7.9 - EXERCICIOS - pg. 333

Nos exercicios de 1 a 14, calcular a integral indefinida.

1 _[ 1+senx »

sen x 1+ cos x
Fazendo:
t=tg >
2

Temos:
( 2t j2dt 1+>+2t 2dt
1=

L+1*)1+1° _J‘ 1+12 147
2t 1+£2+1-¢
1+12 1+¢

(1+

1+¢ 1+
2(1+t +2t)

—I l+t jz(t+1)2dtzlj(t+l)zdt

(1+t) t

4¢ 2
ljt2+2t+1

dt
=lj(t+2+ljdt
2 t

2
:l(t—+2t+ln |t|J+C
2\ 2

1g> >
=2 +1g— +lln
4 2 2

te X4 C
gz

5 .[ dx
1+ sen x+cos x
Fazendo:

t=tg kd
2
Temos:

608



2dt

:I 14177 :J' 2dt
2t 1-t* 2t+2
1+

1+¢2 1+¢°

= i=1n|t+1|+C
t+1

=1n +C

X
te —+1
£3

3 I 2dx
“Jsen x+1g x

Fazendo:
t=tg kd
2

Temos:
2.2dt

1+¢°
I =
I 2t N 2t 1+1+?

2

1+1° 1+¢2 1-¢
_I 4dt
B 2t (=22 )+ 2t (1+72)
) =)
_I 4dt (1+2)1-7)
-I5

+1%) 20 —20 + 20+ 2

-

:j%_pdt

2
1tdt
t

4 .[ dx
“J445c0s x
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Fazendo:

r=tg Ed
2

Temos:

2dt

I:I 1+£2 :J'Zdt.

-
1+¢°

2
4+5. L+7

_I 2dt 1
1+ 4+4* +5-5¢2

1 +¢*

_I 2dt 1
1+ 9-¢

_j 2dt 1+t
1+ 9-¢

2d
:I9—;
1

=2.—1In
2.3

t+3

-3

+C

1, [t+3
=—In——
3 |t-3

+C

X
tge—+3
g2

+C

X
o3
&5

. j dx
3+cos x
Fazendo:
t=1g >
2

Temos:

2dt

1

S b Fbv
3+

1+¢°

1+ 343t +1-¢°

1+1¢*
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:j 2dt \/5

4+ 21*

tg—

2 2
=—aqarct —+C
2 NG

6.
~[ 1—cos x
Fazendo:

t=1g %
2

Temos:
2dt

—arctg

2dt

—+C

NG

1+¢°

]J‘1+t

1+

2di ¢t

22 I

1+
7 .[ cos x
1—sen x
Fazendo:

l‘—l‘E
2

Temos:

|

1+¢°

e+ —1+1
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1—t2
I = j l+t

2t 1+r
1+¢°
1+t +1-¢°
_J' 1+¢* 2dt
1+12 -2t 1+¢°
1+t
:I 2 2dt
12 =2t+1 144>
:.[ 4 dt
(-170+1?)
4 A B Ct+D
= + +

(=1 0+2) =1 (=1} £ +1
4= A(t-1)( +1)+ B> +1)+(Cr+ D) (t —1)
t=1 = 4=2B . B=2

4= Al +1-1>=1)+ B> + B+(Ct+ D) (> =2t +1)
= At’ + At— At> — A+ Bt + B+ Ct’ =2Ct* + Ct + Dt* =2Dt + D

A+C=0
—-A+B-2C+D=0
A+C-2D=0
-A+B+D=4

A=-2,B=2,C=2,D=0

2t
I= dt
j(t— (t-1 2 £ +1j

=—2Injr- 1|+2( 11) +ln‘t +1‘+C

X ‘ 2
tg——1|———
2

=-2In +lntg2§+1+C
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8. j _dx

3+ sen2x
Fazendo
u=2x

du =2dx
e

t=1g 2
2

Temos:

du 2dt

1=J 2 _ 1 a1+r
3+senu 2 34 2t
1+1¢°

2dt
:lJ' 1+¢ :,[ dt
29343742t 37 +2t+3
1+¢
_1 dt
3

L

leLzliarctg—+C
el as TETE

9 3

1
t+—
3

9..[ cos (2t —1) &t

2—cos (2r—1)
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Fazendo:

u=2r-1
du = 2dt
e

t=t E

£3

Temos:
[ _cosu du
2—cosu 2
1—-£* 2dt
j1+t 1+t
142

2(1-1)

