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Parte |

Problema associado a Equacao da Onda
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Equacao da Onda

Considere o seguinte problema: Encontrar uma fungdo u = u(t, x) tal que

ur(t, x) — U (t, x) + ur(t, x) =0, t>0e xe|0,L]
u(t,0) = u(t,L) =0, t>0
u(0,x) = f(x), x €[0,L]

ur(0,x) = g(x), x €[0,L].
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Se as funcdes f e g sao regulares entdo usando o método de separacao de
varidveis encontramos uma fungdo u = u(t, x) igualmente regular.
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Se as funcdes f e g sao regulares entdo usando o método de separacao de
varidveis encontramos uma fungdo u = u(t, x) igualmente regular.

E se as fungdes f e g nao forem regulares?
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Se as funcdes f e g sao regulares entdo usando o método de separacao de
varidveis encontramos uma fungdo u = u(t, x) igualmente regular.

E se as fungdes f e g nao forem regulares?

Nesse caso usamos uma generalizagao de funcdes, conhecida como
distribuicdes.
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Distribuicoes

Seja f: 2 C R — R uma fungao integravel em qualquer conjunto compacto
contido em . Entdo a fungao f gera uma distribuigdo definida por:

(1.0) = | (x)9(x) ox

para toda fungao ¢ € (5°(2).
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Distribuicoes

Seja f: 2 C R — R uma fungao integravel em qualquer conjunto compacto
contido em . Entdo a fungao f gera uma distribuigdo definida por:

(1.0) = | (x)9(x) ox
para toda fungao ¢ € (5°(2).

A derivada distribucional da funcéo f é dada por:

(7)== [ 10009/ (x) ax

para toda fungao ¢ € (5°(2).
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Solucao Generalizada

Assim, procuramos uma fungdo u = u(t, x) tal que
Ur(t, x) — U (t, x) 4+ ur(t,x) =0

no sentido distribucional,
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Solucao Generalizada

Assim, procuramos uma fungdo u = u(t, x) tal que
Ur(t, x) — U (t, x) 4+ ur(t,x) =0

no sentido distribucional, ou seja, devemos encontrar
u=u(t,x) tal que

/OL un(x) 0(x) dx—/OL U(x) Oxx (%) dx—i—/oL u(x) 0(x) dx = 0

para toda fungéo ¢ € (5[0, L].
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Solucao Generalizada

Assim, procuramos uma fungdo u = u(t, x) tal que
Ur(t, x) — U (t, x) 4+ ur(t,x) =0

no sentido distribucional, ou seja, devemos encontrar
u=u(t,x) tal que

L L L
[ un000 [ ux)onlx) o+ [ un(x)8(x) x =0
para toda fungéo ¢ € (5°[0, L]. Além disso, devemos ter

u(0,x) =1f(x) e u(0,x)=g(x) em]0,L].
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Energia Total

Substituindo ¢ por u; na equacao anterior tem-se que

/OL ug(x) ur(x) dx—/oL u(X) Upo(X) dx+/0L ug(x) ug(x) dx = 0.
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Energia Total

Substituindo ¢ por u; na equacao anterior tem-se que

/OL ug(x) ur(x) dx—/oL u(X) Upo(X) dx+/0L ug(x) ug(x) dx = 0.

Integrando por partes

/OL uge(x) ur(x) dx+/OL Ux (X) up(x) dx+/0L,ut(X)’z dx =0,
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Energia Total

Substituindo ¢ por u; na equacao anterior tem-se que
L L L
/ ur(x) ur(x) dx—/ u(x) upex (x) dx—i—/ ur(x) ur(x) dx = 0.
0 0 0
Integrando por partes

/OL uge(x) ur(x) dx+/OL Ux (X) up(x) dx+/0L,ut(X)’z dx =0,

logo,

5 [ aCoR ax [P o)+ [P ax—o.
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Sistema dissipativo

Seja

E(t) = % {/0L|u,(x)12 dx+/0LyuX(x)|2 dx}.
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Sistema dissipativo

Seja

o—{/|wmﬁm+/n&nﬁm}

Pela igualdade anterior tem-se que

d L 5
on+/ymm|m:o
0
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Sistema dissipativo

