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PROOF The hypothesis that lim f'(x)/g'(x) exists contains two implicit assumptions:

(1)there is an interval (a - 8, a + ô) such that f'(x) and g'(x) exist for all x in
(a - ô, a + 8) except, perhaps, for x = a,

(2)in this interval g'(x) ¢ 0 with, once again, the possible exception
ofx=a.

On the other hand, f and g are not even assumed to be defined at a. If we define
f(a) = g(a) = 0 (changingthe previous values of f(a) and g(a), if necessary),
then f and g are continuous at a. If a < x < a + 3, then the Mean Value
Theorem and the Cauchy Mean Value Theorem apply to f and g on the interval

[a,x] (anda similar statement holds for a - ô < x < a). First applying the Mean
Value Theorem to g, we see that g(x) ¢ 0, for if g(x) = 0 there would be some xi
in (a,x) with g'(x1) = 0, contradicting (2).Now applying the Cauchy Mean Value
Theorem to f and g, we see that there is a number ex in (a, x) such that

[f (x) - 0]g'(ax) = [g(x)- 0] f'(ax)

or
f (x) _ f'(ax)
g(x)

¯

g'(ax)

Now œ, approaches a as x approaches a, because as is in (a,x); since
lim f'(y)/g'(y) exists, it follows that
yea

, f (x) J'(ax) J'(y)hm - = lim = lim .

x->a g(x) xsa g'(ax) y a g'(y)

(Once again, the reader is invited to supply the details of this part of the argu-
ment.)

PROBLEMS

1. For each of the following functions, find the maximum and minimum values

on the indicated intervals, by finding the points in the interval where the
derivative is 0, and comparing the values at these points with the values at
the end points.

(i) f(x)=x3_-x2-8x+1 on [-2,2].
(ii) f (x) = x6 + x + 1 on [---1,1].

(iii) f(x)=3x4--8x3+6x2 on[-Lg
1

(iv) f (x) = on [--¼,1].x5+x+1

x + 1
(v) f(x) =

x2 4 1 on [-1, .

x(vi) f (x) = on [0,5].x2 - 1
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2. Now sketch the graph of each of the functions in Problem 1, and find all
local maximum and minimum points.

3. Sketch the graphs of the following functions.

1
(i) f(x)=x+-. x

3
(ii) f (x) = x + --.

x
2

x(iii) f (x) = .

X2 - 1
1

(iv) f (x) =

1 + x2

4. (a) If at < ··· < a., find the minimum value of f(x) = (x
-ag)2.

i=1

*(b) Now find the minimum value of f (x) = |x - a¿|. This is a problem
i=l

where calculus won't help at all: on the intervals between the a¿'s the
function f is linear, so that the minimum clearly occurs at one of the a¿,
and these are precisely the points where f is not differentiable. However,
the answer is easy to find if you consider how f (x) changes as you pass
from one such interval to another.

*(c) Let a > 0. Show that the maximum value of

1 1
f (x) = +1+|x| 1+|x-a|

is (2 + a)/(1 + a). (The derivative can be found on each of the intervals
(-oo, 0), (0,a), and (a, oo) separately.)

5. For each of the following functions, fmd all local maximum and minimum
points.

x, x y=3, 5, 7, 9
5, x=3

(i) f(x) =
-3,

x = 5
9, x=7

7, x = 9.
0, x irrational

(ii) f (x) =

1/q, x = p/q in lowest terms.

x, x rational
(iii) f (x) 0, x irrational.

1, x = 1/n for some n in N
(iv) f (x) =

0, otherwise.

I1, if the decimal expansion of x contains a 5
(v) f (x) =

0, otherwise.
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6. (a) Let (xo,yo) be a point of the plane, and let L be the graph of the fimction

e, y f (x) = mx + b. Find the point ž such that the distance from (xo,yo) to
(ž, f (ž)) is smallest. [Notice that minimizing this distance is the same as

a p minimizing its square. This may simplify the computations somewhat.]
,"-'

(x,o) (b)Also find ž by noting that the line from (xo,yo) to (ž, f (ž)) is perpen-,,"

dicular to L.
(o,

-a)w'

(c)Find the distance from (xo,yo) to L, i.e., the distance from (xo,yo) to
(ž, f (ž)). [ftwill make the computations easier if you first assume that

FIGURE 23 b = 0; then apply the result to the graph of f(x) = mx and the point
(xo,yo - b).] Compare with Problem 4-22.

