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8.11 – EXERCÍCIOS – pg. 379 
 

1. Demarcar os seguintes pontos no sistema de coordenadas polares. 

 

(a) ( )
4

,41
πP  

(b) ( )
4

,42
π−P  

(c) ( )
4

,43
π−P  

(d) ( )
4

,44
π−−P  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

2. Em cada um dos itens, assinalar o ponto dado em coordenadas polares e depois 

escrever as coordenadas polares para o mesmo ponto tais que: 

 

(i) r  tenha sinal contrario 

(ii) θ  tenha sinal contrario 

 

(a) ( )
4

,2 π  

 (i) ( )
4

5,2 π−  

(ii) ( )
4

7,2 π−  
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0  

3/π−

b) ( )
3

,2 π−  

 (i) ( )
3

4,2 π−−  

(ii) ( )
3

5,2 π  

 

 

 

 

 

 

 

 

 

 

 

 

 

(c) ( )
3

2,5 π−  

 (i) ( )
3

5,5 π  

(ii) ( )
3

4,5 π−−  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

(d) ( )
6

5,4 π  

 

(i) ( )
6

11,4 π−  

(ii) ( )
6

7,4 π−  
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3. Demarcar os seguintes pontos no sistema de coordenadas polares e encontrar suas 

coordenadas cartesianas. 

 

 

a) ( )
3

,3 π  

 

 

 

 

 

 

5,1

2

1
.3

3
cos3

cos

=

=

=

=

x

x

x

rx

π

θ

  
59,2

2

3
.3 ≅=

=

y

senry θ

 

 

( )59,2;5,1
2

33
,

2

3
≅










 

 

 

b) ( )
3

,3 π+−  
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P
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Eixo polar

3/π−

P

0
 

5,1

2

1
.3

3
cos3

−=

−=

−=

x

x

x π

  

59,2

2

3
.3

3
3

−≅

−=

−=

y

y

seny π

 

 

( )59,2;5,1
2

33
,

2

3
−−≅









 −
−  

 

 

c) ( )
3

,3 π−  

 

 

 

 

 

 

( )

5,1

2

1
.3

3
cos3

=

=

−=

x

x

x π

  

( )

59,2

2

3
.3

3
3

−≅

−
=

−=

y

y

seny π

 

 

( )59,2;5,1
2

33
;

2

3
−≅









 −
 

 

 

d) ( )
3

,3 π−−  

 

 

 

 

 

 

 

 

 

 

 



 688 

( )

5,1

2

1
.3

3
cos3

−=

−=

−−=

x

x

x π

  

( )

59,2

2

3
.3

3
3

≅

−
−=

π−−=

y

y

seny

 

( )59,2;5,1
2

33
,

2

3
−≅










−  

 

4. Encontrar as coordenadas cartesianas dos seguintes pontos dados em coordenadas 

polares. 

 

a) ( )
3

2,2 π−  

 

1
2

1.2
3

2cos2 =−−=−= πx  

       ( )3,1 −  

3
2

3.2
3

22 −=−=−= πseny  

 

b) ( )
8

5,4 π  

 

5307,1
8

5cos4 −≅π=x  

       ( )6955,3,5307,1−  

6955,3
8

54 ≅π= seny  

 

 

c)  ( )
4

13,3 π  

 

2

2
3

4
13cos3 −=π=x  

       








 −−

2

23
,

2

23
 

2

23

4
133

−
=π= seny  

 

 

d)  ( )
2

,10 π−  
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00.10
2

cos10 =−=−= πx  

       ( )10,0 −  

101.10
2

10 −=−=−= πseny  

 

e) ( )
2

3,10 π−  

 

00.10
2

3cos10 =−=−= πx  

       ( )10,0  

101.10
2

310 =−−=−= πseny  

 

f) ( )0,1  

 

10cos1 ==x  

    ( )0,1  

001 == seny  

 

 

5. Encontrar um par de coordenadas polares dos seguintes pontos: 

 

a) ( )1,1  

 

2=r  

4

2

1

2

1
cos

π
=θ⇒










=θ

=θ

sen

 

 

( )
4

,2 π  

 

b) ( )1,1−  

 

2=r  

 

4

3

2

1

2

1
cos

π
=θ⇒










=θ

−=θ

sen

   

 



 690 

( )
4

3,2 π  

 

c) ( )1,1 −−  

 