Seja

Em:;{éﬂmnﬁm+éﬁﬂnﬁw}

Pela igualdade anterior tem-se que

d L
fEm+/ymmFm=a
dt 0

Dessa forma, a energia total do sistema é dissipativa. Um dos problemas que
surgem nesse caso é:
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Sistema dissipativo

Seja

Em:;{Aﬂm@Fm+Amunﬁm}

Pela igualdade anterior tem-se que

d L
—E@+/!M@FW=&
dt 0

Dessa forma, a energia total do sistema é dissipativa. Um dos problemas que
surgem nesse caso é:

1) A energia total do sistema decai para zero?
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Sistema dissipativo

Seja

Em:;{Aﬂm@Fm+Amunﬁm}

Pela igualdade anterior tem-se que

d L
—E@+/!M@FW=&
dt 0

Dessa forma, a energia total do sistema é dissipativa. Um dos problemas que
surgem nesse caso é:

1) A energia total do sistema decai para zero?

2) Com que velocidade a energia total decai para zero?
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Parte Il

Problema Abstrato de Segunda Ordem
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In this work we study decay estimates for the total energy and the L2-norm of
solutions for several models associated to the following abstract second order
evolution equation

Arug(t, x) + Au(t, x) + Asu(t,x) =0 (1)
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In this work we study decay estimates for the total energy and the L2-norm of
solutions for several models associated to the following abstract second order
evolution equation

Arug(t, x) + Au(t, x) + Asu(t,x) =0 (1)
with initial conditions
u(0,x) = up(x) and u(0,x) = us(x)

where t ¢ R", x € R" and A; are positive self adjoint
differential operators with symbols given by functions P;(&).

Cleverson Roberto da Luz Departamento de MaterTAXAS DE DECAIMENTO PARA UM MODELO ABSTR DLT 2010 11/47



We can apply such results to some initial value problems associated with
dissipative partial differential equations of second order in time. For example:
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We can apply such results to some initial value problems associated with
dissipative partial differential equations of second order in time. For example:

@ Wave equation
un(t,x) — Au(t, x) + u(t,x) = 0.
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We can apply such results to some initial value problems associated with

dissipative partial differential equations of second order in time. For example:

@ Wave equation
ur(t,x) — Au(t,x)+ u(t,x) = 0.

@ Plate equation under rotational inertia effects

ug(t, x) — Aug(t, x) + A%u(t, x) + u(t, x) = 0.
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We can apply such results to some initial value problems associated with
dissipative partial differential equations of second order in time. For example:

@ Wave equation
un(t,x) — Au(t, x) + u(t,x) = 0.

@ Plate equation under rotational inertia effects
ug(t, x) — Aug(t, x) + A%u(t, x) + u(t, x) = 0.
@ Equations with fractional operators, for example

un(t,x) + (=A)°u(t,x) + (—A)°u(t,x) = 0.
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@ Beam equation

ug(t, x) 4+ A%u(t, x) — Au(t, x) + u(t, x) = 0.
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@ Beam equation
ug(t, x) 4+ A%u(t, x) — Au(t, x) + u(t, x) = 0.
@ Klein-Gordon equation

ug(t,x) — Au(t, x) + k2u(t, x) + ui(t,x) = 0.
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@ Beam equation

ug(t, x) 4+ A%u(t, x) — Au(t, x) + u(t, x) = 0.
@ Klein-Gordon equation

ug(t,x) — Au(t, x) + K2u(t, x) + ui(t, x) = 0.
@ IBqg equation

ug(t,x) — Aug(t, x) — Au(t, x) +v(—2)°u(t,x) = 0.
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To obtain decay estimates to the above problem the idea is to work with the
associated problem in the Fourier space.

Cleverson Roberto da Luz Departamento de MaterTAXAS DE DECAIMENTO PARA UM MODELO ABSTR DLT 2010 14/ 47



To obtain decay estimates to the above problem the idea is to work with the
associated problem in the Fourier space.

To this end we take the Fourier transform of the above problem to obtain the
following initial problem

P1(E)vir(t,E) + Pa(E)vi(t,E) + P3(E)v(t,§) =0
v(0,€) =w(§) and w(0,8) =wi(§)

where v is the Fourier transform of u.

The above problem becomes an initial value one for a
linear ordinary differential equation of second order with
coefficients depending on a frequency parameter & € Rg.
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Regularity-loss

Sugitani and Kawashima (2010): They observed that the decay structure of the
plate equation with 6 = 0 is of regularity-loss type.
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Regularity-loss

Sugitani and Kawashima (2010): They observed that the decay structure of the
plate equation with 6 = 0 is of regularity-loss type.