(d)Consider a straight line described by the equation Ax + By + C =

0 (Problem 4-7). Show that the distance from (xo,yo) to this line is
Surface area is the

r (ÂX0 ETO / 2 g2
sum of these areas

7. The previous Problem suggests the following question: What is the relation-
ship between the critical points of f and those of f22

8. A straight line is drawn from the point (0,a) to the horizontal axis, and
then back to (1,b), as in Figure 23. Pove that the total length is shortest

FIGURE 24 When the angles a and ß are equal. (Naturally you must bring a function
into the picture: express the length in terms of x, where (x,0) is the point
on the horizontal axis. The dashed line in Figure 23 suggests an alternative
geometric proof; in either case the problem can be solved without actually
finding the point (x,0).)

,-
b

9. Prove that of all rectangles with given perimeter, the square has the greatest
area.

/ 10. Find, among all right circular cylinders of fixed volume V, the one with
smallest surface area (countingthe areas of the faces at top and bottom, as

C '

in Figure 24).

11. A right triangle with hypotenuse of length a is rotated about one of its legs
FIGURE 25 10 generate a right circular cone. Find the greatest possible volume of such

a cone.

12. Two hallways, of widths a and b, meet at right angles (Figure 25). What
is the greatest possible length of a ladder which can be carried horizontally
around the corner?

13. A garden is to be designed in the shape of a circular sector (Figure 26), with
radius R and central angle 0. The garden is to have a fixed area A. For
what value of R and 0 (inradians) will the length of the fencing around the
perimeter be minimized?

14. Show that the sum of a positive number and its reciprocal is at least 2.

FIGURE 26 15. Find the trapezoid of largest area that can be inscribed in a semicircle of
radius a, with one base lying along the diameter.
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16. A right angle is moved along the diameter of a circle of radius a, as shown
in Figure 27. What is the greatest possible length (A + B) intercepted on it
by the circle?

a 17. Ecological Ed must cross a circular lake of radius 1 mile. He can row across
at 2 mph or walk around at 4 mph, or he can row part way and walk the
rest (Figure 28). What route should he take so as to

(i) see as much scenery as possible?
FIGURE 27 (ii) CEOss as guickly as possible?

18. The lower right-hand corner of a page is folded over so that it just touches
the left edge of the paper, as in Figure 29. If the width of the paper is a and
the page is very long, show that the minimum length of the crease is 3da/4.

19. Figure 30 shows the graph of the dmvativeof f. Find all local maximum and
minimum points of f.

FIGURE 28

1 3 4

FIGURE 30

*20. Suppose that f is a polynomial function, f (x) = x" + an-1xn-1
with critical points

-1,

1, 2, 3, 4, and corresponding critical values 6, 1, 2,
4, 3. Sketch the graph of f, distinguishingthe cases n even and n odd.

*21. (a) Suppose that the critical points of the polynomial function f (x) = x" +
an-1xn-1+ - -

-+

ao are
-1,

1, 2, 3, and f"(-1) = 0, f"(1) > 0, f"(2) <
7" / 0, f"(3) - 0. Sketch the graph of f as accurately as possible on the

/ basis of this information.

\ / (b)Does there exist a polynomial function with the above properties, except'v/

that 3 is not a critical point?

FIGURE 29 22. Describe the graph of a rational function (invery general terms, similar to
the text's description of the graph of a polynomial function).

23. (a) Prove that two polynomial functions of degree m and n, respectively,
intersect in at most max(m, n) points.

(b)For each m and n exhibit two polynomial functions of degree m and n
which intersect max(m, n) times.

*24. (a) Suppose that the polynomial function f (x) = x" + a..ixn-1 + - - - + ao
has exactly k critical points and f"(x) ¢ 0 for all critical points x. Show
that n - k is odd.
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(b)For each n, show that there is a polynomial function f of degree n with

k critical points if n - k is odd.

