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Capitulo 1

Spin® Structures

Let V be a finite dimensional K-vector space; in our context K = R, K = C or
K = H.

Definition 1.1. A symmetric bilinear form on V is a function B : V — K such that,
1. B(klul + ]{}QUQ,U) = le(ul,U) + kZQB(’LLQ,’U), for all uy,ue € V and ki, ko € K.
2. B(u,v) = B(v,u), for all u,v € V.

The quadratic form associated to a symmetric bilinear form B : V x V — K is defined
as qp(u) = B(u,u), ¢gg : K — R.

1
B(u,v) = 5 lgp(u+v) —ap(u) — g5(v)]. (1.1)
Thus, let’s focus exclusively on symmetric bilinear forms. In this case, if we fix a
basis 8 = {e1,...,en} (dimg(V) = n), then the symmetric matrix M representing B is
M;; = (B(ei,ej)) and it is diagonalizable over K. Let

VT =@\Vaso, V7~ =dr\Vaco,

where V) = {u € V' | M(u) = Au} is the eigenspace associated to the eigenvector .

By Sylvester’s Theorem, a quadratic form on R" is determined, up to similarity,
by the pair of natural numbers (rkq, o), where rky = dim(V*1) + dim(V ™) is its rank
and o, = dim(V™") — dim(V ™) is its signature. The quadratic form is non-degenerated
whenever V) = {0}, otherwise it is degenerated. From now on, we will consider that all
the quadratic forms are non-degenerated. Thus, Sylvester Theorem claims that if ¢ has
rkq =1, 04 = s and r 4+ s = n, then it is equivalent to the quadratic form

r s
qr,s(xly'"axhylv""ys):Zx?_zyjz (12)
=1 7j=1
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1.1. CLIFFORD ALGEBRAS Celso M Doria

The classification above justifies the following notation: on R", where n = r+ s, consider
< .. >ps V xV — R the non-degenerated bilinear form associated to the quadratic
form ¢, in 1.2.

1.1 Clifford Algebras

Definition 1.2. Let V be a K-vector space and ¢ : V — K be a nondegenerated
quadratic form. The Clifford Algebra Cl(V,q) associated to the pair (V) q) is the algebra
generated by the relation

uv +vu=—-2B(u,v).1l, 1ekK. (1.1)

where B is the bilinear form defined by the identity 1.1.
Example 1.1. .

1. Let K=R, V =R" and B(u,v) =< u,v > be euclidean inner product on R". Con-
sider 8 = {ey,...,en} be an orthonormal basis with respect to the inner product.
The identity 1.1 induces the following relations in Cl,, = CI(R", <, >):

ej.ej +ej.e = —252']'. (1.2)

From the relation 1.2, the basis § = {ey,...,e,} generates in Cl,, the elements
er = €, ...e, of length | I |= k, where 1 < k < n and I = (i,...,i). For

ke {1,...,n}, there are (Z) linearly independents elements ey such that | I |= k.
Thus,

Vk:{Zflel | freRand,|I|=k}
i=1

is a vector subspace of Cl,, with dimension . We note that the vector space

n
k
structure on Cl, = R®V; ®Vy--- @V, is isomorphic to the vector space structure
on the exterior algebra A*R™, hence its dimension is 2.

2. Let K=R, V =R" and B(u,v) =< .,. >.5. If 5 = {ei1,...,e,} is orthonormal
with respect to < .,. >, then Cl, s is generated as an algebra by the relations

ej.ej +ej.e; = _251']'7 if i <, (13)
ei.ej-f—ej.ei :25ij7 if ¢ ZT+1.
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CAPITULO 1. SPIN® STRUCTURES Celso M Doria

The automorphism a : V' — V, a(u) = —u, induces the automorphism

a:ClUV,q) — Cl(V,q), a(z prer) = Zéﬁla(el),
I I

where if ef = ¢e;, ... e;,, then a(er) = a(e;,) . .. ale;, ). Furthermore, the relation a? = I
induces the decomposition

ClI(V,B) =Cl’ & CI*,

where CI = {¢ € CU(V,q);a(¢) = ¢} and CI' = {6 € CU(V.q);a(¢) = —¢}. The
subspace CIY is an subalgebra generated by < 1,e; : | I | even > and CI' is a vector
space generated by < ey:|I| odd >.

Proposition 1.1. For all r,s, there is an algebra isomorphism Cl,. s ~ C’ZQH’S. In
particular, Cl,, ~ Cl2+1 for all n.

Demonstragao. Choose a g, s-orthonormal basis § = {e1, ..., € 4541} of R™+s+1 g0 that
grs(ei) = 1for 1 < i < r+4+1and ggs(e) = —-1lforr+1<i<r+s+1and
consider the map f : R™" — Cl9+1,s defined by setting f(e;) = e;e,4+1 on the basis
Brs =1{€1,...,er,€rq2,... 4511} and extend it linearly to R"**. For u = Z#TH u;e;,
we have that

f(u)2 = Zulu]eierﬂejerﬂ = Z uiujeie; = uu = —q(u).1
i i#r+1

It follows from the universal property that f extends to an algebra momomorphism,
which restriction to the subalgebra C1° 11,5 IS surjective.
O

Definition 1.3. Fixed a orthonormal basis 3 = {e1,...,e,} of (R", < .,. >, ), the
volume form of Cl, ; is the element w = e ...éey,.

Proposition 1.2. Let w = ej...e, be the volume form of Cl, s, then;

1. w is well defined (it independs on the choosen basis).

n(n2+1) +s '

2. w?=(-1)

3. For allu € V, uvw = (—=1)"Ywu. In particular, if n is odd, then w is central in

Clys. If nis even, then pw = wa(ep), for all ¢ € Cl, 5.
Demonstracao. .

1. Let 0 = {v1,...,v,} be another basis and let T : R” — R" be the orientation
preserving orthogonal automorphism of R™ taking the representation of a vector
in 8 to the representation in 3,

autor: Celso M Doria 5




1.1. CLIFFORD ALGEBRAS Celso M Doria

n
v =T(e;) = Ztuez, (T =tk
=1

Then

w” =i v =T(e1)...T(en) =det(T).ey...en = w.

2. Let w=ey...e, and u =) vie;, 80

TRV E Vi€i€1...€ ... = E vi(—l)%lel...eiei...en:
%

= (—1)[(i_1)+(”_i)]viel €. €€ = (—1)"_1w.u.

O

Proposition 1.3. Let either n = 4k or n = 4k + 3. In this cases, w?> = 1 in Cl,
generates the decomposition Cl, = CIT @ Cl~, where CI* is the eigenspace associated
to the eigenvalue 1 of w.

Demonstragdo. Let 7 = 3(1+w),son™ + 7~ =1and (r7)? =7F, (r7)? = 7~ and
atr~ =77t = 0. Now, define CI* = 7%(Cl,). O

Corollary 1.1. Consider n = 4k and let V' be a Cl,-module. Then there is a decompo-
sition

V=Vtaev"

into the +1 and —1 eigenspaces for the multiplication by w (V* = n£(V)). Also, for
any v € V with q(v) # 0, the module multiplication by v gives the isomorphisms

v VTSV, v VT VT

Demonstracao. The last claim concerning the vector v € V is obtained from the fact
that n being even then vw = —wwv, and so

1 1
vt = 51}.(1 +w) = 5(1 Fw)v=mT.0.

autor: Celso M Doria 6
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Definition 1.4. Let V be a real vector space endowed with a non-degenerated quadratic
form ¢ : V' — R. The complexification of CI(V, q) is

Cl(V,q) =Cl(V,q) ® C.
notation: Cl, ;, = Cl,, = Cl,, ® C.

1.1.1 Classification

Next it is described the main steps to classify the Cliford Algebra an to show that
they are all algebras of matrixes.

Proposition 1.4.

Cll’o =C, Cl071 =RoOR, (1.5)
Clap =H, Clp2=M(2,R),
Cliy = M(2,R).

Proposition 1.5. For all n, r e s, there are isomorphisms

Cl07n+2 ~ Clmo ® Cl072 (1.8)
Cln_;’_Q’[) ~ Cl(),n ® 01270 .
Clr+175+1 ~ Clr’s & Cl171. (1.10)

Theorem 1.1. For all n, there are periodicity isomorphisms

Cln+8,0 ~ Cln,o & Clg’g (1.11)
ClO,n+8 ~ Clo,n (9 Clo’g (1.12)
Cln+2 ~ Cl,, ®c Cls, (113)

where Clg g = Clyg = M(16,R) e Cly = M(2,C). Therefore,

Clop_1 = M (2871, C) @ M (271, C), (1.14)
Cly, = M(2F,0), (1.15)
Clypy1 = M(2F,C) @ M (2%, C). (1.16)

Example 1.2. Let V =R" and 8 = {ej,...,e,} be a orthonormal basis. Using (3, we
can describe the inclusion ¢ : R® — Cl,, and the generators set of Cl,,.

1. Cly =C
In this case V = R, let 3 = {e; = 1} be the basis. Since ¢ = —1, we take
t:V — C by setting v(e1) = i.

autor: Celso M Doria 7




1.1. CLIFFORD ALGEBRAS Celso M Doria

2. Cly ~ H In this case V = R? let 8 = {e; = (1,0),e2 = (0,1)} be canonical
orthonormal basis. The quaternions H can be identified with C? using the fact
that ¢ = jk, as shown next;

g0 + q1i + @2J + a3k = qo + ik + @2j + @3k = (g0 + 3k) + j(q2 + kqg3).

As a algebra, consider H generated by {j, k} and let t(e;) = j and t(e2) = k. If we
consider the representation o : H — M (2, C), given by

o(a+ bj) = <_“5 2)

we assign

on(er) = (_01 é) on(es) = (? é) (1.17)
3. Cls~HoH

V =R3 and 8 = {e1, €2, e3} the canonical basis

4. Cly

1.1.2 Representations of Clifford Algebras

Let W be a Cl,-module and p : CL, — Hom(W, W) be a linear representation.
The volume form plays important role in the classification of irredutible Cl,-modules
because p(w)? = I and w is central whenever n is odd.

Proposition 1.6. If n = 4m + 3, then the eigenspaces Cl of the volume form w are
inequivalent and irredutible representations of Cl,,.

Demonstracdo. In this case w? = 1 and w is central. Of course, lef are Cl,-modules.
The decomposition Cl,, = Cl;f @ CI;; together with the fact that each component CIF is
Cl,-invariant means that they are irredutible representations of Cl,,, say p+. To see that
they are inequivalent, we observe that py(w) = £I and that there is no isomorphism
F: CIlf — Cl,; such that p;(w) = F~top_(w)oF. O

Proposition 1.7. Let n = 4m and p : Cl,, — Hom(W, W) be a irredutible representa-
tion. Then, there is the decomposition W = W+ @& W, where each space W is CI°
invariant, and each one corresponds to a irredutible representation of Cl,_1 ~ CI9.

Demonstracdo. It is enough to observe that ¢.w = w.¢, for all ¢ € Cly,, and w € CI2.
However, u.w = —w.u for all w € V, and so, u.n® = 7Fu. O

Corollary 1.2. Consider the complex Clifford Algebras Cl,, and wc = "5 w the com-
plex volume form;

autor: Celso M Doria 8
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1. if n = 2k + 1, then there are two irredutible and inequivalent representations of
Clagy1-

2. if n = 2k, then there is only one irredutible representation W ~ C* admitting a
decomposition W = W+ @ W, where W are the irredutible representations of
Clop_1 =~ Clgk.

Demonstracdo. First we observe that we = 1, since

Q[L‘H n(n—1) n(n—1)

w%:i 2}.61...671.61...6”:(—1) = (=1 =z =1.

Thus, we has eigenvalues 1 and the corresponding eigenspaces Cl;= induce the decom-
position Cl,, = Cl} & Ci,, .

1. If n is odd, wc is central, then (lef are invariant as Cl,-modules and inequivalent
as representations.

2. if n is even, then any v € V induces an isomorphism v : Cl;¥ — CIT. Besides, each
Clf is CI® ~ Cl,,_1 invariant.

O]

remark: In the Corollary above, the dimension of the irredutible representation spaces
W can be computed as follows: (hint: dim (M (n,R)) = n?)

1. n=2k—1
Since dim(Clog_q) = 2271, it follows that dim((Clzikfl) = 22k=2 — (2F=1)2 Hence,
dim(W) = 2k=1,

2. n = 2k;

Since in this case Clyy, is irredutible as a Cly,-module and dim(Cly,) = (2¥)?, it
follows that dim(W) = 2*.

Let’s compute the volume form we in Clg,_; = M(2F~1, C)@ M (21, C) and Clyy, ~
M (2k, C) are performed;

Proposition 1.8. Let wc € Cl,, be the volume form; so,

I 0 -1 0
we ~ <0 —I) or wg ~ < 0 I> (1.18)
. . i _ A 0
Demonstracao. From the decompositions Cl,, = C™ @& C~, we have we = 0 B)

hence A2 = B2 =1, and A = +] and B = +I. Since 1 — I and —1 — —I, the only
possibilities are 1.18. In the first case, we compute

7T+_1+w<c_ I0 and 7T__l—w(c_ 00
2 —\0 0)° 2 \0 I

autor: Celso M Doria 9
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1.1.3  (CIO)*

As vector spaces, we have the isomorphism Cl; ~ A*(R*) ® C. One of the Seiberg-
Witten equations requires a relationship among the vector spaces (Ci3)™ and A2 (R*);

Proposition 1.9. Let (Cl9)* = CI) N CI, so

(CIHF ~ {<1+2w‘c> oA (RYH}®C (1.19)

Demonstragao. Its is straight forward that

Clo~(A°@ A’ A ®C.

The subspaces A%2C and (A @ A*) ® C are invariant by wc. Let 3 = {e1,e2,e3,e4} be a
orthonormal basis of R4, SO we = —ejegezeq and

w(erez) = eseq, w(eres) = —egeq, w(ereq) = eges.
The multiplication by w¢ on Cl, is similar to the action of the Hodge #-operator on

A*(R™), in the sense that the diagram below commutes;

we

¢, —— Cl,
A*(R") —— A*(R)
So, the elements
e1e2 + eseq erjes —egeq €1e4 + exe3
2 ’ 2 ’ 2
form a basis of A%. So, a generator set of (CI})T is given by

<1+wc> 69<d$1/\alav2—l—al:cg/\dafl dz' A dxd — da® A da? dmlAdx4+d:E2/\dx3>
2 2 ’ 2 ’ 2

O

1.2 Spin Group
The multiplicative group of units in CI(V,q) is the set
Cl*(V,q) ={¢ € Cl(V,q) | ¢ invertible}

This group contains all elements v € V with g(v) # 0, since v™! = —ﬁv). It is a Lie

group of dimension 29(V) The adjoint representation Ad : C1*(V,q) — Aut(Cl(V,q))
is given by Ady(z) = ¢gzp~!. Forv eV,

autor: Celso M Doria 10
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q(v, w)
—Ady(w) =w —2 v. (1.1)
° q(v)
The right hand side of expression 1.1 is a g-reflection over the g-orthogonal plane to v,
hence it preserves ¢q. In order to obtain a g-reflection, or to get rid of the minus sign

on the left hand side, we introduce the twisted adjoint representation Ad : C1*(V,q) —
Aut(CU(V, q)),

Ady(y) = a(d)ys ™, (1.2)

Note the following: (1) Ad, = Ady iff ¢ is even and (2) Ad, = —Ad, iff ¢ is odd. It
follows that for all v € V'

Ady(w) = w— 220, (1.3)

Thus, Ad, is a q-reflection. Define P(V, q) to be the subgroup of C1*(V, q) generated by
v € V with g(v) # 0. In this way, we have got a representation P(V,q) — O(V,q).

