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Introduction

e Optical tomography (OT) : “is a medical imaging modality that
calculates (3D) maps of absorption and scattering coefficients in
biological tissue by using a radiative transfer model (RTE) for visible
or near-infrared light” (Klose, 2010);

@ The reconstruction of optical properties (images) may help the
clinical diagnosis ;

@ Mathematical Framework: combination of

© Forward model for light propagation;

e Forward model: Diffusion equation (low order approximation);

@ Recent developments and and application of different solution
methods based on the RTE;
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Introduction

e Optical tomography (OT) : “is a medical imaging modality that
calculates (3D) maps of absorption and scattering coefficients in
biological tissue by using a radiative transfer model (RTE) for visible
or near-infrared light” (Klose, 2010);

@ The reconstruction of optical properties (images) may help the
clinical diagnosis ;
@ Mathematical Framework: combination of

© Forward model for light propagation;
@ Inverse model for reconstructing the optical properties (from boundary
currents);

e Forward model: Diffusion equation (low order approximation);

@ Recent developments and and application of different solution
methods based on the RTE;
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Introduction

@ On the use of analytical approaches to develop closed form solutions
for two-dimensional transport problems;
@ Our choice: Nodal Schemes: Badruzamann, Azmy, Barros & Larsen;

@ Natural extension : concise and accurate results for a wide range of
problems (radiative transfer; rarefied gas dynamics) by the application
of the ADO method — Analytical Discrete Ordinates Method
(Barichello & Siewert, 1999);

@ easy to implement;
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problems (radiative transfer; rarefied gas dynamics) by the application
of the ADO method — Analytical Discrete Ordinates Method
(Barichello & Siewert, 1999);

@ easy to implement;
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Introduction

@ On the use of analytical approaches to develop closed form solutions
for two-dimensional transport problems;

@ Our choice: Nodal Schemes: Badruzamann, Azmy, Barros & Larsen;

@ Natural extension : concise and accurate results for a wide range of
problems (radiative transfer; rarefied gas dynamics) by the application
of the ADO method — Analytical Discrete Ordinates Method
(Barichello & Siewert, 1999);

@ easy to implement;

analytical solution in terms of the spatial variables;

reduction in the order of the associated eigenvalue systems;

no use of iterative schemes;

no division of the domain into cells.

alternative proposals for the auxiliary equations
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Test Problem
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Figure: Two-dimensional geometry.
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Discrete ordinates equation: Level Symmetric QS

0 0
Miaw(ﬁﬂi) + Uia—yw(faﬂf) +o:V(r,Q;) = Q(r)+

M
% S w(r, Q) (1)
k=1

fori=1,...,M, M= N(N+2)/2 and N refers to N — th order of the Sy
approximation. r = (x,y), Q; = (ui, ni)
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One-dimensional nodal equation: x direction

M
W, (x, Q) + oV, (x, Q) = Q(x, Q) + UT 3wV, () (2)

k=1
1 d
Vv, (x,;) >4 V(r,Q;)dy (3)
1 d
Q) = 55 [ ey (@
Q) = Q) - LV(x.d.Q) - V(x.-d.2)] ()

fori=1,..., M.

e Additional unknowns were introduced.
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Ordering the directions (for i =1,...,M/2)

Q; = (ui,mi) (6)
Qiim2 = (—pisni) (7)

I

04 06 OB

N=4:M=12
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Considering the known boundary conditions (for i = 1,..., M/4)

V(x,—d,Q;) =0 (8)
W(x,d, Qi) = 0 (9)
‘U(X,_d’Qi+M/2) =0 (10)
\U(Xv d79i+3M/4) =0 (11)
and the symmetry properties (for i = 1,..., M/2)
ni = NitM/2 (12)
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d
0, (0,0 + 000, (02) = Q1.9+

" wie [Wy (%, Qi) + Wy (%, Quimy2)]  (13)

d
— ,u,v&\lly(x,QH_M/g) + Utwy(xaﬂi+l\/l/2) = Q}’(X7Qi+M/2)+
5 M2
TS Wi [\Ily(x,Qk) + wy(Xan+M/2)] (14)
k=1

fori=1,...,M/2.
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Final form of the source term

Q6 Ri) = Qy(x) ~ 5 ¥(x, 4, ) (15)
Q% Qimya) = Q) + %w(x ~d.Qimps)  (16)
Qy(x,Qiymp2) = Qy(x) — 2d V(x,d,Qjym/2) (17)

ni
Qy(x,Qjy3mya) = Qy(x) + ;Z/4W(X,—d,ﬂi+3/w/4) (18)

fori=1,...,M/4.
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One-dimensional nodal equation: y direction

