7.6 — EXERCICIOS - pg. 325

Nos exercicios de 1 a 23, calcular a integral indefinida.

2x°
1. d
'[x2+x *
3 2
:zjx—dxzzjx_dx
x(x+1) x+1

=2j(x—1+ 1 jdx
x+1
2
=2[%—x+1n|x+l|j+€
=x*—2x+2In|x+1|+C

2x+1
2 [2EL g,
2x°+3x-2

;(2x+1)

=J- dx—%.[ 21x+1 dx
X+ =x-1 (x—zj(x+2)
:l i+ B dx
2 1 x+2
2
Ll 45 65|
2 1 x+2
2
=ilnx—l+—ln|x+2|+C
10
e +§ln|x+2|+C
5 2] 5

x—1
3. dx
J‘x3+x2 —-4x—-4
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x—1

:j(x—z)(x+1)(x+2)

J- A B
= + +
x—2 x+1 x+2

Calculode A,B e C

(x=1)=Ax+1)(x+2)+ B(x=2) (x+2)+ C(x—=2)(x +1)

x=2 — A.3.4=1

dx

Ja

A=Y,

x==2 — C.(-4).(-1)=-3
¢~
x=-1 — B.(-3).(1)==2

B:23

Assim,

{25

x+2

x—2 x+1

3x?

4.
'[2x3 —x?=2x+1

= x%dx
:j 2
x —lxz—x+1
2 2

B

}dx

=i1n|x—2|+31n|x+1|—§1n|x+2|+c
12 3 4

3_[ A
== + +
29 x-1 x+1 o

Calculode A,B e C

X = A(x+1)[x—%J+B(x—1)[x—%J+c (x—1)(x+1)

2
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Assim,
Izéj L33
29 x=1 x+1 x-1/2

= 2 fx—1|+= Infx+1 -~ In
2 2 2

x—l+C
2

2
5 _[de

xP=2x+1

- dxq(xfﬁﬁjdx

7 10
:x+I(E+WJ dx

=x+71n|x—1|—£1+c
x—

x—1
Sy ey ®

A B C D
j(x_2+(x_2)2 +x—3+(x—3)2jdx

Calculode A,B,CeD
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x—1= A()C-Z)(x—3)2 +B(x—3)2 +C()c—2)2()c—3)+D()c—2)2
x—1= A(x* =8x” +21x—18)+ B (x> —6x+9)+ C (x* = 7x> +16x—12)+ D(x* — 4x + 4)

A+C=0
-8A+B-7C+D=0
21A-6B+16C—-4D =1
—18A+9B—-12C+4D =-1

A=3;B=1;C=-3e D=2
Assim,

3 1 -3 2
= I(x—2+ (x—2)2 +x—3+(x—3)2]dx

-1 1
:3mp—2hl1}?——3mp—j+zxx:”

+C

=3In|x—2|- 1 —3In|x—3 - 2

+C
X— x—3
OIS e IR S A
|x—3| x—2 x-3
(x2+1)
7'Ix4—7x3+18x2—20x+8
I=IA+B+ ¢ + b dx
x—1 x

-2 (x-2) (x-2)
Calculode A,B,CeD
X +1=Ax-2)V +Bx-1)(x-2)+C(x=1)(x=2)+D (x-1)

A=-2;B=2;C=-1; D=5
Assim,
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I =

5

—2In|x—1|+2In|x-2/+

x=2 2(x 2)

5

—2In |x—1|+21n|x-2/+

-2, 15
2ln|x 1| x—2 2(x—2)2+c

ln(x_2j+ L5 -+C
x—1 x—2 2(x—2)

8.j 3dx

2
x  —4x

A B C
:j(—+—2+ de
x x° x—4

Calculode A,B e C
1= Ax (x—4)+ B(x—4)+ Cx?

x=0 — 1=-4B . B:j%
x=4 — 1=16C .. Cz}&
A+C=0 . A=-U
Assim,
- -1 1

7=(|16 4 . 16

I x+x2+x—4 dx
=——4||————+—4np 4+c

9. |

—1In

X +2x*+4

——ln|x|+—+—ln|x—4|+C
16 4x 16
1 x—4

X

+L+C.
4x

16

> dx
2x°+2

x=2 2(x 2)

+C

+C
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1 X +2x*+4
2 x*+1

1( x* 1 2
= 7+2x—§ln‘x +1‘+2arctgx +C

2
X

:T+x—iln (x2+1)+arctg x+C

10_[ Sdx
X’ +4x

_SI(A Bx+dex

Calculode A,B e C
1= A(x> +4)+ (Bx+C) x

x=0 - A=]

