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1. INTRODUCTION

The concept of a partial dynamical system has been an essential part of
Mathematics since at least the late 1800’s when, thanks to the work of Cauchy,
Lindelof, Lipschitz and Picard, we know that given a Lipschitz vector field X
on an open subset U C R"™, the initial value problem

fi()=X(f®), f(0) =m0,

admits a unique solution for every zg in U, defined on some open interval
about zero.

Assuming that we extend the above solution f to the maximal possible
interval, and if we write ¢.(x¢) for f(t), then each ¢; is a diffeomorphism
between open subsets of U. Moreover, if x is in the domain of ¢;, and if ¢;(z)
is in the domain of ¢, it is easy to see that x lies in the domain of ¢, and
that

Gst (x) = ¢s (stt(x)) .

This is to say that, defining the composition ¢, o ¢, on the largest possible
domain where it makes sense, one has that

¢s© Ot C Pstts

meaning that ¢si, extends ¢, o ¢p. This extension property is the central
piece in defining the notion of a partial dynamical system, the main object of
study in the present book.

Since dynamical systems permeate virtually all of mankind’s most im-
portant scientific advances, a wide variety of methods have been used in their
study. Here we shall adopt an algebraic point of view to study partial dynam-
ical systems, occasionally veering towards a functional analytic perspective.

According to this approach we will extend our reach in order to encom-
pass partial actions on several categories, notably sets, topological spaces,
algebras and C*-algebras.

One of our main goals is to study graded C*-algebras from the point of
view of partial actions. The fundamental connection between these concepts
is established via the notion of crossed product (known to algebraists as skew-
group algebra) in the sense that, given a partial action of a group G on an
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algebra A, the crossed product of A by G is a graded algebra. While there
are many graded algebras which cannot be built out of a partial action, as
above, the number of those who can is surprisingly large. Firstly, there is a
vast quantity of graded algebras which, when looked at with the appropriate
bias, simply happen to be a partial crossed product. Secondly, and more
importantly, we will see that any given graded algebra satisfying quite general
hypotheses is necessarily a partial crossed product!

Once a graded algebra is described as a partial crossed product, we offer
various tools to study it, but we also dedicate a large part of our attention
to the study of graded algebras per se, mainly through a very clever device
introduced by J. M. G. Fell under the name of C*-algebraic bundles, but
which is now more commonly known as Fell bundles. A Fell bundle may be
seen essentially as a graded algebra which has been disassembled in such a
way that we are left only with the scattered resulting parts.

Our study of Fell bundles consists of two essentially disjoint disciplines.
On the one hand we study its internal structure and, on the other, we discuss
the various ways in which a Fell bundle may be re-assembled to form a C*-
algebra. The main structural result we present is that every separable Fell
bundle with stable unit fiber algebra must necessarily arise as the semi-direct
product bundle for a partial action of the base group on its unit fiber algebra.
The study of reassembly, on the other hand, is done via the notions of cross-
sectional algebras and amenability.

A number of applications are presented to the study of C*-algebras, no-
tably C*-algebras generated by semigroups of isometries, and the now stan-
dard class of graph C*-algebras.

Although not discussed here, the reader may find several other situations
where well known C*-algebras may be described as partial crossed products.
Among these we mention:

Bunce-Deddens algebras [E3],
AF-algebras [0,
the Bost-Connes algebra [T,
Exel-Laca algebras [EQ],
C*-algebras associated to right-angled Artin groups 7],
Hecke algebras [BE3],
algebras associated with integral domains [[d], and
algebras associated to dynamical systems of type (m,n) [d].
Besides, there are numerous other developments involving partial actions
whose absence in this book should be acknowledged. First and foremost we
should mention that we have chosen to restrict ourselves to discrete groups
(i.e. groups without any topology), completely avoiding partial actions of
topological groups, even though the latter is a well studied theory. See, for
example, [I2] and [B].

Although the computation of the K-theory groups of partial crossed
product algebras is one of the main focus of the first two papers on the sub-
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ject, namely [04] and [BO], there is no mention here of these developments.

Twisted partial actions and projective partial representations are also
absent, even though they form an important part of the theory. See, e.g. [I1],
o), (3], ), [e3], (B3], [eD), 2], [22] and [E3).

Even though we briefly discuss the relationship between partial actions
and inverse semigroups, many interesting developments have been left out,
such as [@], [[@], [O], [B4], [EO], [E0], 2] and [E3]. The absence of any
mention of the close relationship between partial actions and groupoids [B],
must also be pointed out.

The study of KMS states for gauge actions on partial crossed products
studied in [BE7] is also missing here.

The author gratefully acknowledges financial support from CNPq (Con-
selho Nacional de Desenvolvimento Cientifico e Tecnolégico — Brazil).
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2. PARTIAL ACTIONS

The notion of a group action applies to virtually every category in Mathe-
matics, the most basic being the category of sets. Correspondingly we shall
start our development by focusing on partial actions of groups on sets.

» Throughout this chapter we will therefore fix a group G, with unit denoted
1, and a set X.

2.1. Definition. A partial action of G on X is a pair

0 = ({Dg}g€G7 {eg}géG)

consisting of a collection {Dg}4c of subsets of X, and a collection {0y}4c
of maps,
99 : Dgfl — Dg,

such that
(i) D1 = X, and 6 is the identity map,
(ii) 0406, C Ogp, for all g and hin G.

By a partial dynamical system we shall mean a quadruple

(X7 G, {Dg}ger {eg}geG)

where X is a set, G is a group, and ({Dy}geq, {0y} gec) is a partial action of
G on X. In case every D, = X, we will say that 0 is a global action, or that
we have a global dynamical system.

We should observe that the composition “f, o 8;” appearing in (ZT1)
is not defined in the traditional way since the image of 0, is not necessarily
contained in the domain of 6,. Instead this composition is meant to refer
to the map whose domain is the set of all elements x in X for which the
expression

Og (Hh(x))
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makes sense. For this, z must be in Djy,-1 (the domain of 0}), and 0} (x) must

be in D;-1 (the domain of 6,). In other words, the domain of 6, o 6), is the
set

{x € Dp-1: Gh((]}) S Dgfl} = 9;1(D971) = 9;1(Dh N D971>. (2.2)

For each such z, we of course define (6, o 0),)(z) = 04(04(x)).

Ggoé?h

2.3. Diagram. Composing partially defined functions.

Still referring to (EI4), the symbol “C” appearing there is meant to
express the fact that the function on the right-hand-side is an extension® of
the one on the left-hand-side. In other words (E-I) requires that 64, be an
extension of 6, o 0.

It is possible to rephrase the definition of partial actions just mentioning
the collection {f,}4e¢ of partially defined® maps on X, without emphasizing
the collection of sets {Dgy}4eci. In this case we could denote a posteriori the
domain of 6,-1 by Dy, and an axiom should be added to require that the
range of 6, be contained in D,.

2.4. Proposition. Given a partial action 6 of G on X, as above, one has
that each 0 is a bijection from D41 onto D, and, moreover, 0,1 = «99_1.

Proof. By (1), we have that ,-100, is a restriction of 6, which is the iden-
tity map by (E13). Thus 6,-106, is the identity on its domain, which is clearly
Dg-1. Similarly 6,06 ,-1 is the identity on D,. This concludes the proof. []

The following provides an equivalent definition of partial actions.

L If one defines a function as a set of ordered pairs, in the usual technical way, then
the symbol “C” should indeed be interpreted simply as set inclusion.

2 By a partially defined map on X we mean any map between two subsets of X.
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2.5. Proposition. Let {D,},cc be a collection of subsets of X, and let
{0,}4ec be a collection of maps

99 : Dg—l — Dg.
Then ({Dg}gec: {by}gcc) is a partial action of G on X if and only if, in
addition to (Z13), for all g and h in G, one has that:
(i) O4(Dg-1 N Dy) € Dy,
(i) 4 (On(x)) = Ogn(z), for all 2 € Dj—1 N D(gpy-1.
Proof. Before we begin, we should notice that () justifies (0) in the following
sense: for all x as in (0), the fact that x is in Dj,—1 tells us that 0 (z) is well

defined, while = being in D(gp)-1 implies that 64, (x) is also well defined. In
addition notice that

O]
Op(x) € 6y, (thl N _D(gh)fl) C Dy,

whence 6, (z) indeed lies in the domain of 6.

Assuming we have a partial action, we have already seen that the domain
of 64 o 0, is precisely le(Dh N Dgy-1). Since this map is extended by Oy,
whose domain is D(g4p,)-1, we deduce that

G;I(Dh N _Dgfl) - D(gh)*l'
With the change of variables h := ¢g=1, and g := h™!, and using (Z32), we
obtain (f).
Given x € Dj,—1ND(gp)-1, notice that by (1), we have 04 (z) € DN Dy-1,
whence « lies in the domain of 6, o 6j,, and then (O) follows from (EZT1).
Conversely, assuming (Z13), (I) and (H), let us first prove that
01 =0,", VgeG. (2.5.1)
In fact, with h = g~!, point (0) states that
04(0,-1(2)) =z, Ve Dy,

which says that 6,-1 is a right inverse for 6,. Replacing g by g~
0,-1 is also a left inverse for 6,, thus proving (EZ2).

Let us now prove (EI1). For this, let z be in the domain of 6, o 65,
which, as already seen, means that

1 we see that

g

®
2 €60, (DN Dyr) =" -1 (Dh N Dy-1) € Dppm1 g,

thus showing that the domain of 6, o 0, is contained in the domain of 6y,.
Since z is evidently also in the domain of 6}, we conclude that

x € Dp-1N Dh71971,

and then (O) implies that 64 (6 (z)) = 64, (x), which means that 6y, indeed
extends 6, o 0}, as desired. O

Condition (Z23) may be slightly improved, as follows:
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2.6. Proposition. Let 0 = ({Dy}gcq, {04}4cc) be a partial action of G on
X. Then
04(Dy-1 N Dy) = Dy N Dy, Yg,heG.

Proof. Combining (EZ53) with the fact that the range of §, is contained in
D, we have that
0y(Dy-1 N Dy) C Dy N Dyy,. (2.6.1)

Applying 6,-1 to both sides of the above inclusion, and using (Z4), we then
deduce that
Dgf1 NnDy, C 9971(Dgh N Dg).

Replacing g by ¢!, and h by gh, we then deduce the reverse inclusion in

(), hence equality. O
The natural notion of equivalence for partial actions is part of our next:

2.7. Definition. Let G be a group, and suppose that, for each i = 1,2, we
are given a partial action 0 = ({D}geqa, {0 }gec) of G on aset X*. A map

¢: X' — X?

will be said to be G-equivariant when, for all g in GG, one has that
(i) ¢(Dy) € Dy, and
(ii) ¢(05(x)) = 0z (¢(x)), for all z in D] ;.

If moreover ¢ is bijective and ¢! is also G-equivariant, we will say that ¢
is an equivalence of partial actions. If such an equivalence exists, we will say
that ! is equivalent to 62.

Observe that a G-equivariant bijective map ¢ from X! to X2 may fail
to be an equivalence since property (EZ3) may fail for ¢ 1.

On the other hand, it is easy to see that a necessary and sufficient con-
dition for a G-equivariant bijective map to be an equivalence is that equality
hold in (23).

2.8. Definition. Let § = ({Dy}4eq, {0y}gcc:) be a partial action of G on
X. The graph of 8 is defined to be the set

Graph(0) = {(y,9,2) e X x G x X :x € Dy, 04(x) = y}.

The graph of a partial action evidently encodes all of the information
contained in the partial action itself. It is therefore a very useful device in
the study of partial actions and we will re-encounter it often in the sequel.
Meanwhile let us remark that it has a natural groupoid [B] structure, where
two elements (w, h, z) and (y, g, x) in Graph(#) may be multiplied if and only
if z =y, in which case we put

(U), h, Z)(y,g, :L’) = (wv hg, x)a
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while

1

(y,9,2) " = (z,97 " y).

We leave it for the reader to check that Graph(#) is indeed a groupoid with
these operations.

The usual notion of invariance for group actions has a counterpart in
partial actions, as follows.

2.9. Definition. Given a partial action 8 = ({Dg}gec, {0;}gec) of G on
X, we will say that a given subset Y C X is invariant under 0, if

9, ND,~1)CY, Vged.

As in the global case we have:
2.10. Proposition. Given a partial action § = ({Dg}geg,{tgg}geg) of G
on X, and an invariant subset X' C X, let

D\=X'ND,, Vgeg,

and let 0; be the restriction of 0, to D’g_l. Then
(i) 0' = ({D}}gea, {0, }4ec) is a partial action of G on X', and
(ii) the inclusion X" — X is a G-equivariant map.
Proof. By hypothesis it is clear that each #; maps D’g _; into Dj. Observing

that (EZI3) is evident for #’, it suffices to check conditions (Ei1=). For all g
and h in G, we have that

0,(Dy,+ ND},) =0,X" NDy1NDy) C

g-1
C 0g(X N Dyg—1) N Og(Dg-x N Dy) C© X'N0 Dgp = Dy,

thus verifying (Z23). We leave the easy proof of (o) for the reader. Point
(ii) is also easy to check. O

Notes and remarks. Partial actions of the group 7Z on C*-algebras were first
considered by the author in [I]. Soon afterward McClanahan [EO] generalized
this notion for arbitrary groups. Partial actions of groups on arbitrary sets
were introduced in [d].
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3. RESTRICTION AND GLOBALIZATION

One of the easiest ways to produce nontrivial examples of partial actions is
via the process of restriction to not necessarily invariant subsets, which we
would now like to describe.

Suppose we are given a global action n of a group G on a set Y. Suppose
further that X is a given subset of Y and we wish to restrict 1 to an action
of G on X. Evidently this requires that X be an n-invariant subset.

Y

3.1. Diagram. Restricting a global action to a partial action.

However, even when X is not n-invariant, we may restrict n to a partial
action of G on X, by setting

D, =n4X)NX,
and, after observing that 7y(D,-1) = D, we may let
99 : Dg—l — Dg

be the restriction of ny to D,-1, for each g in GG. The easy verification that
this indeed leads to a partial action is left to the reader.
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3.2. Definition. The partial action 8 of G on X defined above is called the
restriction of the global action 7 to X.

It is readily seen that, under the above conditions, the inclusion of X
into Y is a G-equivariant map.

Let us now discuss the relationship between the graph of a global action
and that of its restriction to a subset.

3.3. Proposition. Let i be a global action of a group G on a set Y and let
0 be its restriction to a subset X C Y. Then

Graph(#) = Graph(n) N (X x G x X).

Proof. Left to the reader. O

Taking a different point of view, one may start with a partial action 6
of G on X and wonder about the existence of a global action n on some set
Y containing X, in such a way that 6 is the restriction of 7. Assuming that
1 does exist, the orbit of X in Y, namely

Orb(X) := | ny(X)

geG

will evidently be n-invariant and the restriction of 7 to Orb(X) will be another
global action which, further restricted to X, will again produce the original
partial action 6.

3.4. Definition. Let 1 be a global action of G on a set Y, and let 6 be the
partial action obtained by restricting n to a subset X C Y. If the orbit of X

coincides with Y, we will say that 7 is a globalization, or an enveloping action
for 6.

3.5. Theorem. FEvery partial action admits a globalization, which is uni-
que in the following sense: if 6§ is a partial action of G on X, and we are
given globalizations ' acting on sets Y, for i = 1,2, then there exists an
equivalence

¢:Y!' = V?
such that ¢ coincides with the identity on X.

Proof. Given a partial action 0 = ({Dy}gecq, {0y}4cc) of G on aset X, define
an equivalence relation on G x X by

(gax) ~ (h?y) < T E Dg_lha and eh_lg(x) =Y.

That this is indeed a reflexive and symmetric relation is apparent, while
the transitivity property may be verified as follows: assuming that

(g,2) ~ (h,y) ~ (K, 2),
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we have that y € Dj-1y, and 0,-1,(y) = z. We then have that
Tr = 09—1h(y) < eg—lh(Dh—lg N Dh_lk) = Dg_lh N Dg_1k7
whence by (E220)
Or—19(2) = Op—11,(On—14(2)) = Op-14(y) = 2,

showing that (g, =) ~ (k, 2).

Let X be the quotient of G x X by this equivalence relation, and let us
denote by [g, x| the equivalence class of each (g,x) € G x X. The map

vireX e [lz]e X (3.5.1)

is clearly injective and hence we may identify X with its image X’ in X under
¢t. One then verifies that the expression

7,([h,z]) = [gh, 2], Vg,h€G, VzeX,

gives a well defined global action 7 of G on X.
We claim that
(XY N X" = u(Dy).
In fact, an element of the form [1, z] lies in 7,(X") if and only if [1, 2] = [g, y],
for some y in X, but this is so iff z € D, and 6,-1(x) = y, proving the claim.
In order to verify that # indeed corresponds to the restriction of 7 to X,
let € D,-1, and observe that

(1,04(2)) ~ (g,2),
whence
L(0y(2)) = [1,04(2)] = [g, 2] = 74([1,2]) = 74(e(2)).

This is to say that 1 o 6, = 7, 0 ¢, which means that 6, = 7,, on Dy -1, up to
the above identification of X with X’.

Observing that 74([1,z]) = [g, ], we immediately see that the orbit of
X coincides with X, so 7 is indeed a globalization of 6.

If n is another globalization of 6, acting on the set Y O X, define a map

¢:(9,x) € Gx X =»ny(x) ey,
and observe that

P9, %) = d(h,y) < ng(x) =m(y) < = =mn-11(y),

Under these conditions we have that x € 9y-1,(X) N X = Dgy-1;, and y =
Nh-14(x) = Op—1,(), meaning that (g,z) ~ (h,y).

Consequently the map ¢, above, factors through the quotient X, provid-
ing an injective map

(]3 X Y.

Being a globalization, Y coincides with the orbit of X under n, from where
one deduces that ¢ is surjective. R

We leave it for the reader to prove that ¢ is G-equivariant and coincides
with the identity on the respective copies of X in X and Y. This proves that
X and Y are equivalent globalizations. O
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The process of restricting a global action 7 to a non-invariant subset,
studied above, could be generalized to the case in which 7, itself, is a partial
action. More precisely, suppose we are given a partial action

n= ({Yg}ger {"79}966‘)

of a group G on aset Y, and let X C Y be a not necessarily invariant subset.
Defining
Dy=Y,NnX Nny(Y,-nNX), Vgeaq,

one may prove that n,(D,-1) = Dy. If we then let 6, be the restriction of 7,
to Dy-1, one has that

0 = ({Dg}eec {b5}sec)

is a partial action of G on X, with respect to which the inclusion X < Y is
a G-equivariant map.