This decay structure still remains true for the case 6 > 0, but it becomes
weaker when 0 increases.
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Regularity-loss

Sugitani and Kawashima (2010): They observed that the decay structure of the
plate equation with 6 = 0 is of regularity-loss type.

This decay structure still remains true for the case 6 > 0, but it becomes
weaker when 0 increases.

In fact, for 6 > 0 the eigenvalues are given by

20
ME) = - (1@@2 [1i\/1 (1+ [g[2) g+
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Regularity-loss

Sugitani and Kawashima (2010): They observed that the decay structure of the
plate equation with 6 = 0 is of regularity-loss type.

This decay structure still remains true for the case 6 > 0, but it becomes
weaker when 0 increases.

In fact, for 6 > 0 the eigenvalues are given by

20
ME) = - (1@@2 [1i\/1 (1+[e2) g1+

In particular, the regularity-loss property ceases to occur in the case when
0=1.
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Regularity-loss

For the wave equation the eigenvalues in the Fourer space are:
MY =l |15 \/1- 4l .

The property of regularity-loss does not hold for the wave equation.
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Parte Il

Método de Estabilizacao
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In the sequel we study the following general linear second
order ordinary differential equations with coefficients and
initial data depending on a parameter  for a function v(t):

P1(8) vu(t,8) + P2(8) ve(t,8) + Ps(8) v(1,§) = 0 @
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In the sequel we study the following general linear second
order ordinary differential equations with coefficients and
initial data depending on a parameter  for a function v(t):

P1(&) ve(t,€) + P2(&) va(t,8) + P3(E) v(1,§) = 0 (2)
with initial conditions
v(0,8) = w(§) and v(0,8) = v1(E) (3)
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In the sequel we study the following general linear second
order ordinary differential equations with coefficients and
initial data depending on a parameter  for a function v(t):

P1(&) ve(t,€) + P2(&) va(t,8) + P3(E) v(1,§) = 0 (2)
with initial conditions
v(0,8) = w(§) and v(0,8) = v1(E) (3)

where t e R, &€ Q and P, = P;(€) (i = 1,2,3) are positive measurable
functions (except possibly on a set of measure zero) defined in a regular
subset Q of R”.
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The global energy E = E(t) associated with the linear
ordinary differential equation (2) depending on a parameter & € Q C R"is
defined by

E() =5 [ (PO MLLE+PEIVLEE o, t>0,
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The global energy E = E(t) associated with the linear
ordinary differential equation (2) depending on a parameter & € Q C R"is
defined by

E() =5 [ (PO MLLE+PEIVLEE o, t>0,

To derive the estimates for the energy, we employ an
improvement of the energy method in the Fourier space, which was developed
in our previous works ([2], [3]).
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The idea to obtain the decay estimates em time f for an associated functional
of energy E(t) is to construct another functional of energy type F(t) such that
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The idea to obtain the decay estimates em time f for an associated functional
of energy E(t) is to construct another functional of energy type F(t) such that

h
(A) /5 F(s)ds< CiE(S),  VO0<S<T;
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The idea to obtain the decay estimates em time f for an associated functional
of energy E(t) is to construct another functional of energy type F(t) such that

h
(A) /5 F(s)ds< CiE(S),  VO0<S<T;

®) [E()]""P< coF(r), V>0,

for a suitable § > 0 and C,, C; positive constants.
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The idea to obtain the decay estimates em time f for an associated functional
of energy E(t) is to construct another functional of energy type F(t) such that

h
(A) /5 F(s)ds< CiE(S),  VO0<S<T;

®) [E()]""P< coF(r), V>0,
for a suitable § > 0 and C,, C; positive constants.

Therefore, if the estimates i) and ii) hold then we can conclude that
/[ﬂﬁﬂ”wgcﬂ&, ¥S>0
s

with C a positive constant depending on the initial data.
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Haraux-Komornik inequality

Lemma

Let E : [0,+) — [0,+o0) be a non-increasing function and assume that there
are two constants y > 0 and Ty > 0 such that:

/S IE(s)]"ds < To[E(O)'E(S), VW S>o0.