M
d s
SV Q) + oV Q) = Quly Qi)+ 5T Y wiV(y, ) (19)

Uidy
Vly @) = o / (. ) (20)
@) = 55 [ @y ey
Qx(yaﬂi) Qx(y) [ (b y7Q ) W(_bvyaﬂi)] (22)
fori=1,..., M.
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Reordering the directions (for i =1,...,M/2)

Qi = (/’Li777i) (23)
Qi m2 = (i, —ni) (24)

I

04 06 08
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Considering the known boundary conditions (for i = 1,..., M/4)

V(b,y,Qitmma) =0 (26)
V(=b,y, Qi mp2) =0 (27)
V(b,y, Qi 3m2) =0 (28)
and the symmetry properties (for i = 1,..., M/2)
Bi = HitM)2 (29)
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d
iy Vi) + oWy, i) = Quly, )+

M/2
Os

L Wy, Q) + Valy, Qiim2)]  (30)
=1

d
= i g Yy Qimy2) + oeVsly, Qimy2) = Quly, Qigny2)+

M2
Os

7 2 W Wy, Q) + Vialy, Qiimg2)]  (31)
k=1

fori=1,...,M/2.
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Final form of the source term

Quly Q) = Quly) — 51 (b.y, ) (32)
Qx(Y;Qitmya) = Quly) + H’;Z’MW( b,y,Qimya) (33)
Qe(y;Qirmy2) = Quly) — %w(b’%QH—Mﬂ) (34)

HivM/a

Qx(yvﬂi+3M/4) = Qx(y) + 2h

V(—b,y,Qi 3m/a) (35)

fori=1,...,M/4.
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The ADO solution: x direction

Seeking for solutions of the form

W, (x, Q) = &y (v, Q)e (36)
1 - M/2
== pi®y (v, Q)00 (v, Qi) = I > wi [ Dy (v, Q) + Dy (v, Qi o)
k=1
(37)

1
;Mi¢y(VaQi+l\/l/2) + 0Py (v, Qipn2) =
= wie [ (1, Q) + Oy (v, Qe 2)] (38)

fori=1,...,M/2,



Considering

Uy (v, Qj) = &, (v, Q)) + &, (1, Qi )2) (39)
Vy(v,82i) = &y (v, Qi) — &y (v, Qi my2) (40)

Adding and subtracting the Egs. (37) and (38)

1 - M/2
__M: V(1. Qi) + o U == Z wi Uy (v (41)
V(. Q) = U, (v, Q) (42)

fori=1,...,M/2,
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Eigenvalue Problem

[Dy - Ay] u,=xU, (43)
oe\2 [oe)? o 2
Dy:diag{<—t> ,<—t> ,...,( : ) } (44)
H1 H2 Hmy2
A k) = 255 (45)
1
Ay = 2 (46)

fori,k=1,...,M/2. Order M/2
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Using Egs. (39) and (40)

1
&y (v, i) = 5 [Uy (v, 2) + Vy (1, )] (47)
1
Sy (1), Qiymja) = 5 Uy (17, 21) = Vi (v, i) (48)
The homogeneous (explicit) solution is written
M/2
WO, Q) = Y A, (v, Qi)e (T iy
=1
Ajmy2®y (v, Qi) b7/ (49)
M2
U0, Qiymyn) = > Ad (1), Qipmyjp)e PP 4
=1

A2y (v, Qi) 7/ (50)

for i=1,...,M/2. Arbitrary constants to be determined
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The ADO solution: y direction

Proposing

wx(yvﬂi) = CDX(’}/,Q;)e_y/’Y (51)
[Dyx — AUy = M\ Uy (52)

Ot 2 Ot 2 Ot 2
D, = diag <_> <_) ( ) (53)

m 2 M /2
. Ot0sWg
A(i k) = 2 (54)
1

for i,k =1,...,M/2.



