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1. Titulo:
Representagdes em algebras de ultragrafos
2. Resumo:

As algebras de grafos foram muito estudadas, tanto na versao algébrica, quanto na versao C*-algébrica. Estas algebras e
C*-algebras sao definidas como objetos universais com geradores e rela¢des. Para o melhor entendimento de objetos deste
natureza, € importante o conhecimento de representagdes. No artigo [1] introduzimos uma classe de representagdes das C*-
algebras de grafos, a partir de um objeto que chamamos de E-Branching System. Alguns desdobramentos destas ideias
iniciais foram obtidos em [2], [3] e [4].

Em [5] foi introduzida uma nova classe de C*-algebras, as C*-algebras de ultragrafos. Um ultragrafo € uma generalizagao
de um grafo, de forma que as C*-algebras de grafos sdo exemplos de C*-algebras de ultragrafos.

No artigo [6] definimos o que vem a ser um G branching system de um ultragrafo G. Varios resultados, no sentido dos
resultados obtidos nos artigos citados acima, foram obtidos para C*-algebras de ultragrafos.

Recentemente foi apresentada no artigo [7] a versdo algébrica da C*-algebra de ultragrafos, a assim chamada Algebra de
Leavitt para Ultragrafos.

O objetivo nosso é estudar representacdes destas ultimas algebras, induzidas por Branching Systems. Esperamos obter
resultados com teores parecidos com os obtidos nos artigos que desenvolvemos anteriormente.

O objetivo é prosseguir as investigagdes sobre os Branching Systems, agora aplicados para Algebras de Leavitt para
ultragrafos. Sendo que nao existe literatura sobre o tema em questao, julgamos que um estudo das representa¢des que
pretendemos desenvolver auxiliara bastante no entendimento destas Algebras. Esperamos obter resultados no sentido dos
resultados que obtivemos nos artigos [1], [2], [3] e [6]. Pelos resultados obtidos nestes artigos (e também em outros artigos
relacionados a este tema, como [4] e [8] ), acreditamos que o projeto seja viavel, e que varios resultados sobre a familia de
representacdes que pretendemos estudar podem ser obtidos.
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Abstract

In this paper, we study representations of ultragraph Leavitt path algebras via branch-
ing systems and, using partial skew ring theory, prove the reduction theorem for these
algebras. We apply the reduction theorem to show that ultragraph Leavitt path algebras
are semiprime and to completely describe faithfulness of the representations arising
from branching systems, in terms of the dynamics of the branching systems. Fur-
thermore, we study permutative representations and provide a sufficient criteria for a
permutative representation of an ultragraph Leavitt path algebra to be equivalent to
a representation arising from a branching system. We apply this criteria to describe
a class of ultragraphs for which every representation (satisfying a mild condition) is
permutative and has a restriction that is equivalent to a representation arising from a
branching system.

Mathematics Subject Classification 16W50 - 16S35 - 16G99

1 Introduction

The study of algebras associated to combinatorial objects is a mainstream area in math-
ematics, with connections with symbolic dynamics, wavelet theory and graph theory,
to name a few. Among the most studied algebras arising from combinatorial objects,
we find Cuntz—Krieger algebras, graph C*-algebras, Leavitt path algebras (algebraic
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REPRESENTATIONS OF C*-ALGEBRAS OF
ROW-COUNTABLE GRAPHS AND UNITARY EQUIVALENCE

BEN-HUR EIDT AND DANILO ROYER

In this article we generalize the main results of [7] and [12]. More specifically, we show that there are
branching systems (which induce representations of the graph C*(E)) associated to each row-countable
graph E. For row-countable graphs, we characterize the Condition (L) via branching systems. Moreover,
we show that each permutative representation by operators in Hilbert spaces is unitarily equivalent to
one induced by a branching system, even the spaces being not separable. Furthermore, under some
hypothesis on the graph, we show that each representation of the graph C*-algebra is permutative.

