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Um Pouco de Historia

I'Hospital e Leibniz (1695) )

Em 1695 LHospital escreveu uma carta a Leibniz perguntando qual seria o
significado de uma derivada de ordem % Leibniz respondeu que "dx
deveria ser igual a xv/dx : x".



Um Pouco de Historia

Euler (1730) e Heaviside (1893) J

Generalizagao da férmula de ordem inteiran < m
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Um Pouco de Historia

Fourier (1820) )
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Um Pouco de Historia

Grinwald e Letnikov (1867) J




Um Pouco de Historia
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Um Pouco de Historia

Grinwald e Letnikov (1867) )
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Griinwald e Letnikov (1867) )
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Um Pouco de Historia

Grinwald e Letnikov (1867) )
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Um Pouco de Historia

Grinwald e Letnikov (1867) )
Para n = —1 inteiro
d'f(x) . (x—a\ NSt — 1l x—a
= ]l —1)" —(1
dx—a)! el WY ,r;o( ) " flx—(1+m) v )




Um Pouco de Historia

Riemann e Liouville (1832 - 1873) )

onde




Um Pouco de Historia

Caputo (1967) J
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O Calculo Fracionario de Riemann-Liouville

O teorema de Cauchy para integragao repetida )

[rwa= 22 [
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O Calculo Fracionario de Riemann-Liouville

A proposta de Riemann-Liouville )

Para oo > 0 com o € R temos
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O Calculo Fracionario de Riemann-Liouville

Derivada de algumas fungoes )
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O Calculo Fracionario de Riemann-Liouville

Derivada de algumas fungoes )




Introducgao

O Calculo Fracionario e as derivadas de fungdes nao diferenciaveis )

Fractional differentiability of nowhere differentiable
functions and dimensions

Kiran M. Kolwankarf and Anil D. Gangal%
Department of Physics, University of Pune, Pune 411 007, India.

Abstract

Weierstrass’s everywhere continuous but nowhere differentiable function is shown to be
locally continuously fractionally differentiable everywhere for all orders below the ‘critical
order’ 2 — s and not so for orders between 2 — s and 1, where s, 1 < s < 2 is the box dimension
of the graph of the function. This observation is consolidated in the general result showing
a direct connection between local fractional differentiability and the box dimension/ local

Hoélder exponent. Lévy index for one dimensional Lévy flights is shown to be the critical order

Kolwankar and Gangal, Fractional differentiability of nowhere differentiable
functions and dimensions, Chaos 6, 505 (1996)



Introducgao

l some speculations of G.W.
1ﬂ7)mLsuur(t7W). and it has been
d progressively up to now. Alist of mathematicians, who
provided important contributions up 1o the midde of the
century,incudes PS. Laplace (1812), . F. Lacroix
(1819),J. B.J. Fourer 1822), N. H. Abel (1823-182), . Liowile
(1832-1873), B. Riemann (1847), H. Holmgren (1865-1867), A. K.
Grunwald (1867-1872), AV meuaes—ma H. Laurent
(1884), P. A. Nekrassov (1888), A. Krug (1690), J. Hadamard
(1892), 0. Heaviside (1892-1912), 5. Pincherle (1902), G. H. Hardy
and J. E. Littlewood (1917-1928), H. Weyl (1917), P. Lévy (1923), A.
Marchaud (1927), H. T. Davis (1924-1936), E. L. Post (1930), A.
2Zygmund (1935-1945), E. R. Love (1938-1996), A. Erdelyi (1939-
1965), H. Kober (1940), D. V. Widder (1941), M. Riesz (1949), W. |
Feller (1952).
cty St o ot san-r
gl | Trors cmmA o
Yoo

f 5 G PACo. ity s e

Recent History 23 G Tt

Only since the Seventies has fractional calculus o “;.":T;hl:;mrm Aoplicatons, Spinger, TW‘

been the object of specialized conferences and. comroCocin B

realises. For the first conference the meritis due to| H prodonie s odee, it ‘Agplcaton-Orarted Exposiion

B Rovs wh shety ao s P, cisaralon; Fractional Calculus ey ]
fractional calculus, organized the First Cc ce e, 155 (e