4
A+B=0 . B="Y
C=0
Assim,
I:Sj(l/—4+ﬂjdx
X x +4

:5(11n|x|—l.lln\x2+40+c
4 472

- é(m |x|—11n (x2 +4)J+C
4 2
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3x dx dx
_J' _J'x

—x+1 T ox+1
2x— 1+1

"2 -[x —-x+1 _sz—x+1
2x—1

:_jx —x+1 EJ-xz—x+l

:%ln ‘xz—x+1‘+%j$
1

:%ln ‘xz—x+l‘+%.%arctgx—2+c
LR A

2
1

:gln‘x —x+1‘+—arctg
2 V3 J_

=31n\ x+1‘
2

\/_arc g \/_

2. -[x +38

dx
:I(x+2)(x2—2x+4)

A Bx+C
:j +— dx
x+2 x"—-2x+4

Calculode A,BeC
1=A (x> —2x+4)+(Bx+C)(x+2)

A+B=0
—2A+2B+C=0
4A+2C =1

12 12 3
Assim,
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j/zdx e /2x+ydx

x+2 —-2x+4

——1n|x+2|j gt dxj 5 dx

2x+4 —-2x+4

1 1 2x 242
= Linfepg- b lp2em2e2 A de
12 12 2 -2x+4 379x"—-2x+4
=iln|x+2|—— (22x 2)dx+l : dx
12 249 x*=2x+4 47 x"-2x+4

1 Larctgx—_1+C
4°43 V3

= iln|x+2|—i1n b —2x+ 4]+
12 24

13]

__[ 2x+2-2 _j( dx

x +2x+3

x +2x+3) x2+2x+3)2
2x+2— 2
= -2
'[x 1ox+3) j[x+1 * 1 of
1 rox3) x+1 P T
2 -1 2.202-1) (> +2x+3) 4(2-1)7 ¥* +2x+3
1 -1 3 x+1 _lj dx
2 X3 +2x+3 2(x2+2x+3) 29 X +2x+3
—x=2 1 +1

+C

TP r2xr3) 22 f

14.
'[ x —x+1)

:J- 4, Bx+C N Dx+ E 5
x x*—x+1 (xz—x+1)2

Calculode A,B,C,DeE.
I= A(x2 —x+1)2 +(Bx+C)x (xz —x+1)+(Dx+E)x

x=0 — 1=A

15A(x4—2x3+3x2 —2X+1)+(BX+C)(X3 —x’ +)c)+Dx2 + Ex
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A+B=0
—-2A-B+C=0
3A+B-C+D=0
—-2A+C+E=0
A=1

A=1;B=-1,C=1; D=-1, E=1
Assim,

—-x+1 —-x+1
= '[[ X —x+1 (xz—x+1)2}x

-2 11 —-2x+1-1 d.
) _I xx++l J- x+l J-(Zx-i_ 2dx+'|-(x2—x

x+1) x+1)2
_ Tp=2x+1  1p de  1p(=2x+1)dx 1 dx
_ln|x|+2jx2—x+1 +2jx —x+1 I x+1) +2'[(x2—x+1)2
B 1 1(x —x+1
_1n|x|—§1n xz—x+1—5— _J-x Tt —J-m

— 11 2 dx
_ln|x|—5nx —x+1+ W \/—arctg \/— Im

5\/gozrctg 2x—1+ 2x+1 +C
9 NE) 3(x —x+1)

=1n|x|—%ln X —x+1+

4x*
15. dx
J’x“ —x’—6x>+4x+8

Ax* +24x* —16x-32
—j dx
( x+2)(x+1)]

=jmu+j A + B + ¢ + b x
x+1 x+2 x-2 (35—2)2

Calculando A,B,C, e D:
4x° +24x% —16x-32=A(x =2\ (x +2)+ B(x=2) (x + 1)+ C (x=2) (x +2) (x + 1)+ D (x + 2) (x +1)
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A+B+C=4
-2A-3B+C+D=24
-4A-4C+3D=-16
8A+4B—-4C+2D=-32

A=Y B=—4; C=08/; p=10/

Assim,

I= 4x+j/dx —4dx I/dx o A;z;cz

x+1 x+2

= 4x+f1n|x+1|—41n|x+2|+—81n lx—2/+—.
9 9 3

16. | xl -
3P ——x——
2 2
1ﬁ
Py 1 xdx
I—I 3 dx——j
et 3h, 11
6 6 6 6
1 1
lj 6 "6
=—||1+ dx
3 xz—lx—l
6 6

16 (1-2)"
-1

+C
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(22
—jl/gd I 1/9x

=—1n|x|+_—1.11n\x2+9\+c
9 9 2

o (ln|x| L (s 9)) +C
9 2

8. I(xz +1;b(cx2 +4)

Ax+B Cx+D
-[x +1 et -[x +4

Calculando A,B,C, e D:
1=(Ax+B) (x2 + 4)+ (Cx+ D) (x2 + 1)