Introduction

The concept of a graph C*-algebra was first developed in [14] by considering row-finite countable graphs
and have been extensively explored since then. Recall that a graph E = (E°, E', r, 5), (where EC is the
set of vertices, E' is the set of edges and r, s : E' — E° are the range and source functions) is countable
if EY and E! are both countable and is row-finite if s~'(v) is finite for each vertex v.

The concept of a branching system in the context that we will use, was developed in [7]. Ideas related
to branching systems have been studied in some areas like random walks, symbolic dynamics, scientific
computing and operator theory; see [12] for references. Also applications of branching systems for
higher-rank graphs and ultragraphs can be found in [3] and [10]. For an application in the theory of
Wavelets; see [1].

Furthermore, there exists in the literature an algebraic version of the graph C*-algebra known as
Leavitt path algebra. Many concepts and results may be proved in both versions, graph C*-algebras and
Leavitt path algebras (see [6] or [8] for references). In particular, a lot of results we will prove in this
paper can be reinterpreted in the algebraic context and we will make comments about this throughout
the text.

In this paper we deal with branching systems in row-countable graphs, that is, graphs with the property
that s~ (v) is at most countable for each vertex v. In [7] the authors define a structure called branching
system for graphs and show how to obtain a representation of C*(E) through a branching system of
a graph E. Moreover, there is proved a result that ensures the existence of a branching system for
all countable graphs. It is possible to prove this theorem for arbitrary graphs, by using the path space
introduced in [9] with the counting measure. However, this branching system is not enough to prove,
for example, the converse of the Cuntz—Krieger theorem (Corollary 1.8). Therefore, we show a bit more

The first author would like to thanks to Conselho Nacional de Desenvolvimento Cientifico e Tecnoldgico - CNPq.
2010 AMS Mathematics subject classification: 47L30.
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Abstract: We completely characterize perfect, permutative, irreducible representations of an ultragraph
Leavitt path algebra. For this, we extend to ultragraph Leavitt path algebras Chen’s construction of irreducible
representations of Leavitt path algebras. We show that these representations can be built from branching
system and characterize irreducible representations associated to perfect branching systems. Along the way,
we improve the characterization of faithfulness of Chen’s irreducible representations.

Keywords: Ultragraph Leavitt path algebras, irreducible representations, permutative representations,
branching systems
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1 Introduction

Ultragraphs (and their algebras) are generalizations of graphs (and their algebras) with applications in sym-
bolic dynamics, operator algebras and algebra; see, for example, [11, 15, 24-30, 33, 34, 36, 38, 39]. The
Leavitt path algebra associated to an ultragraph was defined in [32], where it is shown that these algebras
provide examples of algebras that can not be realized as the Leavitt path algebra of a graph. A key feature
of an ultragraph path algebra is that it provides a unified approach to both Leavitt path algebras and Cuntz—
Krieger algebras associated with infinite matrices (see [32] for the purely algebraic context and [38] in the
C*-algebraic context). It is therefore interesting to extend known results of Leavitt path algebra theory to ultra-
graph Leavitt path algebras. Furthermore, since ultragraph Leavitt path algebras are algebraic analogues of
ultragraph C*-algebras, which are well studied and play a key role in the study of infinite alphabet shift spaces
(see [25, 26, 28-30]), it is important to deepen the understanding of these algebras.

Recently, there has been intense activity on the study of representations of Leavitt path algebras. For
example, in [2, 5, 6], it is shown that irreducible representations play an important role in the study of the
socle series of Leavitt path algebras. The study of representations via branching systems is done in [19], and
in [9] a key type of irreducible representation is constructed (which is now called a Chen module). The inves-
tigation of Leavitt path algebras with a special type of, or a specific number of, irreducible representations is
donein[1, 3, 4, 31, 37].
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PARTIAL GROUP ALGEBRA
WITH PROJECTIONS AND RELATIONS

DANILO ROYER

ABSTRACT. We introduce the notion of the partial
group algebra with projections and relations and show that
this C*-algebra is a partial crossed product. Examples of
partial group algebras with projections and relations are the
Cuntz-Krieger algebras and the unitization of C*-algebras of
directed graphs.

