+sz< ')~ FY (2 ) (ar — 2 ) + Ff () ) (g — 2 )

< EF @) | - £, < D) = @) = )|+ 15, @) B @) e — 2|
<||Ff <xi’>||[nu D+ W+ FF @0l | + 187, @) Ff @) = o |
= 1F5, @ ER, @+ (L m)llyfy + ur, — Fr ()] + 17, @) B @) o — 2|
< ||} (xi])\l[nH H+<1+n><5}k+r\F1k<xk>r\>}+|1F1k< )L @ e =2 ).

Since Fp (1) = 0 holds in case (II), the last inequality and the definition of p°(-) allow us to
conclude that p’rs IFL @) < 17} (29 ) F (2] |z, — 29 [|. Thus, it follows from (6b)

ML ) Fr ()] = 0 (1F7, (2D 1 ) R, @)Y < llag) — ] -
From this inequality and (19) follow _
28] =z ]l < 3llay — axl - _ (1)
From inequalities (f) and (f) together with Step 1 (for [ = k) follow lim; ||x,‘ij+1 — zpp|| <
3limj |2} — zx|| = 0, proving our claim in Step 2, in case (II).

Step 3: We claim that lim; E[Hxiﬂ_l — zk41]|*] =0, concluding the inductive proof.
Indeed, notice that

) k+1
E[llz341 — ze1l®] = (%) ZO 1200, = Thsiosein 1%
io
zk:0
where :L'i io...i,, 18 defined by (6a) taking (1o, ..., Ix—1) = (i, ..., ik—1), and Ty, 4, , is defined
by (7a) analogously Taking the average in Step 2 over all pos31ble realizations (I[), ..oy Iy), one
concludes that lim; E [kaJrl zp41l?] = 0. O

Theorem 3.11 (Semi-convergence). Let Assumptions (A1), ..., (A6) hold true; (67) = ((58, e
5n_1) € RN be a sequence with lim; |0;]| = 0 and (y*') = (33", ...,v%_,) € YV be.a correspond-
ing sequence of noisy data satisfying (1). Additionally, for each j € N, let (:Czj),’z:(gj) be the
corresponding sequence generated by the nonlinear pSGD method (6). There exists * € B,(xo),
solution of (8), such that

: 57 (2]
leIgOE[]]xk*(éj) —z*|?] = o. (20)

"Notice that Lemma 3.10 guarantees the boundedness of the sequence ()\?i )j-
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Proof. Let & € B,(zg) be a solution of (8) (the existence of & follows from (A3)). We claim
that, for every fixed k € N it holds

N . 59
|# =2 1 = 12 — afll* > 0, (21)

for sufficiently large j. _ _
From (A6) we conclude that k}‘j > k for sufficiently large j. Consequently, xij and a:,‘ij_H are
defined for sufﬁc1ently large 7. _ _ _
If || Fy (@))* F (a))|l <767, then A} =0, 27/, = ) and (21) holds trivially. Otherwise,
it follows from Remark 2.3, (16) and (6b)

I — g 12 = Iz — 21 12 > 602 — ) Aep® (15 (23)])
= Ox(2 — O) (Ap )|y, (2 ) FD, ()1
> Oh(2 = k) Ay (767 )7
> k(2 — 0) A2 (601)

(notice that Assumption (A4) guarantees 05 (2 — 6;) > 0). Thus, ||z — mf 12— 1% — l’k+1||2 >0,
establishing our claim (21).
Now, taking the average in (21) over all possible realizations (Ip,...,I;) and arguing with
Remark 3.1 we obtain _
[l — 2§ |1*] - E[ll2 — 235, 1%] >

From (A6) we may assume that k}; increases strict monotonically with j. Given m < n, we

derive from the last inequality, with j = n and k = k., ..., k. — 1, the estimate
R s N 5n N
E[lz — 2 1?] < E[|l& —ag. [’] < 2B[||2 — @y |I*] + 2E[|2az, — 23, [I°] (22)

(we adopted the simplified notation k; = kj;). Here (xx) is the sequence generated by pSGD