A+C=0
B+D=0
4A+C=0
4B+ D=1
A=O;B:13;C=O;D=—%
Assim,

.[ / dx + J- / dx

x2+1 x> +4

——arct x—l larczf +C
3 & 3 2 £5

—larct x—larct £+C
I8N A8

x4+ x? +2x+1
19. j = dx

2
Ix +x3+2x+1dx=_[ 1+x +32x+2 »
x =1 x =1

( A Bx+C jd
:Il+ +— x
x—=1 x"+x+1
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Calculando A, B e C

x +2)C+2£A(x2 +x+1)+(Bx+C)(x+1)

A+B=1
C+A-B=2
A-C=2
_5/ . p_-2/. ~_—1
A=Y B="%Cc="Y
Assim,
2 -1
I:.[1+ 5/3+ ? 3 lix
x—1 x"+x+1
=x+§1n|x—l|—lj22)6—4_1
3 39 x +x+1

= x+§1n|x—1|—lln‘x2+x+l‘+C
3 3

20. j( f3dx

X +2)2

Fazendo
x> Ax+B  Cx+D

(+2f ©42 (P+2f

Calculando A,B,Ce D
 =(Ax+B) (x> +2)+ Cx+ D
X’ =Ax’ +2Ax+ Bx* +2B+Cx+ D

A=1

B=0

2A+C=0 = C=-2
2B+D=0 = D=0
Assim,
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=343t -x x o x—1 (x-10 (x=1)

Calculando A,B,Ce D
15A(x—1)3+Bx(x—1)2+Cx(x—1)+Dx
x=0 = 1=-A .. A=-1

x=1 — 1=D .. D=1

A+B=0
B=-A .. B=1

3A+B-C+D=0 ...C=-1
Assim,

B IR U U B P
I_I[x =1 o1y (x—1)3]d
(=17 (-1)”

=—In|q+In|x-1/- +C
-1 -2
lx=1 1 1
=1 - C
n| X | x—1 2(x—1)2+
> '[ x+1
X A B C D
= + + +

(x=1P(x+1) x=1 (x=1P x+1 (x+1)

Calculando A,B,C e D
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X A()c—l)()c+1)2+B(x+1)2 +C()c—1)2()c+1)+D(x—1)2

A(x3 +2xz+x—xz—2x—l)+sz+ZBx+B+C(x3 +x° —2)62—2x+x+1)+Dx2 -2Dx+D

X

A+C=0
A+B-C+D=0
—-A+2B-C-2D =1
-A+B+C+D=0

A=0,B=1/4,C=0,D=-1/4

Assim,

Y

1y (x+1)

(x-1" 1 (x+1)"

-1 - +C

4 -1 4 -1

1 1 1 1

4 x-1 4x+1

2 —

73 J' X +22x21 i

(x—l) (x +1)

x*+2x-1 A B Cx+D

= + +

(x-1) (x2+1)_x—1 (x—=1 x> +1

Calculando A,B,Ce D
X +2x—-1=Alx-1) (x2 + 1)+ B(x2 +1)+ (Cx+D)(x—-1)

x=1 — 2=2B .. B=l1
xz+2x—1EA(x3+x—x2—1)+Bx2+B+Cx3—2Cx2+Cx+Dx2—2Dx+D

A+C=0
—-A+B-2C+D=1
A+C-2D=2
-A+B+D=-1

A=1,B=1,C=-1,D=-1
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=Injx— 1| —1 X+l '[x 1

=In |x—1|—%—%ln ‘xz +1‘—arc tg x+C
x—

24. Verificar a formula

.[ 2du 2:ilnu+a+c
a —u 2a u—a
1 A B

Calculando A eB
1=Au+a)+B(u-a)

u=a — 1=2aA .. Az%a

u=—-a — 1=-2aB .. Bz_%a

Assim,
du du
I= =—
ja —u’ juz -a’
{[ / du +.[ / du]
u+a
-1 1
=—Inu-—a+—Inju+d+C
2a 2a
_ L etal o
2a |u-—a
1
25. Calcular a area da regido limitada pelas curvas y =

-1 (x-4)" "

x=2ex=3

A Figura que segue mostra a area.