1. Introduction. In [5], the notion of a partial group algebra with
relations was introduced. This algebra is a universal C*-algebra, where
the generators are the elements of a group and the relations are, among
other, the relations of a partial representation of the group. It was
shown in the same paper that these algebras are examples of partial
crossed products.

In this paper, we introduce partial group algebras with relations and
projections. We define this algebra in terms of generators and relations,
where the generators are a family of projections and the elements of a
group. We show that the algebras, so defined, are also partial crossed
products.

We show that the unitization of graph C'*-algebras are examples of
partial group algebras with relations and projections. Another class of
examples of partial group algebras with projections and relations are the
C*-algebras (denoted by O4 p) which we introduce in subsection 5.1.
These algebras are obtained by considering two n x n matrices A, B,
with entries in {0, 1}, and are such that, if one of the matrices A or B
is a permutation matrix, then the algebra O, p is the Cuntz-Krieger
algebra of one matrix.

2. Partial group algebra with projections. In this section, we
define the partial group algebra with projections, which is a universal

2010 AMS Mathematics subject classification. Primary 46L05.
Keywords and phrases. Partial group algebra, partial crossed product.
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Abstract: Given a partial action 71 of an inverse semigroup S on a ring A, one may construct its associated
skew inverse semigroup ring A x, S. Our main result asserts that, when A is commutative, the ring A x,; S
is simple if, and only if, A is a maximal commutative subring of A x, S and A is S-simple. We apply this
result in the context of topological inverse semigroup actions to connect simplicity of the associated skew
inverse semigroup ring with topological properties of the action. Furthermore, we use our result to present
a new proof of the simplicity criterion for a Steinberg algebra Ar(9) associated with a Hausdorff and ample
groupoid .

Keywords: Skew inverse semigroup ring, Steinberg algebra, partial action, inverse semigroup
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1 Introduction

The notion of a partial action of a group on a C*-algebra, and the construction of its associated crossed prod-
uct C*-algebra (initially introduced by Exel [18]), is a key ingredient in the study of many C*-algebras, e.g.,
Cuntz—Krieger algebras [20], Cuntz-Li algebras [5], graph C*-algebras [8], ultragraph C*-algebras [28, 30],
and algebras associated with Bratteli diagrams [23, 26], to name a few.

In a purely algebraic context, partial skew group rings were introduced by Dokuchaev and Exel [16]
as a generalization of classical skew group rings and as an algebraic analogue of partial crossed product
C*-algebras. The theory of partial skew group rings, which is still quite young, is less developed than its ana-
lytical counterpart, but it has evolved quickly in recent years. In particular, many important algebras, such
as Leavitt path algebras [27] and ultragraph Leavitt path algebras [29], can be realized as partial skew group
rings and general results about the theory, as the onesin [3, 17, 24, 25, 32], have been applied to study these
algebras (see [15] for a comprehensive overview of developments in the theory of partial actions). This recent
development of the area indicates that the theory of non-commutative rings may benefit from the theory of
partial skew group rings.
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We define a notion of (one-sided) edge shift spaces associated to ultragraphs. In the
finite case, our notion coincides with the edge shift space of a graph. In general, we
show that our space is metrizable and has a countable basis of clopen sets. We show
that for a large class of ultragraphs the basis elements of the topology are compact.
We examine shift morphisms between these shift spaces, and, for the locally compact
case, show that if two (possibly infinite) ultragraphs have edge shifts that are conjugate,
via a conjugacy that preserves length, then the associated ultragraph C*-algebras are
isomorphic. To prove this last result we realize the relevant ultragraph C*-algebras as

partial crossed products.

1 Introduction

In classical symbolic dynamics, a shift space is a set of infinite words that represent
the evolution of a discrete system: One starts with a finite alphabet A, with the discrete
topology, and constructs the infinite products A%Z and A". The map o attached to these
spaces shifts all the entries of the sequences one to the left. A shift space (or a subshift) is
then a closed subspace of A% or A" which is invariant under o. These dynamical systems

are well studied—see [22] for an excellent reference.
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