Contrary to the case of restricting a global action, we have found no
interesting applications of the above idea. Thus, until this situation changes,
we will not bother to discuss it any further.

Notes and remarks. The notion of enveloping actions and the proof of Theo-
rem (B3) is due to Abadie and it first appeared in his PhD thesis [0], which
led to the article [D].
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4. INVERSE SEMIGROUPS

In the study of partial actions, the notion of inverse semigroups plays a pre-
dominant role. So let us briefly introduce this concept, referring the reader
to [[@] for proofs and further details.

4.1. Definition. An inverse semigroup is a nonempty set S equipped with
a binary associative operation (i.e., S is a semigroup) such that, for every s
in S, there exists a unique element s* in S, such that

ss*s =35, and s*ss* = s*.

Given an inverse semigroup S, one may prove that the collection of
idempotent elements in S, namely

E(S)={s€S:s* =s},
is a commutative sub-semigroup. Under the partial order relation defined in

E(S) by
e<f & ef =e, Ve,fGE(S),

E(S) becomes a semilattice, meaning that for every e and f in E(S), there
exists a largest element which is smaller than e and f, namely ef. One
therefore often refers to E(S) as the idempotent semilattice of S.

There is also a natural partial order relation defined on S itself by

s<t & ts's=s5 & ss't=s, Vs, tebl. (4.2)
This is compatible with the multiplication operation in the sense that
s<t, &<t = s <tt. (4.3)

One of the main examples of inverse semigroups is as follows: given a
set X, two subsets C, D C X, and a bijective map

f:C—D,
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we will say that f is a partial symmetry of X. The set
Z(X)={f: f is a partial symmetry of X} (4.4)

may be turned into a semigroup by equipping it with the operation of com-
position, where, as before, the composition of two partially defined maps is
defined on the largest domain where it makes sense.

It may be easily proven that Z(X) is an inverse semigroup, where, for
every f in Z(X), one has that f* is the inverse of f.

The idempotent elements of Z(X) are just the identity maps defined on
subsets of X. The order among idempotents happens to be the same as the
order of inclusion of their domains.

More generally, the natural order among general elements of Z(X) is the
order given by “extension”, meaning that, for f and g in Z(X), one has that
f < g, if and only if g is an extension of f, in symbols

f<g & fCyg, VfgeIX).

The classical Wagner-Preston Theorem [[I3], [E0] asserts that any inverse
semigroup is isomorphic to a *-invariant sub-semigroup of Z(X), for some X.
This may be considered as the version for inverse semigroups of the well
known Cayley Theorem for groups.

Given a partial action  of a group G on a set X, notice that each 6, is
an element of Z(X).

4.5. Proposition. Let G be a group, X be a set, and
0:G—I(X)

be a map. Then 6 is a partial action of G on X if and only if, for every g and
h in G, one has that

(i) 6y is the identity map of X,
(ii) Og-1 = (0g)",
(ili) 040n0p-1 = 041051,
(iv) 0,-1040n = 0,-104p,.
Proof. Assuming that 0 is a partial action, one immediately checks (i) and
(ii). As for (iii), observe that, following (E3), the domain of 645,01 is

On(Dy-1 N Dgny-1) ‘= Dy N Dy,

which is clearly also the domain of 0,0,0,-:. For any x in this common
domain we have that

Op-1(x) € 6,—1(Dp N _Dgfl) =Dp-1N _thlg—17
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so (iii) follows immediately from (E5). Finally, (iv) follows from (iii) and
(ii), in view of the fact that the star operation reverses multiplication.

Conversely, suppose that 6 satisfies (i-iv) and denote the range of 6, by
D,. Since 6 -1 is the inverse of 6, by (i), we have that the range of 0 -1 is
the domain of 6,, meaning that 0, is a map

99 : Dgfl — Dg.
Since (E13) is granted, let us verify (). For this, let us suppose we
are given g and h in G, as well as an element x in the domain of 6,6;. Then
the element y := 6, (x) clearly lies in the domain of 6,6,,60;-1, and hence (iii)

implies that it is also in the domain of 4,0)-1, which is to say that x is in
the domain of 6,;. Moreover

0g(On(x)) = 04 (0 (011 (y))) = Ogn(0n-1(y)) = Ogn(2),

proving that 6,60, C 0,y,. O

The language of inverse semigroups is especially well suited to the intro-
duction of our next example. In order to describe it, let X be a set and let
{fa}rea be any collection of partial symmetries of X.

Letting I = IF(A) be the free group on the index set A, our plan is to
construct a partial action of F on X in the form of a map

0:F — I(X).
As a first step, let us define
0y :=fr, and 0Oy-1:= fA_l, VAeA.

Given any element g € F, write

g =T1x2...Tn,

in reduced form, meaning that each z; € AUA™!, and x4 # acj_l. It is well
known that a unique such decomposition of g exists. We then put

Oy = 04,00, ... 0, (4.6)

with the convention that, if g = 1, then its reduced form is “empty”, and 64
is the identity function on X.
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4.7. Proposition. The map 6 defined in (E1), above, is a partial action of
F on X.

Proof. We leave it for the reader to prove (Z13). In order to verify (1),
pick g and h in I, and write

g =2pTp_1...T2x1, and h=y1Y2...Ym—1Ym,

in reduced form, as above (for reasons which will soon become clear, we have
chosen to reverse the indices in the reduced form of g).

Let p be the number of cancellations occurring when performing the
multiplication gh, meaning that

T; :yfl, Vi=1,...,p,
and that p is maximal with this property. Define ¢’, b/, and k in IF, as follows

g’ k k! h'

—N— — —N— ——
g=Tp...Tpy1 Tp...2x1, and h=Y1...Yp Yp+1i---Ym,

so that
gh=gh =z, ... Tpi1 Ypi1 .- - Ym

is in reduced form. Denoting the identity map on X by idx, we then clearly
have that
0,0, Cidy,

SO
(=)
Qgﬂh = Hglgkek_le;l - 991 idx Oy = 6’919h/ = Ggfh/ = Qgh, (4.7.1)
concluding the proof. (Il
Observe that in (1) we were allowed to use that

ngeh/ = gg'h’

because the juxtaposition of the reduced forms of ¢’ and A’ turned out to be
the reduced form of ¢’h’. Equivalently, |¢’h’| = |¢'| + |h'|, where | - | refers to
word length.

4.8. Definition. A length function on a group G is a function £ : G — R
such that

(i) £(1) =0, and

(ii) ¢(gh) < 4(g) + £(h), for all g and h in G.

Evidently | - | is a length function for the free group.
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4.9. Definition. Let G be a group equipped with a length function ¢. A
partial action 6 of G is said to be semi-saturated (with respect to the given
length function ¢) if

U(gh) = (g) + 6(h) => 0,0, =04, Vg,heG.

In the free group, observe that the condition that |gh| = |g| + |h| means
that the juxtaposition of the reduced forms of g and h is precisely the reduced
form of gh. So the partial action 0 defined in (E) is easily seen to be semi-
saturated.

Summarizing we have:

4.10. Proposition. Let X be a set and let {fy}rea be any collection of
partial symmetries of X. Then there exists a unique semi-saturated partial
action 0 of TF(A) on X such that

9,\:f)\, VAeA.

Proof. The existence was proved above and we leave the proof of uniqueness
as an easy exercise. O

Notes and remarks. Semi-saturated partial actions are related to Quigg and
Raeburn’s notion of multiplicativity, as defined in [E3, Definition 5.1]. The re-
lationship between partial actions and inverse semigroups is further discussed
in (4], [@9], [62], (6], 23], [22] and (23],
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5. TOPOLOGICAL PARTIAL DYNAMICAL
SYSTEMS

We shall now be concerned with the topological aspects of partial actions, so,
» throughout this chapter, we will fix a group GG and topological space X.

5.1. Definition. A topological partial action of the group G on the topolog-
ical space X is a partial action 6 = ({Dy}gcq,{0y}gcc) on the underlying
set X, such that each D, is open in X, and each 0, is a homeomorphism.
By a topological partial dynamical system we shall mean a partial dynamical
System

(X, G, {Dgy}gea, {eg}geG)

where X is a topological space and ({Dg}geg, {99}96(;) is a topological par-
tial action of G on X.

When it is understood that we are working in the category of topolog-
ical spaces and there is no chance for confusion we will drop the adjective
topological and simply say partial action or partial dynamical system.

The notion of topological partial actions may also take into account
topological groups (see [Id] and [B]) but, for the sake of simplicity, we will
only be concerned with discrete groups in this book.

Recall from (E3) that Z(X) denotes the inverse semigroup formed by all
partial symmetries of X.

5.2. Definition. We will say that a partial symmetry f € Z(X) is a partial
homeomorphism of X, if the domain and range of f are open subsets of X,
and f is a homeomorphism from its domain to its range. We will denote by
pHomeo(X) the collection of all partial homeomorphisms of X. It is evident
that pHomeo(X) is an inverse sub-semigroup of Z(X).

As an immediate consequence of (I3) we have:

5.3. Proposition. Let G be a group, X be a topological space, and
0 : G — pHomeo(X)

be a map. Then 6 is a topological partial action of G on X if and only if
conditions (i-iv) of (E3) are fulfilled.
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We will say that two topological partial actions of G are topologically
equivalent if they are equivalent in the sense of Definition (E4) and, in addi-
tion, the map ¢ mentioned there is a homeomorphism.

The process of restriction may be applied in the context of topological
spaces as follows: suppose we are given a global topological action n of a
group G on a space Y, as well as an open subset X C Y.

Let 0 be the restriction of n to X, as defined in (B3) and recall that

Dy =ny(X)NX.

Since 7, is a homeomorphism we have that 7y(X) is open in Y, so D, is an
open subset of X. Also, since the restricted maps 6, are obviously homeo-
morphisms, we conclude that 6 is a topological partial action of G on X.

5.4. Definition. Let n be a topological global action of G on a space Y,
and let 6 be the topological partial action obtained by restricting n to an
open subset X C Y. If the orbit of X coincides with Y, we will say that 7 is
a topological globalization of 0.

5.5. Proposition. Every topological partial action admits a topological
globalization, unique up to topological equivalence.

Proof. Given a topological partial action 6 of the group G on the space X,
let 7 and X be as in the proof of (E3).

Viewing GG as a discrete space, consider the product topology on G x X
and let us equip X with the quotient topology. We then claim that 7 is a
topological globalization of . In other words we must prove that each 7, is
a homeomorphism, the map ¢ mentioned in (B2) is a homeomorphism onto
its image, and «(X) is open.

The first assertion follows easily from the fact that, for g € G, the map

(h,z) e G x X — (gh,z) € G x X
is a homeomorphism respecting the equivalence relation “~7”.
Observe that «(z) = 7(1, ), for every = in X, where

T:GE@xX —Gx X/~

is the quotient map, so ¢ is clearly continuous. In order to prove that ¢ is a
homeomorphism onto its image it is therefore enough to show that it is an
open map. With this purpose in mind let U C X be an open set, and let us
prove that +(U) is open in X (in fact, it would be enough to prove that +(U)
is open in ¢(X)).

By definition of the quotient topology, ¢(U) is open in X if and only if
7=1(4(U)) is open in G x X. Moreover observe that

(g:2) €7 (1))



26 PARTIAL DYNAMICAL SYSTEMS AND FELL BUNDLES

if and only if (g,z) ~ (1,y), for some y € U, but this is clearly equivalent to
saying that 2 € Dy-1, and fy(x) € U, or that x € 6, (D, N U). So

T () = U {9} x 0,1 (Dy N0,

geG

which is then seen to be open in G x X, whence ¢(U) is open in X, as claimed.
This proves that ¢ is a homeomorphism onto its image, and it also implies that
t(X) is an open subset of X. Consequently 7 is a topological globalization of
0, taking care of the existence part of the statement.

In order to prove uniqueness, let us be given another topological global-
ization of 6, say 7, acting on the space Y. In particular 7 is a set-theoretical
globalization of 6, so by the uniqueness part of (B3), there exists an equiva-
lence

p:Y = X,

coinciding with the identity map on X (or rather, its canonical copies within
X and Y). In order to conclude the proof it is now enough to prove that ¢
is a homeomorphism.

Given y € Y, use the fact that the orbit of X coincides with Y to find
some g in G such that y € ny(X). For any other y' € ny(X), we then have
that o’ :=n, ' (y') € X, so

¢(y/) = ¢(779(33/)) =Tg (¢($/)) = Tg(xl) =Tg (779_1(9/))-

Since the map
y' € ny(X) = 4(ny " (y)) € T9(X)

is clearly continuous and coincides with ¢ on 74(X), which is an open neigh-
borhood of y, we see that ¢ is continuous at y. Similarly one may prove
that the inverse of ¢ is continuous, and hence that ¢ is a homeomorphism,
as claimed. O

The reader should be warned that there is a catch in the above result: the
quotient topology defined on X may not be Hausdorff, even if X is Hausdorff.
In fact it is easy to characterize the occurrence of this problem, as seen in
the next:

5.6. Proposition. A topological partial action of a group G on a Hausdorff
space X admits a Hausdorff globalization if and only if its graph is closed in
X x G x X, where G is given the discrete topology.

Proof. Assuming that 7 is a globalization of 8 on a Hausdorff space Y, observe
that

Graph(n) = {(y,9,2) € Y x G XY 1y =n,(z)}.

This should be contrasted with Definition (E3), as here there is no need to
require x to lie in the domain of 7y, a globally defined map! For this reason
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we see that Graph(n) is closed in Y x G x Y and it then follows from (B33)
that Graph(#) is closed in X x G x X.

Conversely, assuming that Graph(#) is closed, let n be any topological
globalization of 6, acting on the space Y (recall from (E3) that there is only
one such).

We will prove that Y is Hausdorff. For this, let us be given two distinct
points y; and y in Y, and write y; = ny,(x;), with ¢; € G, and z; € X.
Noticing that

Ng1 (961) =y F Y2 = Ngo (fﬂz),

one sees that Nys g1 (x1) # x2, whence (22,95 "g1,21) is not in the graph of
0. From the hypothesis it follows that there are open subsets Uy, Us C X,
with z; € U;, such that

Us x {g5'g1} x Uy N Graph(6) = 0.

Since X is open in Y, we have that each U; is open in Y and hence so is
ng:(U;). Since z; € U;, we have that

Yi = g, ('Tl) € ngi(Ui)'

In order to verify Hausdorff’s axiom, it now suffices to prove that 74, (Uy)
and 74, (Uz) are disjoint. Arguing by contradiction, suppose that

Y € ng, (Ur) N1y, (Ua),

so we may write y = 14, (21) = ng,(22), with z; € U;. It follows that
Ny=1g, (z1) = 22, but since both z; and 25 lie in X, we indeed have that
2

992—191 (2’1) = Z9,
whence
(22,95 'g1,21) € Graph() N Us x {g5 g1} x Ur =0,

a contradiction. This proves that 7y, (U1) and 7y, (Usz) are disjoint and hence
that Y is Hausdorft. O

We will see that in many interesting examples, the D, are closed besides
being open. In this case we have:
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5.7. Proposition. A topological partial dynamical system

(X7 Gv {Dg}9€G7 {eg}geG)7

such that each D, is closed, always admits a Hausdorff globalization.

Proof. 1f {(y:, gi,x;) }i is a net in Graph(#), converging to (y, g, z), then g; is
eventually constant, since G has the discrete topology. So we may assume,
without loss of generality that g; = g, for all <. Then every xz; lie in Dy,
and hence x is in D,-1, by hypothesis. Consequently

y =limy, =limO,(x;) = 0,4(z),
so (y,g,z) lies in Graph(#), which is therefore proven to be closed. The
conclusion then follows from (E). O

Let us now give an important example of a topological partial dynamical
system based on Bernoulli’s action. For this, let G be a group and consider
the compact topological space

{0,1}¢

relative to the product topology.

It is well known that {0,1}¢ is naturally equivalent to 2(G), the power
set of G, in such a way that, when a given w € {0,1}“ is seen as a subset
of GG, the Boolean value of the expression “g € w” is given by the coordinate
wg. In symbols

wy =g € wl, (5.8)

where we are using brackets to denote Boolean value. In what follows we will
often identify {0,1}¢ and (@) based on this correspondence.
For each g € G, and each w € Z(G), let us indicate by

gw = {gh: h € w},
as usual, and let us consider the mapping
Ng:w € Z(G)— gw e Z(G). (5.9)

It is easy to see that each 7, is a homeomorphism and that 7 is a topological
global action of G on {0,1}¢.

5.10. Definition. The action 1 of G on {0, 1}%, defined above, will be called
the global Bernoulli action of G.

The next concept to be defined is based on the observation that the set
Q1 ={wef{0,1}9: 1w} (5.11)

is a compact open subset of {0,1}¢.
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5.12. Definition. The partial Bernoulli action of a group G is the topolog-
ical partial action § of G on 2 obtained by restricting the global Bernoulli
action to {2y, according to (B3).

Denoting by
Dy = Nng(E1), (5.13)

as demanded by (B), observe that an element w in 74(€2;) is characterized
by the fact that g € w. Thus

Dy={weQ:gew={we{0,1}° :1,g€cw}. (5.14)

As already noted, besides being open, €); is a compact set, hence D, is
compact for every g in G.

The partial Bernoulli action will prove to be of utmost importance in
our study of partial representations subject to relations.

Notes and remarks. Propositions (E33) and (E) were proved by Abadie in
his PhD thesis [0].
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6. ALGEBRAIC PARTIAL DYNAMICAL SYSTEMS

With this chapter we start our study of partial actions of groups on algebraic
structures. Among these, we would eventually like to include rings, algebras,
*_algebras and C*-algebras. We thus begin with a device meant to allow us
to treat rings and algebras in the same footing.

» We will assume, throughout, that K is a unital commutative ring. When-
ever convenient we will assume that K is equipped with a conjugation, that
is, an involutive automorphism

rekK — relk, (6.1)

which will be fixed form now on. In the absence of more interesting conju-
gations one could take the identity map by default. When K is the field of
complex numbers we will always choose the standard complex conjugation.

6.2. Definition. By a K-algebra we will mean a ring A equipped with the
structure of a left IK-module, such that, for all A € K, and all a,b € A, one
has

(i) la =a,

(ii) (Aa)b = a(A\b) = A(ab).