Definition 1.5. The Pin group Pin(V,q) of (V,q) is the subgroup of P(V,q) generated
by the elements v € V with g(v) = +1. The associated Spin group of (V, ) is defined by
Spin(V,q) = Pin(V,q) N CI°(V, q).

Now, letting P(V,q) = {¢p € CI*(V,q) | Ady(V) =V} (P(V,q) C P(V,q)), the twisted

adjoint representation induces the representation P(V,q) — O(V, q).

Proposition 1.10. Suppose that V is finite dimensional and that q is non-degenerated.
Then the kernel of the homomorphism Pin(V,q) — O(V,q) is 1.

remark: The groups Pin and Spin are generated by the generalized unit sphere
S ={veV]gq(v)==1}; that is,

Pin(V,q) ={v1...v | q(v;) = £1}
Spin(V,q) ={v1...v, € Pin(V,q) | r even}

By setting O, = O(V, ¢rs) and SO, s = SO(V, ¢ s), we have the following important
results;

Theorem 1.2. Let V' be a finite dimensional R-vector space and suppose q is a non-
degenerate quadratic form on V. Then there are short exact sequences

0 — Zy — Spiny, s EZN SO, s — 1,

. Ad
0 — Zy — Pin, s — O, — 1.

autor: Celso M Doria 11
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Furthermore, if (r,s) # (1,1), these two-sheeted coverings are non-trivial over each
componente of O, s. In particular, the exact sequence

0 — Zo —> Spin, ﬁ SO, —1 (1.4)

represents the universal covering homomorphism of SO,,, for all n > 3.

Demonstragao. The exact sequence are a direct consequence of proposition 1.10. The
non-triviality of the coverings is achieved by exibiting in Spin, s a connected path from
1 to —1: choose orthogonal vectors e, ez € R™ with g(e;) = ¢g(e2) = £1 (this is possible
since (r,s) # (1,1)). Then the curve v : [0,1] — Spin, s,

~v(t) = [cos(t)er + sen(t)ea].[—cos(t)er + sen(t)es] = Lcos(2t) + sen(2t)ejes

satisfies v(0) = £1 and v(7/2) = F1. O
remark: .

1. Spinz = S3 and Sping = S3 x S3.

2. The fundamental groups of SO,, and S OQ’S are

(a) m(SOy) =Zg, n >3,
(b) m1(SO7,) = 7(SO;) x m1(SO;) for all r,s.

3. Fixed an orthogonal basis § = {e1,...,e,} in R”, the curves 7;; : [0,1] — Spin,,
73 (t) = cos(2t) + sen(2t)e;e; satisfy v(0) = 1 and 7/(0) = e;e;. So, the Lie Algebra

of Spin,, is generated by the pairs e;e; and its dimension is @

Definition 1.6. A Spin, representation A : Spin, — GL(W) is a representation

. . . . A .
induced by a Clifford Representation Spin,, C Cl, — GL(W). If the representation
space W is irredutible, we say that A is a fundamenatl representation

remark: Since Spin,, C CI9, a Spin,, representation are induced by a Cl,,_1-representation.
Therefore, for each n there is only one fundamental spin representation.

1.3 Spin Structure

In the last section it was shown how to construct the Clifford Algebra CI(V,q) as-
sociated to a K-vector space V endowed with a quadratic form ¢ : V — K. In this
section, the aim is to extent the construction to riemannian vector bundles E — X over
a smooth manifold X. Let E, = 7~1(x) be the fiber over 2 € X and consider that E is a
orientable vector bundle of rank n endowed with a quadratic form ¢, where ¢, : F, — K.
This constructions starts by considering the Clifford Algebras Cl,,(E;, q) and then the

autor: Celso M Doria 12
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bundle C1,,(F,q) = UpexCl,(Ey, q:). In order to get grips on the transition functions
of the bundle Cl,(E,q) it is better to construct it as an associated bundle. For this
purpose, let SO(E) = {T € SO(E;) | Vo € X} and Pgo(g) be the orthogonal frame
bundle associated to E (its fibers are diffeomorphic to SO,,). We recall that the tran-
sition function of Pgo(g) are the same as E. In fact, by considering the representation
p: SO, — GL(V) induced by the inclusion, we have that

E = PS'O(E) XPV

Now, letA “s consider the representation j : SO,, — Aut(Cl,)

plg)(eirs - ei,) = (p(g)(ein)) - - (p(g)(€in))-

In this way, CI(E) = Pso(g) X5 Cly.
Now, we would like to construct a principal bundle Pgy;,, over X associated to the
exact sequence

0 — Zo — Sping 2% 50, — 1. (1.1)

However, this is not always possible due to an obstruction named 2"¢ Stiefel-Whitney
class wo(E) € H*(X,Zs).

Definition 1.7. Let X be a smooth manifold and dim(X) > 3. A spin structure over a
vector bundle w : £/ — X is a principal bundle Pgsp;n,, (E) and a map ¢ : Pspin, — Pso(E),
such that ((p.g) = ((p).Ad(g), for all p € Pspin, (E) and g € Spin,, and such that the
diagram below is commutative (7o ¢ = 7’)

PSpin
/ l 7'('/
™
Pso(p) X (1.2)

The exact sequence in 1.1 induces an exact sequence at the Cech Cohomology level,

HY (X, 7) — HY(X, Sping) 2% H'(X,50,) 25 H2(X, Z,), (1.3)

where each class in H'(X, G) represents the set of transition functions of a G-principal
bundle. Therefore, a class in H'(X, Spin,) represents a Spin,-bundle lifted from a
SOp-bundle Pgo(g) (as in diagram 1.2) if, and only if, wa(F) = 0.

Definition 1.8. A vector bundle 7 : E — X is spin if wy(E) = 0.

autor: Celso M Doria 13




1.3. SPIN STRUCTURE Celso M Doria

1.3.1 Classification of Spin Bundles

From its initial concept, the map ¢ : Pspin, — Pso is a double cover when restricted
to the fibers. Let’s investigate the possible maps doing this. A basic fact about 2-covers
of a manifold M is that they are classified by H'(X,Zs), since a 2-cover is determined
by the kernel of a homomorphism (M) — Zg, which descends to a homomorphism
H1(M,7Zs) — Zs determining a class in H'(M,Zy). Therefore, the space of spin struc-
ture over Pgo(p) is 1 «» 1 with the classes ¢ € H 1(PSO( E)» Z2) that are non-trivial when
restricted to the fibers of Pso(g)-

example: Let X and f: T* — T? is a double. The pull-back bundle f *Pso(r) doesn’t
corresponds to a Sping structure on a vector bundle 7 : E — T

The bundle sequence SO, SN Psor) — X induces the exact sequence

0 — HY(X,Z2) == H'(Pso(my, Za) ~— H' (SO, 7o) 25 H*(X,Zs), (1.4)

where wy(F) = wg(g1) and g1 is the generator of H'(SO,, 7o) ~ Zs.

Theorem 1.3. Let E be a orientable vector bundle over X . There exists a spin structure
over E if, and only if, wa(E) = 0. Moreover, H'(X,Zs) can be identified as the space
Spin(E) of spin structures on E.

Demonstragdo. If there is a spin structure, then we have seen that wy(E) = 0. Let’s
prove the converse. Suppose wa(E) = 0, by the exact sequence ?? an element ¢ €
H'(Pso(g), Z2), non-trivial along the fibers, can be written as ¢ = 7*(a) + 3, where
a € HY(X,Zsy) and i*(8) = g1. Since 7* is a monomorphism, it follows that whenever
a# o in HY(X,Zs) we have

¢ =)+ B # () + B = ¢.

Therefore, after fixing 3 ¢ Ker(i*), for each a € H'(X,Zs) corresponds only one spin
structure. O

Example 1.3. LetA s compute the spin structures on some explicit examples;

1. Consider 7 : E — S! as a rank = 2 riemannian vector bundle with structural group
SO(2). In this case, the frame bundle must be trivial, hence Pgo(g) = S'xS' = T?
and wa(E) = 0. According with the theorem 1.3, there are only four spin structures
on E, since H'(T?,75) = Zo ® Zy. The sequence 1 — SOy — T? — S! induces
the exact sequence

0 —— HY(SY,Zs) —=— HYT2,Zs) ——s H'(SOs,Zs) —2E— 0

|- | | w9

0 - Z2 N ZQ@ZQ —_ ZQ _— 0
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Each spin structure is equivalent to an element of form (o, 1) € HY(T?,7Zs), a €
H (S, Zs). So, they are (0,1) and (1, 1); each one corresponding to the following
2-covers of T?:

(a) p1:T? — T? pi(e”,e) = (e¥,e%); T = §* x (S' /Zy).
(b) p2: T2 = T2, pa(e”, ) = (e, %); T = ' x, S".

In this example we can see that although the principal bundles are diffeo-
morphic to T2, they carry different spin structures.

2. Let SO,, n > 3, and 7w : TSO,, — SO,, be its tangent bundle. It is well known
that the tangent bundle of a Lie Group is trivial, so T'SO,, = SO,, x SO,, and
wo(T'SO,) = 0. Therefore, it admits a spin structure and there are only two of
them because H'(SO,,,Zy) = Zs, for n > 3. The spin structures correspond to
the following 2-covers;

SO, x Sping 2 SO, x 8O,, Spin, x Spin, B Spin, xz, Spiny,.

3. Whenever X is an almost complex manifold, then

wa(X) = c1(X) mod 2 (1.6)

By considering X = Fj; a closed surface of genus g, then ¢;(Fy) = x(F,) =2(1—g),
and ws(F,) = 0. Thus, TF, admits a spin structure and, since H'(F, Zs) ~ Zgg,
there are 229 spin structures on T Fy.

Definition 1.9. An orientable riemannian manifold X is spin if we(7X) = 0. In this
case, X carries a spin structure by fixing a spin structure sx € H?(X,Z3) on TX
(notation: we(X) = we(TX))

remarks:

1. the spin structure on 7T'X independs on the riemannian metric defined on X, since
the inclusion Pso(py — Par(p) is @ homotopy equivalence.

2. A diffeomorphism f : X — X may change the spin structure defined on X. The
induced isomorphism f* : H'(X,Zy) — H'(X,Zs) may not be the trivial one.

1.3.2 Geometric Meaning of a Spin Structure

Let w = wy + wy + -+ + w, € H*(X,Z2) be the Total Stiefel-Whitney class, n =
dim(X). Using the Steenrod squaring operations Sq¢¥ : H/(X) — HItk there exists
only one element vy € H*(X,Z) such that

(vp Uu) = S¢F(u) € HY(X,Z), Yu€ H¥(X,Zs).
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Let Sq = Zf:o Sq” be the total Steenrod squaring and v = 14wy +v2 + ... be the total
Wu class. Clearly, v satisfies the identity

vUu = Sq(u), Yue H*(X,Zs).

Proposition 1.11. (Wu’s formula [3]) Let w € H*(X,Z2) be the total Stiefel- Whitney
class of X:

w = Sq(v).
(since Sq'(u) = 0 if i > deg(u), then vy =0 for k > [3]).

Example 1.4. Let X be an orientable manifold with dimension < 4. By Wu’s formula,

4 2
sz‘ = qui(v) =1.(14+v +v2) +vi.(1+v1 +v2) +v2(l +v1 +v2) =

w1 =V = 0,
2
W9 = VY + Vg = V2,
=1+v+v]+v+vive+v3 = poa T
w3 = V102 = 0,
wy = v3.
The tangent bundle of closed 3-manifolds is always trivial, so w2(X) =0 and w = 1. If
X is an orientable 4-manifold, then w = 1 + w9, where wo = vo and

waUu=uUu, Yuéc H*(X,Zs).

Proposition 1.12. If X is a spin 4-manifold, then Q(u,u) = 0 mod 2 for all u €
H2(X,Z).

Theorem 1.4. Let X be a n-dimensional manifold.

1. If n > 5, then X is spin if, and only if, all embeded orientable surface in X has
trivial normal bundle.

2. If n =4, then X is spin if, and only if, the euler class of the normal bundle of an
embeded orientable surface in X is even.

Demonstragao. The group Ha(X,7Z) is generated by compact orientable surfaces and so
is the group Hy(X,Zo) = Ha(X,Z) ® Zo. By Whitney’s Embedding Theorem, if n > 5
these surfaces can be embedded in X, and if n = 4 they may have transversal self-
intersections which can be removed by the price of increasing the genus of the surface.
In both cases, the generating classes are smooth. Let ¢ : ¥ — X be such embedding
with normal bundle v(3). Then, since wy(X) = 2(1 — g) mod 2 = 0 mod 2,
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Cwo(X) = fwe(TX) =we(V'TX) =way(TE @ v(Y)) = (1.7)
wa(TE) + wa(v(X)) = wa(v(X)). (1.8)
Hence,
Cwa(X)[X] = w2 (X)[6x(8)] = wa(v(5))[5] = (1.9)
=x(w (X)) mod 2 = Q(X,X) mod 2. (1.10)

Therefore, wo(X) = 0 if, and only if, wa(r(X))[X] = 0 for all embedded surface in X.
Furthermore, if dim(v(X)) > 3 (or n > 5), then v(X) is trivial and so wa(v(X)) = 0.
Whenever dim(v(X)) =2 (or n = 4), wa(X) = 0 iff for any surface its self-intersection
number is even. O

Corollary 1.3. Let X be simply connected.

1. If dim(X) > 5, then X is spin iff every embedded 2-sphere in X has trivial normal
bundle.

2. If dim(X) = 4, then X is spin iff Q(u,u) = 0 mod 2, for all u € H*(X,7Z).

Demonstracao. It is enough to remark that X being simply connected imply, by Hu-
rewicz’s theorem, that Hy(X,Z) ~ mo(X) is generated by spheres. If dim(X) = 4, the
generating spheres may not be smoothly embedded. O

Today, the main question in 4-dimensional smooth topology is about the classification
of smooth, closed, simply connected 4-manifolds. However, the question concerning the
realization of quadratic forms as intersection forms of smooth manifolds is still unsolved.
There are two very deep theorems about the last question;

Theorem 1.5. (Rohlin) Let X be a smooth, closed 4-dimensional manifold with signa-
ture ox. If X is spin, then

ox =0 mod 16.

remark: For all 4-manifold X, ox = 0 mod 8.

Theorem 1.6. (Donaldson) Let X be a smooth, closed J-dimensional manifold. If Qx
is positive (negative) definite, then

Qx~1@la---0l, (-le—-1¢---@—1).

Corollary 1.4. X spin and positive definite, then rk(Qx) = 0 mod 16.
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1.3.3 Interpretation of wy, as an Obstruction

A a smooth manifold X admits a CW-complex structure K = U} (K;, where K (@)
is the i-skeleton and the underlying polyhedron is | K |= X. Besides, the CW-structure
can be induced by a handle decomposition, as decribed in the next section.

For a vector bundle p : E — X, the 2" Stiefel-Whitney class measures the extenda-
bility of a trivialization 7 over the 1-skeleton K1 to the 2-skeleton K(?). Let Cj(X) be
the it"-chain Z-module, Z;(X) = Ker(9) be it"-cycles submodule and B;(X) = I'm(0)
be the i'"-boundaries submodule. Also, there is the dual submodules C?(X), Z!(X) and
B(X).