1
(1-x)x—4)
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Fazendo:
-2 A B

(x=1)(x—4) x—l+x—4

Calculando A e B:
-2=A(x—4)+B(x-1)

x=4 — —2=3B . Bz_%
x=1 — —2=-34 . A=%

Assim,

———

) Y F) R | R

:gln|x—l|—gln|x—4|+C
3 3

3
A= Hgln |x—1|—21n |x—4|j }
3 3 ,

=%(1n2—1n1)—§(1n1—1n2)

:gln 2+gln2=iln 2u.a.
3 3 3
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26. Calcular a area da regido sob o graficode y = _ de x=-2ate x=2

x> +2x+5
A Figura que segue mostra a area.

0.417

j dx B j dx
I +2x+45  J(x+1) +4
_1 arctg o~ 2
2 T
1
=5 arctg ———arctg (— —ju.a.
27. Calcular a area da regido sob o grafico y = 2(_—15) de x=1ate x=4
x (x—

A Figura que segue mostra a drea.

601



0.41T

0.21

1 A B,
x*(x=5) x x* x-5

1= A(x=5)x+B(x—5)+ Cx?

_ _ . p__1
x=0 — 1=-5B . B= A
x=5 — 1=25C .. Cc=1

25
_ . _—1
A+C=0 .. A= 25
I:_I(—1/25+—1§5+ 1/25jdx
X X x—=5
=iln| |+l.l——ln|x—5|+C
25 5 x
A= i1n|x|+l.l—iln|x—5|
25 5 x
:iln4+_—l+l+iln4
25 20 5 25
= iln4+i u.a.
25 20
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28. Calcular a area da regido sob o graficode y = ;2 de x=-2 ate x=2
(x2 + 3)
A Figura que segue mostra a area.

0.21

2 -1 1 2

-0.11

I:.[ dx :
(x2+3)
x:\/gtg o

dx = /3 sec> 6 d6
x*+3=31g’6+3
=3(g’0+1)
=3sec’

. I3sec€ \/Ej de

9sec’d _? sec’ @
:—3j00520d0

9
:£(19+lsen29j+C

9 \2 4

\/5(1 x 1 x V3 J
=—|—-arctg—+—.2. .
9 2 V3 4 V3+x7 N34y
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2

arct i+£ \/gx
x +3 g\/g 9 "2.(3+x) i
NE)

2
=—arct L
9 g[

ff

-t

29. Investigar as integrais improprias

+o dx
I=| ————
@ 0 x?(x=5)

dx
h=les)

1 _A B C
xz(x—S)_ X
_ A(x—S)x+B(x—5)+C(x2)
x*(x=5)
1= A(x=5)x+B(x-5)+C(x?)

=
x- x-=5

x=5 = 1=C.25 = C:i
25

x=0 = 1=B.(-5) = B:—é

x=1 = 1=-4A—4B+C

1=—4A—i+L
5 25
4A—i i—l 20+1-25
5 25 25
4A:_—4
25
__L
25
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1 dx ldx 1 dx
+

[ =[-—.= -
25 x Sx 25 x-5
:_Ljﬂ_ljx—zdx_i dx
259 x 5 259 x-5
=—iln|x|+i+iln|x 5|+c
25 x 25
1 1 x—5
=—+—1 +c
5x 2 X
I = lim dx

Il
3
|
+
I

________1_1 10-5
510 25 | 10

1 _In2

50 25 2 25 50

Il
S
i3
—
~ &=

+
- B|=

=3

In2 1
A integral converse e tem como resultado ———.
25 50

dx
b) I =
®) 0 xz(x—S)
B dx J'Z dx
0x*(x=5) ro0dr x*(x=35)
2
ﬂMGﬁilkﬂ
-0\ 5x 25 x ),

r—=>5
r

! +Lln§—lim i+iln
5r 25

|
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s x*(x=5)
_ J'10 dx j+°° dx

s x*(x=5) Jo x*(x-3)

J-lo dx tim [ dx
Pl oy (x=5) st xP(x=39)

= 400

A integral diverge

30. Determinar, se possivel, a drea da regido sob o grafico da funcdo y = ﬁ de —oo a
x"+1

+ oo,
A Figura que segue ilustra este exercicio.
+o dx
1=
- (xz + 1)2
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;= dx :x(x2+1)l_2+ 1 dx
i f

1) 2.2-1) 207 (@)
_ X +lj dx
2(x2+1) 2941

X

= a1 +%arctg x+c

1= dx _q dx L[ dx
e SR

x* + 1)2 x* + 1)2 x* + 1)2

. c ~ . . . +odx
Como o integrando é uma func¢do par, basta investigar a integral .[0

(x2 + 1)2 '

Temos,

. dx
Ii= blggo 0 (xz +1)2

b

. X 1
= lim +—arctg x
b—>+°°(21x2+1i P J

0

1
=—arctg\+o
> g(+0)
_lz_z
2°2 4
L0g01=2.£=z
4 2
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