(c) Suppose that the polynomial function f(x) = x" + a,_ix"¯I + -·· + ao
has ki local maximum points and k2 local minimum points. Show that
k2 = ki + 1 if n is even, and k2 = ki if n is odd.

(d)Let n, ki, k2 be three integers with k2 = ki + 1 if n is even, and k2 = ki if
n is odd, and ki + k2 < n. Show that there is a polynomial function f of
degree n, with k1 local maximum points and k2 local minimum points.

kl+k2

Hint: Pick ai < a2 < · < Øki+k2 and try f'(x) = (x
-a.)

-(1+x2

I

i=1
for an appropriate number l.

25. (a) Prove that if f'(x) > M for all x in [a,b], then f (b) > f (a)+ M(b -- a).

(b) Prove that if f'(x) EM for all x in [a,b], then f (b)
_<

f (a)+ M(b --- a).

(c) Formulate a similar theorem when |f'(x)| EM for all x in [a,b].
*26. Suppose that f'(x) > M > 0 for all x in [0,1]. Show that there is an interval

of length ¾on which |f| > M/4.

27. (a) Suppose that f'(x) > g'(x) for all x, and that f(a) = g(a). Show that
f(x)>g(x)forx>aand f(x)<g(x)forx <a.

(b) Show by an example that these conclusions do not follow without the
hypothesis f(a) = g(a).

28. Find all functions f such that

(a) f'(x) = sin x.

(b)f"(x) = x3.

(c) f"'(x) = x +x2

29. Although it is true that a weight dropped from rest will fall s(t) = 16t2
feet after t seconds, this experimental fact does not mention the behavior of
weights which are thrown upwards or downwards. On the other hand, the
law s"(t) = 32 is always true and has just enough ambiguity to account for
the behavior of a weight released from any height, with any initial velocity.

For simplicity let us agree to measure heights upwards from ground level;
in this case velocities are positive for rising bodies and negative for falling
bodies, and all bodies fall according to the law s"(t) =

--32.

(a) Show that s is of the form s(t) =

-16t2

+ at + ß.
(b)By setting t = 0 in the formula for s, and then in the formula for s',

show that s(t) =

--16t2

+ vet + so, where so is the height from which the
body is released at time 0, and vo is the velocity with which it is released.

(c) A weight is thrown upwards with velocity v feet per second, at ground
level. How high will it go? ("How high" means

"what is the maximum

height for all times".) What is its velocity at the moment it achieves its
greatest height? What is its acceleration at that moment? When will it
hit the ground again? What will its velocity be when it hits the ground
again?
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30. A cannon ball is shot from the ground with velocity v at an angle a (Fig-
ure 31) so that it has a vertical component of velocity v sing and a hori-
zontal component v cos a. Its distance s (t) above the ground obeys the law
s(t) =

--16t2

+ (vsina)t, while its horizontal velocity remains constantly
U COS Œ.

(a) Show that the path of the cannon ball is a parabola (findthe position at
each time t, and show that these points lie on a parabola).

(b)Find the angle a which will maximize the horizontal distance traveled
FIGURE 31 by the cannon ball before striking the ground.

31. (a) Give an example of a function f for which lim f (x) exists, but

lim f'(x) does not exist.
x- oo

(b) Prove that if lim f (x) and lim f'(x) both exist, then lim f'(x) = 0.
1400 X->OO X->OO

(c) Prove that if lim f (x) exists and lim f"(x) exists, then lim f"(x) = 0.

(See also Problem 20-15.)

32. Suppose that f and g are two difTerentiable functions which satisfy

fg' - f'g = 0. Prove that if a and b are adjacent zeros of f, and g(a)
and g(b) are not both 0, then g(x) = 0 for some x between a and b. (Natu-
rally the same result holds with f and g interchanged; thus, the zeros of f
and g separate each other.) Hint: Derive a contradiction from the assump-
tion that g(x) ¢ 0 for all x between a and b: if a number is not 0, there is a
natural thing to do with it.

33. Suppose that |f (x) - f (y)[ < |x - y|n for n > 1. Prove that f is constant by
considering f'. Compare with Problem 3-20.