Let’s start by discussing the orientability of a bundle p : E — X. Consider ¢ €
Ci1(X), ¢:[0,1] — X, with a frame y fixed at ¢(0) and another one (3 fixed at ¢(1). It
is natural to ask if it is possible to continuously extend the frames Gy, 81 over c. Clearly,
if By and (; belong to the same connected component of O, then the extension can
be continously performed, otherwise it can not be performed since they lie in distinct
connected component. This is better interpreted as a map wi(FE,7) : S° — m(Oy)
associating to a trivialization 7 on dc = S° a class in my(O,,) ~ Zs, where the value is 0
if the frames are in the same component and 1 otherwise. This procedure when applied
to 1-cycles in Z1(X,Z) induces a homomorphism wy (E, 7) : Z1(X,Z) — Zo.

Proposition 1.13. Let E be a rank n real vector bundle over a smooth manifold X. So,
1. dwi(E,7)=0.

2. Let 7' and T be distincts trivializations over the 1-skeleton KW, Then there exists
a class ny € Co(X) such that

/wl(Ea T/) - wl(E’T) = 6770
Hence, wi(E,7) € H (X, Z3) independs on .
Demonstracao. .

1. For s € Co(X), dwi(E,7)(s) = wi(E,7)(0s). From the classification of compact
surfaces, it is known that | s | has the homotopy type of a bouquet \/?i St where
g is the genus of | s |. Besides, ds is homotopic to the bouquet, so wy(F, 7)(9s) =
17, wi(E,7) = 0 mod 2. Therefore, wi(E,7)(ds) = 0.

2. If 7/ and 7 are distincts trivialization, then wq(E,7’) and wq(E,7) take different
values in m(O,,). So, for any 1-chain ¢ € C1(X), (w1 (E,7")—wi(E, 7))(c) measures
the difference on a 0-chain ¢ = dc € Cy(X), which is nothing else than just a
coboundary 6ng.

O

Definition 1.10. The 15! Stiefel- Whitney class of a vector bundle E is wy(E) € HY(X, Zs).
E is an orientable vector bundle if wq(E) = 0.
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The same sort of question can be asked by analysing the case of extending a triviali-
zation (frame) of an oriented vector bundle E over the 1-complex K1) to a trivialization
over the 2-chain complex K@), First of all, let’s fix an trivialization 7 on K(!). For each
I-cycle v € Z1(X), 7 isamap 7 : v*E — S x R™ given by

(7)) = (Lea(t),- .. en(t)).

Thus, for each v € C1(X), there is a map 7, : St — SOy, 7,(t) = (e1(t),...,en(t)).
Therefore, a trivialization T over a closed curve v : S' — X induces a class [r,] €
m1(SO,,), where 71(S0O,,) ~ Zg whenever n > 2, and m1(SO2) = Z. Assuming that E
is an oriented vector bundle, it admits a trivialization 7 over the 1-skeleton K. The
restriction of 7 over the boundary A of a 2-simplex A extends over A iff [Tpa] = 0. By
defining wa(E, 7)(A) = [tsa], we have a homomorphism wa(E,7) : Co(X) — m1(SOy,).
Now, let S € K be a submodule of Zy(X). From the classification theorem of compact
surfaces, | S | is homotopic to (\/1211 S1) U D2, where g is the genus of | S |. Let S be
a submodule of S such that | S |=| S | UD?. Therefore, the bundle E is trivial over S
and it extents over S iff [r,¢] = 0. Thus,

wa (B, 7)(| 5]) = [ry4]
and E extends over S iff wo(E,7)(| S |) = 0.

Proposition 1.14. Let E be a rank n oriented real vector bundle over a smooth manifold
X. So,

1. Swo(E,7) = 0.

2. Let 7' and T be distincts trivialization over the 1-skeleton K. Then there exists
a class m1 € CY(X) such that

MZ(E’T/) - w?(E7T) = 5771
Hence, wo(E,7) € H*(X,Z3) independs on .
Demonstracdo. .

1. For Q € C3(X), dwe(E,7)(Q) = wo(E,7)(0Q). First of all, let’s decompose @ as
Q=" A3, where A3 i=1,...,n, are 3-simplex. For each i € {1,...,n}, we
have we(E, 7)(0A3) = 0 because every trivialization over JA? extends over A3,
since m3(S0,,) = 0 for n > 2. Therefore, E is trivial over K®). Hence, F is trivial
over 0Q € Z3(X) and wo(E,7)(0Q) = 0.

2. By considering 7" and 7 distincts trivialization, we(E,7’) and wq(F, ) assume
different values in m1(SO,,) when computed on s € Co(X). In this way, for any
s €y (X ),

(w2 (B, 7") = wa(E,7))(s) = [7a,] — [7a]
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measures the difference on a 1-chain ¢ = ds € C1(X), ¢ = 0s, which is nothing
else than just a coboundary on; : C1(X) — Za.

O]

Definition 1.11. The 2"¢ Stiefel-Whitney class of an oriented, real vector bundle E is
wo(E) € H*(X,Zs). E is a spin bundle if wy(E) = 0.

Example 1.5. Every closed, oriented, compact surface ¥, of genus g is spin. As des-
cribed above, by considering ¥, = %, Ll D?, the class wy(X) € H?(X,Zy) is measured
by fixing a trivilization 7 of T3, over f)g and computing the class [7,¢]. In this way,
7 defines a frame [ = {ey, ea} over 3. The Hopf theorem states that the index of each
vector field e; and ez must be equal to the Euler characteristic x(2X4) = 2(1 — g), what
means that the maps e; : 9D?> — SO,, induces the class [1i] = 0 € Zy. Therefore, the
frame 3 extends over D?, hence over 2.

It follows from the former discussion that, for all oriented real vector bundle E, the
space of orientations on E is parametrized by H°(X,Zs) = Zs and the space of spin
structure is parametrized by H'(X,Zs).

1.3.4 Spin Structure on a Handlebody

A k-handle hy, of dimension n is, by definition, the space hi, = D¥ x D*~F homeo yn
A k-handle has the following subsets;

1. the core of hy, is D* x {0} and its cocore is {0} x D"~F,

2. the attaching a-sphere of hy, is A = S*~1 x {0} and the belt b-sphere is B =
{0} x S+~ (convention: S~ = {1}.)

A handle decomposition of a smooth manifold X is a decomposition
X=HoUHiU---UHrU---UH,,

where Hj, = U?:’“lhﬁ'g is the union of ny k-handles, each one corresponding to a critical
value of a Morse function f : X — R with Morse index k. Fortunetely, it can be assumed
that the critical values of f are in crescent order according with their indexes. Thus, let

XO=H0 X' =XOUH,,... . Xr=XFTUH,, ..., X" = X" UH,.

Each piece X* is a n-manifold with boundary. In order to attach a k-handle over 9X*~1,
we need to perscribe two pieces of data:

1. the isotopy class of an embedding ¢ : S¥~! x R*~* with trivial normal bundle. (¢
is the attaching map);
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2. a normal framing 7 of ¢(S¥~1) corresponding to the identification of the normal
bundle v(¢(S*~1)) with S¥—1 x R*~*,

The normal framing 7 corresponds to a map 7 : S¥~! — Gl,,_x, and so, each normal
framing is defined, up to homotopy, as an element in 7;_1(Gl,,_x). In dimension 4,

Z2> k= 17
7Tk_1(G14_k) = Z, k= 2, (111)
1, k=34

Therefore, in dimension 4 the framing of a 2-handle is specified by an integer number.
A trivialization 7 over the attaching sphere A = S! x {0} extends to a trivialization over
the core of a 2-handle iff the framing 74 € 27Z.

Definition 1.12. A n-dimensional handlebody is a n-manifold X admiting a handle
decomposition

X=D"UHiU---UHU---UHp_1,

where Hy = U?:’th is the union of n; k-handles.

Example 1.6. Let X = D* U hy U hy be a 4-manifold obtained by attaching two 2-
handles to the ball X = D*. The attaching spheres A1, Ay C S% = dD* are knots in S5.
The Seifert surfaces S1, S9 associated to each knot, respectively, when capped off by
the core of the 2-handles define surfaces ¥;, 9. Thus, Ho(X,Z) = Z @& Z is generated
by [21] and [¥2]. The quadratic form Qx : Ho(X,Z) x Ho(X,Z) — Z is defined as the
linear extension of

QX([Ei]7 [Ej]) = lk(AiaAj)v i, =12,

where [k(A;, Aj) is the linking number among A; and A;. In the case i = j the linking
number is exactly the framing of A;. Therefore, X is spin iff the framings of [r4,] and
[Ta,] are in 27Z.

In the example above it is shown how a 2-handle h attached to D* determines a
surface ¥j, in X = D* U h. By sliding a 2-handle h; over a 2-handle hy we obtain a new
2-handle h because its attaching sphere is not A; anymore. The surface Xj obtained by
attaching h represents the homology class [Xn,] = [Xn,] + [Zh,], so

Qx ([En], [Ea]) = {Qx (En], [Bn]) + Qx ([Bny, [En,])} mod 2. (1.12)

Proposition 1.15. Let Y3 be a closed 3-manifold. Thus, Y bounds a handlebody X*
constructed by using only one 0-handle and several 2-handles.
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Demonstragao. Its is known that every closed 3-manifold is the boundary of a 4-manifold
W. A handle decomposition of W can be obtained by using only one 0-handle and no
4-handles. The 1-handles can be cancelled by attaching 2-handles along the cores of the
1-handles killing the 71 (W) generators. By turning the handlebody upside down the
3-handles became 1-handles and the same process can be appllied to end up with only
2-handles and one 0-handle. O

Proposition 1.16. Let Y be a closed 3-manifold endowed with a spin structre sy. Thus,
there exists a closed surface X4 of genus g and a spin structure sy on M = St x Xy
such that (Y, sy) is spin cobordant to (M, syr).

Demonstragao. Consider X = (Y x [0,1]) U4 h;, where h; are 2-handles attached to
Y x {1} with framing n;. If the framings n; are even numbers, then the spin structure sy
extends to a spin structure sx on X and we define M = @&. In case there are 2-handles
with odd framings, suppose they are h; and hy, we can slide hg over hy in order to
replace hy by the new 2-handle hf, with frame n € 2Z (compute it using equation 1.12).
Therefore, we are left with just one 2-handle h with odd framing. Whenever the number
of odd framed 2-handles is greater than two, this procedure can be carried out to end
up with only one odd framed 2-handle denoted by h.

By erasing the cocore of h, the effect of attaching h is canceled out. However, we
can consider the Seifert surface Sps C Y x {1} of the belt sphere of h and capp it off
with the cocore of h to construct the genus g closed surface F, = ({1} x D?) U Sp,. Let
v(F,) be Fy normal bundle. In this way, it has been constructed a cobordism X among
Y and Ov(F,). It may not be true that v(F,) = D? x F,. By modifying X we can obtain
a cobordism X among Y and S' x F,. The bundle v(Fy) is trivial iff the U;-bundle
O(v(Fy)) is trivial. In order to turn the Uj-bundle Ov(Fy) into a trivial bundle it is
necessary to became null its 1%'-Chern class ¢;. If ¢1(9v(F,)) > 0, then by connecting
sum X with CP~ and tubing F, with CP! C @2, the 1%t Chern class of the U;-bundle
O0(v(Fy)) is decreased by 1, and the tubing process can go on until ¢;(dv(Fy)) = 0.
If ¢1(0v(F,)) < 0, by connecting sum with CP? and tubing with CP! C CP? then
c1(0v(Fy)) is increased by 1. Now, the spin structure sy can be extended over X, hence
defines a spin structure sp; on M = St x F,. O

Next, let’s see that S x F, is spin cobordant to a finite union of 3-toris T3.

Lemma 1.1. Consider S* x F, endowed with a spin structure s. Thus, there are a finite
number of spin 3-toris (T3, s;) endowed with a spin structure s;, i € {1,...,n} and a
spin 4-manifold (W, sw) such that:

1. OW = (S x Fy) L (UT?),
2. sw |sixp,= s and sw |p3=s;

Demonstragao. The kernel of the proof relies on the fact that F, is spin cobordant to
L9_,T?. In order to verify this fact it is enough to consider a set of curves {y1,...,7g—1}
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splitting Fy, into surfaces of genus 1. Consider the 3-manifold Fy x [0, 1]. By attaching 2-
handles h; = D? x D!, wich attaching spheres are A; = ~; x {1}, we obtain a coboundary
among F, and I_IleTf. Any spin structure on F,, when restricted to v;, i =1,...,9—1,
can be extended to the core of h;. So, it extends to T??. Therefore, if F}, is spin cobordant
to a union of g 2-toris, then S* x F} is spin cobordant to a union of g 3-toris T’ 3.

O

Lemma 1.2. Let s € Spin(T?3). Thus, there is a spin manifold (X, sx) such that (T3, s)
bounds X, sx).

Theorem 1.7. All closed spin 3-manifold (Y, sy) bounds a compact spin 4-manifold
(X, sx) such that sx |y= sy.

1.4 Almost Complex Structures

An almost complex structure on a smooth manifold X is an automorphism J : TX —
TX such that J? = —1. In this case, we say that (X,.J) is an almost complex manifold.
remark: If (X, J) is an amost complex manifold, then X is even dimensional.

The vector bundle (T'X, J) being a complex bundle allows one to consider the Chern
classes ¢;(X,J) = ¢;(TX,J), i = 0,...,dimc(X). In the case X is a 4-manifold, the
almost complex surface (X,J) has two Chern classes: ¢;(X,J) and c2(X,J). Besi-
des, c2(X,J) = x(X) (the euler class of TX) and ¢i1(X,J) = ¢1(K}), where K} =
detc(T X, J) is the anti-canonical bundle! of (X, J).

In this section, let X be an oriented 2n-dimensional manifold.

1.4.1 Complex Structures on R?"

In R?”, the canonical complex structure is

0 I,
n=(1 %)

Let GL,(Jy,C) = {A € GL2,(R) | AJy = JpA}, so

A B

M e GL,(Jy,C) < 3JA,Be GL,(R) such that <—B A

>:A+iB.

In this way, the space of complex structures on R?*" is C = GLa,(R)/GLy(Jo,C). An
amost complex structure on X is equivalent to a map X — C, « — J, where J, :

T,X — T,X and J2 = —I. So, the space of complex structures on T, X is C, =
GL2,(R)/GLy,(J,,C). By considering the bundle

Cx = UxexGLQn(R)/GLn(Jx, (C),

'the canonical bundle is K = detc(T* X, J*), c1(Kj) = —c1(X, J)
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with fiber C, an almost complex structure on X is a section in Cy.
The following theorem sets a necessary and sufficient condition to the existence of a
almost complex stucture on a 4-manifold X;

Theorem 1.8. Let X be a closed smooth 4-manifold.

1. If X admits an almost complex structure J, then

(X, J) =30x +2x(X), (1.1)

and c1(X,J) must be an integral lift of wa(X). Furthermore, by (X) + b1(X) must
be odd.

2. If there exists an class 9 € H*(X,Z) being a integral lift of wo(X) and satifisfying

¥? = 3ox + 2x(X),

then X admits an almost complex structure J with c¢1(X,J) = 9.

Moreover, assuming either that X is simply connected or has indefinite intersection
form, such class ¥ exist whenever b™(X) + b1 (X) is odd.

Demonstragio. 1. (=) For any compex vector bundle we have wa(E) = ¢1(E) mod 2
and also its 15! Pontrjagin class is

pl(E) = —CQ(E KR (C) = —62(E D E*) = Cl(E).Cl(E) — QCQ(E).