When K is a field, this is nothing but the usual concept of an algebra
over a field. On the other hand, any ring A may be seen as a Z-algebra,
as long as we equip it with the obvious left Z-module structure. With this
device we may therefore treat rings and algebras in the same footing.

Ideals in K-algebras will always be assumed to be K-sub-modules (that
is, closed under multiplication by elements of ) and homomorphisms be-
tween IK-algebras will always be assumed to be K-linear.

6.3. Definition. By a *-algebra over IK we mean a K-algebra equipped with
an ‘nvolution, namely a map
a€EA—a" €A,
such that, for all a,b € A, and all A € K, one has
() (@) =a
(i) (a+ Ab)* = a* + \b*,
(iii) (ab)* =b*a*.
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Ideals in *-algebras will always be assumed to be self-adjoint (that is,
closed under *) and homomorphisms between *-algebras will always be as-
sumed to be *~homomorphisms, (that is, preserving the involution).

Among the most important examples of *-algebras, we mention the group
ring K(G), for any group G, equipped with the involution

( > )‘959)* =2 5‘959‘1'

geG geG

6.4. Definition. An algebraic (resp. *-algebraic) partial action of a group
G on a K-algebra (resp. *-algebra) A is a partial action

0= ({Dg}g€G7 {GQ}QGG)

on the underlying set A, such that each D, is a two-sided ideal (resp. self-
adjoint two-sided ideal) in A, and each 6, is an isomorphism (resp. *-isomor-
phism). Taking the point of view of (EX0I) or (EXD), one likewise defines the
notions of algebraic and *-algebraic partial dynamical systems.

When the category one is working with is understood, be it K-algebras
or *-algebras, and when there is no chance for confusion, we will drop the
adjectives algebraic or *-algebraic and simply say partial action or partial
dynamical system.

We will say that two algebraic (resp. *-algebraic) partial actions of G are
algebraically equivalent (resp. *-algebraically equivalent) if they are equivalent
in the sense of Definition (E22) and, in addition, the map ¢ mentioned there
is a homomorphism (resp. *-homomorphism).

The process of restriction may also be applied in the algebraic context:
given a (*-)algebraic global action 1 of G on a (*)algebra B, and given a
two-sided ideal A < B (supposed to be self-adjoint in the *-algebra case), let
0 be the restriction of 7 to A, as defined in (B3). Since

Dy =n4(A)NA,

we have that D, is a (self-adjoint) two-sided ideal of A and, since the re-
stricted maps 6, are obviously (*-)homomorphisms, we conclude that 6 is a
(*-)algebraic partial action of G on A.

Reversing this process we may likewise define the notion of (*-) algebraic
globalization, except that we need to adapt the notion of orbit employed in
(B3) to the algebraic context. Before we spell out the appropriate definition
of algebraic globalization let us discuss a minor technical point.
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6.5. Proposition. Let n be an algebraic global action of the group G on
the IK-algebra B, and let A be a two-sided ideal of B. Then the smallest
n-invariant subalgebra of B containing A is

2 Mg (A)-

geG

Proof. Since each n4(A) is a two-sided ideal in B, the sum of all such is also
a two-sided ideal in B, and hence also a subalgebra, evidently n-invariant.
That it is the smallest n-invariant subalgebra is also clear. (I

If, in addition to the hypotheses of the result above, n is a *-algebraic
global action and A is a self-adjoint ideal, then it is easily verified that
>_gec Ng(A) is the smallest p-invariant *-subalgebra of B.

The notion of algebraic globalization is thus adapted from (B3) as fol-
lows:

6.6. Definition. Let n be a (*-)algebraic global action of G on a (*-)algebra
B, and let A be a (self-adjoint) two-sided ideal of B. Also let 6 be the partial
action obtained by restricting n to A. If

B =3 n4(4),

geG

we will say that 7 is a (*) algebraic globalization of 0.

» In order to avoid cluttering the exposition we will now restrict ourselves
to the category of K-algebras, even though most of our results from now on
are valid for *-algebras as well.

Unlike the case of partial actions on sets or topological spaces, algebraic
globalizations do not always exists, and when they do, uniqueness may fail.
Postponing the existence question, let us present an example of a partial
action admitting many non-equivalent algebraic globalizations.

6.7. Example. This is essentially an example of actions on IK-modules mas-
queraded as K-algebras. Given a left IK-module M, we may view it as a
K-algebra by introducing the trivial multiplication operation, namely,

ab=0, Va,be M. (6.7.1)
Notice that every IK-sub-module of M is an ideal and that any K-linear map

between two such IK-modules is automatically a homomorphism.

This said, let us assume that K = R, the field of real numbers, and let
us choose a real number

aeR\Q.



6. ALGEBRAIC PARTIAL DYNAMICAL SYSTEMS 33

Consider the action n® of Z on IR? defined in terms of the group homo-
morphism
N cos(2nwa)  —sin(2nma)
n“:nmes—| | € GL2(IR).
sin(2nma) cos(2nma)
In other words, each 7’ acts by rotating the plane by an angle of 2nma.

If, as above, we make R? into an algebra by introducing the trivial
multiplication, we may view n® as a global algebraic action of Z on R2.

Let A be the one-dimensional subspace of IR? spanned by the vector
(1,0), hence a two-sided ideal, and let 6 be the restriction of n® to A. Since
Ny, has no real eigenvectors for nonzero n, we have that

D,, :=n5(A)n A= {0},
and consequently 6,, is the zero map, except of course for 6y, which is the
identity map on Dy = A. It is also easy to see that
R?= Y nn(A),
nez
so n“ is an algebraic globalization of 6.

Notice that the complex eigenvalues for n{* are e so, given two
distinct irrational numbers oy and a9 in (0,1/2), the corresponding global
actions n“t and n®? are not equivalent. Therefore # admits an uncountable
number of non-equivalent algebraic globalizations.

+2mic

Many aspects of partial actions become greatly simplified when the ideals
involved are unital.
» In order to discuss these aspects, let us fix, for the time being, a partial
action 0 = ({Dy}gei, {0y}4ec) of a group G on an algebra A, such that D,
is unital, with unit

14 € Dy,

for all g in G.

We will now prove a few technical lemmas which will later be useful to
study the globalization question under the present hypotheses.

6.8. Lemma. For every g,h € GG, one has that
Oy(15-11p) = 1y1gp.
Proof. This follows immediately from the fact that 1,-11; is the unit for
Dy N Dy, while 141, is the unit for D, N Dy, and that 6, is an isomor-
phisms between these ideals by (23). O
Observe that 1, is a central idempotent in A, as is the case for the unit
of any two-sided ideal. Moreover, since D, = 1,A, the correspondence
Oy:a€ A 04(1,-1a) € A, (6.9)
gives a well defined endomorphism of A.
The range of O, is clearly Dy, so we have that

O4(a) =0O4(a)ly, Vae A (6.10)
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6.11. Lemma. For every g,h € G, and every a € A, one has that
@g(@h(a)) = 1g@gh(a).

Proof. We have
_ _ (=)
@g (@h(a)) = 99(19_19h(1h_1a)) = 99(19—1 lhﬁh(lh_m)) =

= 99 (eh(lhflgfl 1h*1) Hh(lhfla)) = 99 (Hh(lhflgfl lhfla)) =

(
== ggh(lh—lg—l 1h71a) == egh(lhflgfl 1h—1) : th(lh—lg—la)
= 1431,044(a) = 1,044 (a). O

6.12. Lemma. Suppose that A is an algebra which is a (not necessarily
direct) sum of a finite number of unital ideals. Then A is a unital algebra.

Proof. By induction on the number of summands it is enough to consider
two ideals, say A = J + K. Letting 1; and 1x denote the units of J and
K, respectively, one proves that 1; and 1x are central idempotents in A and
that

ly+1xk — 1,1k

is the unit for A. O

We are now ready to tackle our first globalization result for algebraic
partial actions. So far we will only treat the unital case, leaving the highly
involved non-unital case for later.

6.13. Theorem. Letf = ({Dg}geg, {Qg}geg) be a partial action of a group
G on a unital algebra A. Then a necessary and sufficient condition for 6 to
admit a globalization is that D, be unital for every g in G. Moreover, in this
case the globalization is unique up to algebraic equivalence.

Proof. Let n be a globalization of 6, acting on the algebra B. Denote by 1,
the unit of A and observe that, for each g in G, one has that

1,ng(1,) € AnNng(A) = D,.

One then easily checks that 1,74(1,) is the unit for Dg, which is therefore
proven to be a unital ideal.

Conversely, supposing that each D, is unital, let us build a globalization
for . As a first step we consider the algebra A%, formed by all functions

fiG— A,

with pointwise operations. Consider the global action n of G on A% defined
by
ng(Nln = flg'h), Vg,heG, VfeA®,
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and let
L A— AC

be the homomorphism defined by
ta)lg =04-1(14a) = Oy-1(a), VacA, Vged.

Since t(a)|1 = a, we have that ¢ is injective, so we may identify A with
its image

A= (A) C AC.

We have therefore embedded A into the larger algebra A®, where a global
action of G is defined but, unfortunately, A’ is not necessarily an ideal in A,
so we need to do some more work if we are to obtain the desired globalization
of . The trick is to find an n-invariant subalgebra of A%, containing A’ as an
ideal. In doing so the crucial technical ingredient is to check that for every
g,h € G, one has that

1g(A") (A7) C ng(A”) N (A"). (6.13.1)
In order to prove this let a,b € A, and notice that, for all £ € GG, one has
g (1(@)) k-0 ((0)) [k = v(@) g1y, ¢(B) -1y, =
= Op-14(a) - Og-1(b) = (%).
This can be developed in two different ways. On the one hand

(=) (=)

(*) = Op-19(a)1-13Op-14(b) =" Op-14(On-14(a)) - Op-1n(b) =

= 0111 (On14(@)) = (On-1g(@)b) [n-1 = 1 (1(On-14(@)D) )1

This shows that
Mg (L(a)) M (L(b)) = (L(@h—lg(a)b)> € nn(A).

On the other hand we may write

(&=m)

(*) = Op-14(a)ly-1404-15(b)

(=)

Op-14(a)- Gk”g(@gflh(b)) =

= 0119 (a0,-11,(8)) = (@O -1 () ly-11 = 1y (1(aOg- 1 (8)) )1

whence

1o (@) 70 (1(8)) = g (1001 (1)) ) € my(A),
thus proving (ECI20).
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Let B be the subset of A® defined by

B=3 779(A/)'

geG

Using (EIZ0) one immediately sees that B is a subalgebra of A%. More-
over, by plugging h = 1 in (EI3) one concludes that A’ is a left ideal of
B, while with ¢ = 1, (EEI3) implies that A’ is a right ideal of B, so A’ is a
two-sided ideal.

It is clear that B is invariant relative to the global action 7, so we may
restrict 7 to B, obtaining another global action which, by abuse of language,
we still denote by 7. The very definition of B then implies that it is the
smallest n-invariant subalgebra of A% containing A’, as seen in (E3).

In order to complete the existence part of the proof it is now enough to
check that the restriction of n to A’ is equivalent to 6. As a first step let us
verify that

ng(A") N A" =u(D,). (6.13.2)

Given z € ny(A")NA’, write z = 1(a) = 1n4(c(b)), for a,b € A, and notice
that
a=(a)lr =1g(u(0)) 1 = t(b)lg—1 = Oy (b) € Dy,

so x € 1(Dgy). Conversely, if x = i(a), with a € Dy, let b = 6,-1(a), and
notice that, for all h € G,

Mg (e(0))n = t(b)lg-1h = Op-14(b) =

(=)

= @h—lg(eg—l(a)) = @h—l(a)lhflg. (6133)
Observe, however that
_ (=)
Op-1(a) = 0,-1(1pa) € 6,1 (D N Dg) = Dyp-1N Dh*197
so we deduce from (EIZ3) that
19 (1(0)) In = Op-1(a) = t(a)|n,

whence
z =u(a) =ny(c(b)) € ng(A)N A,

proving (EI33).
We must now prove that the restriction of each 1, to +(D,-1) corresponds
to 4. For this, let a € D,—1 and observe that, for all £ in G we have

Ny (@) |k = @)1k = Or15(1y-140) S g1 (0, (1y-150)) = (1)
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Notice that the argument of 6,-1, above, may be rewritten as

99(19_1ka) = 99(19_1klg—1a) = 99(1g—1klg—1)09(a’) (EZS)

= 1p1404(a) = 1x04(a),

() = 01 (1x8(a)) = Oy-1 (0(a)) = 1(0y(a))lx-

This shows that 7, (c(a)) = ¢(64(a)), which is to say that restriction of
ng to t(Dg) corresponds to 04, as desired.

This takes care of existence, so let us now focus on proving uniqueness.
Therefore we suppose we are given two globalizations of 6, say n and 7/,
acting respectively on the algebras B and B’. As a first step we will prove
that given ay,as2,...,a, € A, and g1, g2, ..., 9, € G, one has that

n

lngi(ai) =0 = ;n;i(ai) =0. (6.13.4)

-

7

We begin by claiming that, for all ¢ € G, and all @ and b in A, one has
that
bng(a) = bO4(a). (6.13.5)

In fact observe that
bng(a) = ng (779*1 (b)a),

so, since A is an ideal in B, we see that
big(a) € A, (4) = D,
Therefore, recalling that 1, extends 6,, we have that

bng(a) = bng(a)ly, = bng(a)ng(lgfl) = bng(algfl) = b‘gg(alg*) = b0y (a),

proving (EIZH). If we now apply this for h~1g, where h is another element of
G, and then compute 7, on both sides of the resulting expression, we obtain

1 (D)1g(a) = N (0O4-14(a)). (6.13.6)

Therefore, under the hypothesis of (EI33), we have for all b € A, and h € G,
that

n

0= nu(b)- é"?gi(az‘) =S (0014, () = mi( é 00,14, (ai)).

i=1

As a consequence we deduce that
n
b@h—1gi(ai) =0.

i=1
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Let us denote by Z = Y71 | 7} (a;), so that proving (EIZ4) amounts to
proving that Z = 0. Employing (EI30), this time for 1/, it then follows that

0=, ( z DO+, (a:)) = 1h(b) z n,, (i) = (b) Z.

Since B' = ), . M, (A), this shows that Z is in the annihilator ideal of B’.
Notice that Z lies in

2 g: (A),

which is a finite sum of unital ideals of B, and hence itself a unital ideal by
(E13). From this we easily see that Z = 0, hence concluding the proof of

As a most important consequence, it follows that there exists a well
defined K-linear map ¢ : B — B’, such that

63 m (@) = 3 1 (a0,

for all a1, as,...,a, € A, and g1, 9o, ..., gn € G. By reversing the implication
in (EIZ3A), we see that ¢ admits an inverse, and so it is a bijection from B
onto B’.

We leave it for the reader to prove the easy facts that ¢ is G-equivariant
and restricts to the identity over A.

Finally, to see that ¢ is a homomorphism, we must prove that ¢(zy) =
o(x)p(y), for all x,y € B, but it is clearly enough to consider z = ny(a), and
y = nn(b), with g,h € G, and a,b € A. We have

d(zy) = d(ng (@) (b)) = ¢ (1500415, (b)) =

(=)

=1g(a9,-14(0)) "= 1y (a)m;,(b) = o(z)B(y). O

With this result it is easy to produce examples of algebraic partial actions
possessing no algebraic globalizations:

6.14. Example. Take any unital algebra A containing a non-unital two-
sided ideal J, and consider the partial action 6 of the group Z, = {0, 1}
on A, defined by setting 8y = ida, and #; = id;, so that Dy = A, and
D, = J. By (E3), the absence of a unit in D; precludes the existence of a
globalization for 6.

Notes and remarks. Partial actions on C*-algebras were studied long before
partial actions on rings and algebras. The reason for this is the fact that the
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first proofs of the associativity property for C*-algebraic partial crossed prod-
ucts (defined later in this book) uses the existence of approximate identities,
which are absent in the purely algebraic case.

Having realized this difficulty early on, I have discussed it with many
colleagues in the Algebra community but it took a while before anyone was
convinced of the relevance of this question. I eventually managed to attract
the attention of Misha Dokuchaev, and together we were able to understand
exactly what was going on [EJ]. Since then, Misha has been able to convince a
host of people to study the algebraic aspects of partial actions. Unfortunately
the growing body of knowledge in that direction is poorly represented in this
book and it might soon deserve a book of its own.

Theorem (E3) was proved in [BZ]. It is an early attempt to replicate
Abadie’s previous work on enveloping actions in the realm of C*-algebras [0],
which we will discuss later in this book. Further attempts were made in [EJ]
and [d].

Although not covered by this work, the notion of twisted partial actions
of groups on K-algebras has also been considered [I4], [B2], [ET].
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7. MULTIPLIERS

The notion of multiplier algebras is a well established concept among C*-
algebraists, but its purely algebraic version has not appeared too often in the
specialized literature. Since multipliers are an important tool in the treatment
of algebraic partial actions we have included this brief chapter to subsidize
our future work. See [B3| for more details.

» Throughout this chapter we shall let A be a fixed K-algebra, sometimes
assumed to be a *-algebra.

7.1. Definition. Let L and R be K-linear maps from A to itself. We shall
say that the pair (L, R) is a multiplier of A if, for every a and b in A, one has
that

If A is a unital algebra, and if (L, R) is a multiplier of A, notice that,

==

R(1) = R(1)1 1L(1) = L(1).

Moreover, letting m := R(1) = L(1), we have for every a in A that

while

)
—~
Q
S~—
I

R(al) = aR(1) = am,

so we see that (L, R) = (L, Ry,), where L,, is the operator of left multipli-
cation by m, and R,, is the operator of right multiplication by m.



7. MULTIPLIERS 41

7.2. Definition. The multiplier algebra of A is the set M(A) consisting of
all multipliers (L, R) of A. Given (L, R) and (L', R’) in M(A), and \ € K,
we define
ML, R) = (AL, AR),
(L,R)+(L',R')=(L+L,R+ R,
(L,R)(L',R')=(LoL,R' oR).

We leave it for the reader to prove that M(A) is an associative K-
algebra with the above operations. It is moreover a unital algebra with unit
(ida,ida).

If Ais a *-algebra, and T : A — A is a linear map, define a mapping
T* : A — A by the formula

It is then easy to see that T™ is also linear.
7.3. Proposition. If A is a *-algebra then so is M(A), when equipped with
the involution

(L,R)* := (R*,L*), V(L,R) € M(A).