34. A function f is Lepschiteoforder a at x if there is a constant C such that

(*) f(x)- f(y)| 5 C|x-y|"

for all y in an interval around x. The function f is Lapschitzof onier a on an
intervalif (*)holds for all x and y in the interval.

(a) If f is Lipschitz of order a > 0 at x, then f is continuous at x.

(b) If f is Lipschitz of order a > 0 on an interval, then f is uniformly
continuous on this interval (seeChapter 8, Appendix).

(c) If f is differentiable at x, then f is Lipschitz of order 1 at x. Is the
converse true?

(d)If f is differentiable on [a,b], is f Lipschitz of order 1 on [a,b]?

(e) If f is Lipschitz of order a > 1 on [a,b], then f is constant on [a,b].
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35. Prove that if
ao ai an-+-+--·+ =0,

1 2 n+1

then
ao+aix+··-+anx"=0

for some x in [0,1].

36. Pove that the polynomial function f.(x) = x3 - 3x +m never has two roots
in [0,1], no matter what m may be. (This is an easy consequence of Rolle's
Theorem. It is instructive, after giving an analytic proof, to graph fo and f2,
and consider where the graph of f. lies in relation to them.)

37. Suppose that f is continuous and differentiable on [0,1], that f(x) is in
[0,1] for each x, and that f'(x) ¢ 1 for all x in [0,1]. Show that there is
exactly one number x in [0,1] such that f (x) = x. (Half of this problem
has been done already, in Problem 7-11.)

38. (a) Prove that the function f (x) = x2 - cos x satisfies f (x) = 0 for precisely
two numbers x.

(b)Prove the same for the function f (x) = 2x2 - x sin x - cos2 x. (Some
preliminary estimates will be useful to restrict the possible location of the
zeros of f.)

*39. (a) Pove that if f is a twice differentiable function with f(0) = 0 and

f(1) = 1 and f'(0) = J'(1) = 0, then |f"(x)| > 4 for some x in [0,1].
In more picturesque terms: A particle which travels a unit distance in
a unit time, and starts and ends with velocity 0, has at some time an
acceleration > 4. Hint: Prove that either f"(x) > 4 for some x in
[0,j],or else f"(x) <

-4

for some x in [j, 1].
(b) Show that in fact we must have |f"(x)| > 4 for some x in [0,1].

40. Suppose that f is a function such that f'(x) = 1/x for all x > 0 and f (1) =

0. Prove that f(xy) = f(x) + f(y) for all x, y > 0. Hint: Find g'(x) when
g(x) = f (xy).

*41. Suppose that f satisfies

f"(x) + f'(x)g(x)- f (x) = 0

for some function g. Prove that if f is 0 at two points, then f is 0 on the
interval between them. Hint: Use Theorem 6.

42. Suppose that f is n-times differentiable and that f (x) = 0 for n + 1 differ-
ent x. Prove that ff">(x)= 0 for some x.

43. Let ai, ..., an+1 be arbitrary points in [a,b], and let
n+1

Q(x) = (x - x¿).
i=1
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Suppose that f is (n + 1)-times differentiable and that P is a polynomial
function of degree sn such that P(x¿) = f(x¿)for i = 1,...,n + 1 (see
page 49). Show that for each x in [a,b] there is a number c in (a, b) such
that

f (n+13(c)f(x) - P(x) = Q(x) -
.

(n + 1)!

Hint: Consider the function

F(t)=Q(x)[f(t)-P(t)]-Q(t)[f(x)-P(x)].

Show that F is zero at n + 2 different points in [a,b], and use Problem 42.

44. Prove that

(withoutcomputing 5 to 2 decimal places!).

45. Prove the following slight generalization of the Mean Value Theorem: If f
is continuous and differentiable on (a, b) and lim f (y) and lim f (y) exist,

y->a+ yab-

then there is some x in (a, b) such that

lim f (y) - lim f (y)y-+b- y->a+
f'(x) =

b - a

(Yourproof should begin: "This is a trivial consequence of the Mean Value
Theorem because ...

".)

46. Prove that the conclusion of the Cauchy Mean Value Theorem can be written
in the form

f (b) - f (a) _ f'(x)
g(b) - g(a)

¯

g'(x)'

under the additional assumptions that g(b) ¢ g(a) and that f'(x) and g'(x)
are never simultaneously Oon (a,b).