Z“mm'ﬁw“":"zmﬂ h Septombor 2010 ractonal Calculus !
e 1. Tonriro Machado, Virgnia Kiryakovs, Francesco Mainardl | ===siiiss-Consiss ASMEIDETC: GFD, 2007, 209
I acron o s 1 0

oppigt

b Conpars g
i c 2008 grctors 1 Nabnatcs wtn

In recent interestin
1t  applied sciences like phy gineering, possibly 9
| Is published that refer

ks vt ot s g e s o o o st s et
. heolog v i et decad ich conin
sclotodand .mpm \d advanced schools, conceming i
of fractional calculus. Already since :evela\ years m!l! exist two international joumnals devaIAd almost
exclusively o the subjectof i . Nshimolo,
oy e 180 2P athsand Ao Ayl (gt Calo V. Koy, )
started in 1998, Recenty the new journal Fracional Dynamic Systems has been amnounced fo sartin 2010,
ﬁ e ™

‘The authors believe that the volume of research in the area of ractional calculus will continue to grow in the:
important tool in mankin

forthcoming years and

2000 4y p e 2010 o




O Calculo Fracionario

O que ainda falta fazer? J

Novas formulagdes e suas relagdes

Interpretagdao geométrica

Calculo vetorial fracionario

Calculo com derivadas imaginarias

Calculo com derivadas matriciais

@ efc...



Aplicagdes do Calculo Fracionério

Algumas aplicagdes do Célculo Fracionario )

@ Otmizacao em controle

@ Mecanica classica e fisica de particulas
@ Eletroénica

@ Processamento de sinais

@ Biomatematica

@ Sistemas Dinamicos

@ Processos Estocasticos

@ Dinamica de Fluidos

@ etc



O Calculo Fracionario em Difusao Anémala

O que é difusdo anémala? J

Richardson em 1926

Voos de Levy

West Rev. Modern Phys. 86 (2014) 1169 Metzler and Klafter Phys. Rep. 39 (2000) 1



O Calculo Fracionario em Difusao Anémala

O que é difusdo anémala? J

(x2(2)) = 2K ¢
oW (x,1) W (x,1)

T e 2727




O Calculo Fracionario em Difusao Anémala

Difusdo normal J

Movimento Browniano no espago discreto

1 1
W(i,t+Ar) = EW(i— 1,t)+§W(i+ 1,1)



O Calculo Fracionario em Difusao Anémala

Difusao normal

No limite do continuo Ax — o e At — =

W(i,t+At) = W(i,1) + mer O(AF)
) B oW (x,1) *W(x,1) Ax?
W(it1,1)=W(x,1) £ . Ax+ 2 3

+0(Ax%)



O Calculo Fracionario em Difusao Anémala

Difusao normal

No limite do continuo Ax — o e At — =

W(i,t+At) = W(i,1) + mer O(AF)
AW (x,1)
o0x + ox2 2

W(it1,1)=W(x,1) £
Substituindo em

1 1
W(i,t+Ar) = EW(i— l,t)—i—EW(i—i—lJ)



O Calculo Fracionario em Difusao Anémala

Difus&o normal J

Obtemos a equacgao de difusao

oW (x,1) _ *W(x,1)
o ' ox?
onde
2
K= lim X

(Ax,A1)—(0,0) 2At

é o coeficiente de difusédo



O Calculo Fracionario em Difusao Anémala

Difusdo normal J

Resolvendo a equagao de difusao

oW (x,1) _ *W(x,1)
o ' o2

W(too,1) =0 W(x,0%) = 8(x)



O Calculo Fracionario em Difusao Anémala

Difusdo normal J

Resolvendo a equagao de difusao

oW (x,1) _ *W(x,1)
o ' o2

W(too,1) =0 W(x,0%) = 8(x)

2

1
X ———
Jark,i P < 4Kyt

W(x,t) = ) — (x*(1)) = 2Kyt



O Calculo Fracionario em Difusao Anémala

Difusao normal J

Usando a transformada de Fourier

oW (k,1)
ot

= —K2K W (k,t)

W (k,t) = exp (—kzl(lt)



O Calculo Fracionario em Difusao Anémala

Difus&o normal y

Usando a transformada de Fourier

oW (k,1)
ot

= —K2K W (k,t)
W (k,t) = exp (—kzl(lt)

Usando a transfromada de Laplace



O Calculo Fracionario em Difusao Anémala

Difus&o normal )

O desvio quadratico médio

2
(R0 = —£! {ma‘gg”} — 2Kyt



O Calculo Fracionario em Difusao Anémala

Difus&o normal )

O desvio quadratico médio

(R0 = —£! {lim yvg]ggs)} — 2Kyt

k—0

Que W(k,s) resulta no desvio quadratico médio da difusdo anémala?