/v
i) If y> 0 then E(t) < E(0) T(]/Y<1 +%> Y VT

ii) IFy=0 then E(t) < E(0)e' /T,  Vt>T,.
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We multiply both sides of (2) by v; and we take the real part of the resulting
identity to have

LP@MDE+ LPEIDE+ [ Pae) ()
3 PHEIMTIE+ 5 P DI+ [ Po(8) (o)l as

1 1 (4)
=5 Pi(8) vi(S) P+ 5 Ps(8) V(S)F.
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We multiply both sides of (2) by v; and we take the real part of the resulting
identity to have

LP@MDE+ LPEIDE+ [ Pae) ()
3 PHEIMTIE+ 5 P DI+ [ Po(8) (o)l as

(4)
= 2 PHE ()P + 5 Po(®) V(S)P.
Let p: 2 C R" — R be the function of & defined by
p(&) = min {P3(8) P2(8) ", P2(§) P1(&) "} (5)
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Cleverson

Multiplying the equation (2) by pv and taking the real part

we obtain
|2+/ (s)PPds
&)P2(E) Iv( F+/’ &)1 () lu(s)*ds
(&)Pd&)ﬂe(w(T) v(T)+ p(E)PH(E) Re(M(S)V(S)) ©
P& V()P + [ Pale) ()P ds+  Pi(E) (TP

<

N =

(&P (8) (T + 4 Pr(E) (S)Z + 3 ()21 (B) ()

N =

_l’_
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Combining (4) and (6) we obtain that

[ p@P @I o < PO+ SRE M

forall £ € Q and 0 < S < T < +oo, because p(&)2P;(§) < P3(&) forall & € Q.
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Combining (4) and (6) we obtain that

[ p@P @I o < PO+ SRE M

forall £ € Q and 0 < S < T < +oo, because p(&)2P;(§) < P3(&) forall & € Q.

Motivated by estimates (4) and (7) we introduce the following functional

F(O) = [ PR+ [ p@PE) DL, 10
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Combining (4) and (6) we obtain that

[ p@P @I o < PO+ SRE M

forall £ € Q and 0 < S < T < +oo, because p(&)2P;(§) < P3(&) forall & € Q.

Motivated by estimates (4) and (7) we introduce the following functional
F(1) = | PoE) (O e+ | pEP(EIVOLAE 20,
Then, (4) and (7) imply that

/s " F(s)ds < CE(S) ®)
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Theorem 1

Let Py, Py, P3: Q2 C R" — R be positive measurable functions of € € Q such
that C1P(§) < P2(E) < CaP5(&) (except possibly on a set of measure zero)
where Cy and C, are positive constants. Then, the global energy E(t) in Q
associated with the initial value problem (2)-(3) satisfies

/5 " E(s)ds < CE(S)

forall 0 < S < T < 4o, where C > 0 is a constant.
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Corollary 1

Assuming the hypotheses of Theorem 1 we have
E(t)<Ce™ (t— )

where C > 0 is a constant depending on the initial data and vy is a positive
constant.

The proof of Corollary 1 follows from the Theorem 1 and Haraux-Komornik
Lemma.
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In the sequel, we impose suitable conditions on the functions P;(§) in (2) to get
a fixed number 3 > 0 such that

[E(t)]'"™P< cF(t), Vizo0 (9)

for some positive constant C, which may depend on [ and the initial data.
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In the sequel, we impose suitable conditions on the functions P;(§) in (2) to get
a fixed number 3 > 0 such that

[EM]"P<cF(r), vizo0 (9)

for some positive constant C, which may depend on [ and the initial data.
Thus, if the estimates (8) and (9) hold, then we can
conclude that

.
/[E(s)]1+ﬁds§CE(S), V0<S<T< 4o
S

with a constant C > 0 depending on the initial data.
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Remains to find conditions on the functions P; in order to have that the
estimate (8) is true.
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Remains to find conditions on the functions P; in order to have that the
estimate (8) is true.

For this purpose, we first note that for B > 0 it holds the following estimate

[E(O]"*P

<L [r@morae] L[] Ps(anv(r)rzdarﬁ

SRRt )\zdz;]

o] [p@rin@more] J

I\J \

r\) \

forall t > 0.