Proof. Left for the reader. [l
Assuming that A is an ideal in some other algebra B, let m be a fixed
element of B and consider the maps

Ly,:acA—macA, and R, :a€A— am € A

It is an easy exercise to show that the pair (L,,, R;,) is a multiplier of
A and that the correspondence

up:m € B (Ly, Ry,) € M(A), (7.4)

is a homomorphism.

7.5. Definition. We shall say that A is an essential ideal in B if the map
up mentioned above is injective.

In general the kernel of pup is the intersection of the left and right an-
nihilators of A in B. Therefore A is an essential ideal in B if and only if,
for every nonzero element a in A, there exists some b in B such that either
ab # 0 or ba # 0.

7.6. Definition. We shall say that A is a non-degenerate algebra if there is
no nonzero element a in A such that ab = ba = 0, for all bin A. Equivalently,
if A is an essential ideal in itself.
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7.7. Proposition.

(i) wa is an isomorphism onto M(A) if and only if A is unital.

(ii) The range of pa, henceforth denoted by A’, is an ideal of M(A).
(iii) If A is non-degenerate then A’ is isomorphic to A.

Proof. Left for the reader. O

Thus, when A is an essential ideal in some algebra B, a situation which
is only possible when A is non-degenerate, we have that B is isomorphic to a
subalgebra of M(A), namely the range of up, containing A’. In other words,
up to isomorphism, all algebras B containing A as an essential ideal are to
be found among the subalgebras of M(A) containing A’.

Given two multipliers (L', R') and (L2, R?) in M(A) we shall be con-
cerned with the validity of the formula

R Y L R2. (7.8)

We will see that this is the crucial property governing the associativity of
partial crossed products studied below.

To see the connection between associativity and property (IZ3) above,
notice that if A is an ideal in some algebra B, and if for all i = 1,2 we let
(L, R*) = pp(m;), for some m; € B, then for every a in A we have that

R*(L'(a)) = (mia)ma, while L'(R*(a)) =my(ams),

so that () holds as a consequence of the associativity property of B.
However (Z3) may just as well fail: take A to be any K-module equipped
with the trivial multiplication operation described in (EEZ1). In this case,
observe that any pair (L, R) of linear operators on A would constitute a
multiplier and one should clearly not expect (3) to hold in such a generality!

7.9. Proposition. If A is either non-degenerate or idempotent then (IZ3)
holds for any pair of multipliers (L', R') and (L?, R?).

Proof. Given a,b € A, we have that
R*(L'(a))b= L'(a)L*(b) = L' (aL?*(b)) = L' (R*(a)b) = L' (R*(a))b.

This shows that R?(L'(a)) — L' (R?(a)) lies in the left annihilator of A. With
a similar argument one shows that this also lies in the right annihilator of A.
So this proves (Z3) under the assumption that A is non-degenerate.

Next suppose we are given aq,as € A. Letting a = ajas, notice that

R*(L'(a)) = R*(L'(a1a2)) = R*(L'(a1)az) = L' (a1)R*(a2) =
= L'(a1R*(a2)) = L' (R*(a1a2)) = L' (R*(a)).

Assuming that A is idempotent, we have that every element of A is a sum of
terms of the form ajas, whence the conclusion. O
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8. CROSSED PRODUCTS

The classical notion of crossed product? is a useful tool to construct interest-
ing examples of algebras. Its basic ingredient is a global action 7 of a group
G on an algebra A. One then defines the crossed product algebra AxG,
sometimes also denoted Ax,G when we want to make the action explicit, to
consist of all finite formal linear combinations

> agdg, (8.1)

geG

(that is a; = 0, except for finitely many g’s), where the J, are seen as place
markers?.
A multiplication operation on AxG is then defined by

(adg)(bdn) = ang(b)dgn, (82)

for all @ and b in A, and all g and h in G.

The intuitive idea behind the above definition of product is to think of
the 04’s as invertible elements implementing the given action. A somewhat
imprecise but highly enlightening calculation motivating this definition is as
follows

(adg)(bop) = adgbdp, = adgb 5;169 Op = aégb(5;1 dg0n = ang(b)dgn.

eliminate insert 1 view as apply the
parentheses conjugation group law

It is our intention to develop a similar construction for partial actions.

3 Algebraists sometimes reserve the term crossed product for situations when, besides
a group action, a cocycle is also involved. When only a group action is present, as above,
the algebraic literature usually favors the expression skew-group algebra.

4 Technically speaking, AXG is the set of all finitely supported functions from G to
A. Denoting by agdy the function supported on the singleton {g}, and whose value at g
is the element ag, the term in (ETl) corresponds simply to the function sending g to ag.
Note however that the expression “§,” has no meaning in itself according to the present
convention.
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» So let us fix, for the remainder of this chapter, a group G, a K-algebra
A, and an algebraic partial action § = ({Dg}sec, {0y}gec) of G on A.

Evidently the main difficulty in generalizing the above construction of
the crossed product is that, should 7, be a partially defined map, the term
ng(b) appearing in (E3) is only defined for b in the domain of 7,.

8.3. Definition. The crossed product® of the algebra A by the group G
under the partial action 6 = ({Dg}ge(;, {99}966;) is the algebra AxG, some-
times also denoted AxyG when we want to make € explicit, consisting of all
finite formal linear combinations

S a,d,, (8.3.1)

geG

with a4 € Dy, for all g in G. Addition and scalar multiplication are defined
in the obvious way, while multiplication is determined by

(aég)(béh) = 99 (09—1(a)b)59h, (8.3.2)

for all g and h in G, and for all a € Dy, and b € Dj,.

Here is another imprecise but likewise enlightening calculation, this time
motivating the definition of the multiplication in (B332):

(ady)(b) = abybdn = 3,0, abybd; '8y 8h = 5,6, ab, b6, 6,6, =

~—~—
eliminate insert 1 insert 1 view as apply the
parentheses conjugation group law

= 64051 (a)b6; " Sgn = 0y (0,1 (a)b) G-
| —

view again as
conjugation

Although slightly longer than (E3), the definition of the multiplication
in (E2332) has the advantage of avoiding the temptation of applying a function
to elements outside its domain. In fact, on the one hand notice that since
a € Dy, the reference to 6,-1(a) in (EZ3) is perfectly legal. On the other
hand, since 6,-1(a) belongs to the ideal D,-1, we see that 6,-1(a)bisin Dy
as well, so the reference to 6, (6,-1(a)b) is legal too.

As a final syntactic check, recall that in (EZ), each ay must lie in Dy,
so we need to ensure that 6, (6,-1(a)b) lies in Dgy, if we are to allow it to
stand besides d45,. But this is also granted because

99—1(a)b € Dg—1 N Dy,

5 Tn order to emphasize that the action 6 is partial, we will sometimes use the expression
partial crossed product to refer to this construction.
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so
(z3)

0y(6,-1(a)b) € 64(Dy-1 N Dy) = Dy N Dy

After extending the multiplication defined above to a bi-linear map on
AxG, we must worry about the associativity property, but unfortunately it
does not always hold.

In order to identify the origin of this problem let us begin with the trivial
remark that AxG is associative if and only if

(aég béh) C(5k = aég (béh C(sk), (8.4)

for all g,h,k € G, and all a € Dy, b € Dy, and ¢ € Dy. Focusing on the
left-hand-side above we have

(aég béh) C(5k = 99 (09—1(a)b)5gh C(sk =

= 99h (thlgfl [99 (9971 (a)b)} C) 5ghk = (*1).
Observe that the term within square brackets above satisfies
99 (9971((1)19) € Qg(Dgfl N Dh) = Dg N Dgh,

which is precisely the set on which (E23) yields 6),-15-1 = 6),-10,-1. There-
fore we may cancel out the composition “0,-160,”, so that

(52) = Ogn (01 (851 (@)b) €)dgne = (x,).
Observe also that the underlined term above satisfies
05,1 (99—1 (a)b) €0y (Dg—1 N Dy) = Dh_lg_l N Dp-1,
which is where 04, = 6,40}, again according to (Z5). We thus finally obtain
that
(52) = 0y 00 (001 (8,1 (@)b) ) | dgmi.
On the other hand, the right-hand-side of (E2) equals
ad, (b8, cdy,) = as, (0h (Oh—1(b)c)5hk> —0, [0g_l(a)eh (eh_l(b)c)}(sghk.
This said, we see that equation (B3) is equivalent to
0, [egfl ()0 (O (b)c)} —0, [eh (9h71 (6,1 (a)b)c)} :
which is clearly the same as
99—1 (a)Gh (9h—1 (b)C) = Qh (0}1—1 (99—1 (a)b) C) .

Since the only occurrence of g and a, above, is in the term 6,-1(a),
me may substitute a for 6,-1(a) without altering the logical content of this
expression. We have therefore proven:
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8.5. Lemma. A necessary and sufficient condition for AxG to be associ-
ative is that, for all h € G, b € Dy, and a,c € A, one has

a9h (thl (b)c) = 9h (9;171 (ab)c) . (851)

The above condition might still look a bit messy at first, but it may be
given a clean interpretation in terms of multipliers. With this goal in mind,
consider the multiplier of Dy, given by (L', R') = pa(a), as defined in ().

There is another relevant multiplier of D) given as follows: initially
consider the multiplier

pa(c) = (Le, Re) € M(Dp-).
Since 0}, is an isomorphism from D; -1 to Dy, we may transfer the above to
a multiplier (L2, R?) € M(Dy,), by setting
L? =0,L0,-1, and R?=0,R.0)-:.
Given b € Dy, notice that
L'(R*(b)) = aby(0-1(b)c), and R*(L'(b)) = 0, (04-1(ab)c),  (8.6)

so that (EZX) is precisely expressing the commutativity of L! and R? as
discussed in (3).
We thus arrive at the main result of this chapter:

8.7. Theorem. Given an algebraic partial action 0 = ({Dy}gcc, {04} gcc)
of the group G on the algebra A, a sufficient condition for AXG to be an
associative algebra is that each D, be either non-degenerate or idempotent.

Proof. Follows immediately from (E), (E3), and (). O

We refer the reader to [B3, Proposition 3.6] for an example of a non-
associative partial crossed product.

In virtually all of the examples of interest to us, sufficient conditions for
associativity will be present, so we will not have to deal with non-associative
algebras. However, the next few general results in this chapter do not need
associativity, so we will temporarily be working with possibly non-associative
algebras.

The following elementary fact should be noticed:

8.8. Proposition. Given an algebraic partial action 6 of the group G on
the algebra A, the correspondence

a€ A ad; € AxG

is an injective homomorphism.

We will therefore often identify A with its image in AxG under the above
map.
Let us now briefly study crossed products by *-algebraic partial actions.
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8.9. Proposition. Given a *-algebraic partial action

0 = ({Dg}g€G7 {eg}géG)

of the group G on the *-algebra A, let
1 AXG = AXG,
be the unique conjugate-linear map such that
(@dg)* = 0,-1(a")dg-1, VgeG, VaeD,.

Then this operation satisfies (C31=), so AxG is a (possibly non-associative)
*_algebra.

Proof. We leave the easy proofs of (31=) to the reader and concentrate on
(E30™). We must then prove that

(ady b0p)* = (b0n)*(ad,)*, Vg, h€G, YaeD, VbeD, (89.1)

Observe that the left-hand-side above equals

*

(ady b3n)* = (8,(05-1 (@)b)3gn) =

= 1y (ag (b*egfl(a*)))ahflgfl = ().
Notice that the term between the outermost pair of parenthesis above satisfies
04 (b*0,-1(a*)) € 04(D, N Dy-1) € Dy, N Dy,

where 0),-1,-1 coincides with 6;,-16,-1, by (E24). So

(%) = Op—1 (b"0y-1(a*)) 0p-14-1.

Speaking of the right-hand-side of (EZ), we have
(151" (a8,)" = O+ ()51 (01 (a")5, 1) =
= B (56,1 (a")) B+,

which coincides with (%) hence proving (BE2). This concludes the proof. O

Under the conditions of the above Proposition, it is clear that the canon-
ical embedding of A into AxG described in (EF) is a *-homomorphism.

One of the main applications of partial actions is to the theory of graded
algebras. Let us therefore formally introduce this important concept.
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8.10. Definition. Let B be a (*-)algebra and let G be a group. By a G-
grading of B we shall mean an independent collection {B,}4cc of K-sub-
modules of B, such that B = EBQGG By, and

ByBy, C By, Vg,heG.
In the *-algebra case we also require that
B;ng—l, VgeGQG.

Given such a G-grading, we say that B is a G-graded algebra, and each B, is
called a grading space, or a homogeneous space.

The next result states that a partial crossed product algebra has a canon-
ical grading. Its proof is left as an easy exercise to the reader.

8.11. Proposition. Given a (*-)algebraic partial action

0 = ({Dg}g€G7 {eg}geG)

of G on the (*-)algebra A, let B, be the subset of AxG given by
B, = Dy,

Then {Bgy}4cq is a G-grading of AxG.

As already claimed, partial actions will often be used to describe graded
algebras. Given a graded algebra B = P scc Bg the plan is to look for
sufficient conditions to ensure the existence of a partial action of G on® By
such that B is isomorphic to By xG.

As an example let M, (IK) denote the algebra of all n x n matrices with

coefficients in K, and consider the Z-grading of M,,(IK) given by
By =span{e; j:i—j=k}, VkeZ,
where the e; ; are the standard matrix units.

*

cCooco% o
cCoo¥ oo

coococoo
coococoo
co¥ooo

OO O oo

An illustration of B_s in Mg(K).

6 Recall that, in the grading of AXG provided by (ET), the grading subspace corre-
sponding to the unit group element is naturally isomorphic to A.
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One may immediately rule out the possibility that this grading comes
from a global action since By = {0}, for all |k| > n. However we will soon
see that it may be effectively described as the crossed product algebra for a
partial action of Z on K.

Let us now discuss a few elementary functorial properties of crossed
products.

8.12. Proposition. Let G be a group and suppose we are given (*-)alge-
braic partial dynamical systems

gi = (Aza G7 {D;}QEGa {eé}geG),

for i = 1,2. Suppose, in addition, that ¢ : A' — A? is a G-equivariant
(*-) homomorphism. Then there is a graded” (*-) homomorphism

¥ A'NG — A?xG,

such that
P(ady) = @(a)dy, Vae Dy,

(we believe the context here is enough to determine the appropriate interpre-
tations of the expressions “ad,” and “p(a)d,”, above, so as to dispense with

heavier notation such as “ad;” and “p(a)d?”).

Proof. Left to the reader. O

Injectivity and surjectivity of the induced map is discussed in the next
Proposition. The proof is routine so we again leave it for the reader.

8.13. Proposition. Under the conditions of (EXI3) one has:
(i) If v is injective, then so is 1.
(ii) If p(D}) = D2, for every g in G, then ¢ is surjective.

There are some recurring calculations with elements of AxG which are
useful to know in advance. So, before concluding this chapter, let us collect
some of these for later reference.

8.14. Proposition. In what follows, every time we write adg, it is assumed
that g is an arbitrary element of G and a is an arbitrary element of D,
satisfying explicitly stated conditions, if any. If an expression involves a “*”,

we assume we are speaking of a *-algebraic partial dynamical system.

7 . .
A map v between two graded algebras B = ®g€G By and C = @gec Cy is said to
be graded if ¥(Bgy) C Cy, for every g in G.
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Wherever 1, is mentioned, we tacitly assume that D, is unital with unit 1,.
In this case recall that ©, was defined in (E13).

a (ad1)(bo) = abdp,

b (adgq)(bdn) = aly(b)dgn, providedb e Dy-1 N Dy,
c (64(a)dy)(bd) = 04(ab)dyy, provided a € Dy-1,

d (udg)(ady)(vig-1) = uby(av)dy,

f (adg)(bdg)* = ab*dy,
g (1401)(ady) = adg,
h (ady)(14-161) = ady,
i) (1404)(ad1)(1y-164-1) = 0B4(a)dy, provided a € Dy-1,
i) (adg)(bdn) = afy(15-10)0gn = aOgy(b)dgn.
Proof. Left for the reader. O

(a)

(b)

(c)

(d)

(e) (adg)*(bdn) Og-1(a”b)dg-1p,
()

(2)

(h)

(1)

(

Notes and remarks. Theorem (BZ) was first proved in [B2]. It will be used
again to give a proof of the associativity of C*-algebraic partial crossed prod-
ucts which, unlike the original proofs, does not use approximate identities,
relying only on the fact that C*-algebras are non-degenerate.

Similar results on the associativity of twisted partial crossed products
can be found in [, Proposition 2.4] and [B4, Theorem 2.4].
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9. PARTIAL GROUP REPRESENTATIONS

Given a partial action 8 = ({Dg}seq, {y}gec) of a group G on an algebra
A, we have seen that AxG consists of elements of the form

> agdg,

geG

with a, € Dy. As already mentioned the §, appearing above are just place
markers and thus have no meaning by themselves. However, in case 0 is a
global action and A is a unital algebra, the elements

vg =104, Vgea,

make perfectly good sense and are indeed crucial in the study of skew prod-
ucts. In that case it is easy to see that each v, is an invertible element in
AxG and, in addition, we have that

Vgn = VgUn, Vg,heq,

so v may be seen as a group representation of G in AxG. Identifying A with
its canonical copy in AXG, we also have that

vgavg_l =04(a), VgeG, VacA,
which is to say that 6, coincides with the inner automorphism Ad,, on A.

In the case of a partial action the above definition of v, does not make
sense, unless we assume that each D, is a unital ideal in which case we may
redefine

ug = 1404, VgeGaG,

where 1, is the unit of D,. With the appropriate modifications we will see
that the u, play as important a role relative to partial action as the v, does
in the global case.
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9.1. Definition. Given a group G and a unital algebra B, we shall say that
a map
u:G— B

is a partial representation of G in B if, for all g and h in G, one has that
(i) u1 =1,

(i) ugupup—1 = ugpp-1,

(ii) wg-1ugup = ug—1Ugp.

If B is a *-algebra and u moreover satisfies

(V) wgs = ()",

we will say that w is a *-partial representation.

The above definition of partial group representation may be generalized
to maps from G to any unital semigroup (also called monoid), with or without
an involution. Specializing this to the multiplicative semigroup of an algebra
B, we evidently recover the above definition.

9.2. Given a unital *-algebra B, and a map u : G — B satisfying (),
notice that (1) is equivalent to (CI2d). Thus, for such a map to be proven
a *-partial representation, one may choose to check only one axiom among
(03) and ().