(7) using exact data and the same (I,...,I,...) as the sequences (xi])

In (22) take # = x*, the solution of (8) satisfying limy E[[|z* — z||?] = 0 (the existence of z*
is ensured by Theorem 3.5). Therefore, there is a large enough m, s.t. the first term on the rhs
of (22) is smaller then ¢/2. Additionally, from Theorem 3.9 with k& = k}, we conclude that the
second term on the rhs of (22) becomes smaller than €/2 for large enough n. This concludes the
proof. O

4 Numerical experiments

“In Sections 4.1 and 4.2 the pSGD method from (6) is applied to solve two large-scale systems of
nonlinear operator equations using real-world data. The corresponding inverse problems relate
to parameter identification in neural network training. In Section 4.3 a parameter identifica-
tion problem in a 3D elliptic PDE system is considered. Computations are performed using
MATLAB® R2017a, running in a Intel® Core™ i9-10900 CPU (10 cores, 20 threads).

In Section 4.1 we revisit, using neural networks, an inverse problem discussed in [28], namely
the big data problem of CO-concentration prediction in a gas sensor array.® In Section 4.2 we
consider a well-known benchmark problem problem in machine learning, namely the classification
problem for the MNIST database (see https://en.wikipedia.org/wiki/MNIST database).

8Differently from the approach used here, in [28, Section 5.2] this inverse problem was modeled as a multiple
linear regression problem.
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4.1 Prediction of CO-concentration in a gas sensor array

For the application considered in this section, we use a data set collected in a gas delivery
platform facility at the ChemoSignals Laboratory in the BioCircuits Institute at University of
California, San Diego. The data set contains the readings of 16 distinct chemical sensors, which
were exposed to the mixture of Ethylene and CO at varying concentrations in air. For this gas
mixture, the measurement was constructed by the continuous acquisition of the 16-sensor array
signals for a duration of approximately 12 hours without interruption (we refer the reader to
[9, 28] for a detailed description of the experiment). The real data used in this section is available
at the UC Irvine Machine Learning Repository https://archive.ics.uci.edu/ml/index.php, data-
set Gas sensor array under dynamic gas mixtures.

In [28] the following experimental setting was considered: readings from the last sensor
(sensor #16) are used as the response variable, and readings from sensors {#1, #3, #4, ..., #15}
are used as covariates (readings from sensor #2 are disregarded due to strong lack of accuracy);
each sensor data consists of 4,188,262 scalar measurements.” The inverse problem considered
in [28] is a multiple linear regression problem. It consists of finding an approximate solution to
the linear system Az = y° (with unknown noise level § > 0), where A = (A4;)N ' € RV*XM,
with N = 4188262 and M = 15. Here 2 € RM is the unknown vector of regression coefficients,
y? € RN contains the readings from sensor #16, and A; (the i-row of A) is such that: the
first 14 columns of A; contain the i*"-readings from sensors {#1, #3, #4,...,#15} and the last
column is equal to one.

An inverse problem in machine learning

In this section we consider the problem of predicting the reading from sensor #16 based on the
readings from the previous 14 sensors. However, differently from the multiple linear regression
approach in [28], we use here a neural network (NN) that inputs the readings from the first
sensors and outputs a scalar value, which predicts the reading of the last sensor.

The structure of proposed NN reads:

— Input: z € R, readings of the first 14 sensors;

— Output: NN(z;W,b) = c(Wz+ (1 —¢)b) € R, where W € R is a matrix of weights,

€ > 0 is a small constant, b € R is a scalar bias and ¢ : R — R is an activation function.