By restricting to our case E = (T'X, J), where p1 (T X) = 30x and c2(TX) = x(X),
it follows that c¢2(TX,J) = 3ox + 2x(X).

2. (<) Let L be the complex line bundle over X with ¢;(L) = ¢, and consider
Ey = L®C, so ¢i(Ey) = 9. Now, we cut off a ball D* C X and glue it back
using a SUz-twist in order to obtain a bundle Ey ,(x) with ¢z = X(X); the class
c1 = ¥ is preserved through this sort of surgery. The bundle Ey , is complex and
its characteristic numbers are

w2 (Eyy(x)) = w2(TX), e(Eyyx)) = c2(Byyx)) = X(X) = c2(TX),
P1(Epx(x)) = 1By yx)) — 2¢2(Ep y(x)) = 9> = 2x(X) = p1(T'X)

By Dold-Whitney theorem [1], the isomorphism classes of bundles over a 4-complex
are classified by their numbers wo, p; and the euler class e. Consequently, the
bundles Ey ,(x) and T'X are isomorphic and the complex structure on the fibers

of E can be transported to an almost complex structure on T'X.
O
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Corollary 1.5. If X* admits an almost complex structure, then it must be that b;r (X)+
b1(X) is odd.

Demonstragdo. Let c1(J) be the 15¢ Chern class of X, so ¢}(J) = 30x +2x(X). By van
der Blij’s lemma, we have
A(J) = ox mod 8,
and thus ox + x(X) = 0 mod 4. Further, ox = by — b, and x(X) = 2 — 2b; + by + by,
and hence 2b5 — 2b1(X) + 2 = 0 mod 4. Therefore,
b;—l—bl =1 mod 2.
O

Corollary 1.6. For every characteristic element w € H?(X,Zs), there is a partial
almost-complex structure J |3 over the 3-skeleton of X, with c¢1(J |3) = w.

Demonstragao. It may exists a characteristic element w which integral lifts do not satisfy
the identity 1.1. In this case, in the proof of theorem 1.8, the bundles Ey ,(x) and T'X
are isomorphic over the 3-skeleton of X, or equivalently, over X — {point}?. O

Definition 1.13. Let X be a manifold endowed with an almost complex structure J.
A surface S C X is called a J-holomorphic curve (or pseudo-holomorphic curve) if its
tangent bundle is J-invariant (J(T'S) = TS).

Theorem 1.9. (Adjunction Inequality) Let (X, J) be a almost complex 4-manifold and
S is a pseudo-holomorphic curve in X, then we have

x(S)+5.85=K"S (1.2)
Demonstragao. Observing that ¢;(K*) = ¢1(TX) (notation K* = ¢1(K™)), we have

K*.8 = Cl(TX>(S) = Cl(TX ‘S) = Cl(TS@ VS) =
=c1(TS) 4+ c1(vS) = x(S)+ 5.5

O]

remarks: Let’s fix a riemannian metric on X2, so the following facts are relevant in the
presence of an almost complex structure J defined on X;

1. the adjunction inequality 1.2 is the main ingredient to estimate the lower genus of
a surface > C X representing the class S.

2. J induces a reduction to U, of the structural group SOs, of T'X.

3. If n =2, J is equivalent to the existence of a foliation of codimension 2 of X*%.

2this partial almost complex structure does offer enough data to be lifted and extended to a unique
spin® structure across all X.
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1.5 Spin® Structures

a

b

inclusion ¢ : U,, — S0Os, and the canonical homomorphism ¢ x det : U, — SO, x U,
given by (¢ x det)(A) = (1(A),det(A)). The covering map p : Spin,, — SO, under an
almost complex structure J, is given by

The monomorphism ¢ : C — M(2,R), ¢(a +ib) = < induces the standard

Ry, 0 0 ... 0
n ‘ 0 Rop, 0 ... 0
P [H (cos(0x) + szn(ek)ekj(ek))] = : : 2 Do : '
. : s . :
0 0 0 ... Ry,

cos(0x) —sen(6y)
sen(fr)  cos(Oy)

The scenario induces one to lift the homomorphism ¢ x det : U, — SO, x Uy to
ﬁ : Spingn X U1 — SOQn X U1

where Ry, = < > The kernel of p is Ker(p) = {£1} ~ Zs.

SpiHQn X U1
/ \ p
det
Un Lxae SOQn X Ul

Neverthless, the lif above does not reveal any interesting new structure. Once H' (SO, x
Ui, Zy) ~ Zo® Za, there are three non trivial 2-covers for SOy, x Uy, and the interesting
one is Sping, Xz, Ut;

Definition 1.14. The Spin¢ group is
Spin;, = Spiny, xz, U;.
In this way, it is natural to consider the lift as shown in the diagramm below:
Spingy, Xz, Uy

)

L X det

Un SOQn x U 1
Now, there is a short exact sequence
0 — Zy — Spin — SO, x U — 1, (1.1)
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where Zg C Spinf, is generated by the classes [(—1,1)] = {(—1,1),(1,—1)} and [(1,1)] =
{(-1,-1),(1,1)}. Besides, Spint, C Cl,, = Cl,, ® C as a multiplicative subgroup of the
group of units.

A SpinC-structure on a complex bundle E is defined as folows;

Definition 1.15. Let E be a vector bundle over X with frame bundle Psog). A
SpinC-structure on E consist of a pair of principal bundles Py, and Pgp,c with an
SpinC-equivariant bundle map ¢ : Pspinc — Psory x Pu, (§(pg) = £(p)§(g)) such that

the diagram below is commutative; Pgpinc
T
Psoe) x Pu, X (1.2)

The short exact sequence 1.1 induces the exact sequence
HY(X; Spin®) > HY(X;50,) ® H'(X,U1) Y H%(X,Z,),

where p : HY(X,7) — H'(X,7Z) is mod 2 reduction. However, by the isomorphism
HY(X,Uy) ~ H*(X,7Z), the exact sequence becames

HY(X; Spin®) - HY(X; SO,) @ HX(X,7) 2 H(X,Z,). (1.3)

Therefore, a SpinC-structure ¢ : Pgpinc — Pso(g) x Pu, exists iff there exists a integral
class u € H?(X,Z) such that we(E) = p(u) mod 2.

remarks:

1. The letter “c” in the subscript of Spin® corresponds to the class ¢ € H*(X,Z)
defined as ¢ = ¢1(Py,); its called the canonical class of the SpinC-structure.

2. If TX carries a SpinC-structure we say that X is a SpinC-manifold.

3. As an obstruction, an interpretation to a SpinC-structures can be done in the same
way as done to a Spin-structure. A SpinC-structure over an oriented vector bundle
FE is equivalent to a complex structure over the 2-skeleton that can be extended
over the 3-skeleton. As a consequence, W3(FE) = 0 ws = W3 mod 2).

Example 1.7. .

1. Let (X,J) be a almost complex manifold, so wa(T'X) = ¢;(T'X) mod 2. Hence,
(X,J) is a Spin®-manifold. The representation j : U, — Spins,, induces the
associated bundle

Pspin(TX) = Py, xj Sping,,
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which Uj-bundle is Py, = Py, Xg4e U and whose 150 Chern class is ¢ (X) because
Cl(AnTX) = C1 (X)

2. In particular, if X is spin, then it is also a SpinC-manifold. In this case, there is
the bundle Pgp, x P((}l where PI(J)1 is the trivial principal U;-bundle over X. A
SpinC-structure on X is defined by taking bundle

0
PSpin(C = PS'pin X7 PUl'

Anothers SpinC-structures can defined on X by replacing the bundle Pgl by Fj
the frame bundle of the complex line bundle \,, where c¢;(\y) = a € H?(X,Z)
satisfies the identity wa(X) = a mod 2. Thus, the new SpinC-structure is

PSpin(C = PS'pin XZQ Pgﬁ (14)

and the principal U;-bundle defining the SpinC-structure is ng‘, where Pg‘f‘ =
PG, /Zs is the square bundle 3 of PG,

Let’s examine the SpinC-concept from the point of view of vector bundles. For this
purpose we need to know what a SpinC-representation is;

Definition 1.16. Let X be a SpinC-manifold of dimesion n. By a complex spinor
bundle for X we mean a vector bundle S associated to a representation of SpinC by
Clifford multiplication, i.e,

S(X) = PSPmC(X) XA V,

where V is a complex Cl,-module and A : Spin® — GL(V) is given by restriction of
the Cl,,-representation to Spin® C Cl, @ C. If the representation of Cl, is irredutible,
we say that S is fundamental.

remarks: As in the remark 1.2 there is only one fundamental spinor bundle S(X) for any
SpinC-manifold X, since

1. when n is even, there exists only one fundamental representation A : Clg, —
GL(W) and W admits the decomposition W = W+ @ W~ where W are CIO-
invariant representation spaces. Once Spin, C CI%, the representations AL :
Spin, C CI% — GL(W?) are fundamental representation for Spin,,, however,
they are equivalents under A-representation. The arguments extend to the spinor
bundle

S(X) = SH(X) ® S (X).

BAi = A2a
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2. when n is odd, there are two irredutible complex representations of Cl,,. However,
they are equivalent when restricted to Spin,, C CIO.

Example 1.8. Let’s return to the example of a spin manifold X. The SpinC-structure
defined in ?7 is equivalent to say that the complex spinor spinor bundle S, (X) associated
to the principal Ui-bundle P is

So = S0(X) ® Ao,

where Ag, is square of the complex line bundle A, associated to P , and so, c1(Aa) = @
and ¢1(\q) = a. By the unicity of So(X), it follows from ?? that the space H?(X,Z)
acts on the space Spin®(X). Since the space of spin structures on X is H'(X,Zs), it
follows that for a spin manifold

Spin®(X) = {a+ € HY(X,Zy) ® H*(X,Z) | 0 = 8 mod 2}.

(observe that 0 = we = ¢1(A2q) = 2a0 mod 2)

1.5.1 Local Description of a Fundamental Complex Spinor Bundle

As seen in the example 1.8, X being spin results that for each o € H?(X, Z) satisfying
wa(X) = a mod 2, there is a complex spinor bundle S, (X) = Sp(X) @ Ao, where Sy(X)
is the fundamental spin bundle over X and A, is a complex line bundle over X with
¢1(Aa) = a. However, X not being spin implies that the bundle Sy(X) doesn’t exist.
Let’s see that, in the last case, the decomposition S, (X) = Sp(X) ® A\, exists locally;

Proposition 1.17. The obstruction to the existence of So(X) is equal to the obstruction
to the existence of \2.

Demonstragio. The existence of Sp(X) is equivalent to the vanishing of the 2"¢ Stiefel-
Whitney class wy(X), as follows: the short exact sequence

1 — Zy — Spin, — SO, — 1

induces the exact sequence

HY(X, Zy) — H'(X, Spin,) 2% H'(X,50,) 25 1(x,2,),

Assuming that wy = ¢ mod 2, for some class ¢ € H?(XZ), we know that there is a
SpinC-structure on X, which Py,-bundle is the frame bundle of a complex line bundle
A¢e. In order to analyse the existence of the square root bundle of A., let’s consider the
short exact sequence

1—Zy — St 80— 1,

where o(z) = 22. The sequence aboce induces the exact sequence
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HY(X,8) 25 HY(X,SY) 5 H2(X,Zs). (1.5)

Let {U,}ven be a covering of X such that the finite intersections N™,U,,, {r;} C A, is
always contractible. Considering {v,, | Y : U, NU, — S 1 the transition functions of

A¢, the bundle A% exists iff its transition functions {Fu = (7)"/?} define a cocycle

w/([a;w]) = %ﬁuﬁw U, NnU,NU, — Zo = ker(c*).
From the commutative diagram below

* /

HY(X,8") —Z HY(X,SY) ' H2(X,Z)

| | o

HX(X,Z) —>— H2*(X,Z) —2— H*(X,Z,).

it is clear that the obstructions agree because [w'([vw]) = plci(Xe)) = plc) = wo.
Therefore, since both bundles Sy(X) and /\(1;/ ? exist locally, the computation above shows

that their tensor product locally represent the SpinC-vector bundle having Py, bundle
with Chern class ¢1(Py,) = a. O

Corollary 1.7. The space of Spin®-structures on a manifold X is

Spin®(X) ={a+ce€ HY(X,Zy) ® H*(X,Z) | wa(X) = ¢ mod 2}

1.6 Cobordant Spin‘-Structures

A Spin-structure on an orientable 4-manifold X with boundary ¥ = 9X induces
a Spin-structure on the boundary Y. In order to see this, we fix a local frame G4 =
{e1,e2,e3,e4} on X, such that the frame B3 = {ej,e9,e3} defines an orientation on Y
and e4 is orthogonal to Y. Thus, the Clifford Algebra isomorphism Clz ~ CI1{ is given
by e; — e1.eq, i = 1,2,3. We note that all 3-manifolds are spin.

The n-manifolds X; and X are said to be cobordant iff there exists a (n+1)-manifold
W such that OW = X7 U Xy. Cobordance defines an equivalent relation and so classes
[X] = {X’| X' is cobordant to X}. The set Q, = {[X] | X a n-manifold} is a abelian
group under the operation defined by connected sum. Taking in account a spin sctructure
s on X, we can define the class [(X, s)] to be set of spin n-manifolds (X', s’) such that
X, X" are cobordant (XUX' = OW) and s, s are also cobordants, where s is cobordant to
s" iff there exits a spin structure S on W such that s = S |x and s’ = S | x/. Analogously,
there is the abelian group Q;F"" = {[(X, s)] | X a n-manifold, s a spin structure on X}.
The table below shows the structure of the Cobordism groups;
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n | QP | Qe | Qi
0 Z| zZ| zozZ
1 Zs| O Z
2 Zo 0| Zo®7Z
3 0] 0 7
4 Z| Z| zoZ
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Capitulo 2

SW-Equations

2.1 Quadratic form

Let V' be a complex vector space, V* its dual and End(V) = {T : V — V |
T is C-linear. By fixing a frame 5 = {ej,...,e,} in V and the corresponding co-frame
B* ={el,... e} in V*, there is the isomorphism (.)* : V — V* defined as the anti-linear
extension of the map (e;)* = ¢’; i.e,

Zv er)” Zv

Proposition 2.1.
End(V)=V V"

Demonstracdo. Let 3 = {e1,...,e,} be a frame of V and 8* = {e!, ..., e"} the co-frame
associated to 3. Let T € End(V) and v € V;

= Z'UkT(ek:) = ZT(ek)ek(v) = (Z T(ek)€k> (1})
k k k

In this way, T =, T'(ex)e” motivates the definition of B : V ® V* — End(V) by

B(v® w") ZZU Wep ® €, w*:Zmel.
!

Since (e, ® e!)(u) = uley, its associated matrix is Fjy; = (0g). Hence, the explicit
formula of the isomorphism B : V ® V* — End(V), written in terms of the basis
{Er |1 <k,l<dimc(V)}of V,is

B(v @ w") kaw Ey. (2.1)

O]
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Thus, the isomorphism B : V ® V* — End(V) is a hermitian bilinear form, which
quadratic form is

QB(U) =RV = kaﬁlEkl.
Tl

For the purposes of defining later the SW-equations, let Endo(V) = {T € End(V) |
tr(T) =0} and o : V — End®(V) defined by

|p1]2—|¢2? py
a(v)=v®u*—|”21=( 2 9102 ) (2.2)
1 162 “I¢al?