5 dt 2 s
_lj (1+7) _I -1 1+1¢
202420 142 Y (142) 37 +1
1+t2
2
1 3 1 1 di
f+th+i 1+t{ j
3
Usando:
1-1 _At+B Ct+D

(l+22 2 +1/3) 147 T3
1-2 =(At+ B)> +1/3)+ (Ct+ D) (1 + )

A+C=0
B+D=-1

Laic=o
3

lB+D:1
3

A=0,B=-3,C=0,D=2
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1 -3 2
== + 1
3I(1+t2 t2+1/3}l

2
= —arctgt + —arct (\/gt) +C
8 \/5 8

= —arctg(tg 2t2_ IJ + %arctg [\/gtg

10 .[ dt
" I3+ sent+cost

Fazendo t = tg% :
2du

1+u’®
I =
I 2u  1-u?
3+ >+ 5
1+u 1+u
_I 2du 1+u®

1+u® 2u”+2u+4

:.[ du :J- du
w+u+?2 ( 1T
u+—| +-—
2
1 M+5
=—=arctg +C
V7 N7
2 2
—iarctg u+1+C
J7 J7
2t L 41
= arctg 2 +C
J7 NG
1. e dx
4sen e* —3cos e’
Fazendo
u=e"
du =e"dx
I:I du
dsenu—3cosu

2t —

1J+C.
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Fazendo = tg% :

2dt
1+¢°
I =
I 20, -1
BN BN
2t
_I 1+ _I 2dt
8t—3+3t 3t +8t-3
1+t
ot %dt
L
3
Fazendo
2
3 A B
o 8t 43 1
3 3

%sA( —%)+B(t+3)
t:% = B:%
t=-3 = A:—%

Temos:

j{t+3 t—l/3}
=—lln(t+3)+lln‘t—y‘+C

5 5 3
=—llntgﬁ+3+lln tgz—l+C

5 2 5 2 3

1 e’ 1 et 1
=——Intg—+3+=-Inftg———|+C

£ 5% 73

12 Icos@d@

1+cos@
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Fazendo = tgg :

1-¢* 2dt
:j1+t2'1+t2
-7
1417

1+

=—t+2arctgt+C

0 0
=—tg—+2arctg|tg— |+ C
g2 g[gzj

13 IL
" J sen x+cos x

Fazendo = tg% :

2dt
:J' 1+1°
2t +1_t2
1+1*  1+¢°
2dt
_J‘ 1+¢*
2t4+1-12
1+1¢°
:_J- 2dt
t*=2t-1

1 A B

=21 (t—l—\/E)Jr -1++2)
1= Al —1++2)+ Bl -1-+2)
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1

A=——

22
~1

242

B=

1 dt 1 dt
_2(2\/_'[t—1—\/__2\/_'[t—1+\/§j+c
ln‘t— \/_\ ln‘t—1+\/_‘+C
g5—1+\/_

—Inl|t

f

tg—

= —Lln
V2

14 j s
"J4—sen @ +cos O

Fazendo ¢ = tgg :

2dt

1+17°
I =
I 2t 1-+*
+

1+ 147
_J- 2d1 1+
1412 4447 =2t +1-1

:j3t2—2t+5

Zd
» 2.5 ( 1)2 14
3 +

0
-1, .2 g —1

2
—qarct arct
B RN I VR B 7

+C

+C
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15. Calcular a drea sob a curva y =

2+ sen x

,de x=0 a xzz.
2

A figura que segue mostra a regido dada.

0.61T

0.4

0.2%

y

N\

A:J'L
2+ sen x

0
I_J' dx
2+sen x

Fazendo t = tg% :

2dt 2dt

N B E S T
2t 242t +2¢
24— =HAbHA

1+7¢ 1472

_J' 2dt _J' dt
207 +2t+2 Yt +r+1

2
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T
2 2ig + 2150+1

=—=arctg ——=————=arct
BT T RS

2 3 2 1

= —qarctg ————arctg —
BRI RS
2 2

s r_ 2 7
V373 V376
2 (r
5%

2 275—75_%\/3
_ﬁ 6 —Tu.a.

16. Calcule a édrea limitada pelas curvas y = !

A figura que segue mostra a regido dada.