2=r  

 

4

5

2

1

2

1
cos

π
=θ⇒










−=θ

−=θ

sen

 

 

( )
4

5,2 π  

 

d) ( )1,1 −  

 

2=r  

 

4

7

2

1

2

1
cos

π
=θ⇒










−=θ

=θ

sen

 

 

( )
4

,2 π−  ou ( )
4

7,2 π  

 

 

6. Usar. 

 

a) 0>r  e πθ 20 <≤ ; 

 

b) 0<r  e πθ 20 <≤ ; 

 

c) 0>r  e 02 ≤<− θπ ; 

 

d) 0<r  e 02 ≤<− θπ ; 

 

para escrever os pontos ( )1,31 −P  e ( )2,22 −−P  em  coordenadas polares. 

 

( )1,31 −P  

 

2=r  
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2

3
cos =θ   

2

1−
=θsen   

6

11
ou  

6

π
=θ

π−
=θ  

 

a) 








6

11
,2

π
  b) 








−

6

5
,2

π
  c) 







 −

6
,2

π
  d) 







 −
−

6

7
,2

π
 

 

 

( )2,22 −−P  

   

2=r  
 

2

2
cos

−
=θ   

2

2−
=θsen   

4

5π
θ =  

 

a) 








4

5
,2

π
  b) 








−

4
,2

π
  c) 







 −

4

3
,2

π
  d) 







 −
−

4

7
,2

π
 

 

 

7. Transformar as seguintes equações para coordenadas polares. 

 

a) 422 =+ yx  

 

2

4

4cos

2

2222

±=

=

=+

r

r

senrr θθ

 

 

b) 4=x  

 

4cos =θr  

 

c) 2=y  

 

2=θsenr  

 

d) 0=+ xy  

 

( ) 0cos

0cos

=+

=+

θθ

θθ

senr

rsenr
  





θ−=θ

=

cos

qualquer

sen

r
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Ζ∈+= kk ,
4

3
π

π
θ  

 

 

e) 0222 =−+ xyx  

 

θ

θ

θ

cos2

0cos2

0cos22

=

=−

=−

r

r

rr

 

 

f) 0622 =−+ yyx  

 

θ

θ

senr

senrr

6

062

=

=−
 

 

 

8. Transformar as seguintes equações para coordenadas cartesianas 

 

a) θcos=r  

 

022

22

22

=−+

+
=+

xyx

yx

x
yx

 

 

b) θsenr 2=  

 

02

.2

22

22

22

=−+

+
=+

yyx

yx

y
yx

 

 

c) 
θθ sen

r
+

=
cos

1
 

 

1

1

2222

22

=+

+
+

+

=+

yx

yx

y

yx

x
yx

 

 

d) ar = , 0>a  
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222

22

ayx

ayx

=+

=+
 

 

 

 

Nos exercícios de 9 a 32 esboçar o gráfico das curvas dadas em coordenadas polares. 

 

 

9. θcos21+=r  

 

1 2 3

-1

1

x

y

 
 

10. θsenr 21−=  

-3 -2 -1 1 2 3

-4

-3

-2

-1

1

x

y

 
 

 

11. θcosbar ±=  

 

2=a  e 3=b  

3=a  e 2=b  

3== ba  
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θcos32 +=r  

 

 

1 2 3 4 5

-3

-2

-1

1

2

3

x

y

 
θcos32 −=r  

 

-5 -4 -3 -2 -1 1

-3

-2

-1

1

2

3

x

y

 
 

θcos23 +=r  
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-1 1 2 3 4 5

-3

-2

-1

1

2

3

x

y

 
 

θcos23 −=r  

 

-5 -4 -3 -2 -1 1

-3

-2

-1

1

2

3

x

y

 
 

θcos33 +=r  e θcos33 −=r  

-1 1 2 3 4 5 6

-3

-2

-1

1

2

3

x

y

  

-5 -4 -3 -2 -1 1

-3

-2

-1

1

2

3

x

y
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12. θ3cos=r  

 

-0.5 0.5 1

-0.5

0.5

x

y

 
 

13. θ3cos2=r  

 

-1.5 -1 -0.5 0.5 1 1.5 2 2.5

-1.5

-1

-0.5

0.5

1

1.5

x

y

 
 

14. θ22 senr =  
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-1.5 -1 -0.5 0.5 1 1.5