Cleverson Roberto da Luz Departamento de MaterTAXAS DE DECAIMENTO PARA UM MODELO ABSTR DLT 2010 28 /47



To prove our result we need to estimate the two integrals in the right hand side
of the above equation. For example, to estimate the term

[ p®) EPa®) (D)2

we can use the following estimates:

S PsE) V(O < 2 P(E) Wi+ 5 Po(E) ol

@) FPa) MOFdE < [ p(&) FPi(E)v2dE+ | p(E)  Pa(E) el
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Under different hypotheses on the functions P; we can
estimate the last two integrals in terms of the initial data.
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Under different hypotheses on the functions P; we can
estimate the last two integrals in terms of the initial data.

Hypothesis 1: There exists a number 3 > 0 such that at least one of the following two
conditions for P; holds:

03—/9 ) BPy(E)dE < o, Cp,—/p ) B P3(8)dE < oo
i) Ch = [ Po(&) FAI(®) T b <o, G = [ p(8) FRY(E)dE <

G =[ &) PP P(E) 2Pr(&R < and
08 = [ p(&) F Pa(8) 2 P1(E) Pa(E)*dt < .
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Theorem 2

Let [vo, v1] € L=(R™) x L=(R") and let P;(§) (i =1,2,3) and B > 0 satisfying
the Hypothesis 1. Then, the global energy E(t) in Q associated with the
problem (2)-(3) satisfies

[/ TE@) ot < 6 (ol + 1 -} E(S)

forall 0 < S < T < oo, where Cg is a positive constant depending on B
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Hypothesis 2: We assume the existence of real numbers § > 0and r; > 0
(f=1,2,3,4) such that the measurable and positive (except possibly on a set

of measure zero)
functions P;(§) (i = 1,2,3) and the initial data vy, v4 satisfy at least one of the

following two conditions:
) PO PaO)lufaE < O [ (1[R[l o6 < +on

[P PE)IMIFE < Ca [ (14 1ER)" [ < -+
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/p BPz &) 2P1(8)P3(8)?|vol?dE < CS/Q(1 +1€2) |wo|?dE < oo,
/P BPS &) |vol? € < CS/Q(1 +E[%)" [vo|* dE < +oo,

148
[ Pe@) BP @) e < o [ (1-+ ) o < 4

/p T8 Py(E)Po(E) 2Py (E)2 1w 20 < 04/9(1 +IE[F)%|vr[*dE < oo
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Theorem 3

For global energy E(t) of the problem (2)—(3) we have the following two possibilities:
1) If the item (i) of the Hypothesis 2 holds then

T B
[ () Par< o{ [ @2 wle+ [ @2eiupa) Ecs)
Il) If the item (ii) of the Hypothesis 2 holds then

JNCORERI 2RI <a>2f4|v1|2da}BE<S)

for0 < S < T < o, where (£)? = (1+ [§|?). The positive constant C is independent
of the initial data.

Cleverson Roberto da Luz Departamento de MaterTAXAS DE DECAIMENTO PARA UM MODELO ABSTR DLT 2010 34 /47



As consequence of Theorem 2 or Theorem 3 we get the following result.

Corollary 2

Under the hypotheses of Theorem 2 or Theorem 3, the global energy to
problem (2)—(3) has the following asymptotic behavior

E(t)<Ct /B (t— )

with 3 > 0 given in the Hypotheses 1 or2 and C a positive constant depending
on the initial data.
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Parte IV

Aplicacao

Cleverson Roberto d
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In the sequel we apply the previous results to obtain
decay rates for the total energy associated with a plate equation under
rotational inertia effects in R” is given by

ug(t, x) — Aug(t, x) + A%u(t, x) + ug(t, x) = 0. (10)
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In the sequel we apply the previous results to obtain
decay rates for the total energy associated with a plate equation under
rotational inertia effects in R” is given by

ug(t, x) — Aug(t, x) + A%u(t, x) + ug(t, x) = 0. (10)

The total energy E,(t) associated with the solution u(t, x) of the equation (10)
is defined by

E(t) = % (lu()+[Vur (I + |Au()?), =0
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To get those decay estimates to the initial value problem
associated with equation (10) we take the Fourier transform in both sides of the

equation (10) for obtain

vie(1,8) + &P v (1, &) + [E*v(, &) + vi(t,€) =0

with v = 0, where @ is the partial Fourier transform of u.
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To get those decay estimates to the initial value problem
associated with equation (10) we take the Fourier transform in both sides of the
equation (10) for obtain

vie(1,8) + &P v (1, &) + [E*v(, &) + vi(t,€) =0

with v = 0, where @ is the partial Fourier transform of u.