For comparison purposes, let us recall a well known concept:

9.3. Definition. Given a group G and a unital algebra B, we shall say that
amap v : G — B is a group representation of G in B if, for all g and h in G,
one has that

(i) v1 =1, and
(ii) vgvn = vgp.
If B is a *-algebra and v moreover satisfies
(i) vg—1 = (vg)",
we will say that v is a unitary representation.

Needless to say, a (unitary) group representation is a (*-)partial group
representation, but we shall encounter many examples of partial representa-
tions which are not group representations.

A rule of thumb to memorize condition (ECI), above, is to think of it as
the usual axiom for a group representation, namely “uguj = ugy”, but which
is being “observed” by the term wuj-1 on the right. The observer apparently
does not take any part in the computation and, in case it is invertible, one
could effectively cancel it out and be left with the traditional “ugu, = ugpn”.
A similar comment could of course be made with respect to the left-hand
observer u,-1 in (ECIT).

Returning to the discussion at the beginning of the present chapter, we

now present an important source of examples of partial representations.
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9.4. Proposition. Let § = ({Dg}geg, {Hg}geg) be a (*-) partial action of a
group G on a (*-)algebra A, such that each D, is unital, with unit denoted
14. Then the map

u:g € G140, € AxG,

is a (*-) partial representation.
Proof. Condition (I3) is evident. As for (), let g,h € G, and observe
that, using (Ed) we have
uguh = (195g)(1h5h) = 190g(1g_1 1h)5gh = 1glgh59h,
SO
Ug-1UgUp = (19—169—1)(1glgh69h) = 1g_19g_1(1glgh)5h =
= 1971 1h5h = (*)
On the other hand,
ug_1ugh = (1g—15g—1)(1gh59h) = 1g_leg_1(1glgh)6h = 19—1 1h6h7

which coincides with (), hence proving (I1d). The proof of (13) follows
along similar lines.

In the *-algebra case, observe that 17 is also a unit for D, and, since an
algebra has at most one unit, we must have 17 = 1,. Therefore

(ug)* = (1g59)* = Ggfl(].z)(ggfl = 9971(157)(5971 = 1g*159*1 = ugfl.
proving (ECT). O

Let us now discuss another source of examples of partial representations,
but let us first observe that, given an idempotent element p in an algebra B,

then pBp is a unital subalgebra of B, with unit p. If B is moreover a *-algebra
and p is self-adjoint (that is, p* = p), then pBp is clearly also a *-algebra.

9.5. Proposition. Let B be a unital (*-) algebra, and v be a (unitary) group
representation of G in B. Suppose that p is a (self-adjoint) idempotent
element of B such that vgpv,—1 commutes with p, for every g in G. Then the
formula

ug =pugp, Vged

defines a (*-) partial representation of G in the unital (*-) algebra pBp.

Proof. With respect to (CI3), we clearly have that u; = p, which is the unit
of pBp. Given g and h in G we have

Ug-1Uglp = PUg-1PVg PURP = PP Vg—1PUg UpP =

= PUy—1DUgRD = Uy—1Ugh,
proving (EI), while () may be proved similarly. In the *-algebra case
we have
Ug-1 = pug-1p = pugp = (pugp)™ = (uy)”,
proving (). O
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After developing the necessary tools we will come back to this construc-
tion proving that the above process may sometimes be reversed, so that cer-
tain partial representations may be dilated to unitary group representations.

Notice that a partial action may itself be viewed as a *-partial represen-
tation of G in the inverse semigroup Z(X), according to (I3). In what follows
we will show that, conversely, partial representations have a characterization
similar to the definition of partial actions given in ().

9.6. Proposition. Let G be a group, S be a unital inverse semigroup, and
uw:G — S be a map. Then u is a *-partial representation® if and only if, for
all g, h € G, one has that

(i) wi =1,
(i) ug—1 = (ug)",

(ili) wgun < ugh.

Proof. Assume conditions (i-iii) hold. Given g and h in G, we interpret (iii)
from the point of view of () obtaining

Uglp, = UghUj—1Ug—1UgUp. (9.6.1)
Focusing on (EI), we right multiply the above equation by uj,-1 to obtain
UgUpUp—1 = UghUp—1 Ug—1Ug UpUp—1 =

= UghUp—1 UpUp-1 Ug-1Ug = UghUp—1 Ug-1Ug = . .. (9.6.2)

which is almost what we want, except for the extraneous term u,-1u, on the
right-hand-side. Letting e denote the initial projection of ugpuy-1, namely

€ = UpUp—1g-1UghUp—-1,

we claim that
e < ug-1uyg. (9.6.3)

Should the claim be verified, we could continue from (EG3) as follows:
-oo = UghUp—1 € Ug—1Ug = UghUp-1 € = UghUp—1,

thus proving the desired axiom (EI). Unfortunately the proof we found for
(IT3) is a bit cumbersome. It starts by applying (E1) with gh and h~!
playing the roles of g and h, respectively, producing

UghUp-1 = uguhuhflgflughuhfl. (964)

8 Here we are considering a generalized notion of partial representations, taking values
in a semigroup with involution, rather than a *-algebra, as already commented after ().
In any case, when we say that u is a *-partial representation, all we mean is that (ECI1=x)
are satisfied.
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With an eye in (EG3) we then compute
ElUg—1Ug = UpUp—1 -1 UghUp—1Ug—1Tg = . . .

Replacing uj-1 by up-1upup—1, and using the fact that idempotents in S
commute, the above equals

co s = URUR-1g-1UgGHUR-1UG—1UgUpUp—1 = . ..
Repeating this procedure, but now replacing ugn by ugntup-14-1ugn, we get

- = UpUp-1g-1 UghUp—1Ug-1UgUp Up—1g-1UghUp—1 =

(9.6.1)
= UpUp—14-1 UgUp, Up-1g-1UghUp—1 =
(9.6.4)
= UpUp—1g-1 UghUp—1 =

= €.

This proves (EG3) and, as already mentioned, (1) follows. Point
(ET0) is now an easy consequence of (1) and (ii).

In order to prove the converse, given that u is a *-partial representation,
we have, for all g and h in G, that

(=) _
UghUp-1Ug-1Uglp = Ug UpUp—1 Ug-1Ug Up =

= Ug Ug—1Ug UpUp—-1 Up = Uglp,
proving (iii). Points (i) and (ii) are evident from the hypothesis. O
Suggested by () we have the following important concept.

9.7. Definition. Let G be a group equipped with a length function ¢. A
partial representation u of G in a unital algebra B is said to be semi-saturated
(with respect to the given length function ¢) if

lgh) =1L(g9) +L(h) = ugup=1ug,, Vg,heG.

Among the many interesting algebraic properties of partial representa-
tions we note the following;:
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9.8. Proposition. Let u be a given (*-) partial representation of a group G
in a unital (*-)algebra B. Denoting by

g i= Ugllg—1 (9.8.1)

one has for every g, h € G, that

(i) ugug-1uy = ug,

(i) e4 is a (self-adjoint) idempotent,
(iii) ugen = egnuy,
(iv) egen = eney,
)

(V) ugupn = egugh.

Proof. The first point follows easily from (EI3) and (I4). Point (ii) then
follows immediately from (I) and the observation, in the *-algebra case, that

(eg)" = (ugug-1)" = (ug-1)"(ug)" = uguy-1 = eg.
As for (iii) we have

_ == ®
Uglh = UgUpUp-1 =  UghUp-1 =

— =) —
= ughu(gh)flughuhq = ughu(gh)flug = €ghlUg-

To prove (&) we compute

@

@
€g€h = ugugfleh = ugegflhugq eggflhugugfl = €p€y.

We finally have
® (=)
UgUp = Uglg—1UglUp =  €glgh. O

Even though a certain disregard for the group law is the defining feature
of partial representations, sometimes the group law is duly respected:

9.9. Proposition. Let u be a partial representation of the group G in a
unital IK-algebra B. Also let h be a fixed element of G. Then the following
are equivalent:

(i) wy, Is left-invertible,

Up—-1Up = 1,

)

(ili) wgup = ugn, for all g in G,
) wup-1 is right-invertible,
)

Up-1Ug = Up—14, for all g in G.
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Proof. (i) = (ii). Let v be a left-inverse for uj, meaning that vu, = 1. Then
1 = =) _
=VUp = VURU[-1Up = Up—1Up,-

(ii) = (iii). For every g in G, we have that
— =) _
Uglp, = UgUpUp-1Up, = UghUp—1Up = Ugh.

(iii) = (i). Plugging g = h~! in (iii), we have
UgUp = Ugh = U1 = 1,

S0 ug is a left-inverse for uy,.
(ii) = (v). For every ¢ in G, we have that
(=)

Up—1Ug = Up-1ULUp-1Ug =  Up—1URU[—1g = Up—1g.

(v) = (iv). Taking g = h in (v), we have
Up-1Ug = uhflg = Uy = 1,

S0 ug is a right-inverse for uy-1.

(iv) = (ii). Let v be a right-inverse for u;-1, meaning that uy-1v = 1. Then
1 =up-1v = up—1UpUR-1V = Up—1Up. U

One of the most important roles played by partial representations is as
part of covariant representations of algebraic partial dynamical systems, a
notion to be introduced next.

9.10. Definition. By a covariant representation of a (*-)algebraic partial
action

0 = ({Dg}gea, {04}gec)

in a unital (*-)algebra B, we shall mean a pair (7,u), where 7 : A — B is a
(*-yhomomorphism, u is a (*-) partial representation of G in B, and,

ugm(a)ug-1 = w(04(a)), VgeG, Vac Dy.

Under the assumptions of (E) we have seen that u is a partial represen-
tation of G in AxG. If, in addition, we denote by 7 the canonical inclusion
of A in AXG, one may easily prove that the pair (7, u) is a covariant repre-
sentation of § in AXG. In doing so, the conclusions of (E1d) will make this
task a lot easier.

Let us now present a few easy consequences of the above definition.
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9.11. Proposition. Let

0 = ({Dg}gea, {04}gec)

be a (*-)algebraic partial action of a group G on a (*-)algebra A. Also let
(m,u) be a covariant representation of 6 in a unital (*-)algebra B, and denote
by eq = uguy-1, as usual. Then, for every g in G, one has that:

(i) m(a) = egm(a) = 7m(a)ey, forevery a € Dy,
(i) ugm(a) = m(04(a))uy, for every a € D,-1,

(iii) the linear mapping m X u : AXG — B determined by
(m x u)(adyg) = m(a)uy, Vge G, Vae Dy,

is a (*-) homomorphism.

Proof. Given a in D4, we have

egm(a)eg = ugug1m(a)ugug-1 = ugm(By-1(a))uy—1 =

= 77(09(99—1 (a))) = m(a),

from where one easily deduces (1). Now, if a € D,-1, then

m
ugm(a) = ugm(a)eg-—1 = ugm(a)ug-1ug = m(0g(a))ug,
proving (0). As for (), we have for all a € D, and b € Dy, that

(m x u)(adg) (m x uw)(bop) = m(a)ugm(b)up = ugm(0,-1(a))m(b)u, =

(=)

= g (01 (@)b)un = 7 (0, (0, (a)0) )ugun =

m
= 77(99 (99—1(a)b))egugh = (7 X u) (09 (99—1(a)b)5gh> =
= (m x u)(ady bdy),
so we see that m x u is multiplicative. In the *-algebraic case, we have

((m x u)(aég))* = (m(a)uy)" = uym(a)* = ug—17(a" ) ugg-1 =

=7(0y-1(a*))ug—1 = (7 x u)(0y-1(a*)d,-1) = (7 x uw)((ady)*),

proving that m X u is a *-homomorphism. ]
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Therefore we see that covariant representations lead to representations
of (simply meaning homomorphisms defined on) the partial crossed product
algebra. One could then ask to what extent does every homomorphism de-
fined on AxG arise from a covariant representation. We will later see that
this is always the case in the category of C*-algebras but for now we simply
note that, if every D, is unital, then a homomorphism

¢: AxG — B
into a unital algebra B gives rise to a covariant representation (7,u) in a

trivial way: set m(a) = ¢(ad1), and define uyz = ¢(1494). One would then
have for all @ in D, that

(m x u)(ad,) = m(a)ug = $(ad1)@(148,) = Blad) 148,) = p(ady),
hence proving that ¢ = (7 x u).

In case one is attempting to provide a concrete model for a given partial
crossed product algebra, perhaps trying to prove it to be isomorphic to some
well known algebra, it is useful to know when are homomorphisms defined
on the crossed product injective. The following result may therefore come in
handy.

9.12. Proposition. Let B be a G-graded (*-)algebra and let (m,u) be a
covariant representation of a (*-) algebraic partial dynamical system

(Aa Gv {DQ}QGGa {GQ}QGG)a

in B, such that 7(A) C By, and u, € By, for all g € G. Then 7 X u is a
graded homomorphisms (meaning that it takes the G-grading subspace D46,
into Bg), and moreover the following are equivalent:
(i) 7 is one-to-one,
(ii) m X u is one-to-one.
Proof. For all a € Dy, notice that

(m x u)(ady) = m(ag)uy € B1By C By, (9.12.1)

so m X u is a graded homomorphisms, as desired.

Since the restriction of m X u to the canonical copy of A in AXG coincides
with 7, it is obvious that (ii) implies (i).

Conversely, assuming that (i) holds, let a = )
the kernel of m x u. We then have

0= (mxu)(a) =) m(ag)ug. (9.12.2)
geG

Since each 7(ag)uy € By, by (IZZ), and since the B, are independent,
we deduce that m(ag)uy = 0, for all g in G. Recalling that the 7(ay) € Dy,
we then have

e ag0y € AxG, be in

(=)
m(ag) = m(ag)eg = m(ag)uguy,—1 = 0.

The assumed injectivity of m then implies that all a; = 0, so a = 0, proving
that m X w is injective. ]
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Notes and remarks. A first rudimentary notion of partial representations was
introduced by McClanahan in [BO], as part of the ingredients of covariant
representations for partial dynamical systems. A refinement of this idea was
subsequently presented by Quigg and Raeburn in [B3], where the expression
partial representation was coined. The current set of axioms, as described
in (E), was introduced in [Ed], under the presence of an involution, and in
[E3], otherwise. The characterization of partial representations given in (E3)
is closely related to the original definition given by Quigg and Raeburn.
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10. PARTIAL GROUP ALGEBRAS

Given a group G, one of the main reasons why one studies the classical group
algebra IK(G) is that its representation theory is equivalent to that of G.
Having expanded the notion of group representations to include partial ones,
we will now introduce the partial group algebra of G whose role relative to
partial representations of G will be shown to parallel that of K(G).

» To begin, let us temporarily fix a partial representation u of a given
group G in a unital algebra B. Recall from (IET) that the e, (defined to
be ugug-1) form a commutative set of idempotents, so the subalgebra A of
B generated by all of the e,’s is a commutative algebra. Denote by D, the
ideal of A generated by each e, that is

D, = Ae,.

Since e4 is idempotent, we see that D, is a unital ideal, with e, playing the
role of the unit. For each g in G, let us also consider the map

99 : Dg—1 — Dg,

defined by 0,(a) = ugau,-1, for all a in D,-1.

10.1. Proposition. Under the above conditions one has that

(A7 Gv {Dg}geG, {Qg}geG)
is an algebraic partial dynamical system.

Proof. For a,b € D41, notice that
04(a)0y(b) = ugauy,—1ugbuy,—1 = ugae,—1buy,—1 = ugabuy—1 = 0y(ab),

so 6 is a homomorphism. We next need to check condition (EEI3), which is
evident, as well as condition (). So let us be given g and h in G, and let a
be in the domain of §, 06, which we have seen in (Z32) to be 8, ' (DN D,-1).
This means that a = aej,-1, and also that

upaup-1 = Op(a) = Op(a)eney-1 = upaup-1epey-1 =
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_ (==) _
= UpAUp-1€4-1 = UpG€p-14-1Up-1 = uhae(gh)_1uh_1.
It follows that
a = €p-1a€p—1 = Up-1UKRLAUR—-1Up =
= Up—1URAC(gh)-1Up—1Up = AC(gh)—1€p—1 € D(gh)fl N Dj-1,

so we see that a lies in the domain of 6,5,. Moreover,
04(0n(a)) = ugupaup-—1u,—1 = ugupep-1aep-1up-—1ug-1 = (%),

but
_ (== _
UgUpep—1 = UgURUR—1Up =  UghUp—1Up = Ugh€p—1,

and similarly ep-1up-1ug-1 = ep-1ugp)-1. Therefore

(%) = Ugh€p—1A€H-1Ugp)—1 = UghQlUgpy—1 = Ogn(a),
proving that 6, o 0}, C 04, as desired. O

Denoting by ¢ the inclusion of A in B, it is then evident that (¢,u) is a
covariant representation of the above partial dynamical system in B, so we
may use () to conclude that

tXu:AxG = B (10.2)

is a homomorphism. The range of ¢ X u is clearly the subalgebra By of
B generated by the range of u, so By is a quotient of the partial crossed
product. In general we cannot assert that By is isomorphic to the partial
crossed product, but under certain conditions this may be guaranteed.

10.3. Theorem. Let G be a group and let B = @, .o By be a unital G-
graded algebra which is generated by the range of a partial representation u
of G, such that u, € By, for all g in G. Then B; is commutative and there
exists a partial action of G on B; such that

B~ BlNG,

as graded algebras.

Proof. Let A be the subalgebra of B generated by the e,;. For every g in G
one has that
eg = Ugg—1 € ByBy—1 C By,

so A C B;. Considering the algebraic partial dynamical system arising from
w as in (), we have that the homomorphism ¢ x u described in ()
is one-to-one by (). As already seen, the range of ¢ x w is the algebra
generated by the range of u, which is assumed to be B, whence ¢ x u is also
onto, thus proving that

AxG ~ B.
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Being a surjective graded homomorphism it is then clear that ¢ x u sat-
isfies
(¢ xu)(Dgdy) = By, VgeG,

and, in particular By = (¢ x u)(Ad1). So B; is a commutative algebra iso-
morphic to A. We may then transfer the partial action on A over to By via
this isomorphism, so that

Bi1xG ~ AxG ~ B. O

As an example let us return to the grading { B, }nez of M, (IK) discussed
at the end of chapter (B). Consider the element

0 0 0 -+ 0 07
10 0 -~ 00
o1 0 --- 00
v=1 o EBlgMn(]K),
L0 0 0 --- 1 0l

and let u : Z — M, (K) be given by

v, ifn >0,
un:{
(

v )Ml ifn <0,

where v* refers to the transpose of v. It is relatively easy to check that u is a
partial representation of Z in M,,(IK) satisfying the conditions of (III3) and,
since By is isomorphic to K", we conclude that

M, (K) ~ K" %Z.