-1.5

-1

-0.5

0.5

1

1.5

x

y

 
 

15. θcos2 −=r  

 

-3 -2.5 -2 -1.5 -1 -0.5 0.5 1 1.5

-2.5

-2

-1.5

-1

-0.5

0.5

1

1.5

2

2.5

x

y

 
 

16. θsenr −= 2  
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-2.5 -2 -1.5 -1 -0.5 0.5 1 1.5 2 2.5

-3

-2.5

-2

-1.5

-1

-0.5

0.5

1

x

y

 
 

17. θsenbar ±=  

 

2=a  e 3=b  

3=a  e 2=b  

2== ba  

 

 

θsenr 32 +=   θsenr 32 −=  

 

-3 -2 -1 1 2 3

1

2

3

4

5

x

y

 

-3 -2 -1 1 2 3

-5

-4

-3

-2

-1

x

y

 
 

 

θsenr 23 +=   θsenr 23 −=  
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-3 -2 -1 1 2 3

-1

1

2

3

4

5

6

x

y

-3 -2 -1 1 2 3

-5

-4

-3

-2

-1

1

x

y

 
 

 

θ+= senr 22    θ−= senr 22  

 

-3 -2 -1 1 2 3

-1

1

2

3

4

5

6

x

y

 

-3 -2 -1 1 2 3

-6

-5

-4

-3

-2

-1

1

x

y

 
 

18. 5cos =θr  

 

1 2 3 4 5

-1

1

x

y

 
 

 

19. θ32 senr =  
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A

pi/2

2

Eixo polar  9/π

0

-2 -1 1 2

-2

-1

1

x

y

 
 

20. 
4

π
θ =  

 

Eixo polar 4/π

0

 
 

21. 
9

π
θ =  

 

 

 

 

 

 

 

 

 

 

 

 

 

22. 10cos5 −=θr  
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23. θ2cos42 =r  

 

-2 -1 1 2

x

y

2

 
 

 

24. 0,3 ≥= θθr  

 

-10 -5 5 10 15 20 25

x

y

 
 

25. θsenr 4=  

 

-3 -2 -1 1 2 3

x

y
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Eixo polar

0 √2

 

 

26. 0, ≥= − θθer  

 

0.5 1

x

y

 
 

27. 2=r  

 

 

  

 

 

 

 

 

 

 

 

 

 

 

 

28. θcos10=r  

 

-1 1 2 3 4 5 6 7 8 9 10 11

x

y
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29. θcos2=r  

 

-3 -2 -1 1 2 3

x

y

 
 

 

30. θsenr 12=  

 

-6 -5 -4 -3 -2 -1 1 2 3 4 5 6

1

2

3

4

5

6

7

8

9

10

11

12

x

y

 
 

31. 3
θ

er =  

 

-1500 -1000 -500 500 1000

-1000

-500

500

1000

x

y

 



 704 

 

32. θ2=r  

 

-5 5 10

-9

-8

-7

-6

-5

-4

-3

-2

-1

1

2

3

4

x

y

 
 

Nos exercícios 33 a 37, encontrar o comprimento de arco da curva dada. 

 

33. θ
er = , entre 0=θ  e 

3
πθ =  

 

..122

2

2

33

0

3

0

3

0

2

3

0

22

cuee

de

de

dees






 −==

θ=

θ=

θ+=

ππ
θ

π

θ

π

θ

π

θθ

∫

∫

∫

 

 

 

34. θcos1+=r  
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( ) ( )

θθ

θθ

θθθθ

θθθ

π

π

π

π

d

d

dsen

dsens

∫

∫

∫

∫

+=

+=

+++=

++−=

0

0

0

22

0

22

cos122

cos222

coscos212

cos12

 

 

..8

0
2

8

2
2.4

2
cos222

2
cos222

0

0

0

2

cu

sensen

sen

d

d

=









−=

=

=

=

∫

∫

π

θ

θ
θ

θ
θ

π

π

π

 

 

 

35. θsenar 2=  

 

( ) ( )

cuaa

dada

dsenaas

. 2
2

4

2242

2cos22

2

0

2

0

2

2

0

22

π=
π

=

θ=θ=

θθ+θ=

∫∫

∫
ππ

π

 

 

 

 

36. 23θ=r , de 0=θ  até 
3

2πθ =  
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( )

( )

( )