02? 2K,
2 . r—1 D G & o
() =L {iﬂ%aﬂ} Tla+1)




O Calculo Fracionario em Difusao Anémala

Difusdo anémala J

Para a difusdo an6mala devemos ter

W(k,0)

W)= s+ k2K s~



O Calculo Fracionario em Difusao Anémala

Difusdo anémala J

Para a difusdo an6mala devemos ter

W(k,0)

W)= s+ k2K s~

Usando a relagao

L{oJ7f (1)} =5"f(s)

podemos inferir que a difusdo anémala é descrita por

W(x,1) — W(x,0) = Ko 0J® (W)



O Calculo Fracionario em Difusao Anémala

Difusdo anémala )

Tomando a derivada de Riemann-Liouville obtemos

"W (x,1) 1 W(x,0) X P W (x,1)

or% I'l—a) x* % ox2




O Calculo Fracionario em Difusao An6émala

Difusdo anémala )

Tomando a derivada de Riemann-Liouville obtemos

W) 1 W(x,O)_K P W (x,1)
or% C(l—a) x* % o2

Finalmente a EDP fracionaria da difusdo anémala

CEWxy) _ PWx)

or% Y

onde temos a derivada de Caputo

Ca%f (1) 1 /’ L dfw)
) Jo (

" T(1—) Jo (t—u)® du



O Calculo Fracionario em Difusao Anémala

Difusao de poluentes na atmosfera )

Contentslsts available at ScienceDirect e
Physica A
journal homepage: wwww.isevier.conocata/phy:
Fractional derivative models for atmospheric dispersion @kwm

of pollutants
AG.0.Goulart’, M. Lazo ", JM.S. Suarez ", D.M. Moreira

SENAYCIMATEC i

HIGHLIGHTS

ARTICLE INFO ABSTRACT

el experiment. We found that the fractonal derivative models perform far better than

cient i a function of the position in order o deal

©2017 Elsevier BY. Al rights reserved.

€%V (x,z2) 92 (x,z2)
o TR 2




O Calculo Fracionario em Difusao Anémala

Tabela: Observed and estimated crosswind-integrated concentrations for
Copenhagen experiment.

Exp. Distance (m) Observed o—Gaussian Gaussian o-SM SM
1 1900 6.48 6.32 3.61 7.74 4.62
1 3700 231 4.97 272 4.20 2.30
2 2100 5.38 4.14 247 4.89 3.18
2 4200 2.95 3.27 1.76 279 1.58
3 1900 8.20 6.51 4.00 8.91 5.66
3 3700 6.22 5.22 3.73 5.03 2.88
3 5400 4.30 4.66 3.72 3.95 221
4 4000 1.7 10.60 10.25 8.21 5.93
5 2100 6.72 571 3.98 7.55 4.81
5 4200 5.84 4.70 3.93 4.28 243
5 6100 4.97 4.36 3.93 327 2.00
6 2000 3.96 2.90 1.72 3.90 263
6 4200 222 227 1.24 223 1.28
6 5900 1.83 2.08 1.12 1.79 0.90
7 2000 6.70 4.68 2.77 6.21 4.16
7 4100 3.25 3.65 1.95 3.50 2.03
7 5300 2.23 3.34 1.73 279 1.56
8 1900 4.16 5.75 3.51 7.32 4.87
8 3600 2.02 4.72 3.01 4.68 274
8 5300 1.52 4.18 2.95 3.39 1.84
9 2100 4.58 3.77 2.26 5.26 3.44
9 4200 3.1 2.99 1.61 3.07 1.74
9 6000 2.59 2.63 1.35 2.24 1.19




O Calculo Fracionario em Difusao Anémala

Tabela: Statistical indices to evaluate the performance of proposed models

Model Cor NMSE FS FB FA2
o~Gaussian 0.83 0.07 0.30 0.001 0.87
Gaussian 0.82 0.23 0.27 -0.39 0.73
a-SM 0.83 0.08 0.17 0.03 0.83
SM 0.80 0.30 0.50 -0.44 0.74
(co—cp)?
. Co—Cp
NMSE (normalized mean square error) = ———,
CoCp
. . co—Cp)lcp—¢p
Cor (correlation coefficient) = M,
G,0p
. . Co—Cp
FB (fractlonal blaS) = 77‘07,
0.5(¢c,+¢c5)
G, —Op

FS (fractional standard deviations) = m,
o 0 44



Aplicagdes do Calculo Fracionario em Fisica

E futuro?? J

Leibniz - "Segue que dixé igual a xv/dx : x, um aparente paradoxo, do qual
algum dia poderemos tirar consequéncias Uteis”

Obrigado!!