The above partial action of Z on IK™ may be shown to be precisely the
semi-saturated partial action of 7Z given by (IIO) in terms of the partial
automorphism f of K™ defined by

FA, A2,y An—1,0) = f(0, A1, Aa, .o A1),

whose domain is, of course, the set of vectors in K" with zero in the last
coordinate.

10.4. Definition. Let G be a group. The partial group algebra of G, denoted
K,..(G), is the universal unital K-algebra generated by a set of symbols
{lg] : g € G}, subject to the relations

=1 [gh[h™"]=[ghl[h7"], and [g7][g][h] = [g~"][gh).
for all g and h in G.
The universal property of K,..(G) may be phrased as follows:
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10.5. Proposition. The correspondence
geGrgle Kpar (G)

is a partial representation, which we will call the universal partial representa-
tion. In addition, for any partial representation u of G in a unital IK-algebra
B, there exists a unique homomorphism

¢ : Kpar(G) = B,

such that u, = ¢([g]), for all g € G.

In case K is equipped with a conjugation, as in (E), we have the fol-
lowing;:

10.6. Proposition. For every group G, one has that IK,.,(G) is a *-algebra
under a unique involution satisfying

9" =l97"], VYgeGq,
whence the universal partial representation is a *-representation.
Proof. Let B = K,..(G)*, meaning the conjugate-opposite algebra, in which
the multiplication operation is replaced by

rxy=yzx, Yz,yecK,.(G),
and the scalar multiplication is replaced by
Ax=Ar, VIEK, VzeK,.(G).
One may then easily prove that the mapping
u:geG—[g'leB

is a partial representation, so the universal property (IIH) implies the exis-
tence of a homomorphism o : K,..(G) — B such that o([g]) = [g7!], for all
g in G. The required involution is then defined by

a*:=o0(a), VacecK,.(G). O

It is our next immediate goal to analyze the partial dynamical system
arising from the universal partial representation of G, as in (). Our
method will be to first construct an abstract partial dynamical system and
later prove it to be the one we are looking for. In particular we will be able
to describe K., (G) as a partial crossed product algebra.

The tip we will follow is that the idempotents e, = [g][g™!] in K,a.(G)
are not likely to satisfy any algebraic relation other than the fact that they
commute and e; = 1.
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10.7. Definition. Let A,..(G) be the universal unital IK-algebra generated
by a set of symbols
E:={ey:9€G},

subject to the relations stating that the £, are commuting idempotents, and
that e1 = 1.

Notice that the only ingredient of the group structure of G which is
relevant for the above definition is the singling out of the unit element. This
definition would therefore make sense for any set with a distinguished element.

Observing that A,..(G) is a commutative algebra, consider, for each
g € G, the ideal of A,,,(G) generated by €4, namely

Dy = Apu(G)ey.

Noticing that
Eqg ={egney 1 h € G}

is a set of commuting idempotents in Dy, and that for h = 1, the correspond-
ing idempotent there is the unit of D,, we may invoke the universal property
of A (G) to conclude that there exists a homomorphism 0 : A,,,(G) — Dy,
such that

O4(en) = egney, VheqG.

10.8. Proposition. For each g in G, denote by 0, the restriction of ©4 to
D,-1. Then ({Dy}gei, {0y}gec) is a partial action of G on A, (G).

Proof. Initially observe that, for all h € G, one has
Og(eneg—1) = Oy(en)Og(ey4-1) = €gney €169 = Egney,

which the reader might want to compare with (E3).
To see that each 60, is an isomorphism, let » € G, and notice that, using
the calculation above, we have

Ggfl (Gg(6h6gf1)) = Gg*1 (éghﬁg) = Ep€g-1.

Since D,-1 is generated, as an algebra, by the set {ene -1 @ h € G}, we
conclude that 6,-10, is the identity on D -1, whence 6,-1 is the inverse of
04, showing that 6, is invertible.

It is evident that 6 is the identity of A,..(G), so the statement will be
proved once we check (EZI4). For this, let g,h € G, and recall from (E3)
that the domain of 0,0y, is given by

9}:1(Dh N Dg—l) =0}, (Apar(G)EhEg—l) =

= APaY(G)Ehflghflgfl = thl N Dh*lg—17
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which we then see is a subset of the domain of 6,5, as needed. For any k € G,
we have

eg(ah(f:kghflﬁhflg—l)) = Gg(ahkﬁhsgﬂ)) =
= EghkEghg = th(5k5h*15hflg*1)~
Since the elements considered above generate Dj,-1 N Dp-1,-1, as an al-

gebra, we see that 0,0, coincides with 64, on the domain of the latter, so
040 C 04y, concluding the proof. O

We may then form the crossed product A, (G)xG.
10.9. Theorem. For every group G, there exists an isomorphism
D K,..(G) = A (G)XG,
such that ®([g]) = €404, for all g € G.
Proof. Being under the hypothesis of (E), we have that the map
g€ G—eyd, € AL (G)xG

is a partial representation of G. By the universal property of K,..(G) we
then obtain a homomorphism

O K, (G) = Apar (G)XG,
such that ¢([g]) = 404, for all g € G, and it now suffices to prove that ® is
bijective.

In order to produce an inverse of ®, we will build a covariant represen-
tation (m,u) of our partial dynamical system in K., (G). For m we take the
homomorphism from A,,,(G) to K,..(G) obtained via the universal property
of the former, such that

m(eg) = lgllg™"], Vgeq,
while, for u, we take the universal partial representation, namely
ug = [g]v v.g S G

To check that (m,u) is in fact a covariant representation, let g,h € G,
and notice that

ugm(eneg—1)ug1 = [g)[PIh g™ = [ghll(gh) " Mlgllg™"] =
= m(egney) = (b, (5hsg—1)),

as desired. By (D) we obtain a homomorphism 7 x u from A, (G)xG
to K. (G), such that

(m x u)(ady) =m(a)lg], VgeG, VaeD,.
On the one hand we have, for all g,h € G, that
D ((m x u)(enegdy)) = ([M[h"lg]) = (en6n)(En-104-1)(egdy) = encydy,
from where we conclude that ® o (7 x u) is the identity. On the other hand

(m x u)(2([g])) = (7 x u)(e4d4) = lgllg~"]lg] = [g],
so (m x u) o ® is also the identity, whence ® is an isomorphism. g
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One may now easily verify that the partial dynamical system provided
by () in terms of the universal partial representation is equivalent to the
one given in ([M3).

Before concluding this chapter, let us mention, without proofs, another
interesting feature of the partial group algebra. Recall that if G is a finite
abelian group and K is the field of complex numbers then the classical group
algebra K(G) is isomorphic to K/, In particular, the only feature of G
retained by its complex group algebra is the number of elements in G. When
it comes to partial group algebras the situation is completely different.

10.10. Theorem. [E3, Corollary 4.5] Let G and H be two finite abelian
groups and let IK be an integral domain whose characteristic does not divide
|G|. If the partial group algebras K ..(G) and K,.,,(H) are isomorphic, then
G and H are isomorphic groups.

Notes and remarks. The concept of partial group algebra was introduced in
[B3, Definition 2.4]. It is the purely algebraic version of the corresponding
notion of partial group C*-algebra, previously introduced in [, Definition
6.4].
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11. C*~-ALGEBRAIC PARTIAL DYNAMICAL
SYSTEMS

In this chapter we will adapt the construction of the partial crossed product to
the category of C*-algebras. We begin with a quick review of basic concepts.

11.1. Definition. A C*-algebra is a *-algebra A over the field of complex
numbers, equipped with a norm ||-||, with respect to which it is a Banach
space, and such that for all @ and b in A, one has that

(i) lladll < llal[jo]],

(i) {la*[| = llall,
(iii) [la*a] = [|al>.

There are many references for the basic theory of C*-algebras where the
interested reader will find the basic results, such as [EQ], [B], [E2] and [ET].

Of special relevance to us is Gelfand’s Theorem [E2, Theorem 2.1.10]
which asserts that there is an equivalence between the category of locally
compact Hausdorff (LCH for short) topological spaces, with proper? contin-
uous maps, on the one hand, and the category of abelian C*-algebras, with
non-degenerate'® *-homomorphisms, on the other hand. This equivalence is
implemented by the contravariant functor

X ~ C()(X),

where Cy(X) refers to the C*-algebra formed by all continuous complex val-
ued functions f defined on X, vanishing!! at oo.

9 A map between topological spaces is said to be proper if the inverse image of every
compact set is compact.

10 4 *-homomorphism ¢ from a C*-algebra A to another C*-algebra B, or perhaps
even into the multiplier algebra M(B), is said to be non-degenerate if B = [p(A)B]
(brackets denoting closed linear span). By taking adjoints, this is the same as saying that
B = [Byp(A)].

T we say that a map f vanishes at oo, if for every real number £ > 0, the set {z € X :
|f(x)| > e} is compact.
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If X and Y are LCH spaces then any proper continuous map h: X — Y
induces a non-degenerate *-homomorphism

(bh : fE Co(Y) I—)thE CO(X)7

and conversely, any non-degenerate *-homomorphism from Cy(Y) to Cp(X)
is induced, as above, by a unique proper continuous map from X to Y.
Moreover, ¢y, is an isomorphism if and only if h is a homeomorphism.

Ideals (always assumed to be norm-closed and two-sided) in C*-algebras
are automatically self-adjoint. Every ideal in a C*-algebra is both non-
degenerate and idempotent, and hence the conclusion of (Z9) holds for them.

If X is a LCH space then there is a one-to-one correspondence between
open subsets of X and ideals of C((X) given as follows: to an openset U C X
we attach the ideal given by

Co(U):={feCy(X): f=0 on X\U}.

The reader should be aware that any open set U C X may also be seen as
a LCH space in itself, so this notation has a potential risk of confusion since,
besides the above meaning of Cp(U), one could also think of Cy(U) as the set
of all continuous complex valued functions defined on U, and vanishing at oo.

However the two meanings of Cy(U) give rise to naturally isomorphic C*-
algebras, the isomorphism taking any function defined on U to its extension
to the whole of X, declared zero outside of U. The very slight distinction
between the two interpretations of this notation will fortunately not cause us
any problems.

Recall from (E3) that Z(X) denotes the inverse semigroup formed by all
partial symmetries of a set X.

11.2. Definition. Given a C*-algebra A, we will say that a partial symme-
try ¢ € Z(A) is a partial automorphism of A, if the domain and range of ¢ are
closed two-sided ideals of A, and ¢ is a *-isomorphism from its domain to its
range. We will denote by pAut(A) the collection of all partial automorphisms
of A. It is evident that pAut(A) is an inverse sub-semigroup of Z(A).

Given any partial homeomorphism of a LCH space X, say h : U — V,
where U and V' are open subsets of X, the map

gbh : C()(V) — Co(U)

is a *-isomorphism between ideals of Cy(X), and hence may be seen as a
partial automorphism of Cy(X). It follows from what was said above that
the correspondence

h € pHomeo(X) — ¢p,-1 € pAut(Co(X)) (11.3)

is a semigroup isomorphism.
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11.4. Definition. A C*-algebraic partial action of the group G on the C*-
algebra A is a partial action 8 = ({Dg}geq, {0g}gec) on the underlying set
A, such that each D, is a closed two-sided ideal of A, and each 6, is a *-
isomorphism from Dy-1 to Dy. By a C*-algebraic partial dynamical system
we shall mean a partial dynamical system

(A, G, {Dg}gca {eg}geG)

where A is a C*-algebra and ({D,}geq,{0,}gcc) is a C*-algebraic partial
action of G on A.

When it is understood that we are working in the category of C*-algebras
and there is no chance for confusion we will drop the adjective C*-algebraic
and simply say partial action or partial dynamical system.

As an immediate consequence of (I3) we have:

11.5. Proposition. Let G be a group, A be a C*-algebra, and
0 : G — pAut(A)
be a map. Then 6 is a C*-algebraic partial action of G on A if and only if
conditions (i-iv) of (E3) are fulfilled.
Putting together (E3), (I3) and (I3), one concludes:

11.6. Corollary. IfG is a group and X is a LCH space, then (IT3) induces
a natural equivalence between topological partial actions of G on X and
C*-algebraic partial actions of G on Cp(X).

» We now fix, for the time being, a C*-algebraic partial action

0 = ({Dg}gea, {04}gec)

of a group G on a C*-algebra A.

Since # is in particular a *-algebraic partial action, we may apply the
construction of the crossed product described in (B3) to . However the
resulting algebra, which we will temporarily denote by

ANalgG,

will most certainly not be a C*-algebra, so we will modify the construction
a bit in order to stay in the category of C*-algebras. Meanwhile we observe
that Ax,,,G is an associative algebra by (E10), as well as a *-algebra by (ET).
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11.7. Definition. A C*-seminorm on a complex *-algebra B is a seminorm
p: B — R4, such that, for all a,b € B, one has that
(i) p(ab) < p(a)p(d),
(i) p(a*) = p(a),
(iii) p(a*a) = p(a)®.

If B is a C*-algebra and p is a C*-seminorm on B, it is well known that
p(b) < |lo], (11.8)
for all b € B.

11.9. Proposition. Let p be a C*-seminorm on Ax,,G. Then, for every
a =73 ,cqag0g in Ax,,G, one has that

pla) < 3 llagll
geG

Proof. Notice that Ad; is isomorphic to the C*-algebra A, so by what was
said above we have that p(ad;) < ||al|, for all @ € A. We then have that

p(a959)2 :p((ag‘;g)(ag(sg) ) = p(agagdl) < HagagH = ||ag||2>

so the statement follows from the triangle inequality. O

Let us therefore define a seminorm on Ax,,,G, by
@]l max = sup{p(a) : p is a C*-seminorm on Ax,;,G}. (11.10)

By (1) we see that [|a||max is always finite and it is not hard to see that
||| max is @ C*-seminorm on Ax,,G (we will later prove that it is in fact a
norm).

11.11. Definition. The C*-algebraic crossed product of a C*-algebra A by
a group G under a C*-algebraic partial action § = ({Dg}4ec, {0y} gec) is the
C*-algebra AxG obtained by completing Ax,;,G relative to the seminorm
|||l max defined above.

The process of completing a semi-normed space involves first modding
out the subspace formed by all vectors of zero length. However, as already
mentioned, ||||max Will be shown to be a norm on Ax,,,G, so the modding
out part will be seen to be unnecessary.
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11.12. Definition. From now on, for any a € D,, we will let aéglg denote
the element of Ax,,,G we have so far been denoting by ad,, while we will
reserve the notation ad, for the canonical image of a&?lg in AxG.

As we will be mostly working with the C*-algebraic crossed product, the
notation aéglg will only rarely be used in the sequel.

11.13. Definition. We will denote by
1 A— AxG,

the mapping defined by ¢(a) = ady, for every a € A.

As already mentioned, we will later prove that the natural map from
Ax,,G to AxG is injective and consequently ¢ will be seen to be injective
as well.

The following is a useful device in producing *-homomorphisms defined
on crossed product algebras:

11.14. Proposition. Let B be a C*-algebra and let
®o AxalgG — B

be a *homomorphism. Then there exists a unique *-homomorphism ¢ from
AxG to B, such that the diagram

®o
AXpeG — B

LA

AxG

commutes, where the vertical arrow is the canonical mapping arising from
the completion process.

Proof. It is enough to notice that p(z) := ||po(x)|| defines a C*-seminorm on
Ax,1,G, which is therefore bounded by ||||max- Thus ¢q is continuous for the
latter, and hence extends to the completion. [l

Notes and remarks. As already mentioned, partial actions on C*-algebras
were introduced in [I] for the case of the group of integers, and in [EO| for
general groups. Although not covered by this book, the notion of continuous
partial actions of topological groups on C*-algebras, twisted by a cocycle or
otherwise, has also been considered [I7].
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12. PARTIAL ISOMETRIES

When working in the category of C*-algebras, we will will often consider
*_partial representations
u:G— A (12.1)

of a given group G in a given C*-algebra A, according to Definition (E1). In
other words, the definition of *-partial representations given in (E) needs
no further adaptation to the C*-algebraic case, considering that C*-algebras
are special cases of *-algebras. Incidentally, many *-partial representations
studied in this book will take place in Z(H ), the C*-algebra of all bounded
linear operators on a Hilbert space H.

Given a *-partial representation wu, as in (), observe that, by (FCT14)
and (=3), one has

ugu g =ug, VgeG. (12.2)

Elements satisfying this equation are crucial for the present work, so we
shall dedicate this entire chapter to their study. We begin by giving them a
well deserved name:

12.3. Definition. Let A be a *-algebra.
(i) An element s in A is said to be a partial isometry, if ss*s = s.
(i) An element p in A is said to be a projection, if p = p* = p?.

A useful characterization of partial isometries in terms of projections is
as follows:

12.4. Proposition. Let A be a C*-algebra and let s € A. Then the follow-
ing are equivalent:

(i) s is a partial isometry,

(ii) s*s is a projection,
(iii) ss* is a projection.
Proof. The implications (i)=(ii & iii) are evident. On the other hand, we
have

(ss*s —8)"(ss¥s —s) = s"s5%s8"s — s"s5%s — s¥ss"s + s"s =
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= (5%5)% — 2(s%s)% + s*s.
Thus, if s*s is a projection, the above vanishes and hence
lss%s — sl|? = [[(s5"s — 8)* (s5™s — 8)]| = 0,

showing that ss*s = s, and hence that s is a partial isometry. This proves
that (ii)=(i). The proof of (iii)=-(i) is obtained by replacing s by s*. O

Given a projection p, we have by ([II1d) that

I1pl* = llp*pll = IIp*|l = lIpll,

so, unless p = 0, we have that ||p|| = 1. If s is a partial isometry, then s*s is
a projection by (IZZ), so unless s = 0, we have

Isll* = lls*sll = 1.

This shows that nonzero projections, as well as nonzero partial isometries
have norm exactly 1.

12.5. Definition. Let A be a C*-algebra and let s be a partial isometry in
A. Then the projections s*s and ss* are called the initial and final projections
of s, respectively.

Given a Hilbert space H, it is well known that a bounded linear operator
sin Z(H) is a partial isometry if and only if s is isometric when restricted to
the orthogonal complement of its kernel, a space which is known as the initial
space of s. On the other hand, the range of s is known as its final space. It
is easy to see that the range of the initial projection of s coincides with its
initial space, and similarly for the final projection and the final space.