2
The bilinear form associated to o is o : V x V. — End®(V),

1
a(v,w):i{v®w*+w®v*—Re{< v,w >H}. (2.3)

It follows from the defintion that

o(v+w)=oc)+o(w)+20(v,w). (2.4)

Proposition 2.2. If T € sug = {A € My(C) | A* = —A, tr(A) =0} and v,w € V, then

1. <Tw),v>=2<0o),T >.

2. iIm{< T(v),w >} =< o(v,w), T >.

3. o(v)w = —@v.

4. o(T(v),w) +o(v,T(w)) = —Re(< v,w >)T.

5. o(v,w) =0 iff w=1i\v for some A € R.
Demonstracdo. .

1. <T(w),v>=2<0c(v),T >;

(a) <T(v),v>= 3%, viljtj.

(b) <o(0),T >;
Since < o(v),T >= $tr[o(v)*.T], let’s compute o (v)*.T}

2 2
v « . 2 : v
i i g ‘
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2
* _ v
O’(U) T = Z UZ"UJ'EJ‘Z' - Z | 2| Eu . ZtklEkl =
i.j i k.l
_ v [
= Z Z Uivjtp i — Z Z b5 BiiE =
4,J kil ikl
- KiE
=3 TwtuEpdik — > > tw 5 Lids =
ij kil ik

2
= Z Zm”jtilEjl - Z Z tu|v2’Eu

(2 i1l

So,
2
tr(o(v)".T) = ZZJ: El:wvjtizf%’z - ZZ: Zl:til“;’&'l =
2 2
2% A i,j

Once T € suy, tr(T) = 0, therefore the expressions for < T'(v),v > and
2 <o(v), T > are equal.

tr(T).

2. From the identities

<Tlw+w),v+w>=<T(),v>+ <T(w),w>+2iIm{< T(v),w >},
cv+w)=0c)+o(w)+rvw +wev" — Re{< v,w >},

it follows that iIm{< T'(v),w >} =< o(v,w),T >.

3. the other itens are proved by straight computations using the explicit isomorphism
in 2.1.

O]

2.2 The Quadratic Forms o3 : C* — A'R? and 0, : C* — A2R?

From the classification of Clifford Algebras, we know that Cl3 = H® H and, because
H® C = My(C), it follows that Cl3 = M(2,C) @ M(2,C), where Clf = M(2,C).
Therefore, there are two inequivalent Cl3 representations py : Cls — M3(C), each one
characterized by the fact that pi(w) = £I. The quadratic forms o3 : C?2 — A'R? and
o4:C? — AiR‘l are defined by describing explicitly the representation py, as shown in
the follwing steps;
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step 1: Cls~HeH
In terms of its generators, CF ~ H is described as follows: let 3 = {e1,e2,e3} be
a frame in R3, my : Clg — C’l;‘ and w = ejeqes;

e1 — eges es + eqeg
m=mi(e1) = 9 ne =7 (e2) = 5

€3 — €1€9
n3 = 7T+(€3) = T

Thus, < 1+ij 7M1, M2, M3 > is a basis for Cl;. Due to the relations

mmnz = —n3, N2M3 = —"N1, 713N = —1)2,

the identification 7, — i, 1y — j and 13 — —k is performed and extended linearly

to define the isomorphism C’l;{ ~ H. The volume form wc in the complex case

of Clg satisfies the identity we = —w, as shown in equation 2. Therefore, the set
I_Tw, (1,2, (3} is a basis of Cl3, where

¢ __e1 +eges ¢ ey —e1e3 ¢ ez +erer
1= ——F 2= ——(F 3= —F
2 ’ 2 ’ 2 ’

CiGe = —(C3, G@3=—C1, (3¢ =—C.

step 2: H — M (2,C)
There is the mononorphism

. b
a+bj — (_ab a>'

sitting the quaternions within M (2, C).
step 3: Cl3 = MQ(C) D MQ((C)

CieCxHoH)eC=H®C)e (HoC),
and H ® C = M3(C). The generatros of ClJ are

! +2w‘c 1 <(1) (1]> : (2.1)
i (‘j g) , (2.2)
a—i— (2 o). (23)
(3 — —k— <B" ?) : (2.4)
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step 4: p; : Cls — My(C):
Considering the vector space isomorphism Clz ~ A*R3 ® C, the representation
p+ : Cl3 — M3(C) induces p; : A*R? — My(C). In order to represent the former
isomorphism, let 3* = {e!,e?, 3} be a co-frame of (R3)*, and

pie)= (5 o). me@= (0 ) mer= (3 Y):

Thus, once sus = {A € My(C) | A* = —A, tr(A) = 0}, there is the vector space
isomorphism

7 + 1a1
- (R3)* 1 2 3) = s “ : 2.
pr o (RY)T — sty pi(me +age”+agem) ={_ 0 7, 29

Since Endy(C?) = sup ® C as a C-linear space, there is the natural extension
p+ : A'R? ® C — Endy(C?). Its inverse is pjrl : Endp(C?) — A'R?* ® C,

pf((i _Za)) = %(z +w)e! + %(z — w)e? — %ae?’. (2.6)

Besides, p4 is an isometry.

step 5: definition of o3

Definition 2.1. The 3-dimensional SW-quadratic form o3 : C2 — A'R3 @ C is

73(v) = p3 ' (o(v)) (2.7)
Proposition 2.3.
3
1 .
o3(v) = ) Z < e;.v,v > €. (2.8)
i=1

Demonstragdo. In equation 2.6, consider v = (vy,vs) € C2, 2z = v1Ua, w = Z and
2 2
a=[v [*—=]uv |7, s0

P ( (vj;l U_ﬂ;?)) =1 (—Re(vﬁg)el + Im(v1T3)e? + ae3) . (2.9)

Therefore, the identity 2.12 follows from the identities below:
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<erw,v > = —=2ilm(vn102), < ez.v,v>= 2iRe(v172),

<ezv,v>=i(lv > = | v ?).

step 6: definition of o4
It was proved in ?? that (CI)* ~ (< 3% > @A R?*) ® C. Moreover,

1. CI§ ~ Cl3 and so (ClY)* ~ ClF ~ M,(C)

2. Endy(C?) = A2R* ® C.
In order to explicit the isomorphism above, let 3 = {ej, 2,3} be a frame in
R4
(a) the isomorphism f : Cl3 — CIY is given by f(e;) = e;jes. Therefore

f(ereze3) = ejezesey, f(Cl;)r) = (CI9)* and

~ e1eq4 + ege ~ egeq — e1e
Q=) =""5"" G=/C)=""5""
~ eseq + ee
G = f((3) = %7
The volume in Cly is w = —ejegezeq and a basis for (CI9)* is given by

< 1_Tw7 Zla 527 C3 >.
(b) Let B* = {e',e?, e, e*} be a co-frame in (R*)*. The set {(1, (2, (3} form
a basis for AiR‘l .

3. All the isomorphisms described so far define, through the sequence below, the
isomorphism § : A2R* ® C — Endy(C?),

(< 1 —2w N @AiR‘*) QR C ~ (Clg)+ ~ czgr ) My(C) ~< I > @Endo(CQ).
(2.10)

Definition 2.2. The 4-dimensional SW-quadratic form o4 : C? — Aa_]R4 @ C is

o4(v) =6 Yo (v)) (2.11)
Proposition 2.4.
3
o4(v) = —% Z < Zi.v,v > ZZ (2.12)
i=1
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2.3 SW-Equations on a 3-Manifold Y

A Spin€ structure on Y is a class s(a) = s + « € H'(X,Zs) ® H*(X,Z) such that
a = 0 mod 2. For each class s5(a) € Spin®(X) there is a principal bundle Pgpine(X) as
in definition 1.15. Since Spin§ = S xz, S' = Us, for each class s(a) it is associated the
following vector bundles;

1. the complex spinor bundle
SS(Oé) = Pszng (X) XA Cz)

where A : Spin$ — Uy is induced by the isomorphism CI$ = C1J ® C ~ My(C).

2. The determinant line bundle
La = PSpinC X det C

where det : Uy — C and ¢1(Lq) = a.

Definition 2.3. On Y, the configuration space for the Seiberg-Witten Theory is Cg(o) =
Ao X I'(S4(a)), where A, is the space of Uj-connections defined on L, and I'(Sy(q)) is
the space of sections of Sg(,). The Seiberg-Witten map is

.7:5(0[) : Cﬁ(a) — Ql(X, iR) X F(Sﬁ(a)> (2.1)
(A, ¢) — (xFa — 03(9), Da(9)) (2.2)

The abelian gauge group Gy(q) = Map(Y,U;) acts on Cs(a) through the action

Gs(a) X Co(a) = Cs(ayr  9-(4,0) = (A+2g7'dg, 97" ).

The fixed points of the Gy, -action are (A,0), VA € A,, which isotropy groups G40
are isomorphic to Uy = {g € Gy(a) | 9(y) = const}. Thus, the space Byn) = Cs(a)/Gs(a)
is a singular space. Instead, if the action is restricted to the free action of the group
g;’(a) = {9 € Gs() | 9(yo) = I}, then the orbit space Bg(a) = cs(a)/gg(a) is a manifold.
The group gg(a) fits into the short exact sequence

1 — Gota) — Gst) — Ut — 1, eo(g) = g(yo)-

So far, due to the action, there are two categories of points to be considered in Cy(n): (1)
the reducibles (4,0) € Cqy(q) such that G4 o) >~ Uy and (2) the irreducibles (A, ¢) € Cq(q)
such that G(44) = {I}. Thus, an important space to be considered is the space of
irreducibles
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Cota) = {(A;0) € Co(a) | Grag) = U1} Bia)/s(a):

In fact, the projection C:(a) — B:(a) defines an universal G ,)-principal bundle be-
cause the G4(,)-action is free on the contractible space C:(a) (it is homotopic to the space
I'(Ss(a))\{0}, and the former space has the homotopy type of S°°). Also, there is the
principal U;-bundle b : Bg( @) B’;(a).

The map Fy(q) 1S Gg(a)-equivariant because

«Fya) — 03(g7'¢) = #Fa —03(¢) and Dyay(g '¢) =g 'Dad.

Hence, Fg(a)(9-(A4,9)) = 9-F4(a)- In this way, the Seiberg-Witten map defines a section
Foa) B;‘(a) — E4(a) of the associated vector bundle

55(04) = C:(oc) X Ge(a) (QI(Y7 iR) X F(Ss(a))) :

By analogy with the finite dimensional case, the euler-class of £y(,) can be measured by
the intersection number of fg}é)(O) with the O-section. However, it is not at all clear
how one can define in general the euler class of an infinite dimensional vector bundle.

Definition 2.4. The Seiberg-Witten equation are

{ xFy = o3(¢), fs(a)(A7¢) =0 (2-3)

Dad = 0.

The structure of the space of solutions to the SW-equations is the main issue in this
notes. As observed before, these equations are Gy (,)-invariant. A technical point to be
overcome is the existence of reducible solutions. The reducible solutions are all of type
(A,0), otherwise (¢ # 0) they are irreducible. Note that if (A, 0) is a reducible solution,
then Fiu = 0 and the bundle L,, is trivial since its 15-Chern class is c; (L) L Fy.

= 2m

Proposition 2.5. The space of reducible solutions is diffeomorphic to the Jacobian
Torus

HYY,R
Tbl(Y) = }[12}/23 S Aa Xga F(S;z_) (24)

Demonstragio. Let (A,0) and (B,0) be reducible solutions. Consider b € Q(Y,iR) such
that B = A+ b. A, B being flat connections imply that db = 0 and so b € H'(Y,R).
If A and B are gauge equivalent, then b = 2g~'dg and b € H'(Y,Z) because b([y]) =
fv g 'dg € Z, for all [y] € Hi(Y,R). So, the map [(a,0)] — [a] € T""(¥) defines the
diffeomorphism. O
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Definition 2.5. The SW,(,)-monopole space associated to the Spin® structure s(a) €
Spin®(Y) is the space
Moy = {(A4,9) € Co(a) | Fo(a)(A4,0) = 0}/Gg(a)-

As it well be clear along the notes, is the amazingly rich topological structure of
M) which allows the many applications. The backbone of all this is the following
estimates;

Lemma 2.1. Let k; : Y — R be the scalar curvature function of (Y,g) and kg =
maxyey ky(y). If (A, ¢) € Mﬁ(a), then

| ¢ [lo< max{0, =k} (2.5)

Proposition 2.6. The irreducible solutions exist only for a finite number of classes
s(a) € Spin®(X).

Demonstragao. Let (A, ¢) be an irreducible monopole solution, so the norm of %FA is
bounded in H?(Y,R) and, consequently, o = ﬁF 4 lies inside of the finite set H'(Y,Z)N
H'(Y,R). Hence, there exists irreducible monopole solutions only for a finite number of
s(a) € Spin®(X). O

One of the very surprising and useful fact about the topological structure of Mg(q,)
is its compactness;

Theorem 2.1. My, is a compact set.

Originally, the SW-equations were not of calculus of variation nature. It is remar-
kable that there exists a variational formulation for them, as it is shown next. Before
procceding to a variational setting, let’s stabilish the Sobolev structure on the spaces
Co(a) and Gg(q). First of all, by fixing a connection Ag € Aa, the space A, becames a
vector space isomorphic to Q' (ad(u1)) = Q(Y,4R) and inheritages the metric structure;

1. A, = Ll’z(Aa), F(Ss(a)) = LI’Z(F(Ss(a))) and Cs(a) = A, X F(Ss(a))- The metric
on A, is induced by the inner product on (Y, R). The inner product on I'(Sy(,))
is defined by using the hermitian form on I'(S4,)) and integrating its real part;

< ¢, >= /Y‘J{e(< b, >). (2.6)

2. gs(a) - L272(g5(o¢))'

3. the tangent space of Cy(,) at (A, @) is

T(4,6)Cs(a) = (Y, iR) @ I'(Sy(a))- (2.7)
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4. For the purpose of deducting the SW-equations as the Euler-Lagrange equations
of a functional, the Hilbert structure to be considered on the bundle TC, ) is

<9+V,A+W>:/ <9,A>dvg+/i¥ie(<V,W>)dvg.
Y Y

Remark 1. The Hodge star operator % : QP(Y,iR) — Q37P(Y,iR) satisfies the following
properties;

1. Let x : QP(Y,R) — Q37P(Y,R) be the usual Hodge star operator and % = —x :
OP(Y,iR) — Q37P(Y,iR). Consider @ = iw, 7 = in € Q(Y,iR) = Q}(Y) ® i, so
WAR) = (lw) A%(in) = w A (=%n) =w A *n =< w,n > du,. (2.8)

2. Besides, from the computation above, it follows that

@A F] =< ©,7 > dvg. (2.9)
3. %2 =42 = (—1)pB-p),

4. The adjoint operator d* : QP(Y,iR) — QP~1(Y,iR) associated to the exterior deri-
vative d : QP~1(Y,iR) — QP(Y,iR), by the riemannian metric g on Y, is

d* = (=1)%Pdk = (—1)%P s d * . (2.10)

Definition 2.6. The Chern-Simons-Dirac functional T : Cg,) — R is

T4 - [ {;m A) A (Fa+ Fo)+ < Dady o >} daz,

where Ag € A, is a fixed connection and Fy = Fljy,.

In case we consider another fixed connection A;, the difference among the functionals is
a constant term, and so the fixed connection is irrelevant for the theory.