( ) cu

d

d

ds

. 89
27

8

2
3

4

2

1
.3

43

49

936

2
3

2

3
2

0

2
3

2

3
2

0

2
1

2

3
2

0

22

3
2

0

42

−π+=

θ+
=

θθ+θ=

θθ+θ=

θθ+θ=

π

π

π

π

∫

∫

∫

 

 

 

37. θ2
er = , de 0=θ  até 

2
3πθ =  

 

( )

( ) ..1
2

5

2

5
5

4

2

3

2
3

0

22
2

3

0

2
3

0

44

2
3

0

422

cue

ede

dee

dees

−=

=θ=

θ+=

θ+=

π

π

θθ

π

π

θθ

π

θθ

∫

∫

∫

 

 

 

38. Achar o comprimento da cardióide ( )θcos110 −=r . 

 



 707 

( ) ( )

∫

∫

∫

∫

=

−=

−=

−+=

π

π

π

π

θ
θ

θθ

θθ

θθθ

0

2

0

0

0

22

2
22102

cos12002

cos2002002

cos1100102

dsen

d

d

dsens

 

 

..80

0cos
2

cos80

2
cos2.40

2
2.210.2

0

0

cu

dsen

=









−

π
−=

θ
−=

θ
θ

=

π

π

∫

 

 

 

Nos exercícios 39 a 46, encontrar a integral que dá o comprimento total da curva dada. 

 

39. θ2cos92 =r  

 

( ) ( )

( ) ( )
θ

θ−
=θ−θ=′

θ=θ=

−

2 cos

2 3
22 2 cos

2

3

2 cos32cos9

2
1

2
1

2
1

sen
senr

r

 

∫

∫

∫

π

π

π

θ

θ
=

θ
θ

θ+θ
=

θθ+
θ

θ
=

4

0

4

0

22

4

0

2

2cos
12

2cos

2cos929
4

2cos9
2cos

29
4

d

d
sen

d
sen

s

 

 

 

40. θ33 senr =  
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( )

θθ+θ=

θθ+θ=

∫

∫
π

π

dsen

dsens

6

0

22

6

0

22

33cos918

393cos96

 

 

41. θ= 4cos4r  

 

 

( )

θθ+θ=

θθ+θ−=

∫

∫
π

π

dsen

dsens

8

0

22

8

0

22

4cos41664

4cos1641616

 

 

42. θ= 292 senr  

 

 

( )

( ) 2.2cos.2
2

1
3

23

2
1

2
1

θθ

θ

−

=′

=

senr

senr

 

∫

∫

∫

∫

π

π

π

π

θ

θ
=

θ
θ

=

θ
θ

θ+θ
=

θθ+
θ

θ
=

4

0

4

0

4

0

22

4

0

2

2
12

2

9
4

2

292cos9
4

29
2

2cos9
4

sen

d

d
sen

d
sen

sen

dsen
sen

s

 

 

 

43. θcos32 −=r  
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( ) ( )

θθ

θθθθ

θθθ

π

π

π

d

dsen

dsens

∫

∫

∫

−=

+−+=

−+=

0

0

22

0

22

cos12132

cos9cos12492

cos3232

 

 

 

 

44. θsenr 24 −=  

 

 

( ) ( )

θθ−=

θθ−=

θθ+θ−+θ=

θθ−+θ−=

∫

∫

∫

∫

π

π−

π

π−

π

π−

π

π−

dsen

dsen

dsensen

dsens

2

2

2

2

2

2

22

2

2

22

454

16202

41616cos42

24cos22

 

 

 

45. θcos23 +=r  

 

 

( ) ( )

θθ

θθθθ

θθθ

π

π

π

d

dsen

dsens

∫

∫

∫

+=

+++=

++−=

0

0

22

0

22

cos12132

cos4cos12942

cos2322

 

 

 

46. θsenr 24 +=  
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( ) ( )

θθ

θθ

θθθ

π

π

π

π

π

π

dsen

dsen

dsens

∫

∫

∫

−

−

−

+=

+=

++=

2

2

2

2

2

2

22

454

16202

24cos22

 

 

Nos exercícios 47 a 56, calcular a área limitada pela curva dada. 