If we denote the initial space of s by Hy and its final space by H;, then the
effect of applying s to a vector £ € H consists in projecting £ orthogonally
onto Hy, followed by the application of an isometric linear transformation
from Hj onto H; (namely the restriction of s to Hp).

The adjoint s* of a partial isometry is easily seen to be a partial isometry,
while the roles of the initial and final spaces of s are interchanged with those
of s*.

We thus see that, given a *-partial representation u of a group G in a
C*-algebra, each u, is a partial isometry and the element

*

_ _ *
€g = Uglg—1 = Uglly,

which has already played an important role, is nothing but the final projection
of ug. On the other hand, the initial projection of u, is clearly e 1.

Let us now discuss some simple facts about partial isometries and pro-
jections in C*-algebras.
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12.6. Lemma. Let A be a C*-algebra and let p € A be such that p* = p,
and [|p|| < 1. Then p = p*.

Proof. By [B, Theorem 1.7.3] we may assume that A is a closed *-subalgebra
of operators on some Hilbert space H. In that case, notice that for every
¢ € p(H)* and every A € R, we have

11+ A )l = [lp(€) + Ap(©)]l = lIp(§ + M) [l < 1€ + A&,

so, by Pythagoras Theorem,

L+ 0PI < lI€1* + A P11,

which is easily seen to imply that

(1+2X)[Ip(&)I1” < l1g]l®,

and since A is arbitrary, we must have that p(§) = 0. This says that p van-
ishes on p(H)* and, since p is the identity on p(H), it must coincide with
the orthogonal projection onto p(H ). Hence p = p*. O

12.7. Lemma. Let p and q be projections in a C*-algebra A. Then pq is
idempotent if and only if p and q commute.

Proof. 1If pq is idempotent, then, since [|pg|| < 1, we have, by (IZT), that
pq = (pq)* = qp. The converse is trivial. [

The product of two partial isometries is not always a partial isometry.
However we have:

12.8. Proposition. Let s and t be partial isometries in a C*-algebra A.
Then st is a partial isometry if and only if s*s and tt* commute.

Proof. By definition st is a partial isometry if and only if
st(st)*st = st < stt"s*st = st <

& s*stt*st sttt = s*sttt & (s*sttt)? = s*stt*,
which, by (IZZ2), is equivalent to the commutativity of s*s and t¢*. ([l

If we are given a set S of partial isometries in a C*-algebra A, we may
always consider the multiplicative semigroup (S) generated by S. However,
as seen above, unless there is enough commutativity among range and source
projections, it is likely that (S) will include elements which are not partial
isometries.
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12.9. Definition. A set S of partial isometries in a C*-algebra A is said
to be tame if the multiplicative sub-semigroup of A generated by S U S*,
henceforth denoted by (S U S*), consists exclusively of partial isometries.

Given a tame set S, we then have that (S U S*) is a multiplicative
semigroup formed by partial isometries, which is easily seen to be a self-
adjoint set.

12.10. Proposition. Let & be a self-adjoint multiplicative sub-semigroup
of a C*-algebra consisting of partial isometries. Then & is an inverse semi-
group.

Proof. Given s in &, we must prove that any element ¢ in G such that sts = s,
and tst = t, necessarily coincides s*.

Observe that both ts and st are idempotent elements with norm no bigger
than 1. So ts and st are self-adjoint by (IZ4). Therefore

ts = (ts)" = (tss*s)" = (s*s)"(ts)" = s"sts = s™s,
and
st = (st)* = (ss*st)* = (st)*(ss™)" = stss™ = ss™.
Hence
t =tst =tss"st = s*ss*ss™ = s*. O
As a consequence of the above result and our discussion just before it,

we have:

12.11. Corollary. For any tame set S of partial isometries in a C*-algebra,
one has that (S'US*) is an inverse semigroup.

Recall from (CE53) that the projections e, arising from a partial repre-
sentation always commute. This is the basis for the close relationship between
tame sets of partial isometries and *-partial representations, as we shall now
see.

12.12. Proposition. Let u be a *-partial representation of a group G in a
unital C*-algebra A. Then the range of u is a tame set of partial isometries.

Proof. Let s be an element in the multiplicative semigroup generated by the
range of u (which is a self-adjoint set). Thus s = wuy, ---u,,, for suitable

elements g1, ..., g, of G. By induction on n we then have
* f— ... * “ .. * .. ( f— )
8§58 - u91 u9n71€gnugn_l uglugl ugn -

* —

&
= €gigy Ugy "t Ug,_y Ug, 0 Ug Ugy t o Ug, | Ug, =

= €gig, Ugy " Ug, 1 Ug, =
= Ug, ~ " Ug,_,€g,Ug, =

- ugl T ugn—lugn -

= S.
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So s is a partial isometry. O

Roughly speaking, the following result includes a converse of the previous
one.

12.13. Proposition. Let S = {sy}xea be a family of partial isometries in
a unital C*-algebra A, and denote by T the free group on the index set A.
Then the following are equivalent:

(i) There exists a semi-saturated partial representation u of T in A, such
that uy = sy, for every \ € A.

(ii) There exists a partial representation u of T in A, such that uy = sy, for
every A € A.

(iii) S is tame.
Proof. (i) = (ii): Obvious.
(ii) = (iii): Follows from ([ZT3).

(iii) = (i): For all A € A, we define uy = sy, and uy-1 = s3. If g = g1 -+ - gn,
with g; € AUA™!, is in reduced form, we put
Ug = Ug

1 '..ugn'

This defines a map u : I — A, which we claim is a semi-saturated partial
representation. Adopting the usual convention that the reduced form of the
unit group element of IF is the empty string, and also that a product involving
zero factors equals one, we see that u satisfies (I3). The easy verification
of (CI) is left to the reader.

Before concluding the verification of the remaining axioms in (E), we
observe that the condition for semi-saturatedness, namely that ugup = ugn,
whenever g and h satisfy |gh| = |g|+|h|, is evidently satisfied simply because,
in this case, the reduced form gh is the juxtaposition of the corresponding
reduced forms of g and h.

In order to prove (ECI4), namely

UgUpUp-1 = UghUp-1, Vg,heT, (12.13.1)

we use induction on |g| + |h|. If either |g| or |h| is zero, there is nothing to
prove. So, assuming that |g|, |h| > 1, we may write

g=ua\, and h = ub,
where a,b € F, \,u € AUA™! and, moreover, |g| = |a] + 1 and |h| = |b] + 1.
In case A™! = u, we have |gh| = |g| + |h|, S0 ugn = ugup, as seen above.

If, on the other hand, A\=! = u, we have

uguhuhfl = Ug\U)\—-1pUp—1)\ = UgUN\UN\-1UpUp—1U) = * " *
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By (iii) and the induction hypothesis, we conclude that the above equals
= UgUpUp—1UNUXN—-1UN = UgpUp—1U)\ =

= UghUp-1) = UghUp—1,

proving (CZTZ). As already remarked, (I0d) and (EI4) together imply
(E), so u is indeed a semi-saturated partial representation and the proof
is concluded. [l

The study of partial isometries in a C*-algebra resembles the theory of
inverse semigroups in the sense that every tame set of partial isometries is
contained in an inverse semigroup by (IZZI). Thus, as long as we are focusing
on partial isometries lying in a single tame set, we may apply many of the
tools of the theory of inverse semigroups.

This should be compared to quantum theory in the sense that, when we
are working with a set of commuting self-adjoint operators, we are allowed
to apply results from function theory, since our set of operators generates a
commutative C*-algebra which, by Gelfand’s Theorem, is necessarily of the
form Cy(X), for some locally compact Hausdorff space X. On the down side,
if our operators do not commute, function theory becomes unavailable and
we must face true quantum phenomena.

In what follows we will develop some elementary results about partial
isometries in a C*-algebra which are not always explicitly required to lie in a
tame set. Since wild (as opposed to tame) sets of partial isometries are very
hard to handle, our guiding principle will be to stay as close as possible to
the theory of inverse semigroups.

We begin with a result supporting a subsequent definition of an order
relation among partial isometries. This should be compared with (I32).

12.14. Proposition. Let s and t be partial isometries in a C*-algebra A.
Then the following are equivalent

(i) ts*s =s,
(i) ss*t =s.
In this case s*s < t*t, and ss* < tt*.
Proof. Given that (i) holds, we have
ts*s = s = ss%s = ts"s(ts*s)"ts*s = ts*st*ts"s.
Multiplying on the left by t* gives
t*ts*s = t*ts" st ts™s,

so, if we let p = t*t, and g = s*s, we see that pg = pgpq, so pq is idempotent.
It then follows from () that p and ¢ commute. Consequently

t"s = t*ts*s = pq,
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so t*s is self-adjoint, and then
t*s = (t"s)* = s™t. ()
From (i) we also deduce that
st* = ts"st*,
so st* is self-adjoint as well, and hence
st* = (st*)* =ts™. (%)
Focusing on (ii) we then have

G

(5]
ss*t & @

@

st*s = ts*s = s.

The converse is verified by applying the part that we have already proved
for s’ := s* and ¢’ := t*.
With respect to the final sentence in the statement, we have

s*s 2 (ts*s)*ts*s = s*st™ts*s = s*st™t,

where the last equality is a consequence of the commutativity of p and ¢. So
s*s < t*t, and one similarly proves that ss* < tt*. [l

The above result should be compared with (E32), hence motivating the
following;:

12.15. Definition. Given two partial isometries s and ¢ in a C*-algebra, we
will say that s is dominated by t, or that s < ¢, if the equivalent conditions
of (XIA) are satisfied.

It is elementary to verify that “<” is a reflexive and antisymmetric rela-
tion. We also have:

12.16. Proposition. The order “<X” defined above is transitive.

Proof. Suppose that r, s and t are partial isometries with r < s < ¢. Then
r = sr*r and s = ts*s. Therefore

( )
trer = t(sr'r) srr = tr*rs*sr*r = ts"srr = sr*r =r.

Sor <Xt. 0

The following provides a useful alternative characterization of the order
relation “<”.
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12.17. Proposition. Given two partial isometries s and t in a C*-algebra,
the following are equivalent:

(i) s =t
(i) ts* = ss*,
(iii) s*t = s*s.
Proof. (i)=-(ii):
ts* =ts"ss" = ss*.

(i)=():
ts*s = ss*s = s.
The proof that (i)<>(iii) follows along similar lines. O
Let us now prove invariance of “=<” under multiplication:

12.18. Lemma. Let s, s9, t1 and ty be partial isometries in a C*-algebra,
such that s; < sa, and t; = to. If s7s; commutes with t;t}, for all i = 1,2,
then Sltl j 82t2.

Proof. Recall that each s;t; is a partial isometry by (IZH). We have

T3
SQtQ(Sltl)* = SQtQtTST ( = ) 82t1t’{51<515>{ =

= SQSISltltTSI = SltltTST = 81t1 (Sltl)*.
This verifies (CZT7), so s1t1 = Sata, as desired. O

If a net {s;}; of partial isometries on a Hilbert space strongly converges to
a partial isometry s, then the final projections of the s; might not converge to
the final projection of s. An example of this is obtained by taking s,, = (s*)",
where s is the unilateral shift on ¢2(IN). In this case the s, converge strongly
to zero, but the final projections of the s, all coincide with the identity
operator. On the bright side we have:

12.19. Lemma. Let {s;};er be an increasing net of partial isometries on a
Hilbert space H. Then

(i) {s;}ier strongly converges to a partial isometry s,
(ii) {s}}ier strongly converges to s*,
(iii) {s}si}ier strongly converges to s*s,
(iv) {s;sf}ier strongly converges to ss*.

Proof. We will first show that

3 lim s;(§), (12.19.1)

for all £ in H.
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By the last sentence of (IZZId) we have that the corresponding initial
projections, say
e; = S;Si,

form an increasing net in the usual order of projections. Letting H; be the
range of e;, also known as the initial space of s;, we then see that the H; form
an increasing family of subspaces of H, so

H() = U f]z
=
is a linear subspace of H. We will next prove (IZTT) for every £ in Hy.
Given such &, let i be such that £ € H;. Consequently, for all j > i, we have

sj(§) = sjei(§) = s;sisi(§) = si(§),

so we see that the net {s;(£)}; is eventually constant, hence convergent.
Observing that our net is uniformly bounded, we then have that (IZT9)
also holds for all ¢ in the closure of Hy. On the other hand, if ¢ € Hg-, then
ei(§) =0, for all 7, hence

si(§) = siei(§) =0,

so (CZTI) is verified for ¢ in Hg as well, hence also for all ¢ in H. So we
may define
s(§) =lims;(§), VEe€H,

and it is easy to see that s is isometric on Hg, while s vanishes on Hg", so s
is a partial isometry. This proves (i).

The initial space of s is easily seen to coincide with Hj, whence s*s is
the orthogonal projection onto Hy. On the other hand, it is clear that the
orthogonal projection onto Hy is the strong limit of the e;, so

s*s =lime; = lim s] s;,
(2 (2

hence (iii) follows.

The order “=<” being evidently invariant under conjugation, we have
that {s!};cs is an increasing net of partial isometries, hence by the above
reasoning it strongly converges to some partial isometry ¢, and moreover the
corresponding net of initial projections {s;s; }ics (sic) converges to t*t.

Unfortunately the operation of conjugation is not strongly continuous,
but it is well known to be weakly continuous, hence s =3 s* weakly. Since
the weak limit is unique, we deduce that t = s*, from where (ii) and (iv)
follow. O

In the following we present another important relation involving partial
isometries.
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12.20. Definition. Let A be a C*-algebra. Given two partial isometries s
and ¢ in A, we will say that s and ¢ are compatible, if

st*t =ts*s, and tt*s = ss™t.

If S is a subset of A consisting of partial isometries, we will say that S is a
compatible set when the elements in S are pairwise compatible.

We will soon give a geometric interpretation of this concept, but let us
first prove a useful result.

12.21. Proposition. Given partial isometries s and t in a C*-algebra A,
the following are equivalent:
(a) s and t are compatible,

(b) st* and s*t are positive elements of A.

In this case one also has that
(i) the final projections ss* and tt* commute,
(ii) the initial projections s*s and t*t commute,
(iii) st* = ts* = ss*tt™,
(iv) s*t =t*s = s*st*t.
(v) ts*s = tt*s, and consequently all of the four terms involved in the defi-

nition of compatibility coincide.
Proof. Assuming that s and ¢ are compatible, we have
st = st™tt* =ts*st* >0,
and
s*t = 588"t = s™tt* s > 0,

proving (b). Conversely, assuming (b), observe that, since positive elements
are necessarily self-adjoint, we have

st* = (st*)" =ts", (%)
and

st = (s"t)* =t"s, ()
thus verifying the first identities in (iii) and (iv). Therefore

) « @)

tt"ss” = ts'ts stst” = ss'tt",
and

| o @
t*ts*s 2 t*st*s D s*ts*t 2 s*st™t,

proving (i) and (ii).
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Repeating an earlier calculation we have
=]

This implies that (st*)? is a projection, whose spectrum is therefore contained
in {0,1}. By the Spectral Mapping Theorem we have

(o(st%)* = o ((st)?) C {0, 1},
so the spectrum of st* is contained in {—1,0,1}, but since st* is assumed to
be positive, its spectrum must in fact be a subset of {0, 1}. Consequently st*
is a projection, and then the last identity in (iii) follows from (f). On the
other hand,

(st*)? = st*st

(s*t)? = s*ts*t @ s*st*t,

so (s*t)? is also a projection and the same reasoning adopted above leads to
the proof of the last identity in (iv).

We may now prove the first of the two conditions in (ZZZ0), namely

® o o
ts*s D st*s 2 557t = ss 't D st*st*t = st't.

The second condition in (CZZ0) is proved in a similar way, so we deduce

that s and ¢t are compatible, as desired. Finally, with respect to (v), we have

() ss*tt*s 0 tt*ss*s = tt*s. O

ts*s
12.22. As promised, let us give a geometric interpretation for the notion
of compatibility of partial isometries. For this let S and T be compatible
partially isometric linear operators on a Hilbert space H. By (ZZZ1) we have
that the initial projections of S and T' commute, so we may decompose H as

an orthogonal direct sum
H=K®&Hse HroeL,

such that K @ Hg is the initial space of S, and K & Hr is the initial space
of T. K is therefore the intersection of the initial spaces of S and T', and the
orthogonal projection onto K is thus the product of the initial projections of
S and T, namely S*ST*T. If k is a vector in K we then have that

(==m)

S(k)=8ST*T(k) " ="TS5*S(k)=T(k),
so S =T on K. We may then define an operator SV T on H by
(SVT)(k,zs,vr,l) = S(k) + S(xs) + T(xr)

= T(k) + S(xs) + T(xr),

for all k in K, zg in Hg, x7 in Hr, and [ in L, and it may be proved that
S VT is a partial isometry which coincides with .S on the initial space of S,
and with 7" on the initial space of T'.

In our next result we will generalize this idea for partial isometries in
any C*-algebra.
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12.23. Proposition. Let A be a C*-algebra and let s and t be partial isome-
tries in A. Then the following are equivalent

(a) s and t are compatible

(b) s*s and t*t commute, ss* and tt* commute, and there exists a partial
isometry dominating both s and t.

In this case, defining
u = s+t—stht
=s+1t—1s*s,

we have that u is a partial isometry such that:
(i) s 2w, and t < u,
(ii) if v is a partial isometry such that s < v, and t < v, then u < v,
(iii) the initial projection of u coincides with'? s*s\ t*t,
(iv) the final projection of u coincides with ss*V tt*.

Proof. Supposing that s and ¢ are compatible, we compute
wru = (s*+t" —t'ts*)(s+t — st't) =
=8"s+ st —sTstt+t s+ttt —tT sttt — tTts¥s — tYtsTt + tTts sttt =
=s"s+ st —sTst"t +t's + "t — sTHt"t —t*tt*s =
=s"s — s*st™t +t*t =
=s"sVit't, (12.23.1)

where we have used (IZZI) to conclude that s*s and ¢*t commute. This
proves that u*u is a projection, and by (IZA) we deduce that u is a partial
isometry. This also proves (iii), and the proof of (iv) is done along similar
lines. In order to prove (i) we compute

us*s = (s+t—1ts*s)s"s = ss"s +ts*s —ts*s = s,

while
ut™t = (3 +t— St*t)t*t = sttt + 't — st™t =1,

so s,t = u. Notice that this also proves that (a)=-(b).
Next suppose that v is a partial isometry dominating s and ¢. Then

vuru = v(s*s V') = vs's +ut't —vsTst't = s+t — st't = u,

12 If p and g are commuting projections in an algebra A, one denotes by pVq = p+q—pq.
It is well known that p V ¢ is again a projection, which is the least upper bound of p and ¢
among the projections in A.