2+ cos x

1
ey=——entre 7, e”
Y 2—Cos X A A
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-m/2 /2

1 B 1 »
2—cosx 2+4+cosx

S

I:j 1 — 1 X
2—cosx 2+cosx

Fazendo ¢t = tg% :

I:I I 7 1 2 2dt2
1—1¢ 1—¢t [1+¢
2— 5 2+ 3
1+1¢ 1+¢
_j 2dt 1++¢* _I 2dt 1+1?
1+t2'3t2+1 1+22 2 +3

t+1/3 t2+3
2 1 t
=~ arcte\31t+(=2)—arcte——+C
2 X 2 1 X
= arctg|3tg = |-——arctg| ——tg = |+C
N g( ng 7 g(ﬁgzj
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Portanto,

2 X 2 1 X
A=——arctg| V3tg — |——=arctg| —tg —
73 g( gzj 73 g(ﬁ gzj

7

7

ﬁ arctg \/_—Tarctg %—%arctg (—x/§)+%arctg_T31
2 T 2 7T 2 7 2
B3 B3 e
27 243
:§j§:_7;_ﬁua

Nos exercicios de 17 a 33 calcular a integral indefinida

17 J’L
x5x—x*—6

Fazendo
S5x—x*—6=(x—-2).1
S5x—x?—6=(x- 2)2.t2

—(x—2)(x—3)=(x—2)2.t2

»_ =(x-2)(x-3)
x—2)2
t2:3_x
x—=2
3—x
=
x=2
temos que:
2t* +3
xX=
1+1
dr=——2_ar
(1+2)
Vsx—x'—6=(x-2).1
_t
1+¢°
Assim,
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-2t dr

3 (1+t2)2
I_J‘2t2+3 t
14> 1+7¢°

J‘\/_dt

2t*+3

—t+C

2arc 1g V2
\/_

o B

18.
I (x+4)Vx> +4x+9

Fazendo:
NX2+4x+9 = x+t
t* -9
x:
4-2¢

oo 4-200@0)-(-9)(-2)
(4-2t)
_ 8r—4r* +21° 18
(-2
=217 +81-18
o (4-2)
Temos:

dt

dt
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2
s,

_I (4—2t)

t?—9+16-8t t*—9+4t—1+’

421 421
J» —2t>+8t—18
(2 —8t+7)( t*+4t-9

)dt

.[, —-8t+7

el

=2(1mp—ﬂ—lh¢—qj+c
6 6

:—lni

6 |[r-1

NxP+4x+9 —x— 7|

\/x +4x+9—x— l‘

+C

=—1In

+C

19 .[ dx
. xVax* +x-3

Fazendo:

4x* +x—-3=2x+t
4x* +x=3=4x" +4xt+1’
1’ +3
T -4
2t — 417 +12

de="—""""dr
(1-4r)

Temos:
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2t —4t* +12

_ 2
1=~ ( 45) dt
" +3 " +3

2. +1
1—ar | " 1—4r

2
:It2+3dt

2
4x°+x-3 2x]+c

2
= ﬁarc tg ( \/3

20 j—dx
NI+ x+x°

Fazendo:

NI+ x+x? =x+t

I+x+x% = x> +2xt+1>
x=2xt=1t>-1

x(1-21)=1* -1
t* -1
_x:
1-2t
— p— 2_ —
o (1=20)21 (t : 1)( 2) .
(1-21)
:2t 4¢ +2§ 2dt
(1-21)
— 2 p—
_ 2t + 2t 2dt

(1-2¢)

2
-t +r-1
Vi+x+xl=— —

1-2¢
Temos:
= _[ 2t +2t— 12—2t dr
1 2t -1
[ 2 -2+
1-2¢
=—Infl-2 1+x+x2+2x‘+C
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21 J’L
a2+ x—x?

Fazendo:
V24 x—x =xt 442
2+x—x" =+ 242t +2
1-x=xt*> + 22t

1-22 ¢
1+¢°
W22 =2t -242
dx =
(L+22)
_Viceied
CH o
+1?
Temos:
—2-22+1+42
:j (1+t)
1-22¢ =2+ +t+\/_
1+ 1+1°
:j —2dt
1-2/2¢

:—anh—2J54+c

:—l - 2\/—(\/2+x by —\/_)(

V2 e
x+1
22. dx
'[ 2x + x? \/ 2x+x°
Fazendo:

N2x4+x? = x+t

t2

Y
— 2% +4¢

dx=———"dt
(2-2t)°

_ 2
/—2x+x2 _ 1T+ 2t

2-2t
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2 =2t+2
2-—2t

x+1=

) 2
2x+x% =(x+1) =w
(2-2t)