Notice that this is a very simple NN with only one layer (the output layer); the dimention of
the corresponding parameter space is 15, the size of (W, b). If the activation function o is linear,
this approach becomes equivalent to the multiple linear regression used in [28].1°

The inverse problem under consideration is a NN training problem, i.e. one aims to find an
approximate solution (a pair of parameters (W, b)) to the nonlinear system

F(W,b) = 40, i=0,...,N;—1, (23)

where F;(W,b) := NN (z;; W,b) = o(Wz; + (1 —e)b). Here Ny < N is the size of the training set
and z; = ((Ai)j)]lil, where A; is the i"-row of A.
Once the parameters (W,b) are chosen, the performance P of the corresponding neural

network NN (-; W, b) is defined by

1 NetNe=1||NN (z:; W, b) — ||
P(NN(5W.b)) o= 1— 3 ) ' .
Ny 5%, 17

The sum in the above definition gives the average (relative) misfit betwen the predicted value
NN (z;; W, b) and yf, evaluated over the test set {z;, N; <i < N, + Np — 1}. Clearly it holds
0 < P(NN(-;W,b)) <1 for all (W,b), and P(NN(-;W,b)) =1 is the best possible performance.

9See [28, Figure 3] for scatter plots of sensor #i readings against sensor #16, for i = 1,...,15.
10We choose the nonlinear activation function o s.t. it’s range contains all possible readings of sensor #16.
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Remark 4.1 (Choosing the training set and test set). At the beginning of the experiment,
the rows A; are arranged in o random order. Consequently, the ’training set’ and ’test set’ are
comprised of random samples with sizes of Ny and N respectively. In our numerical experiments
we use Ny = 4,000,000 and Np = 100,000 (notice that Ny + Ny < N s satisfied).

The choice of the activation function

The activation function o used in the definition of our NN is a variation of the saturated linear
activation function [6]. Here o : R — R is defined by

) 2t+1—-2 ,t>0
o(t) = .
2—-2¢/1—-t ,t<0

The choice of this particular activation function is motivated by the next lemma (a proof is
postponed to Appendix A).

(25)

Lemma 4 2. For each a > 1 the real function o in (25) satisfies wTCC (4) in the interval
(1—a%a?—1) forn=4(a—1), ie.

a—1

lo(®) = o(t) =o' O)(E-t)] < lo@ =@, ¥t i€ -a®a®~1).

A direct consequence of Lemma 4.2 (with a = 3) is that the function o in (25) satisfies the
wTCC (4) in the interval (—8,8) with = 1. In the sequel we prove that, for every fixed z;, the
above defined neural network NN (z;;-,-) does satisfy wTCC (4).

Lemma 4.3. The function F; : (W,b) — NN (z;; W,b) = o(Wz; + (1 — €)b), with o as in (25),
satisfies the wTCC (4) for n = max{||z]|, |1—¢|} in a suitable neighborhood V; of (0,0) € R xR.

Proof. If f and g are functions (with D(f) D Rg(g)) satisfying wTCC (4) for constants 7 and
14 respectively, then

1£(a®) = flg®) = fg®)g ®)E -t <
< £ (g®) = fla(®) = f'(g(@))lg(t) = g(O)] + f'(g(®)g(t) — g(t) — g' (&) (£ = 1)]]
< 0y llg®) — gl +ng L7 (@) IE =l (26)

Notice that F; = f o g; with f(t) = o(t) and g;(W,b) = Wz; + (1 — &)b. Since g; is linear, it
satisfies wT'CC (4) for n, = 0. Consequently, it follows from (26) and Lemma 4.2

IE:(W,0) = Ei(W,0) = F{(W,)[(W,0) = (W, D)]| < [[(Wzi = (1= )b) = (Wz — (1 - 2)b)|
= W =W)zi — (1 =e)(b=b)l < [l W =W+ 1 —elllb—bl],

for (W,b), (W,b) € V; := {(W,b) € R x R; ||[W2z; + (1 —¢)b|| < 8}. The assertion follows from
the last inequality. O

Numerical implementations

In what follows the pSGD method in (6) is implemented for solving problem (23). The sensor
readings (2;,y?) € R x R on the training set are scaled by the factor (1 — ¢)~! max;<, ||2]|-
An analogous procedure is performed on the test set. Consequently, after scaling, it holds
l|zi|| < (1 —¢), for i =0,...,Ny + Np. From Lemma 4.3 it follows that each operator F;(W,b)
satisfy Assumption (A2) for the same constant n = 1 — e at the corresponding neighborhood V;.
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Figure 1: Prediction of CO-concentration in a gas sensor array. (TOP) Evolution of the relative residual:
Training set (Left) and Test set (Right); (BOTTOM) Accuracy of the prediction: Neural network (Left)
and Linear regression (Right).

