7.4 — EXERCICIOS - pg. 309

Nos exercicios de 1 a 35, calcular a integral indefinida.

L Sef/;\/;dx

Fazendo

uzx/; = duz%x%dxz dx

2/x

Temos:
I =-2cos \/;+ C.

2. Icos x cox (sen x) dx

Fazendo:
U=sen x

du =cos x dx
Temos que:

Icos x cox (sen x) dx = sen (sen x)+ C.

3 J-sen 2x I

CoS X
Temos:

I:.[2senxcosxdx

COS X

:2.[senxdx:—2cosx+C

4. Ix 1g (x2 +1}ix
Fazendo:
u=x"+1

du = 2xdx
Temos:

I:%jtgudu

:ljsenuduz—lln|cosu|+C
27 cosu 2

= —% In ‘cos (v + 11 +C =%ln ‘sec (¥ + 11 +C.
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) Icotg(/)

Fazendo:

1 1
u=— - du=——dx
X X

Temos:

I = —.[cot gudu

:_Icosu du
sen u

=—1n|senu|+C
=—ln‘sen%‘+€.

6. Isec (x+1)dx
Fazendo:

u=x+1 — du=dx
Temos:

= Isecu secu+tg u)

du
secu+1gu

du.

_J'SCC u+secu.igu
4 secu+ttgu
Considerando:

u =secu-+tgu

du’ = (sec® u+sec u . tg u)du
Finalizamos:

1 =1n|secu+tg u|+C

=In |sec (x+1)+1g (x+1)|+C.

7. jsen(wt + 0) dt
Fazendo:

u=wt+60 — du=wdt
Temos:

1 =—l cos (wr +6)+C.
w

8. .[x cosec x* dx

Fazendo:

u=x> - du=2xdx

Temos:
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1 =ljcosec u du
2

:%ln |cosecu—cotg u|+C

= % ln‘cos ec x> —cot g xz‘ +C.

0. I cos x.1g (sen x) dx

Fazendo:
u=senx — du=cosxdx

Temos:

I= .[tg u du

=—In |cos u| +C
=-In |COS (sen xl +C

=In |sec (sen x)| +C.

10. Isen3(2x+ 1) dx

Fazendo:
u=2x+1

du = 2dx
Temos:

1= %J-serfu du
:%jsen u (1—coszu)du

:%j(sen U —cos’u sen u)du

3
=l —cosu+COS “ +C
2 3

:%(— cos (2x + 1)+%COS3(2X+ 1)) +C.

11. [cos® (3-3x) dx
Fazendo:

u=3-3x — du=-3dx
Temos:
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I:—ljcossu du
3
1 4
:——.[cos ucosu du
3
= —%j (cosu —2sen’ucosu + sen'u cosu)du
= —l[senu —zsen3u +lsen5uj +C
3 3 5

= _%sen (3—3x)+§ sen3(3—3x)—%sen5 (3-3x)+C.

12. I2x sen4(x2 —1)dx
Fazendo:
u=x>-1

du = 2xdx
Temos:

jsen“u du = J.(senzu)2 du

2
_ j(l—cos 2uj du
2

(1-2cos 2u +cos? 2u) du

Il
—
NS

=lu—l l sen 2u +— J-cos 2u du

4 2 2
:lu—lsen2u+ljl+C0S4ud

4 4 4 2
:lu—lsen2u+lu+l.l.lsen4u+C

4 4 4 2 4

1

13. Ie cos’ —1)dx

Fazendo:
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u=e* -1
du =2 e*dx
Temos:

I :ljcoszu du
2

=l lu+lsenZu +C
212 4

=lu+lsen 2u+C
4 8

1
4

14. J‘sen3 20 cos* 260 d@

Fazendo:
u=20 — du=2d6
Temos:

I= lJ-serfu cos* u du
2

=%j(1—cos2 u)sen u cos’ u du

1
=5.[(cos4 u sen u—cos® u sen u) du

1| cos’u cos’u
=—| - + +C
2 5 7

= _—10055 219+icos7 20+ C.
10 14

15. [ sen*(1-26)cos*(1-26) d6
Fazendo:
u=1-20

du =-2d6
Temos:

:—(ezx —1)+%sen (2 e’ —2)+ C.
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I= —ljsen3u cos’u du
2

= —%jserfu(l - senzu)cos u du

1
=3 (sen3u cos u — sen’u cosu)du

4 6
:_l sen'u _ sen’u +C
2 4 6

- _1 sen‘u + isenf’u +C
8 12

_1 sen*(1- 29)+isen6(1—20)+ C.
8 12

Outra maneira

I= 1 Isen3u cos’u du
2

= —%j(l—cos2 u)sen u cos’u du

=_—cos*u b cosbu+C
8 12

= lcos“(l - 219)—i cos’(1-28)+C
8 12

16. J‘sen19 (t=1)cos (r—1)dr
Fazendo:

u=t-—1

du = dt

Temos:

I= Isenlgu cos u du

20 20
_senu .~ _sen (t 1)
20 20

17. j%zg%ln 6)do

Fazendo:

+C.
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u=Inod
_do

0
Temos:

I:Itg3u du

du

= .[tgu(secz u —l)iu = %tgzu - .[tg u du
= %tg2u+ln|cos ul+C

= %tgz(ln 6)+1n [cos (In 8) + C.

18. Itg3x cos” x dx

Temos:

3

sen’x

I:.f —.cos’ x dx
cos’® x

= Isen3x cos x dx

4
sen x
= +C.
4

19. J‘cos4 x dx

Temos:

I=1c0s3xsenx+§.[cos2xdx
4 4
=lcos3xsenx+E lcosxsen x+ljdx
4 412 2

1 5 3 3
= — COS xsenx+§c0sxsenx+§x+c.

20. jtg“x dx

Temos:
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sen'x
I = .[ dx
cos x

dx

B jsen 2x (1= cos?x)
cos* x

S€n2X S€n2X COS2 X
[ g [enreosiy
COS X COS X

sen’x sen x
= o @ o
cos*x cos’ x

1-cos’ x
= jtgzx seczxdx—.[—zdx
COS™ X

=%—J-sec2xdx+.[dx

t3
= g3x—tg x+x+C.

21. jse” LN
COS X

Temos:
I= jtgzxsecz x dx

2
=tg—x+C.
3

22. lesensx dx
Temos:
I= 15J- (senz)c)2 sen x dx

= 15J- (1 —cos?x)' sen x dx

= 15J-(1— 2cos? x+cos* x)sen x dx
2 a1 s
=15 —cosx+§cos x—gcos x|+C

=—15cos x+10cos® x—3cos’ x+ C.

23. _[15 sen’ x cos® x dx

Temos:
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I=15 jsenzx(l - senzx)cos x dx
= ISJ- sen’x cos x dx — 15.[ sen'x cos x dx
3 5
sem’x | sem’x .
3 5

=5sen’x—3sen’x+C.

=15

24. .[48 sen’x cos® x dx
Temos:
1= 48.[(1—cos2x)cos4x dx

= 48I cos* x dx— 48J‘cos6 x dx
=48(1,-1,)

=48 14—[lcossxsen x+§14j
6 6

= 48(l I, 1 cos’ xsen xj
6 6
| 3 5
=8 ZCOS xsenx+zlz—cos X sen x

1 1
=2 cos’ x sen x—8 cos’ x sen x+6(55enxcos x+—x|+C

=2 cos’ x sen x—8 cos’ x sen x+ 3sen x cos x+3x+C.

25. jcos63x dx

Fazendo:

u=3x— du=3dx

Temos:

Icos6u .@:ll6
3 3

11 5 5 3 15 15
=—|—coS’usenu+—-cos usenu+—senucosu+—u|+C
316 24 4 48

= icos5 3x sen 3x + icos3 3xsen3x + icos 3x sen 3x + ix +C.
18 72 48
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26. -[de
sen”x

Temos:
2
I = _3J'COS—X dx

sen’x sen’x
= —3.[ cot g°x.cosec’x dx
cotg’x
3
=cotg’x+C.

=3 +C

27. .[sen 3x cos Sx dx

Temos:

I = lJ-sen Sxdx—ljsen 2x dx
2 2

= _—1005 8x+l cos 2x+C.
16 4

28. jthSx dx

Temos:

sen*5x
1=
jcos25x
.[1 cos le
cos®5x
1

= .[sec25xdx—x+C

=%tg Sx—x+C.

29. jsen wt sen(wt+80)dt

Temos:
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I= .[%[cos (wt—wt—8)—cos (wt—wt—@)]dt
- I%(cos(— 0)—cos (2w +0))dt

:lcos Bt—l.Lsen 2wt+6)+C
2 2 2w

= ltcos Q—Lsen 2wt+6)+C.
2 4w

COS .X
30. j dx
S€I’l X

Temos:
= _[(1 sen x)

sen4x

cos x dx

= Isen X COS X dx—jsen_zx cos x dx

-3 -1
sen°x sen
= - +C
-3 -1
-1 1
= —+ +C.
3sen’x senx

31. .[sec“ t cot g°t sen®t dt

Temos:

cos’t
1= I .sen’t dt
cos*t  sen’t

=.[cos t sen’t dt

= .[(cos t sen t)zdt
2
:I[sen ZtJ dr
2

= lJ-senzZt dt
4

1= l j(l—lcos4tjdt
49\2 2

= lt—izsen 4t + C.