As usual we denote by Et = E7(t) the total energy of the plate equation in the
Fourier space, that is,

Er(t) =3 [ {(1+[E) (P +EMOF} o, t>o0.
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Let n> 1 and B be a positive fixed number satisfying
B> 4 and let
n+4
[uo, u1] € (H2+1E(R”) NL'(R")) x (HH%(R”) NL'(R")). Then itis true that
Eu(t) < K { luollF + llus |2 + 1ol + Ilur |2} £71/P

fort > To where Ty is a constant depending on the initial data, Ky > 0 a

]
constant depending on 3 and r =2+ —.

B
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To the plate equation we have:

PiE)=1+[EF,  P(E)=1 and Ps(€)=[g[".
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To the plate equation we have:
PiE)=1+[EF.  P(§)=1 and P3(E)= ¢

Then, it is easy to see that there exists b > 0 such that the corresponding
function p(§) given in (5) satisfies

Clgl4, for ] < b
p©)={ y
1T CRE’ for |E| > b

where C is a positive constant.
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We broke the integral of the energy in two parts: on the low and the high
frequency regions:

)= [, (BRI + I8 V(1)) o

)= [, (G BRI + 18 1v()?} o
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Let Py(§) =1+ &%, P2(§) =1 and P3(&) = [§]*. By choosing B > -17 itis
easy to verify that the item (ii) of the Hypotheses 1 holds for
Q={EcR"|[E] < b}.
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Let Py(§) =1+ &%, P2(§) =1 and P3(&) = [§]*. By choosing B > -17 itis
easy to verify that the item (ii) of the Hypotheses 1 holds for
Q={& eR"| [E] < b}. For example,

6= [,_ P& ir@aE= [ p@ ede
<K [ [EITFTdE < 4o
[&[<b

due to the hypothesis that % —4<n.
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4
Now, choosing 3 > P the item (ii) in the Hypothesis 1 is

satisfied in the region Q = {{ e R" | || < b}.
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Now, choosing 3 > % the item (ii) in the Hypothesis 1 is
satisfied in the region Q = {{ e R" | || < b}.
Then, we can apply Theorem 2 to get
T
[ B ds < Gy { ol + s 2} Ei(S)
< Gy { ol +lus 12 }P En(S)

forall 0 < S< T < +oo,

Cleverson Roberto da Luz Departamento de MaterTAXAS DE DECAIMENTO PARA UM MODELO ABSTR DLT 2010 43/ 47



Moreover, since [uo, u1] € H2* 5 (R") x H' B (R") the item (i) of the
Hypothesis 2 holds in the region
Q={CeR"| [§] = b}.
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Moreover, since [uo, u1] € H2* 5 (R") x H' B (R") the item (i) of the
Hypothesis 2 holds in the region
Q={CeR"| [§] = b}.

Thus, we can use Theorem 3 to obtain

T 1+B 2 2 B
[ En(s)]" " ds < O { ol + a1 En(S)

< c{llwlz +luilB }* Er(S)

1
forall 0 < S<T<+Hoowithr=2+—--

§
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Thus, it follows from (11), (12) and the Plancherel Theorem that
[ e Pas = [ 1Er(s) P
S . S
<c /S "E(s)]*Pas+ C /8 "Ex(s)]" s
< Gy { Il +|us|I2: }P Er(S) + CIEF(0)] E7(S)
= { s {lluollz, + lle |} + CIELOP | Eu()

forall 0 < S< T < +oo,
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Let To > 0 be fixed such as

To[E(0)]° = Gy {llwoll?: + s |2 }P + C [Eu(0)]P.

Cleverson Roberto da Luz Departamento de MaterTAXAS DE DECAIMENTO PARA UM MODELO ABSTR DLT 2010 46 /47



Let To > 0 be fixed such as
B
To [Eu(0))P = Cp { [[woll: + |unllfi } + C [Eu(0)]P.

Letting T — +o< in the previous inequality and using the Haraux-Komornik
Lemma we can conclude that

Eu(t) < K { luollZs + Il |2 + 1L 2up] 2+ lu 2} P,

for all t > To, where the constant Kz depends on j3.
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Thank you for your attention ! !
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