In our experiments the initial guess (Wy,bp) is a random vector with coordinate values
ranging in (—1,1) and € = 0.1. Moreover, we choose the sequence 0 = 1 in (A4). The iteration
(W, bi) is computed for one epoch, i.e. for k =1,..., N;.

Three different runs of the pSGD method were computed. In each one of them we evaluate
Wizr, + (1 —€)by and observe that |[Wyzr, + (1 —¢€)by|| <2 for k=1,..., N;. From Lemma 4.3
it follows that (Wy,b) € Vi, for k=1,..., Ny

Since the noise level § is not known, we set p°(t) =
results are summarized in Figure 1:

Ni—1 [[NN (2i5Wh,bg ) — vy 2.

(TOP-LEFT) Evolution of relative residual on the training set: > ;" NN GoiWo o)~y

" _ 0
(TOP-RIGHT) Relative residual evolution on the test set: Zﬁ;ﬁv -1 H%x((jvm‘;zzg—zg ”;

For comparison purposes, two relevant concurrent methods were implemented: (i) the stochastic
gradient descent (SGD) method, which corresponds to the choice 6 = 1 and A\, = 1 in (6a); (ii)
the advanced stochastic algorithm (ADAM) [20], which is a well established extension of SGD.
For the implementation of ADAM we use the choice of parameters described in [20], namely
a =0.001, B = 0.9 and By = 0.999.

At regular intervals of ﬁNt steps, P(NN(-; Wy, by)) is computed. The index 0 < k* < N
is chosen such that (Wjs«, b+ ) exhibits the highest performance among the evaluated ones. The
additional task of evaluating P(NN(-; Wy,b)) a hundred times (per epoch) leads to a 10%
increase in the overall computation time of the pSGD method.'!

The prediction accuracy of NN (-; Wy, bg+) is investigated in Figure 1 (BOTTOM-LEFT):

(1—n)t? in (6b). The computed numerical

1Since Ny << N, the computational cost associated with calculating P(NN(-; Wy, by.)) is significantly lower
compared to the cost of calculating the average relative residual on the training set.
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the relative prediction error || NN (z;; Wi, b ) — 92 ||/||42 || is plotted for the test set {z;, Ny <i <
N¢+Nr—1} (BLUE), the average value (RED) is 0.010. The performance P(NN (-; Wi, by+))
amounts to 99%.

For comparison purpose we plot in Figure 1 (BOTTOM-RIGHT) the prediction accuracy
of the linear regression approach [28] for the same test set (BLUE), the average value is 0.021
(RED). The performance of this approach amounts to 97.7%.

4.2 Classification problem for the MNIST database
The Modified National Institute of Standards

) =)
and Technology (MNIST) database consists ? ? ? i f f: (j 1 ﬁ ? T ? f f ? ?
of o of bndiin s (e D 2323055582123
. 8¢ I8 accompamer by ¢ P 3333333393>53333333
ing label indicating the digit it represents. -
This dataset is commonl, d in the field of e tda9 99 rydda vy
. . yusedmMeACol s 5§ 5855 $ S 585 Ts5 5555
machine learning for developing neural net- b6 bblbbobboble bl
k hitecht d for testing traini
ksl SO 5 7359009537 7
. ¥ 2 e 8 i FPFfERPYTETYTFCLE
The MNIST datab t 60,000
° rabans ol O 99949999994 94499 9

training images (along with 10,000 testing
images) of the ten digits. Each image con-  Figure 2: Sample images from the MNIST database
sists of a 28x28 pixel array of grayscale levels. ~ (source Wikipedia).

The corresponding data-files are accessible from many different sources. For the experiments
conducted here, the files were downloaded from http://yann.lecun.com/exdb/mnist/.