Before going further to obtain the Euler-Lagrange equations of the functional T, let’s
prove an identity which is important to perform many computations;

Lemma 2.2. The L*-adjoint of the linear operator Ty : Q' (Y,iR) — I'(Ss(a)),
Ty(0) = 30 @ ¢, is T3 : I'(Ss(a)) — QL(Y,iR), where

TS (W) = o (¢, ). (2.11)
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Demonstragao. The prove is divided into two steps which main issue is to prove the
identity

/R€<< 100¢,W>>dv:/ <0,0(p,W) > dv.
Y 2 Y

step 1: [, Re (< 200,60 >)dv= [, <0,0(¢) > dv.
Applying the identity 2.28, it follows that

. 1
Z/Ylm(< 290¢,W>>dv:/y<a(¢>),9>dv.

By C-linear extending to an operator Ty : Q1(Y,iR) — I'(Sy4)), Ty (i6) = i6, the
identity above becames

/Y<U(d>),9>dv:i/yfm (—i<;fi90¢,¢>>>dv:

. 1.
——z/yRe << 2100¢,¢>> dv.

Hence,

/<U(gb),i€>dv:/Re<< 1i9¢gz5,d>>)dv.
Y Y 2

step 2: By the 1%-step,

/<o*(d>+W),i9>dv:/Re(< 1i9o(¢+W),¢+W>)du.
% % 2

Therefore,

/<a(¢,W),i9>dv:/Re<< 1@00¢,W>>dv.
Y Y 2

Hence, T; (W) = o(¢, W).

Proposition 2.7. The L?-gradient of T is
VY(A,¢) = (= Fa+ 03(¢), Dad). (2.12)
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Demonstragdo. First of all, let’s observe that for A € A, and © = if € Q(Y,iR),
1. Furo = Fa+tdO;
2. Dasiop =30V 00 =3 c;0{Vp+1O(e;).0} = Dag+LOe¢. (the factor
1/2 in the last expression is due to the Clifford multiplication, [5] pg 42, lemma
3.3.2)

The total derivative of T is dT = (0aY)dA + (04T )d¢, where :
1. 04Y(A, ¢) = [ {< — % Fa+03(¢),0 >} du,.

1

04T (A, ¢) = %E% n {/y {;FAH@ + ) AN(A—Ag+tO)+ < Dayrod, ¢ >] dvg — Y (A, gf))} =

:/ {(d@/\(A—Ao)—i—(FA—i—Fg)/\@}dvg—i—;/ {< ;@o¢,¢>}dvg:
Y Y
= / {FANO+ < 03(0),0 >} dvg = / {— <xF4,0 >+ < 03(¢),0 >} dvy =
Y Y
= /Y {< =« Fa+03(¢),0 >} du,.
2. 04T (A, ¢) = [y Re(< Dag,V >)du,.
95T (A, ¢) = lim 1/ ((Fa+ Fo) A (A= Ao)+ < Da(d+1V), 6+ 1V >} dv, =
Y

t—0 2t
1
- 2/ {< Dad,V >+ < DAV, ¢ >} dv, = / Re(< Dag,V >)dv,
Y Y
Therefore,
VY(A, @) = (= x Fa + 03(8), Dad).

O]

Remark 2. Once Fy) = grad(Y) : Cyqo) — TCyq) is a Gya)-equivariant section, it
induces the section Fy) 1 Bsa) — T'Bs(a); TB;‘(Q) = E4(a)-

Although the SW-equations are Gg(,)-invariant, the functional T is not, as shown
next;

Proposition 2.8. Let a = c1(La), g € Gg(a) and HYU1,Z) =< p >. Thus,

T(g.-(4,9)) = T(A, ¢) — 87% {g*(n) U a} ([Y)),

where g* : HY(Uy,Z) — HY(Y,Z).
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Demonstragao. Since [Fa] = [Fo] = 2mic1(Ly), the computations yield

T(0:(4,0) = T(A0) = 5 [ g7 dg A (Fat R) = =87 (5" () Uea(£a)} (VD)

where W= 1 5-df. From g(y) = e?W) we get dg = ie'?df and so —ig~'dg = df. Finally,
=g~ ldg = 1 =do.

2m

O

From the last result, it follows that the functional T is not gauge invariant. In case
we fix the identity component Qg(a) C gs(a), then Y becames gg(a)—invariant because, for

all g € g;’(a), g u=0.
Definition 2.7.
d(s(a)) = g.c.d{< ci(s()), T >}, V1 € H*(Y,Z)/torsion.
In fact, T descends to a map Byq) — R/d(s()).

2.3.1 Slice for Bya) = Cs(a)/Gs(a)

The tangent space to the Gy, action at (A, ¢) is T 4,¢) [gs(a ¢)]. In order to
describe it, let g; : (—€,€) — Ggq) be a curve such that g(0) = I and g'(0) = (recall
that Gg(,) is a Lie group and its Lie algebra is g = Map(Y,iR) = QO(Y,iR)). S

g1-(A,¢) = (A+2g; 'dgs, 9; ' &)

D 00(A,0) im0 = (2df. —1.6) € D (X.iR) & I'(Sya).

ﬁ(gt.(

Let G4, : Q(Y,iR) — Q(Y,iR) ® I'(Sy(n)) be the map

Gag) (f) = 2df,—f.9), Imag(Gag) = T(a,4)s(0)- (A, D). (2.13)
Once
QMY iR) © I'(Sy(a)) = Imag(Ga ) @ ker(Gly ),
the slice is locally described by K er(G’{ A ¢)) First of all, recall that Q!(X,iR) =
Imag(d) ® ker(d*). Next, we consider the map ty : Q°(Y,iR) — I'(Sya)), te(f) = f-¢

and its dual map t7 : I'(Sg(a)) — QO(Y,iR);
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<wwxv>=L<wummV@>d%=Aj@%<wwwwww%=

=< f,—<o,V >>.

Thus, t3(V) = — < ¢,V > is a map 1} : I'(Ss@a)) — Q°(Y,C), which projection on
Q0(Y,iR) gives the desired map t5(V) = —iIm(< ¢,V >). Finally,

Gl (0.V) =2d0 + ilm(< ¢,V >) (2.14)

and so (Tg.(A,d,))L = Ker(G?A,qb)) = Ker(d*) & Ker(iIm(< ¢,. >)). If ¢ = 0, then

(Tg'(A’O))J‘ = Ker(G?AO)) = Ker(d*) & F(Ss(a))

The derivative dg(A,¢) : T(A7¢)Cﬁ(a) — Tg.(A,qS)Cs(a) of the map g : Cs(a) — Cs(a) at
(A, ¢) induces a map dg(4,¢) : Ker(GZ‘A ¢>)) — Ker(G;(A ¢)), where (i) if ¢ # 0, then
dg(A7¢)(97 V) = (97971‘/)7 (11) if ¢ =0, then dg(A,¢)(07 V) = (6, V)

In order to obtain a local chart for By, consider the C°°-map

D(a,9) Ker(Gly 5)) X Ga(a) = Co(a): (2.15)
((6,V),9) — g.(6,V) = (6 +2¢ 'dg, g~ V). (2.16)

and the following two cases:

L ¢ #0;
The derivative at (A, ¢) is

d(®(a.6) 0.0 (W, W), f) = (w+2df, —fV + W), d'w =0, W e V.

By construction, if (4, ¢) is an irreducible point, then d® (4 4) is onto. Hence, by the
Inverse Function Theorem there exists a neighbourhood ¢ C K er(G’(‘ A, ¢)) X Gg(a)
of ((A,¢),I) such that ® 44 : U — C44) is a diffeomorphism. Therefore, a
neighbourhood of [(A, ¢)] € By, is diffeomorphic to a neighbourhood of (0,0) €
Ker(G?A#))).

2. ¢ = 0; At a redutible point (A,0), the derivative is no longer onto because
Ker(G“(kA’O)) = Ker(d*) © I'(Ss(a)) 18 G(a,0)-invariant. In order to describe the
link of a singular point (A, 0), let’s consider e > 0 and W a neighbourhood of the
origin in I'(Sy(q)), such that S ={V € I'(Sy)) ; | V |= €} CW. So,

{Ker(Gia) 0 {Ker(@) & W= {00} }/Glag) =

= {Ker(d") & (W — {0}),/U1)} "8 §= /1) = CP™.
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Hence, a neighbourhood of a reducible point (A,0) € Cy(,) is homotopic to a cone
over CP>.

2.3.2 Homotopy Aspects

Thus C;‘(a) is an universal bundle and the base space B;(a) is the classifying space for

Gs(a)-vector bundles. In this way, for each s(a) € Spin®, the vector bundles Eq(a) are
classified by the homotopy classes [B:(a), B:(a)]. The space B:(a) has the homotopy type

of TP (Y) x CP>, where T"(Y) = H'(Y,R)/H (Y, Z) and by = dimH"(Y,R). So,

B2y Bioy) = H (Bl Z) ® (H' (B, )" =

()
= [m2(cP>,2)0 BT )| © [H\ (T, Z))" =
bq (b; —1)

—ZeZ 7+ @b,

If b1 (Y) = 0, then the euler class x(Eq)) € H*(CP>®,Z) ~ Z.

Later, when studying the deformed SW-equations, it will become clear that the
H?(CP>,7) contribution is the one which matters to define the Seiberg-Witten invari-
ant, since the others contribution will vanish by the ausence of reducible solutions. In
this way, we consider the heuristic euler class g = X(E50)) € H 2(Bj(a),Z). Also, by

using the 1%¢-Chern class of the principal U;-bundle b : Bg(a) — B;(a), the SW-invariant
is defined as pg(q) = c1(b) € H*(CP>,Z) ~ Z.
2.3.3 The Moduli Space of SW,)-Monopoles

The local description of the SWg(,y-monopole space M) = .7:51016) (0)/Gs(a) depends
on its linear approximation. Since Fy) @ Coa) — I'(Ssa)) @ QLY iR) is C™, its
derivative! (dFy(a))(a,0) : Ker(GZ‘A <i>)) — Q(Y,iR) @ I'(Sy(a)) restricted to the slice is

(dF o)) (4,0)-(0, V) = 0aF 510y (A, )0 + 03 F g0y (A, D)V,
B 1 [ xd  o3(0,.) C)
= <>l<d@ +03(6,V),Da(V) + 2@.¢> = (1()¢ D ) . (V) .

2

The term © o ¢ is defined by © e ¢ = >~ . O(e;)e; @ . Whenever (A, ¢) is a solution to
the SWq(q)-equations, then the restriction to Imag(Ga,e) is null, ie.,

dF g0y © Gae) (f) = (dFsa)) (a,0)-(2df, —f-¢) = 0. (2.17)

Remark 3. The operator (d.’Fﬁ(a))( A,p) is self-adjoint and is also the hessian of the
functional Y at (A, ¢);

yecall the relation # = —% among the Hodge star opertaors. From now on, the " is being ignored.
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1. For the sake of simplicity, let L4 ¢) = (dFs(a))(4,6)-

2. 1f (A, ¢) € Fy 1) (0), then by equation 2.17 Lia4) © G(ag) = 0.

3. At (A, ¢), the linearization of Fy,) yields the sequence

G
Q(Y,iR) P QLY iR) & [(Sya)) 22 QUY,iR) @ [(Sywy),  (2.18)

which is a complex if (4, ¢) is a SW-monopole and exact if Ker(La,4)) = Im(G(a,¢))-
In analogy with Hodge Theory, the introduction of the vector spaces

H{y gy = Ker(Gag), Hiag = Ker(Liag) N Ker(Giy 4), (2.19)
HEy gy = {Q (Y, iR) @ I'(Syw)) } /Tmag(Lag)). (2.20)

leads to the following useful interpretations;

(a) H?A#)) # 0 < (A, ¢) is reducible.

(b) H (2A s = 0 € Lag) is onto. It is also equivalent to the transversality of the
section Fg(q) : Bsa) = Es(a)-

(C) if H?A, ) = 0 and H(2A,¢)) = O, then Ms(a) is a manifold and H(lA,(b) =
T(a,6)Ms(a)-
4. At (4,0),

I _(xd 0 C]
A0 =\ 0 Dy \V)"

5. let Hy(A,¢) : Ta,¢Cs(a) X T(4,4)Cs(a) — R be the bilinear map associated to the
hessian of the functional Y; thus,

Hy((0,V),(A,W)) =< (0,V), Liap(AW) >.

Lemma 2.3. If (A, ¢) € My, then
Liag : Ker(G?A7¢)) — Ker(GZ‘A’qb))
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Demonstragdo. Let (A, ¢) € Mg,y and (0,V) € KeT(GZ‘A )

Glag) © Liag(0,V) =d" (= df + o3(¢,V)) +ilm (< ¢, DaV+ 500V >) =
1
=d"(o3(¢,V)) +iIm << 0, §gbo \% >>

By lemma 2.2, iIm (< ¢,2peV >) = 0. The computation of term d*(c3(¢,V)) is
performed assuming the identity

d*(o3(¢)) = iIm (< Dac, ¢ >),

and applying it to ¢ + V. Comparing the terms in the expressions below,

d*(a3(¢ +V)) = d*(03(¢)) + d*(03(V)) + 2d"(a3(0, V),

Im(<Dy(04+V), 0+ V >)=Im(< Dad,¢ >)+Im (< DsV,V >) + 2Re(< Dao, V >),

it follows that d*(o3(¢,V)) = 0.
Claim: d*(o3(0)) = ilm (< Dad, ¢ >);

In order to prove it, consider at yo a normal frame 3 = {ej,e9,e3} and its coframe
B* = {el.e?,e3} (e' Axel = §dv,), such that (Véei)(yo) = 0. So,

VA (ei 0 6)(w0) = (ei o VA8 (w0)-

Since A € sup and d* = — * dx,

3 3

T (03(0) =2 S d (< 00,6 > ) = LY wdn (< e o> o) =

i=1 i=1

e

1 ) .
3 *<<eiové¢,¢>+<eio¢,vé¢>)*(el/\*e’):

=1

e

(<o ViAo 0>~ <deiovio>) (el nxel) =
1

7

(K Dagp,p > — < ¢, Dpagp >) xdvg = iIm(< Dag, ¢ >).

N~ N~
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The analysis becames more neat by introducing the self-adjoint operator 74 4) :
(QYY,iR) @ I'(Ssa))) @ (X, iR) — (QY(Y,iR) @ I'(Ss())) @ QO(Y,iR), defined by

72A,¢)((®7 V)7 f) = (L(A,¢)(@7 V) + G(A,¢)(f)7 >(kA,¢) (Ga V)) =

0
L G ( >

_ (Lag Gag
= (G* 0 ) v

(A9) f

Note that 7(44) may have a chance of being an isomorphism (this analysis will be
carried out later in order to achieve the surjectivity). It is important to keep track
of the term Ker(T(44) |qo) = H°(Y,iR) introduced along with the Q°(Y,R) direct
summand because this sort of solution, named virtual solution, do not belongs to the
monopole space .

Now, the whole of the information of the complex 2.18 is incoded into the kernel of
the operator 74 4) as follows; assume (A, ¢) € (Fy(a)) 1(0), s0

(1) L(a,)(©,V) =0,

(O.V). f) € Ker(Tia ) & 1 (ii) Gly gy (0.V) =0
(771) Ga,p)(f) =0.