8
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X 3 2
2. | —==1g ' Vx —1ldx
I\/xz -1
Fazendo:

u=+x>-1

di = xdx

x*—1

Temos:
1= Ithu du
= ltgzu —J-tg u du
2

= % tg’u + 1n|cos u| +C

= % tg’Nx" =1+ ln‘cos \/xz—l‘ +C.

33. [sec’ (1-4x)dx

Fazendo:
u=1-4x - du = —4dx
Temos:

I:—ljsec3udu
4
__1 lsecu tg u+ljsec u du
4|2 2

:—%secutgu—%ln|secu+tg u|+C

= —ésec(l —4x)g(1—4x)- %ln|sec (1—4x)+1g(1- 4x)| +C.

34. Icos ec*(3—2x)dx
Fazendo:
u=3-2x—du=-2dx

Temos:
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r=-1 jcosec“u du
2
= —%j(l + cot g’u) cosec’u du

3
- —cotgu—COtg “l+c
2 3

1 1 3
=—cotgu+—cotgu+C
> 8 6 8

= %cotg (3- 2x)+écotg3(3— 2x)+C.

35. Ix cot g2 (x? —1)cosec? (x> —1) dx
Fazendo:

u=x>-1

du = 2xdx

Temos:

_1 2 2
1 —Ej-cotg ucosecu du

1 cotg’u
2 3

I = +C

= —%cot(gﬁ(x2 ~1)+C.

36. Verificar as férmulas de recorréncia (8), (9) e (10) da sec¢do 7.2.11.

Verificando a formula (8):

1 _
Icos" udu=—cos" " usen u +

J‘cos”_2 u du
n n

Fazendo:
* n—1 *_ n-2
u =cos"u = du" =—(n—1)cos"*u.senu du
dv=cosudu = v=senu
Temos:
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cos" u du = cos" ' u sen u + jsen u.(n—1)cos" 2 u . senu du
n n—-1 n-2 2
cos” u du = cos usenu+(n—1)jcos u(l—cos u)du
n n—1 n-2 n
cos”" u du = cos" " u sen u+(n— 1).[005 udu —(n— I)J-cos u du

cos" u du +(n— I)J-cos” udu=cos" " usenu+(n- I)J-cos”_2 u du

[ SR S S S S—

1 _ - _
cos"u du=—cos" ' u.senu+ Icos” *udu

n n

Verificando a formula (9):

n n—-2 n— n-2

Isec udu= sec" T utgu+ Isec udu
n—1 n—1

Fazendo:

u =sec" u = du"=(n-2)sec™ u.secu.1g u du
dv=sec’udu = v=tgu
Temos:
n _ n-2 2 n-2
.[sec u du = sec u.tgu—J-tg u(n—2)sec"u.du

sec"u du=sec"*u.tg u—(n— 2).[ (sec®u —1)sec" > u du
sec”u du = sec"*u..1g u—(n—2)[sec"u . du+(n—2)[ sec"* u du

sec” u du +(n— 2)I sec”u du =sec" u tgu +(n— Z)I sec”" > u du

sec" u du =

[ SR S S S

sec" utg u+ jsec”‘2 u du

n—1 n—1
Verificando a formula (10):

cosec"*u.cotg u+
n—1 n—1

"2u du

.[cosc"u du = J-cos ec

Fazendo:
* — ES —
u =cosec”udu = du" =—(n—2)cosec" u.cosecu.cotg udu

dv=cosec’udu = v=-—cotgu
Temos:

.[cos ec"u du =—cosec" *u cotg u— jcotz gu.(n=2)cosec" u du

cosec"u du =—cosec" *u cot g u — (n - Z)I (cos ec’u — 1)cos ec"*u du

J
Icos ec"u du+ (n— Z)Icos ec’u du =—cosec"u.cot g u +(n— Z)ICOS ec
.[ n-2

u du

"y .cotg u+ J-cos ec

n—1 n—1

cosec"u du =

n—=2

udu
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37. Verificar as formulas.

a) J-tg udu——tg J-tg"2

b) .[cotg"u du=- cotg"'u — J-cotg"‘zu du

n—1
Solucio (a)

Itg"u du = jtgzu 18" u du
= J‘(sec2 w—1).1g"u du

= jtg”’zu sec” udu — jtg”’zu du

-2
"u

Solucao (b)