In this section we consider the well-known classification problem for the MNIST database.
In order to model this problem, we use here a NN that inputs a 28 x 28 pixel array of grayscale
levels (i.e. a vector in R™* with coordinates ranging from zero (black) to 255 (white)) and
outputs a vector in R0, The classification of the handwritten digit depicted in the 28x28 image
is given by the coordinate of this output vector with maximal absolute value (for alternative
NN architechtures with outputs in R? we refer the reader to [5] for a Deep NN, or [4] for a
Convolutional NN).

The architechture of the NN used in our experiments is as follows:

— Input: z € R™*, pixel array from the MNIST database;

— Hidden layer: 7 := o1 (W2 + by) € R%, where W, € R6474 and b; € R,

— Output: NN (z;W1,b1, Wa, by) := go(WaZz + bs) € R where Wy € R4 and by € RO,
Here W7y, W5 are weight matrices and by, by are biases vectors. Moreover, o7 : R%* — R%* and
o9 : R0 — RI0 are nonlinear activation functions.

The classification of the input image z is given by the scalar value j € {0,1,2,3,4,5,6,7,8,9}
defined by j := arg max ‘NNi(z; W1, b1, Wg,bg)‘.u

This simple NN has only 2-layers 784-64-10 (one hidden layer and the output layer); the
dimension of the corresponding parameter space is 50,890 = 64(784 + 1) + 10(64 4 1), i.e. the
dimension of the set of parameters (W7, by, Wa, ba).

Typically, much larger NN’s are used for solving the MNIST classification problem (e.g., the
Deep NN in [5] has 6-layers 784-2500-2000-1500-1000-500-10 and achieves an accuracy rate of
99.65%). Our goal with this experiment is not to investigate state-of-the-art NN-architechtures.
Instead, we aim to test the efficiency of the pSGD method in (6) as a training algorithm. For
this purpose, the above described NN-architechture is rich enough to define a challenging inverse
problem as we shall see next.

12We adopt here the notation NN(-) = [NN;(+)]}=o € R*°.
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The inverse problem under consideration is a NN training problem, i.e. one aims to find an
approximate solution (W7, by, Wa, be) to the nonlinear system

Fi(Wl,bl,WQ,bz) = Y;, iZO,...,Nt—l. (27)

Here N; = 60, 000 is the size of the training set and F; (W71, by, Wa, ba) := NN (z;; W1, b1, Wa, be) =
o9 (Wgal(lei +b1) +b2), where z; is the ith—image of the MNIST database for i = 0,..., Ny —1.
The right hand side in (27) is a vector of the type y; = (0,...,0,1,0,...,0) € R% where the
index of the coordinate with value “1” indicates the digit depicted in the image z; (e.g., if z; is
an image of the digit 2, then y; = (0,1,0,...,0)). Note that the data in (27) is exact, i.e. the
noise level is § = 0.

The activation functions o1, 03 : R — R used in the above NN are variations of the sigmoid
function [6], namely: oq(t) = 3 tanh(t/10) and o»(t) = 2 tanh(t/10).

Numerical implementations

The pSGD method in (6) is implemented for solving the NN training problem (27). It is worth
mentioning that the operators F; in (27) do not satisfy the wTCC (4).

In our numerical experiments, the initial guess (W10 , b(l), WZO, bg) consists of random matri-
ces/vectors with coordinate values ranging in (—1,1). Since the noise level is § = 0, we set
p°(t) = t? in (6b).

Three different runs of the pSGD method are presented in Figure 3. In each one of them
the iteration (W[, bk W bk) is computed for 20 epochs, i.e. for k= 1,...,20N;. In the first 2
runs we choose the sequence 6 = 1 in (A4), while in the last run a random sequence 6 € (0, 2)
is choosen. The numerical results plotted in Figure 3 show:

(TOP) Evolution of relative residual on the training set: Zi\ﬁa ! |\|\]1VV]J\\[/((Z;;VV§E’:Z§:%fgjgg)):iil'l';

: : . Ny+Np—1|[NN (z;WF by, WE bE) —y||
BOTTOM) Evolution of relative residual on the test set: T T .
( ) ZZ:Nt HNN(zi;W{),b?,WQO,bg)—yiH

Here Nt = 10,000 is the number of images in the MNIST database test set.