 

47. θ292 senr =  

 

-2 -1 1 2

-2

-1

1

2

x

y

 
 

..92cos
2

1
.9

29
2

1
.2

2

0

2

0

au

dsenA

=θ−=

θθ=

π

π

∫
 

 

48. θ3cos=r  

 



 711 

-0.5 0.5 1

-0.5

0.5

x

y

6/π

 
 

..
4

6
12

1

2

1
.3

6 cos
2

1

2

1
3

3cos6.
2

1

6

0

6

0

6

0

2

au

sen

d

dA

π
=







θ+θ=

θ







θ+=

θθ=

π

π

π

∫

∫

 

 

 

49. θcos2 −=r  

 

-3.5 -3 -2.5 -2 -1.5 -1 -0.5 0.5 1

-2.5

-2

-1.5

-1

-0.5

0.5

1

1.5

2

2.5

x

y
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( )

( )

..
2

9
2

4

1

2

1
44

coscos44

cos2
2

1
.2

0

0

2

0

2

ausensen

d

dA

π
=θ+θ+θ−θ=

θθ+θ−=

θθ−=

π

π

π

∫

∫

 

 

 

50. θ2cos162 =r  

 

-4 -3.5 -3 -2.5 -2 -1.5 -1 -0.5 0.5 1 1.5 2 2.5 3 3.5 4

-1.5

-1

-0.5

0.5

1

1.5

x

y

 
 

4

0

4

0

1

2 
2

1
32

2cos164.
2

1

π

π

θ

θθ

sen

dA

=

= ∫
 

 

au.16=  

 

 

51. θ23 senr =  
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-2.5 -2 -1.5 -1 -0.5 0.5 1 1.5 2 2.5

-2.5

-2

-1.5

-1

-0.5

0.5

1

1.5

2

2.5

x

y

4/π

 
 

..
2

9

4
8

1
.

2

1
36

29
2

1
.8

4

0

4

0

2

au

sen

dsenA

π
=









θ−θ=

θθ=

π

π

∫

 

 

 

 

52. θcos23 −=r  

 

-5 -4 -3 -2 -1 1

-4

-3

-2

-1

1

2

3

4

x

y
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( )

( ) ( )

( )

..11

21211

2 cos22cos129cos4cos129

cos23
2

1
.2

0

00

2

0

2

au

sensen

dd

ds

π=

θ+θ−θ=

θθ++θ−=θθ+θ−=

θθ−=

π

ππ

π

∫∫

∫

 

 

 

53. ( )θcos14 +=r  

 

-1 1 2 3 4 5 6 7 8

-5

-4

-3

-2

-1

1

2

3

4

5

x

y

 
 

 

( )

( )

.

..24

2
4

1

2

1
216

coscos2116

cos116
2

1
.2

0

0

2

0

2

au

sensen

d

dA

π=









θ+θ+θ+θ=

θθ+θ+=
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54. ( )θcos14 −=r  
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55. ( )θsenr += 14  
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56. . ( )θsenr −= 14  
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57. Encontrar a área da intersecção entre θcos2ar =  e θsenar 2=  

 



 717 

-2 -1 1 2 3 4

-2

-1

1

2

3

4

x

y

4/π

 
 

4

cos

2cos2

π
θ

θθ

θθ

=

=

=

sen

senaa

 

 

( )
au

a

daA

.
2

2

cos4
2

1
.2

2

2

4

22

−
=

= ∫

π

θθ

π

π  

 

 

58. Encontrar a área interior ao círculo θcos6=r  e exterior a ( )θcos12 +=r  
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59. Encontrar a área interna ao círculo 4=r  e exterior à cardióide ( )θcos14 −=r  
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60. Encontrar a área da região do 1° quadrante delimitada pelo primeiro laço da espiral  

θ2=r , 0≥θ  e pelas retas 
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61. Encontrar a área da região delimitada pelo laço interno da limaçon θsenr 21+= . 
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62. Encontrar a área da regi ão interior ao círculo 10=r  e a direita da reta 6cos =θr . 
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63. Calcular a área da região interior às duas curvas: 

 

a) 32 =r  e θsenr 3=  
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b) 32 =r  e θcos1+=r  

 

 
 

 

32

1
cos

2

3
cos1

πθθ

θ

=∴=

=+

 

 



 723 

4

3
4

9
2

1
.2

3

0

1

π
θ

π

== ∫ dA  

 

( )

24

32724

cos1
2

1
.2

3

2

2

−
=

+= ∫

π

θθ
π

π

dA

 

 

..
8

3914
21 auAAA

−
=+=

π
 