.[cotg”u du = .[cotgzu .cot g"*u du
= J-(cos ec’u—1).costg"u du
= jcot g" *u cosec’u du— jcot g" udu

= _cotg” —Icotg udu

n—1

o z R4 .
38. Calcular a area limitada pela curva y = cos x, pelas retas x = B} e x= - e o eixo dos

X.
A Figura que segue mostra a area.
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+=

A=-2|cos x dx

DNy

Va
= -2 sen x|§
2

=-2 (sen T — senzj
2

=2ua

39. Calcular a drea limitada por y =2 |sen x|, x=0, x=27 eoeixodos x

A Figura que segue mostra a area.
y

2 T 32 o

556



A= 2_[:2 sen x dx

= —4 cos x|;r
—4(cos 7 — cos 0)
= —4(-1-1)

=8u.a

40. Calcular a drea da regido limitada por y=1g’x, y=1e x=0

A Figura que segue mostra a area.
y

L
/2

H
A = jg x dx
0
ltg x+In |cos x”f
2
l[ 2£—tg Oj+ln cos—‘—ln|cosO|
2 4 4
l( )+ln\/E
2 2
:l+ln—2
2 2
Assim,
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41. Calcular a drea sob o grifico de y=cos’x de 0 ate 7.

A Figura que segue mostra a area.
y

2 M

jcoséxdlecossxsen x+§jcos4xdx
6 6
=lc0s5xsen x+§ lcos3xsenx+§'|-cos2xd)c
64 4
:lcossxsenx+icos3xsenx+£jcoszxdx
24 24

1 5 5 3 15 1 1
=—cos’xsenx+—cos xsenx+—|—x+—sen2x |+ C
6 24 24\ 2 4

Assim,
v

A= J-cos6 x dx
0

1 5 5 3 15 1 1
=—cos’xsenx+—cos’x sen x+—| —x+—sen 2x
6 24 24\27 4 .

5
=—7u.a
16

42. Calcular a drea sob o grifico de y = senx de 0 ate 7.
A Figura que segue mostra a drea.

558



1r)2 T

Isen6x dx = —lsensx Ccos x + é jsen“x dx
6 6
= —lsensx Ccos x + § —lsen3x COS X +E jsenzx dx
6 6\ 4 4

I 5 3 15(1 1
=——Sen’x cos X —— sen°xcos X +—| —x——sen 2x |+C
6 24 24\ 2

Assim,

A= J-sen6x dx
0

T

I 5 15
= ——S8eNn" XCOSX——Seén " XCoS x+—| —x ——sen 2X
6 24 24\27 4

0

=—7Tua
16

43. Calcular a drea sob o grifico de y = sen’x de 0 ate 7.
A Figura que segue mostra a drea.
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5

1r)2

Isen3x dx = —lsen2 COS X +gjsen x dx
3 3

1
=——gsen’cos x —gcos x+C
3 3

Assim,

A= jsen3x dx
0

V2

1, 2
=——8en XCOSX——COSX
3 0

= —%(cosn’ —cos 0)

4

=—u.da.

3

. V4 3z
44. Calcular a drea entre as curvas y = sen’x € y =cos” x, de 1 ate —

A Figura que segue mostra a drea.
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:
4 /4 2 /4 M Su/4

(senzx — cos’ x)dx

b

Il

N
ANy

©N

=2. lx—lsen 2x—lx—lsen 2x
2 4 2 4

EE

V3

=2. _—15en 2x
2 z
4

T
= —| senxw —sen—
( 2)

V4
= sen—

2

=lua

Nos exercicios de 45 a 67, calcular a integral indefinida.

dx
45| ————
J-)CZ\/)C2 -5

Fazendo:
m =5 tg 6
x=+/5secl
dx=+/5secOtg 0d6
Temos:
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I_I\/gsecetg 6do
SSCCZQ\/_tge

.[ :— cos@do
58609 5

=lsen 0+C
5

Vx* =5

1 +C
5 x

46. .[L

V9 -16¢*
Fazendo:
u® =16t
u=4 — du=4dt
Temos:

.[/du
Vo—u?