For comparison purposes, the SGD and the ADAM methods where implemented for solving
(27) (the ADAM method is implemented using the choice of parameters described in Section 4.1).
The evolution of the corresponding residuals are plotted in Figure 3.

Following every 1—10Nt steps, the average relative residual is computed on the test set; the
index 0 < k* < 20N, is chosen such that (W 6K WE" b5") exhibits the smallest relative
residual. After selecting the set of parameters (WF™ b8 Wk b5"), the accuracy rate of the
corresponding neural network NN (-; WF", b’f*, Wk*, bg*) is calculated using the test set. In the
experiment above, k* = 19.4N; is obtained from the first run of the pSGD method (run 1 in
Figure 3). The accuracy rate of NN (-; W, b8, W¥" b57) is 95.96%.

Some remarks regarding the numerical experiments:

e Computation of k*: Since Ny << Ny, the computational cost associated with calculating
the (average) residual on the test set is insignificant compared to the cost of computing the
(average) residual on the training set. The computation required in order to determine k* is
performed 10 times per epoch; this additional task does not impose a significant numerical
burden on the implementation of the pSGD method.

e Choice of (fx): The experiments presented above suggest that the choice of the relaxation
parameters () does not significantly impact the decay rate of the residual. Different runs of
the pSGD method using sequences 6, € (0,1) (under relaxation), or 6 € (1,2) (over relaxation),
or random 6, € (0,2) produce similar numerical results.

e Accuracy rate: The accuracy rate of NN (-; WE' b W5 b5") is given by the trace of the
confusion matrix divided by Np. The confusion matrix is a table that is used to evaluate the
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Figure 3: MNIST classification problem. (TOP) Evolution of the relative residual for training set;
(BOTTOM) Evolution of the relative residual for test set.

performance of a classification model. It provides a summary of how well the model has classified
the different classes in a dataset. It is typically used for problems like the MNIST classification,
where the output of the model can belong to multiple classes. It displays the actual class labels
of the data against the predicted class labels generated by the model. The main diagonal in
Figure 4 represents the correctly classified instances, while the off-diagonal elements represent
misclassifications. The final entry in a row/column represents the cumulative sum of all preceding
elements in that particular row/column.

4.3 Parameter identification in a 3D elliptic PDE system

The previous applications in Sections 4.1 and 4.2 are related to the training of neural networks
using real data. Despite the practical importance of these applications, the exact solution to
the inverse problem and the level of noise is not known in both cases, making it only possible
to analyze the evolution of the residual and not the iteration error.
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Target Class

QOutput Class

Figure 4: MNIST classification problem. Confusion matrix for NN (-; WF", b5" W™ b5™).

In this section we address a problem of parameter identification in a system of three-
dimensional elliptic PDEs. Although this is a benchmark problem with synthetic data, it has
certain features that are convenient for testing the efficiency of our method: (i) the exact solu-
tion is known; (ii) the level of noise is known; (iii) each operator in the system of elliptic PDEs

is known to satisfy (A2).

The underlying inverse problem

We address the problem of determining the non-negative coefficient ¢ € L>(£2) in the system of
elliptic PDEs defined on the three-dimensional domain € = (0, 1)? with homogeneous Dirichlet

boundary conditions

Figure 5: Section 4.3. Problem setup: (LEFT) Initial guess c¢p; (CENTER) Ground truth ¢*; (RIGHT)
One of the 27 functions f; on the right-hand-side of system (28).
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—Au; + cu; = f;, in u; = 0, on 0N) 1=0,...,N—1. (28)

Here ¢ > 0 almost everywhere is to be identified from the knowledge of u; € HY(Q), i =
0,...,N — 1, on the entire domain €; the right-hand sides f; € L?(2) are known. Notice that
for each f; € L?(Q) and ¢ € L>°(Q) the boundary value problem in (28) admits a unique solution
u € HEH(Q) [24].