*47. Prove that if f and g are continuous on [a,b] and differentiableon (a,b),
and g'(x) ¢ 0 for x in (a, b), then there is some x in (a,b) with

f'(x) f (x) - f (a)
g'(x) g(b) - g(x)

Hint: Multiply out first, to see what this really says.

48. What is wrong with the following use of THôpital's Rule:

.
x3+x-2 3x2+1 6xhm = lim = lim - = 3.x->lX2

-3x

+2 x-1 2x
-3

x-i 2
(The limit is actually

-4.)



210 Derivativesand Integrals

49. Find the following limits:

x(i) lim .

x->0 tan I

cos2 x - 1
(ii) lim .

50. Find f'(0) if
g(x)

, x ¢ 0f (x) =

¯¯¯

0, x = 0,

and g(0) = g'(0) = 0 and g"(0) = 17.

51. Prove the following forms of l'Hôpital's Rule (nonerequiring any essentially

new reasoning).

(a) If lim f (x) = lim g(x) = 0, and lim f'(x)/g'(x) = l, then
x->a+ x-va+ x-va+

lim f(x)/g(x) = l (andsimilarly for limits from below).
x-+a+

(b) If lim f(x) = lim g(x) = 0, and lim f'(x)/g'(x) = oo, then

lim f(x)/g(x) = oo (andsimilarly for -oo,

or if x
->

a is replaced

by x
-> a* or x

-+ a¯).

(c) If lim f(x) = lim g(x) = 0, and lim f'(x)/g'(x) = l, then
x->oo x-voo x->oo

lim f(x)/g(x) = l (andsimilarly for
-oo).

Hint: Consider
X->OO

lim f(1/x)/g(1/x).
(d) If lim f(x) = lim g(x) = 0, and lim f'(x)/g'(x) = oo, then

X->OO X400 X-+00

lim f(x)/g(x) = oo.x-voo

52. There is another form ofTHôpital's Rule which requires more than algebraic
manipulations: If lim f (x) = lim g(x) = oo, and lim f'(x)/g'(x) = l,

X->QC 1400 X-Þ00

then lim f (x)/g(x) = l. Prove this as follows.
x-voo

(a) For every e > 0 there is a number a such that

f'(x) -l

<s forx>a.
g'(x)

Apply the Cauchy Mean Value Theorem to f and g on [a,x] to show
that

f (x) - f (a)
- l < e for x > a.g(x) - g(a)

(Why can we assume g(x) - g(a) ¢ 0?)
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(b) Now write

f (x) f (x) - f (a) f (x) g(x) - g(a)
g(x) - g(a) f (x) - f (a) g(x)

(whycan we assume that f (x) - f (a) ¢ 0 for large x?) and conclude
that

f (x)
- l < 2e for sufficiently large x.g(x)

53. To complete the orgy of variations on l'Hôpital's Rule, use Problem 52 to
prove a few more cases of the following general statement (thereare so many
possibilities that you should select just a few, if any, that interest you):

f(x)/g(x) = ( ). Here [] can be a or a+ or a¯ or oo or
-oo, and { }

can be 0 or oo or
-oo, and ( ) can be l or oo or

-oo.

*54. (a) Suppose that f is differentiable on [a,b]. Prove that if the minimum

of f on [a,b] is at a, then f'(a) > 0, and if it is at b, then f'(b) < 0.
(One half of the proof of Theorem 1 will go through.)

(b) Suppose that f'(a) < 0 and f'(b) > 0. Show that f'(x) = 0 for some x
in (a, b). Hint: Consider the minimum of f on [a,b]; why must it be
somewhere in (a, b)?

(c) Prove that if f'(a) < c < f'(b), then f'(x) = c for some x in (a,b). (This
result is known as Darboux's Theorem.) Hint: Cook up an appropriate

function to which part (b)may be applied.

55. Suppose that f is differentiable in some interval containing a, but that f' is
discontinuous at a.

(a) The one-sided limits lim f'(x) and lim f'(x) cannot both exist. (This

isjust a minor variation on Theorem 7.)