1
(5, Qi) = 5 [Ux (7, i) + Vie(, )] (56)
1
P (7 Qigymy2) = 5 [Ux (v, i) — Vie(, )] (57)
M2
vy, Q ZBcp v, Qe —(d+y) /v
B m/2a®x (7, Qipmja)e 4/ (58)
M2
Uy, Qismye) = > Biou(vj, Qipmya)e T4
=1
Bj+M/2¢x(’Yj’Qi)e_(d_y)/w (59)

fori=1,...,M/2,



Particular solution

Source term

[ 1 ,forxe[—a,aland y € [—c,c]
Q(r) = { 0 , otherwise (60)
Integrated source terms
[ ¢/d , for x € [—a, 4]
Qx) = { 0 , otherwise (61)
[ a/b ,forye[—c,(]
@ly) = { 0 , otherwise (62)
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Integrated source term for the one-dimensional nodal equation in the x
direction (for i =1,...,M/4)

Q) = Q) — 55 W(x. d.Q) (63)
Q(x.Qiema) = Q)+ AW (x, ~d Qiswga)  (64)
Q)% Qismy2) = Q(x) = 55V (x.d, Qi) (65)

Ni+M/a
Q% Qiramza) = Q)+ =20 W(x, ~d Qussmpa)  (66)
Additional equations

W(x,d,Q;) = H; (67)
\U(X, —d,Q,‘) == G,' (68)

in the directions where the flux at the boundary is unknown .
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Q)6 Qismaya) = Q) + =555 G (70)
Q6 Qismy2) = Q(x) = 2 Hi o (71)

Qy(XaQi+3M/4) = Qy(X) +

fori=1,...,M/4.
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Integrated source term for the one-dimensional nodal equation in the y
direction (for i =1,...,M/4)

Quly, ) = Qxly) — 5, ¥(by, ) (73)

Qx(V, Qi mya) = Quly) + Mi;,:/‘l"’(—byy,ﬂmwﬂ) (74)

Qu(Y;Qirmp2) = Quly) — %w(b7.y7ﬂf+/w/2) (75)

Qe(y, Qi 3m/4) = Qx(y) + MZIZMW(—[J’Y’Q;HM/O (76)
Additional equations

V(b,y,Q;) = F; (77)

V(—b,y,Q;) = E; (78)

in the directions where the flux at the boundary is unknown.
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Quly, ) = Quy) — ELF; (79)

~2b
Hivm/a
Qu(Y; Qitmya) = Qxly) + b Eiimya (80)
(Y Qitmy2) = Qxly) — %FerM/z (81)
Hi
Qx(y, Qiy3mya) = Qx(y) + ;,\;’/4 Eitamya (82)

fori=1,...,M/4.
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Particular solution: Green's Function

@ For the one-dimensional nodal equations in x direction

M/2

VE(x,Q)) Z{A(X (v, Q)+

Airm2(X)®y (v, Qiimp2) b (83)

M2
PG Qimp) = Z {Ai(x)®y (v, iy mj2)+

Aimp2(x)0, (v, Q) (84)

fori=1,...,M/2.
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M

Aj(X)Z/_Xb{

b M
Aiimya(x) = —/ {Z Q(r, Qa)Aj+M/2,a} e~ (=/Yidr (86)

a=1

Qy(T, Qa)Aj,a} e_(X_T)/I/de (85)

a=1

for i=j,...,M/2. (LBB, Garcia and CES, 2000)
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Linear system (jump condition)

M/2
i Y {Aia®y (v, Q) + Ajmj2,a®y (v, Qism2)} = bia (87)
j=1
M2
— i Z{Aj,aq’y(VJaQiJrM/z) + Ajmy2,a®y (v, i)} = 0ipmpza (88)
=1

fori=1,...,M/2anda=1,...,M.
Matrix form (for i,j =1,...,M/2and a =1,..., M)

[ [1i®y (v, Q7)) [y (v}, Qi) ] “
[_Ni¢y(VJ7Qi+M/2)] [—i®y (v, Q)]

[A',a] —
| apaa) | =
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@ For the one-dimensional nodal equations in y direction

M/2
VE(y, Q) = Y {Bj(y)®x(, Q)+
=1

Bimy2(¥)®x (s Qiymy2)} (90)

M/2
VE(y, Qiympe) = > {Bi(y) Pl Qisaay2)+
=

Bj+M/2(Y)¢X(7j’ Ql)} (91)

fori=1,...,M/2,
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M

:/ {Z Qx (1,2 }e_(y_T)/Vde (92)

M
j+M/2(y / {Z QX(T, Qa)Bj-i-M/Z,a} e_(T_Y)/'YJ'dT (93)
a=1

forj=1,...,M/2.
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Linear System (jump condition)

M/2
0 Y {Bj.a®x(v Q) + Binmj2a®x(1, Qismj2)} = bia (94)
j=1
M/2
=i > {Bia®x(1j: Qivms2) + Birmj2.a®x( )} = 0ivmjoe (95)
=1

fori=1,...,M/2anda=1,...,M.
Matrix form (for i,j =1,...,M/2and a =1,..., M)