Temos:
2 =2t+2 =2t* +41
* 2
I:I 22t 2(2—2:) "
e +2uf -+

(2-2:tf  2-2t
:J'Z(tz—2t+22)dt
(¢ + 21

Y Y
=2(L2ar+2[-42_ 4
jtz t+ j(t_z)z t
t t—2
_ -1 B 1
\/2x+x2—x \/2x+x2—x—2

dx

> '[(x—l)\/xz—Zx—3

Fazendo:

Nxt=2x—=3=x+t
—-3-7

X =
2t+2

—2t*—4t+6
dx=——5—
(2t +2)
2

2
(2 a. 3.3, _£+2-3

dt

+C

2t+2 2t+2
1= 3—t¢ 1= t°=2t-5

242 2+2
Temos:

X —
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—2#—4r+6
_I %+2
P =2%-5+2-3
2t+2 2t+2
_.[ —-2dt
—*=2t-5
J' 2 dt
+12 4245

dt

=2.larctgil+C
2 2

VX' =2x-3—-x+1

= arctg 5 +C

2
o .[ 1+x+x i

x* A1+ x+ x?

Fazendo.

N+ x+x* =x+t¢

Pl
1-2¢
2
dy = 2t +2t2 2dt
(1-21)
"1+X+X2 :ﬁ
1-2¢
xz_ (tz_l)z
(1-2¢)
2_
1- 1+x+x2:1—x—t=—t 3+2
1-2¢

Temos:
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2 =3t+2 =2t +2t-2

yo L 1-2 C(1- 2t)
_2j S | L &
(1-2¢) 1-2¢
:1I2(t2—3t+2)
i
t—1)t—-2
- I(t—l)z(t+l)2 d
r—2
:I (r— )2(t+1)2 a
t+l t+1)
=_Tlln(t—1)+iln(t+1)+§(ttll)_1+C
1. |t+1 3
Zln:_2(t+1)+c
\/1+x+x2—x+1| 3

1
4 1+x+x° —x—l‘

25 J’L
Vxt+3x+2

Fazendo:
VxP+3x+2 = (x+l)t

(x+1) (x+2) (x+1)2t2

x+2=(x+1)r*
x—xt'=t>=2
Hl-2)=r -2

t* =2
RS

2(\/1+x+x2 —x+1

)+C
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Jee (1-r2)2e (2 —2)(—2t)d
(-f

22004287 — 4t

(1—t2)2

t

dt

-1
=t
-7
Temos:

-2t

_[ 1 t )2 j
l—t
1—1¢

=1n|1—t|+1n|1+t|+C

1+1¢

=In——/+C
1-¢
1_i_\/x2+3x+2

=1In x+1 +C
1_\/xz+3x+2

x+1

I x+1+4x* +3x+2 |

x+1-/x +3x+2\

26 IL
Vx?+2x-3

Fazendo:
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NxT+2x-3=x+¢
X 4+2x=3=x"+2xt+1’
2x—2xt=1"+3
1P +3
2-2¢

(2-20)20 (> +3)(-2)
(2-2t)
_At—4 4217 +6
T (2—2)
=27 4+41+46
T (2—2)

dx = dt

dt

dt

2

Nx*+2x-3= +3

2-2¢t
P 43+42t-2¢7
- 2-21
—1t2+243
o 2-2

+t

Temos:
- 2t +4t+6

I = J' 2 2t dt
2 +2r+3
2 2t

2
IZ—Ztm

~In2-24+C
~in[2-22+2x-3-x)+C
= —In|2+2x-3-x-1/+C

dx

27.
I(2x+1)«/4x2+4x

1 dx
] =—
2 J’(2x+1)\/xz+x

Fazendo:
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Nxt+x=x+t

Xt +x=x>+2xt+1¢*

x—2xt=1t’
tZ
X =
1-2¢
2
w:OZMIZ(ﬂw
(1-2¢)
_A42 2
:2t 4¢ +22t dr
(1-21)
_ 2
_ 2t +§t dr
(1-21)
2
Prx=— 41
1-2¢
42
1-2¢
-+t
1-2¢
2
2x+l=2. 41
1-2¢
20 +1-2
1-2¢
Temos:
- 217 +2t

1 (1—2¢)