(b)Neither of these one-sided limits can exist even in the sense of being +oo
or

-oo. Hint: Use Darboux's Theorem (Problem 54).

*56. It is easy to find a function f such that |f | is differentiable but f is not.
For example, we can choose f (x) = 1 for x rational and f (x) =

-1

for
x irrational. In this example f is not even continuous, nor is this a mere
coincidence: Prove that if |f| is differentiable at a, and f is continuous at a,
then f is also differentiable at a. Hint: It suffices to consider only a with

f(a) = 0. Why? In this case, what must |f|'(a) be?

*57. (a) Let y ¢ 0 and let n be even. Prove that x" + y" = (x + y)" only
when x = 0. Hint: If xo" + y" = (xo+ y)", apply Rolle's Theorem to
f (x) = x" + y" - (x + y)" on [0,xo]-
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(b) Prove that if y ¢ 0 and n is odd, then x" + y" = (x + y)" only if x = 0
orx=--y.

**58. Use the method of Problem 57 to prove that if n is even and f (x) = x", then

every tangent line to f intersects f only once.

**59. Prove even more generally that if f' is increasing, then every tangent line
intersects f only once.

*60. Suppose that f (0) = 0 and f' is increasing. Prove that the function g(x) =

f(x)/x is increasing on (0,oo). Hint: Obviously you should look at g'(x).
Prove that it is positive by applying the Mean Value Theorem to f on the
right interval (itwill help to remember that the hypothesisf(0) = 0 is essen-
tial, as shown by the function f (x) = 1 + x2L

*61. Use derivatives to prove that if n > 1, then

(1+ x)" > 1 + nx for
-1

< x < 0 and 0 < x

(noticethat equality holds for x = 0).

62. Let f (x) - x4 2 1/x for x ¢ 0, and let f (0) = 0 (Figure 32).

(a)Pove that 0 is a local minimum point for f.
(b)Prove that f'(0) = f"(0) = 0.

This function thus provides another example to show that Theorem 6 cannot
be improved. It also illustrates a subtlety about maxima and minima that
often goes unnoticed: a function may not be increasing in any interval to the
right of a local minimum point, nor decreasing in any interval to the left.

FIGURE 32

*63. (a) Prove that if f'(a) > 0 and f' is continuous at a, then f is increasing in
some interval containing a.

The next two parts of this problem show that continuity of f' is essential.

(b)If g(x) = x2 sin 1/x, show that there are numbers x arbitrarily close to 0
with g'(x) = 1 and also with g'(x) =

-1.
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(c) Suppose 0 < a < 1. Let f (x) = ax + x2 sin 1/x for x ¢ 0, and let
f (0) = 0 (seeFigure 33). Show that f is not increasing in any open
interval containing 0, by showing that in any interval there are points x
with f'(x) > 0 and also points x with f'(x) < 0.

/ 0, x-0

FIGURE 33

The behavior of f for a à 1, which is much more difficult to analyze, is
discussed in the next problem.

**64. Let f (x) = ax + x2 sin 1/x for x ¢ 0, and let f (0) = 0. In order to find
the sign of f'(x) when œ à 1 it is necessary to decide if 2x sin 1/x - cos 1/x
is <

-1

for any numbers x close to 0. It is a little more convenient to
consider the function g(y) = 2(sin y)/y - cos y for y ¢ 0; we want to know
if g(y) <

-1

for large y. This question is quite delicate; the most significant
part of g(y) is - cos y, which does reach the value

-1,

but this happens only
when sin y = 0, and it is not at all clear whether g itself can have values
<

-1.

The obvious approach to this problem is to find the local minimum
values of g. Unfortunately, it is impossible to solve the equation g'(y) = 0
explicitly, so more ingenuity is required.

(a) Show that if g'(y) = 0, then

(2-y2cos y = (siny) ,2y

and conclude that

(2+ y
2

g(y) = (siny) .

2y
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(b)Now show that if g'(y) = 0, then

4y2sin2
4 + y4

and conclude that

2+y2
|g(y) = .

4+ y*

(c)Using the fact that (2+ y2)/J4+ y4 > 1, show that if a = 1, then f is
not increasing in any interval around 0.