This inverse problem can be written in the form of system (2), where F; : ¢ — u;, u; solves
(28), for i = 0,...N —1 (since Q C R3 is bounded, it holds L>(Q2) C L?(9)). In the case N = 1
this ill-posed benchmark problem is considered in [14, Example 4.2]. In particular the authors
prove that each operator F;j does satisfy (A2).

Numerical implementations

The pSGD method in (6) is implemented for solving the system (28). In our numerical exper-
iments N = 27 equations, the initial guess cg is the solution of the boundary value problem
—Au=1in Q and u = 0 on 99, and the ground truth ¢* € L?(f2) is the non-negative function
c*(z,y,2) = 2 arctan[100 exp(—[40z% + 40y? + 320(z — 0.75)?])] (see Figure 5). The functions f;
are defined by f;(z,y, z) = 10exp[—8(x — 2;)? — 8(y — y;)? — 8(2 — 2;)?], for i = 0,...,26, where
(zi,yi,2i) € Q form a 3 x 3 x 3-array of equally spaced points within Q. In Figure 5 (RIGHT)
one of the 27 functions f; on the right-hand-side of system (28) is depicted.

Regarding the generation of noisy data used in our experiments, the exact u; (solutions of
(28) for ¢ = ¢*) are perturbed by adding uniformly distributed random noise. The level of noise
is 0 = 0.5%. In order to avoid inverse crimes, finite element adaptively refined meshes (with
average 6,300 elements) are used in the implementation of the pSGD method. These meshes are
coarser then the meshes used to generate the data for the inverse problem (with average 11,000
elements).

For the computation of )\‘}k in (6b), the step of pSGD, we use a conservative estimate for 7 in
(A2), namely n = 0.99. Moreover, we set 0 = 1 in (6a). The evolution of the relative iteration
error || — c*||/||c*|| for the pSGD method is presented in Figure 6.

1r \

SGD |
pSGD |

09 f

08 |

0.7

0.6

Relative Iteration Error

0.5

| | | | | |
0 10 20 30 40 50 60
Number of steps

Figure 6: Section 4.3. Evolution of relative iteration error for pSGD and SGD methods.

For comparison purposes, the SGD method was implemented for solving (28). In this example
pSGD clearly outperforms the classical SGD method. The iterates cj, c‘{6 and cg4 of the pSGD
method are presented in Figure 7.
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Figure 7: Section 4.3. Iterates ¢} (LEFT), ¢js (CENTER) and ¢, (RIGHT) of the pSGD method.

A second experiment with N = 1 and § = 5% is conducted. Thus, system (28) reduces to
the single equation Fy(c) = uf, and the evolution of both relative iteration error ||cg — c*||/||c*||
and relative residual ||Fy(cd) — ud||/||Fo(co) — uf|| can be monitored (see Figure 8). The initial
guess ¢o and the ground truth ¢* are as before. An analogous procedure is used to generate the
noisy data and to avoid inverse crimes. Again we use n = 0.99 and 0, = 1 to compute the step
of the pSGD method. In Figure 8 one observes the typical semi-convergence phenomenon for
both pSGD and SGD methods.
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Figure 8: Section 4.3. Noise level 6 = 5%. (TOP) Evolution of relative iteration error; (BOTTOM)
Evolution of relative residual.
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5 Conclusions

In this manuscript we investigate a nonlinear projective stochastic-gradient (pSGD) method for
computing stable approximate solutions to large scale systems of nonlinear ill-posed equations.

We build upon a well-established nonlinear assumption, namely the weak tangential cone
condition (wT'CC), see (A2), to expand the method in [28, 27]. As a result, we create a new
approach capable of efficiently solving large-scale systems of nonlinear equations.

Our method stands out due to the stepsize selection, which is inspired by the projective
Landweber (PLW) method [23] and the projective Landweber-Kaczmarz (PLWK) method [22].