— dt

2j2t2—2t+1 —*+t
-2t 1-2¢

_.[ dt
2t =2t +1

B }ém
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[S—

arctg —2,c

1 r
=51
2 2

=arcig ?+C

=arctg (2(\/ X +x— x)—1)+ C

=arctg (2 x? +x—2x—l)+C

28. j dx
VIx? +12x+5

Fazendo:

NOx® +12x4+5 =3x+1

Ox? +12x+5=9x> +6xt +1>
12x—6xt=1" -5

t* =5
X =
12— 6t
— — 2_ —
o (12-60) 26 Qzﬂ(am
(12-61)

24112t +61° =30
(12-61)
— 61> + 24t -30
= ——dt
(12 -61)

2_
Jor' +12x+5=3. 7 44

12 -6t
32 —15+12t-617

dt

126t
=32 +12t-15
126t

Temos:
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—6t° +24t - 30
.[ 12 6t

3t +12t—15
12-6¢

2112—& !

:_l Ldt
37t-2

:_—11n|t—2|+C
3

=—%ln‘2—\/9x2+12+5 +3x‘+C

29. | dx

(2x—1) x° —x+%

Fazendo:

x’ —x+% =x+t

xz—x+%= x2 +2xt+1>

2xt+x=——t
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34
dx—1=2.24 4

" 2r+1
5/ _ 942 _ 9 92 _ 3
:/é 2 -2-1 - m+/§
2t—1 2t—1
Temos:
_92_94_5
2t° =2t A
2t +1)
1=I ( dt
_ 942 _ R) 5/ .2 2
2t 2t+A.A 1"+ 2+t
2t —1 2t+1

-2t =2t — y

I -2t —2t+/t+t+/)d

_.[ —2dt

— 21 —2t+/

| ff—f‘[ i

—Adt+
[ a]

o dt

r+3)

:lln t—l—lln t+§+C
2 2
t—
M //+C_—l 2= W
t+/ 2t+3

zlln
2

dx
R
Fazendo:
V433 =x+1
x*4+x=3=x"+2xt+1*
x=2xt=1"+3
t* +3
-
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oo 1220020 ( +3) (-2)
(1-2t)°
2 —47 4217 46
(-2
=27 +2t46
o (-u)

dt

dt

dt

X +x-3= 43
1-2¢
434128
o 1=2t
_—+1+3
o 1-2t

+1

Temos:
-2 +2+6
- (1-2¢)
43 —t°+1+3
-2t 1-2t
:I -2t +2t+6 &
(2 +3)(=> +1+3)
:.[ 2dt
t*+3

1 t
=2.—arctg —+C
BER

iarctg Vx2+x—3—x+c
NE) NE)

31 J'L
xWx?—4x—-4

Fazendo:

VX' —dx—4=x+1
X —dx—4=x"+2xt+1°
2xt+4x=—-4-1
=47
2t+4
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(2t +4)(-20)-(~4-12)2

dx =
(21 +4)°

=4 -8t +8+21° &
(2t +4)

—2t* —8t+8
=——; —dt
(21 +4)

2

NX*—dx—4 = —4-t

2t+4

+1

—4—1 +21* + 4t

2t+4
t?+4r—4
2 +4
Temos:
—2t2—8t+8
_.[ 2t+4
—4 -1 t+4t—4
2+4  2+4
—I —2dt

:garctg—+C
2 2

Nxt—4x—4—x

=arctg 5 +C

30, j x+3

v x? +2x

Fazendo:

NXT4+2x = x4+t

X 4+2x=x*+2xt+1*

2x—2xt =1t
t2
X =
2-—2t
_ 2
I 2t +421t
(2-2t)
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Temos
1’ —6t+6 —2t2+4t
I I 2-2  (2-2u)
-1 +2t
2-2¢t
:J»2(t2—6t+6)
(2-2t)

= Zj(lq_ﬁj dt
4 42 —8t+4
1 —4t+5
=2(| =+ =22 |ar
I(4 4(t—1)2J

:lt+ljﬂ
2 27 (t-1y

dt

—1
t=2In -1+ Lt¥—+c

;(\/x +2x — x) 2In Wl +2x —x— 1‘—— ! +C

\/x +2x—x-—1

33. J’L
V3-2x—x?
Fazendo:
N3-=2x—x%= xt+\/§
:—2—2J§t
2 +1
24/3 12 +M—2J_
(t +1)

N e A2

*+1

dx =
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Temos:

W32 +4t-243
= j t+l)
~/3 —2t+\/_

*+1

t’ +1
=2arctg t+C
V3-2x—x* =43

= 2arc tg +C
X
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