Fazendo:

N9—u? =3cos 8

u
u=3sen@ .. @=arc seng

du=3cos @ do
Obtemos:
= _J-3 cos 8 do
3cos @

=Zjd9=%9+c

=—arc senz+C
4 3

=larcsen£+C
4 3

x’dx
47. j -

Fazendo:
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Nx*-9=31g6

x=3secd

dx=3secltgfdb
Temos:
J-27sec36’.3sec0.tg 0deo
31g @

- 27jsec49d9

=27 (1 sec’ O tg 0+2Isec20d0j
3 3

=9sec’0tg 8 +18tg O+C

2 [ 2 [ 2
:9(fj =9 gV =0 ¢

3 3 3

:(%x2+6j\/x2—9+c

48. j(1—4t2)%dz

= j(1—4t2)m dt
:%j(l—uz)mmt

Fazendo:

Vl—u® =cos @

u=sen@
du =cos@ d@
Temos:

onde:

u® =4¢*
du =2dt

— u=2t
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I= %jcos 49(1—sen20).cos 0do
:ljcosﬁ.cosze.cosﬁdﬁ
2
:lJ-cos“QdQ
2
_1 lcos36’sen0+§.|.cosz6’d6’
2| 4
=lcos30sen0+§(l6’+lsen 20)+C
8 8\ 2 4
=1cos395en9+10+isen 20+ C.
8 16 32

Considerando:
sen 20 = 2 sen @ cos 0

=2u.Al-u’?

Finalizamos:

I=é(ﬂfu+%arcsenu+%uﬂ+€

=éu (1—u2)m+%arc senu+%u Ji-u® +C
=%.2t(1—4t2)m+%arc sen 2t+%.2tm+c
=%t(l—4t2)m+%arc sen 2t+%.tm+c

49, sz Va4 — x?dx

Fazendo:
Nd—x*=2cos @
x=2sen6
dx=2cos 8dO
Temos:

564



I=[45en’0.2c0s 6.2 cos 0 df
= 16[ sen’0 cos’ 6 d6
=16 j (sen® cos 6) do
=16[(1-cos*0)cos’ 6 46
=16[ (cos? 6 —cos* 6) d6

=16 l6’+l sen 260 — lcos3t9 sen@ +§Icoszl9 de
12 4 4 4

=16 l6’+lsen26’—lcos3t9sené?—2 l49+ls.er1219 +C
2 4 4 4\2 4

=16 l6’+lsen 20—lcos395en0—§9—isen 20 |+ C
| 2 4 4 8 16

1 473 403 a0 L o6 send |+ €
8 16 4

=260+ sen 20 —4 cos’ 6 send + C

3
_ 2 _ 2
=2arcsen£+2£.4 4-x —4. 4-x .£+C
2 2 2 2

x4 —x* _)c(4—)c2 4-x°
2 4

+C

X
=2 arc sen§+

50. [x*x* +3 dx

Fazendo:

\/m = /3 secH
x=+3 1g@

dx = /3 sec> 0 dé
Temos:
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I=[3312°0.J3sec’ 0 d6
= 9V3 [1g°0 .sec’ 0 0
= 9ﬁj(secze—l)tg 0 .sec’ 0 .secd db
= 9\/§J‘(SCC49—SCCZ 8). 1g 0.secO do

5 3
zgﬁ(sec 0_sec ej+C

5 3

_ 93 \/x2+35_9\/§ x2+33+c
S5 VB 3 3

=%(\/x2+3)5—(Jx2+3)]+C

51 _[ Sx+4 dx
Oxt+1
Fazendo
Vxt+1=secd
x=1tg 6@
dx =sec® 8 d6@
Temos:
I= j 5tg9+4 sec’ 6.4
=I 5tg03+4.sec0.d0
1g0
:J»Ssezcé?de j4se00 10
tg 0
= [5sen”6cos0 d6 + | 4cos” edé?

sen

=I5sen ’Gcos b d0+4jcossec 0d0—4jcossec0d0

= —2cossec@cot gf@ —2Inlcossecd —cot gd1+C

send
2 2 2

_—5Vx +1_2\/x2+1_21n e il |
X X X

52. [(x+1) Vx +1dx
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Fazendo

Nxt+1=secd

x=1tg 6@
dx = sec’ 8 .d6
Temos:
1= j(tg 0+1).sech.sec’ 0 do

= [ltg’0+21g 6+1)sec’ 0.0
= [(tg*0+1)sec’ 0 a0+ [ 215 0 sec’ 0 d6
= [sec’0 d+2[sec’ 0 .sech .1g 6 dO

sec’ @

=lsec36’tg 0+§jsec36’d6’+2.
4 4

=lsec36’tg 0+§(l sec0tg0+ljsec 6’d0)+gsec30+c
4 4\ 2 2 3

:%sec30tg 9+§ sec@ tg +§1n [secO+1g 0|+§sec39+C

:%x(\/x2+1)3+§\/x2+1.x+§ln\/x +1+x+ (
Q +IN +1+> xVx +1+— Q +1INX® +1+—1n

] ec
\/—+x‘+C

tS
53. | —dt
th2+16

Fazendo

Nt*+16 = 4sec 8
t=41g 6
dt = 4sec’ 8dO
Temos:

567



_ J»45 1g°0 . 4sec’ 0 d6
4sec @

= [4° 1g°0 sec6 dO

= 4*[18°0..13°6 .12 0 .5ec 6 d6

= 4[(sec’0-1) .13 6.5ec 0.d6

= 45j(sec49—25e029+1)tg 6 sec 8 .doO

=45Usec49tg 6sec§d6—2[sec’ 0 .1g 0.sec 6+ [1g 6.sec 6 do)]

5 3
_45{5“ 0_, s 9+see0}+c

( : +16] ( ‘ +16J3+45{x/t2+16]+c
4

5(t +16) V2 +1 —3—32(t2+16) V' +16 +256 Nt +16 +C

54, [—— dx
Ve +1

Fazendo

u=e* — u’=e™

du =e“dx

Temos:

B _[ du

- Vu® +1
Considerando:
Vu® +1=sech
u=tg 6
du=sec’ 0 do
Finalizamos:
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I:J»seczede

sec@
=secd do

=1n|sec0+tg 0|+C

Nu® +1+u
Ve +1+e"

=In +C

=1In +C

55. | LA

N2 —x*

Fazendo
m = /2 cos 8
x=~/2 sen 0
dx = /2 cos 6 d

Temos:
2 sen’6
I1=[2=2 2 cos6do
J’\/Ecose
= 2jsen29d0
_ 2jl—cos20d0
2

= [(1-cos 26) a6
=0—%sen 20+ C
=0—senBcosf@+C

X 1\/—2
=arc sen ———x\V2—x" +C
V22

56. | L
V4—e*

Fazendo

M2 — er

u=e"

du =e"dx
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Temos:

_ j du
N4 —u?
Considerando:

N4 —u? =2cos @

u=2sen6
du=2cos 8d6
Obtemos:
J'2 cos @ do
2cos @

=0+C

=arc sen L +C
2
=arc sen[e—j +C
2

57 _[ x+1

Fazendo
Nx*-1=1g 6
x=secl

dx=sec@.tg 60do
Temos:
= J'secé?+1

= J'(sec:2 0 +sec 9)d49

=186 +Injsec +1g6|+ ¢

x+\/x2—1‘+C

=+vx*=1+In

dx

59, [V -1

Fazendo:
VX' —1=1g0
x=secl

dx=sec@1tg8do
Temos:

.secOtg 6.d6
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1g6
I= secO.tgb.do
I sec’ @ §

1
sec@

dé

= .[tgza

jsec ‘0-— 1
sec@

= jsec@d@—jcos@d&
= ln|sect9+tg9|—sen9+ C

/.2
:ln‘x+\/x2—1‘— a _1+C
x

50, .[ 1+X

Fazendo:

Nxt—1=sech
x=1g6
dx =sec’ @@

3
I:jsec 8d6’
18°6

_J- cos’ @
cos’ 8 sen’@
= jcos sec’0dé

do

:—%cossec fcot g ¢9+%ln |cossec 0—cotg 6+C

VI+x? Vi+x® 1

1 1 1
__- .—+—1n -
2 X x 2

+C

X X

x+1

NrEch

Fazendo:
V4 —x* =2cos 6
x=2sen6

dx=2cos 8 do
Temos:

60. |
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1= J»Zsen49+1 2cos@do
2cos @

=j (2 sen 6+1)do
=-2cos8+C

= —4-x +arc sen§+C

61. j 6x+5

Vox* +1

Fazendo:

u? =9x?

u=73x

du = 3dx

Temos

I I (2u+5)1
+13

Con51derando.

Nu?+1=secé

u=tg @

du =sec’> 6 do

Obtemos:

1 I (2tg 6 +5)sec® 6 d6

—du

I=—
3

sec@

1 1
=§j2tg 9sec0d0+§j5sec9d0

= %sec 9+§ln |sec€+tg0|+C

u +1+§ln Nul+1+u
= %\/9x2+1 +§ln ‘\/9x2 +1+3x

2 +C

+C

. _[ x+3 dx

Vx?+2x

Fazendo:
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x*+2x=(x+1)] -1

u’ = (x+1)2
u=x+1
du = dx
Temos:

IZIMdu
uZ

N

Considerando:
Nu>-1=tg 6

u=sect

du=sec@.tg 8d6
Obtemos:

ij.secﬁ.tgedé?
tg 0

=j(sec20+2sec 6)de
:tg9+21n|sec 0+tg 0|+C

Vi —1+2In u+\/u2—1‘+C
:\/x2+2x+21n‘x+l+m‘+c

63. j\/4—x2dx
Fazendo:
V4 —x* =2cos8

x=2sen@

dx=2cos 8db
Temos:

I:I20050.20050d9
=4jcos20d9

1+ cos26
:4ITdH

:2(9+%sen 20J+C
=20+sen260+C

_ 2
=2arc sen£+X4—x+C
2 2
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64. .[\/xz —4 dx
Fazendo:
Nx*—4=2tg 6

x=2secd

dx=12sec.tg 6d6
Temos:

Izjztg 0.2secO.1g 6dO
=4[1g70 .sec6 a6

=4[ (sec? 0-1). sec 6 d6
=4[ (sec” - sec 6) o

:4[l sec 0 .tg 6’+1J-sec 6’d6’—.[sec Qde}
2 2

=2secH.tg 6—2In |sect9+tg 0|+C

x VxP -4 x+Vx* -4
=2.= 5 —2111#

2

+C

65. j 4+ x> dx

Fazendo:

NAd+x* =2secd

x=2tg 6
dx=2sec’ 6 do
Temos:

I :J-Z sec@.2sec’6 d6
:4jsec30de

=4[lsecé?tg 0+ljsec 0d0j
2 2

=2secOtg 8+21In |sect9+tg 9|+E

/ 2 / 2 .
_p VA X VAR XL
2 2 2 2
/ 2 / 2 .
AT VAT xS
2 2
2
:x—v42+x+21n\/4+x2+x+C
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66. | Wit x + 20
Fazendo:

m =sec @
x=tg 6

dx =sec’ 8 d6
Temos:

I =.[(sec 0+21tg 0)sec’0do
=I(sec3+2tg 0 sec 0 sec 0)10

—Lsecorg 9+ljsec0d0+2
2 2
1 1 2 -
=5sec6’tg 0+§1n|sec6’+tg 0|+sec 0+C
=% 1+ .x+%ln‘\/1+x2 +x
x+V1+x7

:%x\/1+x2 +x° +%ln

2
67. I(sen X+ al de
1+ x°

2
:jsenxdx+j X dx
V1+ x?
x2dx
=—Cos x+J-
NI+ x?
Fazendo:
V1+x* =secd
x=1g86
dx = sec’ 0 do
Temos:

+1+x°+C
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g6 .sec’ 0 d@
sec 0

I=—cosx+J-

= —cos x+jtg20 .sec 8d@
= —cos x+j(se029—1)sec 0do
= —cos x + j(sec39—se09)d0

= —CO0Ss x+lsec6’tg 0+1J-sec0 d@—jsec@ ae
2 2
= —cos x+%sec€tg 9—%ln |sec€+tg 49|+C

= —Cos x+% 1+ x? .x—%ln‘«/1+x2 +x‘+C

Nos exercicios de 68 a 72, calcular a integral definida.

1
dx
68. | —
'([\/3x2 +2
Fazendo:
u* =3x?
u=A3x

du = \/gdx
Temos:

1du

I:J' dx :jﬁ :LJ‘ du
\/3x2+2 \/u2+2 V3 Nu®+2
Considerando:
Vu? +2 =2 sec 6

u=\/§tg0

du=~2 sec’> 8d6
Obtemos:
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j V2 sec’ 0 d6
\/_ \/_secﬁ
:ﬁjsec0d0=ﬁ1n|sec0+tg0+c
—Lln \/u +2
3
—Lln N3xP+2 \/_x|
3 A2 f\
Assim
j» _ L |\/3x +2+\/_x||
0V3x® +2 \/_ ‘ V2 H
:L{ln|\/§+\/§|—ln|\/§+0q
LTV V2
:Lm(x@h/gj
NE] V2

%
69. J’w/az —b*x*dx, 0<a<b
0

Fazendo:

Considerando:
Na* —u® =acosé
u=asenf
du=acos@do
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Izljacose.acosede
b

2

=“—jcos20d9
b

2
-4 l6’+lser¢249 +C
b\2 4

2 [ 2 2
=L larcsen£+l.zu# +C
b2 a 4 a

a1 bx bx+a®-b*x*
—arc sen —+———— |+C
2 a 2a

Portanto,

a

[=

2b
e a’ 1 bx bxm
J-\/a -b°x" dx=— —arc sen —+———————
0 b |2 a 2a
0
2
a a
b.— |a*=b*.——
a’ |1 AT 4D
=— | —arc sen—+ 5
b |2 2 2a
a |4a* -a*
R ad
_a|lz 2V 4
b|2 6 2a’