Hence, Ker(T(A(b)) (A 6 @ H(A ) The vector space H( A,6) is the obstruction to the
surjectivity of 7 4 4). In this set up, the cohomology groups defined in 2.19 are described
as follows:

Hly 5 = Ker(Glag), Hiag = Ker(Liag) N Ker(Giy ) = Ker(Tag),
Hiy gy = {Q(Y,iR) @ I'(Sy(a)) } /Tmag(Ta,4))-

Besides,
1. H(OA#)) #0 < (A, ¢) is reducible.
2. H(QA#)) =0 & 7(4,4) is onto.

3. 1fH(A¢) = 0and H?
Ker(T(A,d))).

(Ao = = 0, then M, is a manifold and H(A 6 = =Ta,pMs@) =

The space M7 seen as the intersection in &4,y of sections Fyq) : B:(a) — Es(a)
and 0-section is a manifold. However, the transversality condition may not occur and to
handle the lack of transversality a perturbation will be performed later.

The operator 74 4) described in coordinates is

autor: Celso M Doria 50




CAPITULO 2. SW-EQUATIONS Celso M Doria

(4.9) 2d*  iIm(< ¢,.>) 0

(C] *d —U3<¢,.) 2d S
G
T<A,¢>=(éi“’ (3’0’)). <‘Jj> (;w Di —()0]. ? —
*d 2d S} 0 —03(,.) 0 S}
=0 DA ol (V|+1]3i0.
f 0

¢ 0 -] [V
2d* 0 0 iIm(< ¢,.>) 0 f

It can be decomposed as 7(4 4y = Pa,¢) D Qa,¢) + K(4,4), where

xd 0 2d 0 0 O
Papn=10 0 0], Que|0 Da 0
2d* 0 0 0 0 O
are self-adjoint elliptic operators and
0 —o3(9,.) 0 ©
Kag = | 3()-¢ 0 (e ][V
0 idm(<e¢,.>) 0 f

is a compact operator (the resolvent). The operator P4 4 : QM (Y,iR) & Q(Y,iR) —
QL(Y,iR) @ Q°(Y,iR) is the rolled-up operator obtained by the composition

* 0 a d I 0
0 2.1 d 0 0 2x

Remark 4. At a reducible solution (A, 0),
1. H?Am = H(Y,R),

Qe P Qon? Qe

2. H(lA o) = Ker(T(a0)) = H(Y,R)@ H' (Y,R)® Ker(D,). The H°(Y,iR) summand
correspond to the virtual solutions and the H!(Y,iR) corresponds to the tangent
space to the Jacobian torus 701,

3. The self-adjointness of P4 ) and Q4) yields H(ZA 0) = H(lA 0y

4. For later purposes: if b1(Y) = 0, then H(lA 0) = H(QA 0) = Ker(Day).

Theorem 2.2. The operator T4 4) is a self-adjoint operator with domain the vector
space (V' (Y,iR) & I'(Syq))) & Q°(X,iR) endowed with a LY? Sobolev structure and
image in the vector space (Q*(Y,iR) & I'(Sy(a))) ® Q°(X,iR) endowed with a L* Sobo-
lev structure. Moreover, (4 4) has compact resolvent and thus discrete spectrum. In
particular, it is a Fredholm operator.
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Demonstragdo. Its symbol defines a isomorphism, so 7(4 4) is an elliptic operator over a
compact manifold, hence it is an Fredholm operator. ]

Definition 2.8. A monopole (4, ¢) € My, is non-degenerated if H(lA 5 =0

The non-degenerency means that, up to gauge equivalence, Ker(Hy) = {0} at (4, ¢)
and Hry is surjective. If (A,0) is a reducible solution and b;(Y) > 0, then the non-
degenerecency is never achieved because H (2 a0 = H LY,R) @ Ker(Dy4), by remark 4.3.

If b1(Y) = 0, then the obstruction to achieve the transversality is H(QA 0) = Ker(Dy).
Proposition 2.9. The non-degenerated points are isolated.

Demonstragao. Let (A, ¢) € M) be a non-degenerated point. Thus, the linear map
(d]:s(a))(A,d)) : KGT(G?A7¢)) - Ql S>) F(Ss(a)) ((dfg(a))(A’(z)) = L(A’@) is non singular,
or equivalently Ker(La,4))/Gsa) = {0}. Hence, F is an immersion at (A4, ). By the
Inverse Function Theorem, there exists a neighbourhood U of (A, ¢) such that 7 : U —
F(U) is a difeomorphism. If (A, ¢) were not isolated it would exist a sequence of points
(An, ¢n) € Mg(qy and ng € N such that, ¥n > ng, (An, ¢n) € U, which is a contradiction
with the fact that F |y is a difeomorphism. O

Thanks to the compacity of My(,), whenever the non-degenerecency is satisfied for
all (A, ¢) € ./\/l;( a) then ./\/l:( ) is a 0-dimensional manifold, hence a finite set of points.

2.3.4 Perturbed SVW-Equations

In order to achieve the transversal condition H (2A ¢ = 0 a perturbation is performed

on the functional Y. Let Z2(Y,iR) = {v € Q?(Y,iR) | dv = 0} be the space of closed
2-forms.

Definition 2.9. Fix 4y € A, and v € Z%(Y,iR). Consider Y, : Co(a) — R as

TV—;/ (A= Ag) A (Fa+ Fy+20)+ < Dacr, 6 >}
Y

Remark 5. .
1. T, is gﬁ(a)—invariant.

2. The formula 2 becames

T (9-(4,¢)) = Tu(A,¢) — {(4mg"(p) + [v])) U 2mer (L)) ([Y]).
3. The L?-gradient of YT, is

grad(Y,) (A, ¢) = (— x Fa + 03(¢) + *v, D). (2.21)

The map v +— grad(Y,) defines a section of .7-"5(&) : Bya) = Es(a)-
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Definition 2.10. Let v € Q2(Y,iR) be a closed 2-form. The v-perturbed SW-equations
are

— % Fy+03()+#0 =0, Dad=0. (2.22)

The v-monopole space is M(q)(v) = (-7:1'(&))71(0)-

S5

Remark 6. .

1. Consider the map

F:Z2(Y,iR) x QN (Y,iR) X I'(Sy(a)) — QY iR) X I'(Sy(a)) (2.23)
Fv, A, ¢) =FY(A,¢) = (= * Fa+ 03(¢) + #v, Dag). (2.24)

Its derivative is the linear operator

Ly gy« Z2(Y,iR) @ Q' (X,iR) & Ker(G{y 4) — Ker(Gla ),

2. Fixed v and suppose that the equation F4 = v admits a solution Ag; recall that
a necessary condition for the existence of Ay is 5% = ¢1(Lq) € H*(Y,Z). Thus,
(Ap,0) is a reducible solution for the v-perturbed SW-equation. Whenever a €
QL(Y,4R) is closed, (Ag +a,0) is also a reducible solution. Besides, Ay and Ag + a
are gauge equivalent iff [a] € H'(Y,Z), where H(Y,Z) is a lattice within H!(Y,R).
So, if the space of reducible solutions is not empty, then it is diffeomorphic to the
Jacobian torus T'(Y) = H'(Y,R)/H' (Y, Z). There are three cases to be analysed;

ba(Y) > 1: The space H?(Y,R) — H%(Y,Z) is arc connected. Therefore, the space
of closed 2-forms v not admiting reducible solutions is connected.

b2(Y) = 1: Once dim(H?(Y,R)) = 1, the space H(Y,R) — H?(Y,Z) has many arc
connect components. In his case, the space of closed 2-forms not admiting
reducible solutions has also many arc connected components.

ba(Y) = 0: In this case, for every closed 2-form v there exist a reducible solution
(A,0) of F4 = v, and it is unique up to gauge equivalence. To construct such
solution it is enough to observe that v being exact yields v = du, for some
p € QYY,iR), and also that the bundle £, admits a flat connection Ay. So,
(Ao + u,0) is a v-reducible solution, which is unique up to the G, )-action.

Theorem 2.3. Consider the map Fyq) : Z%(Y,iR) x Co(a) — QX iR) & I'(Ss(a)),
defined by Foa)(A, ¢,v) = f;’(a)(A, ®). The following claims are true:
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1. There is a Baire subset of 2-forms §2 C Z*(Y,iR) such that, for all v € 2, Fea)
is tranversal to the 0-section at (A, ¢) € (ff’j(a))_l(o) (H(QA ¢)(y) =0).

2. If by(Y) = 0, then there is a Baire subset of 2-forms F2 C Z2(Y,iR) such that, for
allv € §2, Fy ) is tranversal to the 0-section at (A, 0) € ( gl_’(a))*l(()) (H(QA 0(V) =

0).

Demonstragcdo. By considering the map
FZ2(Y,iR) x Q(Y,iR) x I'(Sy(a)) = Q' (Y,iR) x I'(Ss(a)), (2.25)

Fv, A ¢) =F (A, ¢) = (—* Fa+ 03(p) + #v, Dag), (2.26)

the first step is to prove the surjectivity of the linear operator L = dF(, 4 4);

L: ZX(Y,iR) ® Ker(G{y 4) — Q' (Y,iR) © I'(Sy(a)),
L(Cv @7 V) = L(A,(b) <@a V) + (*Cv 0)

By the decomposition Q!(Y,iR) @ I'(Ss(ay) = Imag(L) @ Ker(L*), the surjectivity of L
is verified by proving that Ker(L*) = {0}. In order to compute L*, let
1 1
< L(0,0,V), (W) > =< xa,( > ®{< *db — 5ag(gzb, V),( >+ < DV + 56?.¢,W >} =
1 1
=< x> B{< b, #dC + 503(0, W) > + <V, DaW — 5C.¢ >}
Thus,

L2(G,W) = (+dC + J03(6, W), DaW — €., %0). (227)

Therefore, if (¢, W) € Ker(L"), then

(1) ¢ =0, (ii) o3(¢, W) =0 (2.28)
1
(tit) DAW — §C¢ =0 () d*¢+ Im(< ¢, W >) = 0. (2.29)
A solution (¢, W) of these equations is C*°. Let’s consider the following cases:

1. (A, ¢) is irreducible (¢ # 0);
The equation (ii) implies that W = ir¢, where r € Map(X,R). So, the equation
(iii) implies that dr = 0. Therefore, from equation (iv) it follows that

Im(—ir|¢))=0 < ¢=0.
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Hence, ¢ = 0 and ( = 0 yields the surjectivity of L. By Sard’s theorem, there
is a Baire set F€ € Z2(Y,iR) such that for all v € F€ FV is transversal to the
0-section.

2. (A,0) is a v-reducible solution, so Fu = v. If u € Z'(Y,iR), then (A + p,0) is a
solution of Fy = v. At (A + p,0), it follows from ?? that Ker(L*) = H'(Y,R) @
Ker(Da4,), so the transversality can be achieved only by assuming b1(Y) = 0.
Consider the map s : Q'(Y,iR) X I'(Syq)) — V, s(p,w) = Dajpu(w), where V
is the vector bundle V — I'(Sy(4)), which fiber over ¢ # 0 is the vector space
Vs = Ker(Re < i¢,. >) = (Spang(i¢))*. The definition of V yields from the fact
that, for all w € I'(Sy(4)), Dauw € Vy, since

< Dpypw,iw >= —< Dy w,iw > = Re(< Dagw,iw >) = 0.

Because ind(D) = 0 and V is a codimension 1 subspace of I'(Sy()), it follows
that indg(ds(,,) = 1, for all (u,w) € QY(Y,iR) X I'(Syq))- The derivative
dS(V7¢) : Ql(}/, iR) X F(Ss(a)) — F(V) iS,

ds(yuwy (A u) = Aw + Daypu (2.30)
Suppose that 3¢ € I'(Sy(q)) such that ¢ L Imag(ds;,w) C {iw}*. So,

(a) for all A € QY(Y,iR), < ¢, \w >= 0 = o3(¢,w) = 0 and ¢ = irw

(b) for all u € I'(Ss(a)), < ¥, Daypu >= 0 = Daypp =0, hence dr = 0 = 1 is
constant.

Once ¢ L iw in L?, it follows that 7 = 0. Consequently, the map ds(uw) :
QNY,iR) & I'(Ss(a)) — I'(Se(a)) is surjective and so, the map s is transversal.
Agian, by Sard’s theorem there exists a Baire subset of 1-forms §1 € Z!(Y,iR)
such that, for all 4 € F1, s, = Dayy - F(Sﬁ(a)) — V is transversal to the 0-
section. Moreover, dz’mR(s;I(O)) = 1. Neverthless, D4y, is a C-linear operator,
so dimg(Ker(Da4,)) must be an even number. Hence, for all p € §1 3;1(0) =
Ker(Day,u) = {0}. As a by-product, the transversality is settled in case by (Y") = 0.

O]

Corollary 2.1. There is a Baire set of forms F2 C Q2(Y,iR) such that, for all v € 2,
the space M:(a)(u) s a compact, 0-dimensional manifold.
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Remark 7. .

1. The transversality attained in the last theorem does not take in account the quo-
tient by the Ggo)-action. If the analysis is carried on to the quotient, then it is
not defined at reducible solutions.

2. For later applications, it is very important to understand the existence of reduci-
ble solutions of the v-perturbed SW-equation whenever by (Y) < 1. A necessary
condition to the existence of a solution (A,0) of Fy = v is that ¢1(La) = 55,
otherwise there is no such solution and the v-perturbed SW-equation is free of
reducible connections. Let’s consider the following cases;

(i) b1(Y) = 1: let Ag be a solution of F4 = v and 6y € H(Y,R) such that
HY(Y,R)/HY(Y,Z) =< 6y >. Thus, the space of v-reducible solutions is
diffeomorphic to S! and parametrized by MTed)(V) = {Ao +tby | t € ]0,1]}.

s(a

(ii) b1(Y) = 0: in this case, the equation F4 = v implies that there exists
a € QY(Y,iR) such that da = v. By considering A a flat connection (the
bundle £, is trivial), thus (A + a,0) is the unique reducible solution of the
v-perturbed SW-invariant, therefore, Mfd)(z/) = {4y + a}.

(«

2.3.5 Spectral Flow of the Dirac Operator

For later purposes, it is important to understand the spectrum behavior of a family
of Dirac operators. A C™ curve u : [0,1] — QY(Y,iR) induces a curve D; : [0,1] —
Fred’(I'(Syq))) € QY. iR), Dy(w) = Day ), where Fred®(I'(Syq))) is the space of
Fredholm operators with index 0.

In this way, the spectrum varies smoothly with ¢, besides it can be assumed that the
eigenvalues are distincts. The spectrum is the subset

LJ {} x Spec(Dy) C [0,1] x R.
te(0,1]

The interesting aspect of Spec(Dy) is the change of signs of the eignevalues along the
path. If they don’t change, nothing different turns up, however if one eigenvalue A
changes its sign, then at some ¢y A(tp) = 0.

Proposition 2.10. Let A\; € Spec(D;) and vy an unitary \i-eigenvector. So,

dde __dDy
T

Demonstracdo. Once Dyvy = My, it follows that D;vt + Dtv,/5 = )\;v + )\tv;. Since
< v, v; >= 0, by taking the L2-inner product with vy,

/ / !/
< _Dt’Ut,Ut >4+ < Dt’Ut,’Ut >= )‘t
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Besides, the self-adjointness of D; implies that

! ! _— !
< Doy, v >=< vy, Dyvy >= A < vy, v >= 0.

Therefore, X\, =< Djvy, vy >. O

Definition 2.11. The spectral flow of a path Dy : [0,1] — Fred®(I'(Syq))) is

SF(D;) = 01 — 0g, where o; is the signature of D;.