[ [nix (77, Q)] [77i¢X('Yiji+M/2)}]X
[=ni®u (v Qivmp2)] [=0i®x(77, )]

[B',a] —
| (5toa,) | = o0
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General solution

@ one-dimensional nodal equations in x direction

Wy (x, Q) = V) (x, Q) + VP(x,Q)) (97)

@ one-dimensional nodal equations in y direction

Wiy, Qi) = Wiy, Q) + VE(y,Q)) (98)
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Coupling the one-dimensional problems

From de boundary conditions (Egs. (8) - (11))

Wi(—d, Q) + WE(-d, Q) =0 (99)
Vi(d, Qimya) + VE(d, Qisya) = 0 (100)
VI(—d,Qiimp2) + VE(—d, Qi pp2) =0 (101)
VI(d, Qiramya) + VE(d, Qiyamya) = 0 (102)

fori=1,...,M/4.
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From de boundary conditions (Egs. (25) - (28))

W (—b,9Q;) + VE(—b,Q;) =0 (103)

W (b, Qi prja) + VE(b,Qipya) =0 (104)
WP (=b, Qi mj2) + VE(=b, Qi p/2) =0 (105)
VI (b, Qi 3m/a) + VE(b,Qi3pmya) =0 (106)

fori=1,...,M/4.

29Coloquio



From the relation between the one-dimensional solutions and the auxiliary
equations (Egs. (67)-(68))

Vi(d, Q) + VA(d,Q;) = H; (107)

VI(d, Qimya) + VI, Qismya) = Hismye (108)
VI(d, Qismp2) + VA, Qivmye) = Hivmya (109)
VI(d, Qiysmya) + VO, Qiramga) = Hivamya (110)
Wi(—d, Q)+ VP(-d,Q;) = G (111)

V(= Qiimja) + VE(—d, Qiimsa) = Giimpe (112)
WQ(—d,Q;+M/z) + WR(—d,Qiymy2) = Giymya (113)
VI(—d,Qisamga) + VE(—d, Qi 3m/a) = Giizmya (114)

fori=1,...,M/4.
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From the relation between the one-dimensional solutions and the auxiliary
equations (Egs. (77)-(78))

Wi(b,Q) + VE(b,Q;) = F; (115)

WA (b, Qi mya) + VE(b,Qispaja) = Fiimpo (116)
V(b Qi my2) + VE(b,Qiimy2) = Fiimya (117)
VDb, Qir3msa) + VE(b,Qitamya) = Firamya (118)
Wi(—b,Q;) + VE(—b,Q)) = E (119)

WO (—b, Qi mya) + VE(=b,Qi msa) = Eimypo (120)
WO (—b, Qi m2) + VE(=b,Qi my2) = Eivmya (121)
VP (—b,Qii3mya) + VO(—b,Qi3m/a) = Eiysmya (122)

fori=1,...,M/4.

The general solution was established.
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Test problems: Case 1

e Tsai, R. W.,, Loyalka, S. K., A numerical method for solving the
integral equation of neutron transport: Part Ill, Nuclear Science
and Engineering, vol. 59, pp.536-540, 1976.

Scalar flux
L M2
¢(x) =, > wie [y (6, Q) + Wy (%, Qs my2)] (123)
k=1
L M2
00y) = 7 D wie [Viy. Q) + Vily, Qmy2)] (124)
k=1

b=d=1,c=d=0.52
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Figure: Case 1: scalar flux.
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Figure: Case 1: scalar flux, N =18, o, = 1, 0, = 0.5.

gealar flux
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Test problems: Case 2

o Watanabe, Y. Maynard, C. W., The discrete cones method for
two-dimensional neutron transport calculations, Transport Theory
and Statistical Physics, vol. 15, pp.135-156, 1986.

Net leakage
In=Jx+Jy (125)
1 M/4 5
h=7 Z'“"Wi/o [W(b,y, Q) +V(b,y, Qi my2)] dy (126)
i=1
L M4 5
=7 Z n"W"/ [W(X7 d,;) + V(x, d,Qi+M/2)] dx (127)
4 ¢ o



Concluding Remarks, Challenges and Future Work

@ Nodal 2D : simple appoximation for the auxiliary equations
@ Well conditioned systems

© No iterative schemes

@ Easy to implement and fast

@ analytical solution (1D) in terms of the spatial variables

@ reduced order eigenvalue problems

@ Alternative check

© Application in test cases related to OT

© Heterogeneous media

@ Alternative Auxiliary Equations (ANE, 2011; INAC 2009)
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