Highlighted among the key findings established in this manuscript are: (i) Estimates for the
average gain and monotonicity results for the average iteration error; (ii) A convergence result
for the pSGD method in the exact data case (Theorem 3.5); (iii) Regularization properties of the
pSGD method: a stability result (Theorem 3.9) and a semi-convergence result (Theorem 3.11);
(iv) In Lemma 4.3 we prove that the neural-network used to model the inverse problem in
Section 4.1 satisfies the wTCC.

Numerical experiments are presented for two large scale nonlinear problems in machine
learning: (i) the big data problem of CO-concentration prediction in a gas sensor array considered
n [9, 28]; (ii) the classification problem for the MNIST database. In these experiments, pSGD
performs on pair with ADAM [20], one of the most efficient methods for solving large scale
systems; this fact alone underscores the relevance of pSGD.

A third numerical experiment is conducted for a benchmark ill-posed problem of parameter
identification in a system of three-dimensional elliptic PDEs, which satisfyes the theoretical
assumptions in this manuscript. The exact solution and level of noise are known; this enables
us to analyze the convergence of the iterations toward the exact solution.

A Appendix: Proof of Lemma 4.2

In what follows we prove‘ thfcmt, given
a constant a > 1, the activation func-

tion o in (25) (see Figure A) satisfies
wTCC (4) in the interval (1—a?, a®—1) _/

for the constant n = $(a — 1).

The first step is to verify that the
real function h : z — /x does satisfy
wTCC in the intervall [1,a?] for the

constant n = 5(a — 1 =
= ( ) Figure A: Function o(¢) in (25) and it’s derivative.

Given z, y > 0 it holds h(z) — h(y) — M (y)(z —y) = Vo — - iz—-y)/Jy =
Vr—y/y/2—x/(2y/y) < 0 (the inequality follows from the inequality of arithmetic and geometric
means). Thus,

<@—ﬁw%j—ww

= Q‘I_ll”h

1h(x) = R(y) = 1 (y)(z = y)|| = f Vot o— \f
VT Lve _
\[(\f VY) = (\[ Dz =) <

Since ‘% - 1‘ <a—1for all z, y € [1,a?], we conclude that h(z) = \/z indeed satisfies wTCC
in the intervall [1,a?] for the constant 1 = (a — 1).

= (VT VD) + ol
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Proof. (of Lemma 4.2)

(i) From the definition of o in (25) follows immediately o(z) = 2h(x + 1) — 2, for = > 0.
Consequently, o satisfies the wT'CC in the intervall [0, a>—1] with the same constant = (a—1)
as the function h(z) = /.

(ii) On the other hand, since o is an odd function it follows by simetry that o satisfies the wTCC
in the intervall [1 — a?,0] with the constant = 3(a — 1).

(iii) Define the real functions f(z,y) := |o(z) —o(y) — o' (y)(x —y)|/|o(x) — o (y)| and g(z,y) :=
lo(y) —o(z) — o' (x)(y — z)|/|o(y) — o(z)|. Note that, for z < 0 and y > 0 it holds

fly)=MH=2vVT—w=2Vy+T—(z—y)/Vy+1| /4 -2V -z -2y +1],
gz, y) =2y +1+2VI-z—4d—(y—2)/VI-2| / 2Vy+T+2VI -z 4]

Defining the set S := [1 — a?,0] x [0,a? — 1], a direct calculation shows that

argmax f(z,y) = (1 —a?0) and ar max g(z,y) = (0,a% - 1).
z,y)ES %
Since f(1 —a?,0) = g(0,a® — 1) = $(a — 1), this reasoning allow us to conclude that

lo(x) = a(y) = o' (y)(z = y)| < 5(a = D]o(z) — o(y)],
lo(y) = o(z) = o' (@)(y — 2)| < 3(a = Dlo(y) — ()],
for all (x,%) € [1 —a?,0] x [0,a® —1].
Adding up items (i), (ii) and (iii) we come to the concluson that o satisfies wTCC (4) in
[1 —a? a® — 1] for n = $(a — 1), concluding the proof. O

N[ =

H
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