All this topic concerning the Spectral flow is relevant to study the case b1 (Y) < 1.
Let Ay = A+ p+tup, t € [0,1] be a 1-parameter family of reducible solutions of F4, = v,
v = dp. The corresponding 1-parameter family of Dirac operators Dy = DAy qtp, €
FredO(F(Sﬁ(a))) may go through the 0-line in [0, 1] x R.

Proposition 2.11. Consider that for to € [0,1], 0 € Spec(Daypution,)- Let A €
Spec(Dy) be the eigenvalue such that A, = 0. So, )\;0 > 0 meaning that the curve
(t,\t) C [0,1] X R across transversaly the axis [0,1] x {0}.

Demonstragdo. Assume that p € §1, as in the theorem ??. So, the map s, : [0,1] x
I'(Ssa)) — V, given by s,(t,w) = Daypyeu,(w), is transversal to the O-section yielding
the surjectivity of (ds,)yw) : R X I'(Ss(a)) — V, where

d
(dsp) (to,w) (1, u) = %(DA‘FM"FtMO(w)) lt=to +D At pttopot-

Now, let’s consider ug € V an unitary harmonic spinor of Day,44u,- Due to the
surjectivity of (dsy),w), there exists vg € I'(S4(q)) such that

d
%(DA-HH-SMO (w)) [s=0 +D A+ p+touovo = o-

Therefore, by taking the inner product with ug and using the self-adjointness od D a4 4-¢ou0»
it follows that

d d

73 M) t=to=< = (Datpitto) le=to, vo > > = 0.

This is the required condition to (¢, \;) be transversal to the axis [0,1] x {0}. O

2.3.6 M, is compact for all s(o) € Spin®(X)

Lemma 2.4. Let (A, ¢) be an irreducible solution of 2.3. Thus,

19 floo= max{0, —ky(y)} (2.31)
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2.3.7 Mg is orientable for all s(a) € Spin®(X)

Let v € § as in theorem ?7?7. Therefore, the monopole space ./\/lﬁ(a)(y) is a 0-
dimensional compact manifold, thus it is a finite set. Let’s describe a general procedure
to orient, at once, all Mg, (v) = ( ;’(a))*l(O). For the sake of simplicity, let’s consider
F =Fr

s(a)’

As seen before, the map F is a Fredholm map. Under the hypothesis of ¢ # 0
and v € §2, Mg(q)(v) is a manifold and the tangent space at (A, ¢) is T4 g)Ms(a)(v) =
Ker(T(a,4) = H(lA’¢). Thus, M) (v) is orientable if the vector space A" (Ker(7 4 4)))
is a trivial bundle (A™**V stands for the highest exterior power of V). The index of
Tiap) 1s

ind(T(a,¢)) = dim(Ker(Ta,4))) — dim(CoKer(Z(a,4))), (2.32)
which corresponds to the dimension of the virtual bundle
[Ker(Zag)] — [CoKer(T(aq)]-

In order to achieve the triviality of A" (Ker(7(4,4))), we consider the determinant line
bundle associated to a Fredholm operator;

Definition 2.12. The determinant line bundle of a Fredholm operator 7 (A, ¢) is the
line bundle

det(’]'(A7¢)) = Amax(Ker(’T(A,qg))) ® [Amax(C’oKer(’Z'(Am))]* .

The determinant line bundle of a family of Fredholm operators {7 (A, ¢) | (A, ¢) € Cu}
is the line bundle

det(T)= | det(Tiag)).
(Av¢)€cs(a)

Remark 8. .

1. Consider F(V, W) the space of Fredholm operators F' : V' — W. The index defined
in 2.32 is invariant by a homotopy performed in F(V, W). Thus, ind(T1) = ind(T3)
whenever T1, Ty € F(V, W) are connected by a continuous path in F(V,W). Mo-
reover, det(Th) = det(T»).

2. Although the dimensions of the vector spaces Ker(7(4,4)) and CoKer(7 4 4)) may

jump, the index doesn’t and det(7') is a complex line bundle over Cs(a)- Once these
spaces are all gauge invariant, it turns out that det(7) is a line bundle over By(a)-
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By considering a connected path v : [0,1] — Cya), ¥(t) = (1 — t)(A, ) + t(A,0),
the index of the operator 7(4 4, as in 2.28, is equal to the index of the elliptic operator
Tia0) =P ®Qa: Q1 (Y,iR) & I'(Sya)) ® Q(Y,iR) — QN (Y,iR) & I'(Sg(a)) ® QO(Y,iR),

where

*xd 0 2d
P=|0 0 0]:Q (Y,iR)®Q%Y,iR) — Q' (Y,iR) @ Q°(Y,iR),
2d* 0 0
0 0 0
Qa= (0 Da 0] :1'(Ss0)) = I'(Ss(a))-
0 0 0

As observed before, ind(T") = ind(P) + ind(Q4), where P and Q4 are both self-adjoint
with kernel

Ker(P) = H'(Y,R)® H'(Y,R),  Ker(Qa) = Ker(Da).

Therefore, Ker(Tiap) = H°(Y,R) ® H'(Y,R) & Kerd(D,). Moreover, the bundle
det(T,) — [0,1] is trivial, so det(7, () and det(7,(;)) are isomorphics.

Theorem 2.4. The line bundle det(T) — By, is trivial. Moreover, det(7T) is orientable
and an orientation is fized by choosing a orientation of

A" HO(Y,R) @ A" HY(Y,R).

Demonstragdo. Since det(7(4,4)) is isomorphic to det(74,p)), it follows that the fibers of
det(7( 4,4)) are isomorphic to V1 (A)@Va(A), where Vi (A) = A" HO(Y, R)&A™** H (Y, R)
and Va(A) = A Ker(D4). The sub-bundle Vi, which fiber at A is Vi (A), is trivial be-
cause its fibers independ on A. Also, the sub-bundle V5 is trivial because Ker(D) — A,
is a complex vector bundle, hence orientable. Besides, the Gg,)-action preserves the
complex structure and all the decompositions in the setting.

O

Corollary 2.2. The manifold Mgy is orientable and an orientation is induced by
orienting the vector spaces H*(Y,R) and H'(Y,R).

In this way, if Mgy = {p1,...,pn}, then for each p; € M), i = 1,...,n, we can
associate either n; = +1 or n; = —1.
2.3.8 Seiberg-Witten Invariants of Y3

As seen in the sections before, under the hypothesis that v € Fe€ and b1 (Y') > 1, there
are a finite number of classes s € Spin®(X) (basic classes of Y') such that Mgy (V) # 2
and is an orientable, compact O-dimensional manifold.
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Definition 2.13. Let (Y, g) be a riemannian structure on Y. The Seiberg-Witten inva-
riant of (Y, g) is

SW :Spin® — Z (2.33)

> i, if s(a) is a basic class,

s(a) — SW(s(a)) = { (2.34)

0, otherwise

where n; = £1, according with the orientation given at p; € Mg(q).

Another way of looking at the SVW-invariant is observing that it is the euler class of
the vector bundle &) — Bg(a)-
The hard work next is to deal with the cases b; < 1.

2.4 Metric Invariance of S)V-Invariant

The definition of the SW-invariant requires a rimannian metric g on Y and also a
2-form v € §2 to guarantee that M, is a smooth, orientable manifold. Consider R0y
the space of riemannian metrics defined on Y. The metric dependence of is stressed in
the cases considered next;

2.4.1 Case b(Y)>1

Let ¢; : [0,1] — My be a smooth path connecting gg to g1, and v, : [0,1] — Fe€ C
Q2(Y,iR) be a smooth path of 2-forms connecting v to v;. Since by1(Y) > 1, it can be
assumed that the class [v] # [%], Vvt € [0,1]. Next, by fixing a class s(a) € Spin®(Y),

we may consider the map F : [0,1] X Cq x Q*(Y iR) — Q' (Y, iR) & I'(Sy(q))-

F(t, A ¢, v) = (xFys — 03(¢) — %14, D'y), (2.1)

where *; and Df4 are the operators associated to g;. The Chern-Simons-Dirac functional

~

YT:[0,1] xCy — R has non-degenerated critical points since v, C §2, for all ¢ € [0, 1],
and the linear map dF : R& Q1 (Y,iR) & I'(Sy(n)) ® Q2 (Y,iR) — Q' (Y, iR) & ['(Ss(q)) is
surjective. Hence, /@ = .7?_1(0) is a manifold. By the same arguments, the moduli

space /\7;?.1) of solutions of 2.1 is a compact, oriented manifold which is either empty or
1—dimensio/na\l; in the former case it is a set of arcs. From the construction above, the
map 7 : Mgy — [0, 1] given by 7 l(t) = ./\/li(a) is a fibration. As a manner of fact, if

bi(Y) > 1, then Mgy = MY, x [0,1].

Theorem 2.5. Let s(a) € Spin®(X) and consider SW°(s(a)) and SW(s(a)) the in-
variants associated to the spaces ./\/lg(a) and M;(a), respectively. If b1(Y) > 1, then

SWO(s(a)) = SW(s(a)).
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Demonstracao. From the construction, the space m is a cobordism among Mg( a)

and ./\/l;(a). However, for each t € [0, 1], the invariant SW!(s(a)) can be written as

swista)= [ 1,

t
Ms(a)

where p is the Lebesgue measure defined on ./\/li( ) So, by Stoke’s theorem,

SWO(s(a)) — SW(s(a)) = //\ d(1) = 0.
M

s(a)

2.4.2 Case (V) =1

This case is particularly more delicate since the condition b;(Y) = 1 means that
HY(Y,R) is 1-dimensional, and so, along a variation v : [a,b] — §2 it may occur that
vp and v are in different connected component of H?(Y,R) — %} Therefore, the

—

fibration 7 : Mg,y — [0, 1] has a singular fiber at ¢t = ¢ because of existing a reducible
solution. Thus, the reducible solution (A,0) has to be taken in account and no longer

o —

M(o) is a manifold.
At t = ¢, the space of reducible solutions is the 1-sphere S' = H(Y,R)/H(Y,Z).
In order to understand the invariant, let’s consider the the projection Q?(Y,iR) —
H?(Y,R), v — [v], and the 1-codimension wall

W = {v € QX(Y,iR) | [v] = 2mici(La)}-

The wall splits Q?(Y,4R) into two connected components, named the chambers;

WF = {v € Q*(Y,iR); 2mic1(La)([v]) > 0},
W™ = {v € Q*(Y,iR); 2mici(La)([v]) < 0}

As before, let’s assume that the path 14 : [0,1] — O2%(Y,iR) has not reducible solutions,
but at ¢ = c. The linear map dF : R & QN(Y,iR) & I'(Sy(n)) & Q*(Y,iR) — Q' (Y,iR) &
I'(Ss(a)) is surjective, however the Ggoy-action is not free. Thus, the fibration 7 :
./WS(\Q) — [0, 1] has a singular fiber at t = ¢ because the space 77 1(t) = ./\/li(a) miss to be
a manifold. By cutting off the singular set S, C Mg( ) the moduli space -/\//ls(\oc) defines
an oriented cobordism among Mg( ) and Mg( @)~ S. and another one among M;( ) and
Mg(a) - Se.

For each s(a) € Spin®(X), consider the monopole moduli spaces ./\/l;t(a) correspon-
ding to the solutions of the perturbed SW-equations restricted to v € W+, respectively.
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Definition 2.14. The invariants SWx : Spin®(Y) — Z are defined by

svw(s(oé)):/M+ 1, SW(s(a)):/ 1.

s(a) s(a)

Theorem 2.6. Let b1(Y) = 1. The wall crossing formula is given by

SW*(s(a)) — SW(s(a)) = /S dp

—

Demonstragdo. It follows from the remark that the moduli space Mg(,) — Sc defines an
oriented cobordism among Mg( ) and M;(a). So,

—

8(M5(a)) - MO ) [ M;(a) L Sl

s(a

2.4.3 Case b(Y) =0

In general, the existence of a reducible solution (A,0) of the SW-equations means
that F)4 = 0, which corresponds to a representation p4 : m1(Y) — Uy, hence an element
ph € HY(Y,Uy).

The case b1 (Y) = 0 is restricted to the Q-homology spheres (H*(Y,Q) = H*(S3,Q)).

1. If Y is a Z-homology sphere, then H*(Y,Zy) = H*(Y,Z) = 0, so Spin®(Y) = {0}.
In this case, H(Y,U;) = HY(Y,Z) ® U; = 0, so the only representation is the
trivial one.

2. If HY(Y,Z) is a torsion group, then Spin®(Y) = H'(Y,Zy) is finite. In this case,
it may exist non-trivial representations p* € H(Y,Uy).

In both cases, there is no way of getting rid of the reducible solution of the perturbed
SW-equations. The map SW : Spin®(Y) — Z is no longer a smooth invariant, it
depends on the metric on Y and also on the 2-form v, whenever a perturbation has been
considered.

For all v € Q?(Y), the pertubed SW-equation admits only one reducible solution, up
to the gauge invariance. Let Ag be a flat connection and 6 € Q!(Y,iR) the only 1-form
satisfying df = v and d*0 = 0, so A = Ag + 0 is a solution of F4 = v. In this case, the
space ./\/lﬁ(a)(v) is always singular and there is no path turning around the singularity
as in the case ba(Y') > 1. Therefore, if we fix a class s(a) € Spin®(Y’), then the moduli
space Mg(q)(g,v) depends on the metric g and on v. Hence, for each pair (g,v) we
can associate the integer SW(s(«); (g,v)). In order to obtain a smooth invariant, let’s
introduce a curve o : [0,1] — My x Q?(Y,iR) connecting the pairs (go, o) and (g1,11).
Also consider the moduli space Mg, (o) and the fibration 7 : Mgy (o) — [0, 1], where
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7 H(t) = Mga)(9e,v1). ALTHOUGH, FOR EACH ¢ € [0,1], 7~ *(¢) IS A MANIFOLD
WHEN RETRICTED TO THE IRREDUCIBLES, IT CAN NOT BE GUARANTEE
THAT THE SPECTRAL FLOW OF THE DIRAC OPERATOR FAMILY D(c) DOES
NOT JUMPS ALONG ¢. WHENERVER IT JUMPS THE NUMBER SW(g(t),v(t))
changes, since

SW(g(1),v(1)) = SW(g(0),v(0)) = SF(D(0)).

The spectral flow can also be computed via the Atiyah-Patodi-Singer index theorem.
It is known from ?? that a spin manifold (Y, sy) bounds a 4-manifold (X, sx) with
only one 0-handle and finite many 2-handles (b;(X) = 0). The following objects can be
extended over X;

1. the SpinC-structure sy over Y extends to sx € Spin®(X) over X,

2. the Uj-bundle £, over Y to the Uj-bundle Z; over X,
3. the unique flat connection # on L, to a connection © on Z;,

4. v € Q%(i,R) to U € Q*(X,iR).

Thus, by the Atiyah-Patodi-Singer index theorem, the spectral flow SF(D(0)) is com-
puted by the formula

¢(o(1)) = ¢(0(0)) = SF(D(0)),
where ((o(t)) is defined as follows;

Definition 2.15. Consider b;(Y) = 0 and fix (g,v) € M(Y) x Q%(Y,iR). Let 0 be the
unique flat connection (up to gauge) on £, and let a € Q!(Y,iR) be the unique 1-form
satisfying the equations d*a = 0 and da = v. Define

Claw) = §l6.9) + 5 (dimeKer(Do,.) +iDoa) + 5 [ (AndA) (22

_1
3

where § = d + d* : QU™ (X) — Qodd(X).
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