70 JZ'L
RN
Fazendo:
N4+1* =2secd
t=21tg 6
dt =2sec’ 6 dé
Temos:
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I:j :J- 2sec’0do

arr 7161g°0.2sec
1 psecd@
16 1g*0
_ 1 1 cos'é
167 cos 8 sen’6
1 fcos’8
" 167 sen's

dé

dé

_ % [[sen™6 (1- sen®6)cos 6 d6

= %J’(sen“‘é? cos @ — sen”*6 cos O )dH

1 sen>0 1 sen'0
= - +C
16 -3 16 -1
1 1

+ +C
48 sen’@  16sen®d

1 cossec’ @ +icosse00+ C
48 16

3
1 N4+r 1 V4+1¢*
=—— T t— +C
48 t 16 t

Assim,

2
j —1¢4+z +¢4+t2
a2 |48 1 161

1

_1[@3 F] 15 )

48| 8 1 2 1
_—V2 55 V2 45
24 48 16 16
:%8(\/5+2x/§)

Q4
71. j—
75t2A9% +16

Fazendo:
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u* =9¢*
u=73t

du = 3dt
Temos:

_ 3
I = .[uz—
~—Nu*+16
Considerando:

Nu® +16 = 4 sec
u=4dtg @
du = 4sec’ 8do
Obtemos

secl do@

3J- 4sec’ 6 d6 _3 1 j

161g°6 .4 sec 6 4.4
9

3¢ 1 cos’o

T 167 cos 8 sen’d
_ 3 fcosbdo
16 sen’@

_3 j sen™20 .cos 6 d@
16

dé

= —icossec6’+ C
16

—3 \/u +16
16 u
_ =3 49 +16
160 3¢
Assim,

+C

Ne
—3 91> +16

I J%T 3
e fJ

V2

16

1g°0
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Fazendo:

u’ = (t—l)2
u=t-1

du = dt

Temos:

,:IZL
u’u®> -9

Considerando:

Nu*-9=31g 60
u=3sect

u=3secltg 8do

Obtemos:
I:j3sec6’.tg 6do

9sec’d.3.tg 8
:j de 1

=—|cos@db
9secd 9

:lsen9+C
9

Nos exercicios 73 a 76, verificar se a integral impropria converge. Em caso positivo,

determinar seu valor.

10
73. dx
2 2

3Xx°Ax" =9

10

= 10 dx _ i
_.L 2 /xz_g_,lg& r

dx
*Vx? -9
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]:J’L
x*x* =9
Fazendo:
x=3secl dx=3secOtg 0dO
Temos:
_ 3secOtgfdo ! 16 do
1 =] 3l

9sec20\/9 sec’9—9 3Isecf31gd

:_J- =1J-cos0d6’=lsen6’+c
secl 9

1 Vx* -9
+c

Vo1 149-9 91

90 9 3 90

Vo1

Portanto, a integral converge e tem como resultado 90

+oo dx im jh dx

2 oo 2
3 X2oq b2 g

Fazendo:
x=2secl

dx=2secOtg 8dO
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—j dx ZIZSCCHZ‘ngH
J \/4seczt9—4

:j 2sec€tg9d0:J'secedezlnsect9+tg9+C
2tg 6
2_
2 2
> b
I = lim In i
b—>+oo 2
3
2_
= dimin 24 221 §+\E
b—>+eo 2 2 2
= 4+ oo

1 dx L dx
el e

L dx _ dx
| j( )" j(l—x2)3

1—
x:sene
dx =cos 68 d6@

_ ¢ cos@deo cos0d9 dé
Il_J-(l—senZH)} .[ cos@ J-00526’

:jseczed0=tg6’+c=

+c
1-x*

. x 1 S
I:hm—z :lln'}—z—():-i-oo
s—1 1—x 0 s I-s
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Portanto, a integral diverge.

e

1= i [
! x\/ﬁ ot 44

I :J'L

: xWxt+4

x=21g60
dx=2sec’ 0d6

I_J- 2sec’0dO 1 sec’0dO

21g0\J41g70+4 27180 .sec O

1 secl9 cos€
:_I tgl "2 -[

cos @ sen 9

:ljcosec0d0=11n|cosec @—cotg O)+c
2 2

1 x+4 2
=—In - =+
2 X X
5 b
/= lim LY t4 2
b+ ) X X
1
1 pP*+4 2| 1
= Jim -1 [ ; _ZJ__I 57
. b*+4 21 1
= lim1 ( . _ZJ_Eln‘ﬁ_z‘

Portanto, a integral converge e tem como resultado —%ln ‘\/g — 2‘ =0(,7218.
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