(d)Using the fact that lim (2 + y2)| 4 + y4 = 1, show that if a > 1, then
y->oo

f is increasing in some interval around 0.

**65. A function f is increasing at a if there is some number 8 > 0 such that

f (x) > f (a) if a < x < a + ô
and

f (x) < f (a) if a - &< x < a.

Notice that this does not mean that f is increasing in the interval (a - 8,
a + 8); for example, the function shown in Figure 33 is increasing at 0, but
is not an increasing function in any open interval containing 0.

(a) Suppose that f is continuous on [0,1] and that f is increasing at a for
every a in [0,1]. Prove that f is increasing on [0,1]. (First convince
yourself that there is something to be proved.) Hint: For 0 < b < 1,
prove that the minimum of f on [b,1] must be at b.

(b)Prove part (a)without the assumption that f is continuous, by consider-
ing for each b in [0,l] the set Sb = {x: f (y) > f (b)for all y in [b,x]}.
(This part of the problem is not necessary for the other parts.) Hint:
Prove that Sb = {x: b 5 x 5 1) by considering sup Sb·

(c) If f is increasing at a and f is differentiable at a, prove that f'(a) > 0
(thisis easy).

(d)If f'(a) > 0, prove that f is increasing at a (goright back to the definition
of f'(a)).

(e) Use parts (a)and (d)to show, without using the Mean Value Theorem,
that if f is continuous on [0,1] and f'(a) > 0 for all a in [0,1], then f
is increasing on [0,1].

(f) Suppose that f is continuous on [0,1] and f'(a) = 0 for all a in (0, 1).
Apply part (e)to the function g(x) = f(x) + ex to show that f(l) -

f(0) >
-e. Similarly, show that f(1) - f(0) < e by considering h(x) =

ex - f (x). Conclude that f (0) = f (1).
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This particular proof that a function with zero derivative must be constant has
many points in common with a proof of H. A. Schwarz, which may be the
first rigorous proof ever given. Its discoverer, at least, seemed to think it was.
See his exuberant letter in reference [40]of the Suggested Reading.

**66. (a) If f is a constant function, then every point is a local maximum point
for f. It is quite possible for this to happen even if f is not a constant
function: for example, if f(x) = 0 for x < 0 and f(x) = 1 for x >

0. But prove, using Problem 8-4, that if f is continuous on [a,b] and

every point of [a,b] is a local maximum point, then f is a constant
function. The same result holds, of course, if every point of [a,b] is a
local minimum point.

(b) Suppose now that every point is either a local maximum or a local min-

imum point for f (butwe don't preclude the possibility that some points
are local maxima while others are local minima). Prove that f is con-
stant, as follows. Suppose that f (ao) < f (bo). We can assume that

f(ao) < f(x) < f(bo) for ao < x < bo. (Why?) Using Theorem1
of the Appendix to Chapter 8, partition [ao,bo] into intervals on which

sup f
-inf

f < (f (bo)- f (ao))/2;also choose the lengths of these inter-
vals to be less than (bo - ao)/2. Then there is one such interval [ai,bij
with ao < ai < b1 < bo and f(ai) < f(bi). (Why?) Continue in-
ductively and use the Nested Interval Theorem (Problem 8-14) to find a
point x that cannot be a local maximum or minimum.

**67. (a)A point x is called a strict maximum point for f on A if f (x) > f (y)
for all y in A with y ¢ x (comparewith the definition of an ordinary
maximum point). A local strict maximum point is defined in the
obvious way. Find all local strict maximum points of the function

0, x irrational
f (x) - 1 p .

--, x = - m lowest terms.
q q

It seems quite unlikely that a function can have a local strict maximum

at every point (althoughthe above example might give one pause for
thought). Prove this as follows.

(b) Suppose that every point is a local strict maximum point for f. Let
xi be any number and choose a1 < xi < b1 with bi - ai < l such
that f(xt) > f(x) for all x in [ai,bi]. Let x2 Ý Xl be any point in
(ai, bi) and choose al

_<

a2 < x2 < b2 5 bi with b2 - a2 < such that

f(x2) > f(x) for all x in [a2,b2]. Continue in this way, and use the
Nested Intenval Theorem (Problem 8-14) to obtain a contradiction.