12. PARTIAL ISOMETRIES 85

so u =< v, taking care of (ii).

In order to prove that (b)=-(a), assume that the commutativity condi-
tions in (b) hold, and let v be a partial isometry dominating both s and t.
Then

st™t = us*st*t = ut*ts*s = ts*s,
while
tt*s = tt*ss™v = ss*tt v = ss™t. O

The result above shows that, when two partial isometries are compatible,
their least upper bound exists. This motivates and justifies the introduction
of the following notation:

12.24. Definition. Given a set S of partial isometries in a C*-algebra A,
suppose that there exists a partial isometry u that dominates every element
of S, and such that u < v, for every other partial isometry v dominating all
elements of S. Observing that such a u is necessarily unique, we denote it by
VS. If S is a two-element set, say S = {s,t}, and V.S exists, we also denote
VS by sVt

Of course this is nothing but the usual notion of least upper bounds,
meaningful in any ordered set. We have spelled it out just for emphasis.

Given two compatible partial isometries s and ¢ in a C*-algebra A, ob-
serve that (IZ=Z3) implies that sV t exists, and moreover

sVt =s+1t—st't
= s+t—ts*s.

Projections being special cases of partial isometries, the above notions
may also be applied to the former. Given two projections p and ¢ in a C*-
algebra, notice that p < ¢ if and only if p < ¢. Also, p and ¢ are compatible
if and only if they commute. In this case the two meanings of the expression
pV ¢ so far defined are easily seen to coincide.

Here is a sort of a distributivity property mixing compatibility of partial
isometries and the notion of least upper bounds just mentioned:

12.25. Proposition. Let r, s and t be compatible partial isometries in a
C*-algebra. Then r is compatible with sV t.

Proof. We have

r(sVit)*(sVt) = r(s*sVit't) =rs's+rt*t —rs*st't =

=srir4trir —srirt*t = (s +t — st*t)r*r = (s Vi)rr.
On the other hand
(sVit)(sVi)r === (ss™ Vitt*)r = ss™r 4+ tt*r — ss*tt*r =
=rr*s+rrit —ssTrr*t =rr*(s+t — sst) =rr*(s+t — st’s) =

=rr*(s+t—ts's) =rr*(sVit). O
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12.26. Proposition. Let S be a compatible set of partial isometries in a
C*-algebra A. In addition we assume that either A is a von Neumann algebra,
or that S is finite. Then

(i) VS exists,
(ii) the initial (resp. final) projection of V.S coincides with the least upper
bound of the initial (resp. final) projections of the members of S,

(iii) every partial isometry in A which is compatible with the members of S,
is also compatible with VS.

Proof. Let us first deal with the case of a finite S, and so we assume that
S ={s1,82,...,8,}. Our proof will be by induction on n.

In case n = 0, then S is the empty set and VS = 0. If n = 1, then

In case n = 2, both the existence of VS and (ii) follow from (IZZ3),
while (iii) follows from (CZZ3).

Assuming now that n > 2, let

S/ = {81,82, .. .,Sn_l}.

By the induction hypothesis we have that VS’ exists, and it is compatible
with every partial isometry 7, which in turn is compatible with the members
of S’. This evidently includes s,,. We then apply the already verified case
n = 2 to the set

S" = {VS', sn}.

It is then elementary to prove that
vS" = (vS") Vs, =VS.
By induction we have that
(VS8*(vS") = v{s*s:s € S},

and
(VS (VS = Vv{ss* : s € S5},

so (ii) follows from ([ZZITIL)

If the partial isometry r is compatible with all of the members of S,
then it is also compatible with V.S’, by induction, and obviously also with s,,.
Hence r is compatible with V.S by (CZZ3).

We next tackle the case that S is infinite, assuming that A is a von
Neumann algebra of operators on a Hilbert space H. For each finite set
F C S, let us denote by

s = VF.
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We may then view {s}, as an increasing net, indexed by the set of all finite
subsets of S, ordered by inclusion. By (IZT9) the strong limit of this net
exists, and we shall denote it by wu.

Given s € S, and a finite set F' C S, with s € F, we have that s < sz,
whence, for all £ in H, we have

5(6) = SFS*S(é-)'

Taking the limit as F' — oo, we deduce that s(§) = us*s(€), so s < u, hence
u is an upper bound for S.

In order to prove that « is in fact the least upper bound, let v be an
upper bound for S. In particular v is also an upper bound for all finite
F C S, whence s = v, which is to say that for all £ in H one has

sp(§) = vs,8r(§).

Taking the limit as F' — oco, we have

w(€) = lims,(¢) = limvs}s(€) = puru(€),

so u =X v.

Point (ii) follows easily from the first part of the proof and ([CZTIIIXTH).
With respect to (iii), if the partial isometry 7 is compatible with all of the
members of S, then r is compatible with s, for all finite F' C S, by the first
part of the proof. Thus

Sprir =rspsp, and  rrisp = SpSur.
Again taking the limit as F' — oo, we deduce from (CZI9) that
ur*r =ru*u, and rrfu=uu’r,

so u is compatible with r. O

While the ideas of the above proof are still hot, let us observe that we
have also proven:

12.27. Proposition. Let S be a compatible set of partial isometries in a
von Neumann algebra A. Then VS is the strong limit of the net {VF}p,
where F' ranges in the directed set consisting of all finite subsets of S.
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12.28. Proposition. Let A be a C*-algebra (resp. von-Neumann algebra)
and let S and T be compatible sets of partial isometries in A such that s*s
commutes with tt* for every s in S, and every t in T. In the C*-case we
moreover assume that S and T are finite. Then

ST :={st:se S, teT}
is a compatible set of partial isometries and
V(ST) = (VS)(VT).

Proof. That ST consists of partial isometries is a consequence of (IZ3).

We will next prove that ST is a compatible set. For this choose any pair
of elements in ST, say s1t; and soto, where s1,52 € S, and t1,t5 € T. Notice
that the set

{5181, s582, t1t], tat3}

is commutative because the ss; commute with the ¢;¢7 by hypothesis, while
the t;t7 commute amongst themselves by ([IZZIJ), and the sjs; commute
with each other by (IZZTd). We then have

1o s |
Sltl(SQtQ)* = Sltlt;SZ ( = ) S1 tltik t2t§ S;SQ 8; =
= $1 5582 t1t] tats s5 = so 5751 t1t] tats s5 > 0.
We also have
|10 s
(Sltl)*SQtQ = thTSQtQ ¢ = )tT tltT STSl 8;82 t2 =

= ti 81‘81 S;SQ tlti tz = ti 81‘81 S;SQ tztz tl Z 0.

By (ZZ0) we then have that si¢; is compatible with sato, proving that ST
is indeed a compatible set. Employing (CZZ61) we have

(VS*(VS) =Vv{s*s :s€ S}, and (VT)(VT)* =V{tt" :t €T},

and hence the initial projection of V.S commutes with the final projection of
VT, so we deduce from (CZ3) that (V.S)(VT) is a partial isometry.
We will next prove that

V(ST) = (VS)(VT), (12.28.1)
under the assumption that S and T are finite sets. We begin by analyzing
several possibilities for the number of elements in S and 7. For example,

when S = {s1,s2}, and T = {t}, we have

\/(ST) = \/{Slt, Sgt} = (Slt) \Y (Szt) = 51t + Sot — Slt(Sgt)*Sgt =
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= s1t + sot — s1tt"s5s9t = s1t + sot — $15580t =
= (81 + 52 — 515552)t = (51 V s2)t = (V.S)(VT).

By induction it then easily follow follows that (CZZ=Z) holds when S
has an arbitrary finite number of elements and T a singleton. Suppose now
that S = {s}, and T' = {¢;,t2}. Then

V(ST) = (st1) V (sta) T=" sty + sty — st1(st1)* sty =

= st1 + sto — StltIS*StQ = st1 + sto — StltItQ =
= S(tl + 19 — t]_tTtQ) = S(tl \Y tg) = (\/S)(\/T)

Again by induction it follows that (IZZZ=I) holds for S a singleton and T
finite.

We will now prove (CZZZ) in the general finite case using induction on
the number of elements of T. Writing T' = {t1,ts,...,t,}, consider the set
T = {ta,...,t,}, and observe that

(VS)(VT) = (VS)(t1 vV (VT")) = (VS)t1 Vv (VS)(VT') =

= (VSty) v (VST') = V(St; UST') = VST.

Finally, let us tackle the general infinite case, assuming that A is a von-
Neumann algebra. For this recall from ([Z=27) that

VS = lim VF, and VI = lim VG,
F—oo G—oo

where F' and G range in the directed sets consisting of all finite subsets of
S and T, respectively. Since multiplication is doubly continuous on bounded
sets for the the strong operator topology, we have

(VS)(VT) = ( Jim VF)( lim VG) =

= lim (VF)(VG)= lim (VFG). (12.28.2)

F,.G—oo F,G—o0

Again by (CZZ2) we have that V(ST) is the strong limit of the net

{VH} ncsr (12.28.3)

H finite

and we observe that the collection formed by all H = F'G, where F' and G
are finite subsets of S and 7', respectively, is co-final in the collection of finite
subsets of ST'. This gives rise to a subnet of (IZZ=Z3), which therefore also
converges to V(ST'). In other words, the last limit in (IZZ84) coincides with
V(ST), thus proving (CZZ=) in the general case. O
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12.29. Definition. Let S be a set of partial isometries in a C*-algebra A.

(i) We will say that S is finitely-V-closed if, whenever T is a finite compatible
subset of S, one has that VT lies in S.

(ii) In case A is a von-Neumann algebra, we will say that S is V-closed if the
condition above holds for every compatible subset T' C S, regardless of
whether it is finite of infinite.

The set of all partial isometries in a C*-algebra A is evidently finitely-V-
closed. Moreover, the intersection of an arbitrary family of finitely-V-closed
sets is again finitely-V-closed. Thus we may speak of the finite-V-closure
of a given set S of partial isometries in A, namely the intersection of all
finitely-V-closed sets of partial isometries containing S.

All that was said in the above paragraph clearly remains true if we
remove all references to finiteness, as long as we take A to be a von-Neumann
algebra. In particular we may also speak of the V-closure of a set of partial
isometries in a von-Neumann algebra.

12.30. Lemma. Let A be a C*algebra (resp. von-Neumann algebra) and
let S be a self-adjoint multiplicative sub-semigroup of A consisting of partial
isometries. Then the finite-V-closure (resp. V-closure) of S is also a self-
adjoint multiplicative sub-semigroup of A, hence an inverse semigroup by

Proof. Letting
S = {VT : T is a (finite) compatible subset of S},

we will first prove that & is (finitely-)V-closed. For this let us be given a
(finite) compatible subset of &, say

T=A{VT;:jeJ},

where each T} is a (finite) compatible subset of S, and J is a (finite) set of
indices. We then claim that
T:= UjTyj

is a compatible subset of S. To see this, we must prove that any two elements
t and s in T are compatible, and we will do this by verifying ([CZZZM).
Initially notice that, thanks to S being a self-adjoint multiplicative semigroup,
both s*t and st* are partial isometries. So we deduce from (IZH) that ss*
commutes with ¢t*, and that s*s commutes with £*¢.

On the other hand, since ¥ is a compatible set, we may use (ZZ0) to
obtain a partial isometry u in A with

VT; S u, Vi€
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It is then evident that w dominates every element of every 7}, and conse-
quently u dominates every element of T'. In particular, v dominates s and ¢,
thus verifying all of the conditions in (IZZZIM), and hence we conclude that
s and t are compatible. This proves that T is a compatible set.

It is now easy to see that

vT=\ (VI}) =VvT € 6.
jeJ
thus showing that & is (finitely-)V-closed!3.

In order to prove that & is closed under multiplication, we pick two
elements in &, say V1" and VU, where T" and U are (finite) compatible subset
of S. Recalling that S is assumed to be closed under multiplication, we have
that TU C S, so clearly T'U consists of partial isometries, which is equivalent
to saying that the initial projections of the members of T' commute with the
final projections of the members of U. From (IZZ3) we then conclude that

(VT)(VU) = V(TU) € &,

proving that & is closed under multiplication.

In order to prove that & is also closed under adjoints, pick a generic
element VI' € &, where T is a (finite) compatible subset of S. Then it is easy
to see that T™ is also a compatible set, and

(VT)* = V(T*) € &. O

An easy consequence of the above result is in order:

12.31. Corollary. The finite-V-closure (resp. V-closure) of any tame set of
partial isometries in a C*-algebra (resp. von-Neumann algebra) is tame.

Proof. Given a tame set T' of partial isometries in a C*-algebra (resp. von-
Neumann algebra) A, let S be the multiplicative sub-semigroup of A gen-
erated by T'U T*. Then S satisfies the hypothesis of (ZZ30), hence the
finite-V-closure (resp. V-closure) of S, which we denote by &, is a self-adjoint
multiplicative semigroup of partial isometries, therefore necessarily tame.
The finite-V-closure (resp. V-closure) of T is then clearly a subset of &,
hence it is also tame. [l

Notes and remarks. Partial isometries have been a topic of interest for a long
time. Among other things it appears in the polar decomposition of bounded
operators. A thorough study of single partial isometries is to be found in [EQ].

13 It is worth observing that the assumption that S is a self-adjoint multiplicative semi-
group, hence tame, was used above in an essential way in order to prove that & is V-closed.
In order to get to the V-closure of an arbitrary (wild) set of partial isometries it might be
necessary to iterate the above construction more than once.
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Proposition (IZ3) has been reproved in the literature many times. The
first reference for this result we know of is [E3].

The notion of a tame set of partial isometries and its relationship to
partial representations, as discussed in Proposition (IZI3), first appeared in
[E0]. The order relation among partial isometries defined in (IZ13) has been
considered in [EH] in the case of operators on Hilbert’s space. As mentioned
above, it is inspired by the usual order relation on inverse semigroups.
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13. COVARIANT REPRESENTATIONS OF C*-
ALGEBRAIC DYNAMICAL SYSTEMS

In (1) we have seen that a covariant representation of an algebraic partial
dynamical system gives rise to a representation of the crossed product. In
the paragraph following () we have also noticed that a converse of this
result is easily obtained in the case of unital ideals. In the present chapter
we will prove a similar converse for C*-algebras, despite the fact that ideals
are not always unital.

» Let us therefore fix a C*-algebraic partial dynamical system

(A’ G, {Dg}geGa {09}960)5

for the duration of this chapter.

The appropriate definition of covariant representations of a C*-algebraic
partial dynamical system is identical to Definition (EEIO), with the under-
standing that the target algebra B mentioned there will always be a C*-
algebra. In respect to this, it is noteworthy that every *-homomorphism
between C*-algebras is automatically continuous.

Quite often the target algebra for our covariant representations will be
taken to be the C*-algebra .Z(H) consisting of all bounded linear operator
on a Hilbert space H.

13.1. Proposition. Given a covariant representation (mw,u) of a C*-alge-
braic partial dynamical system (A,G,{Dg}gecc,{04}¢ec) in a unital C*-
algebra B, there exists a unique *-homomorphism

TXu:AxG — B,

such that (7 x u)(ad,y) = w(a)ug, for all g in G, and all a in D,.

Proof. Let us use ™ X9y to denote the *homomorphism from Ax,,,G to B,
provided by (EITd). The conclusion then follows immediately by applying
(CC1A) to 7 x 9 u. O

The following is the main result of this chapter:
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13.2. Theorem. Given a C*-algebraic partial action

0= ({Dg}g€G7 {QQ}QEG)

of a group G on a C*-algebra A, and a non-degenerate'* *

-representation
p: AxG — Z(H),

where H is a Hilbert space, there exists a unique covariant representation

(m,u) of 6 in £(H), such that:

(i) 7 is a non-degenerate representation of A,

(ii) wgug—1 is the orthogonal projection onto [w(Dgy)H] (brackets meaning
closed linear span),

(iii) p=7 x u.

Proof. Denote by 7 the representation of A on H given by
m(a) = p(ady), Vace A.

To see that 7 is non-degenerate, observe that, since p is non-degenerate and
since Ax,,G is dense in AxG, the restriction of p to the former is non-
degenerate. Thus, the set

X :={p(ady)n:9€G, ac Dy, ne H}

spans a dense subset of H. Given any element & in X, say & = p(ady)n,
as above, use the Cohen-Hewitt Theorem [E2, 32.22] to write a = bc, with
b,c € Dy. Then

(=)

&= plady)n =" p(bdrcdg)n = p(bd1)p(cdg)n = w(b)p(cdg)n € w(A)H.

This shows that X C w(A)H, so m(A)H also spans a dense subset of H,
meaning that 7 is non-degenerate, as desired. For each g in G, let

H, = [r(D,)H].

We should remark that, again by the Cohen-Hewit Theorem, every element
§ in H, may be written as

§=m(a)n,

14 A *_representation p : B — Z(H), of a C*-algebra B on a Hilbert space H is said to be
non-degenerate if [p(B)H]| = H (closed linear span). The reader should however be warned
that the notion of non-degeneracy for *-representations, as defined here, is different from
the notion of non-degeneracy for *-homomorphisms used earlier. For example, denoting by
J(H) the algebra of all compact operators on a Hilbert space H, notice that the inclusion
of #(H) into .Z(H) is non-degenerate as a *-representation, but it is not non-degenerate as
a *-homomorphism. Fortunately this somewhat imprecise terminology, which incidentally
is used throughout the modern literature, will not cause any confusion.
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for some a in Dy, and n in H, which means that
Hy, =m(Dy)H, (13.2.1)

even without taking closed linear span.

Letting {v; }ie; be an approximate identity'® for D, we claim that the
orthogonal projection onto H,, which we henceforth denote by e,4, is given
by

eq(§) = lim m(v;)§, V&€ H. (13.2.2)

11— 00

In fact, given § in H, write § = & + &, with & in Hy, and & in H;-. For
every a in Dy, and every n in H, observe that

(7r(a)§2,77> = <§2,7r(a*)77> =0,
———

€H,

from where we see that m(a)2 = 0. In particular m(v;)& = 0, for all i € I.
On the other hand, let us use (IZZl) in order to write & = m(a)n, where
a € Dy, and n € H. Then

lim 7(v;)€ = ilim ﬂ(vi)(w(a)n + 52) = Zliglo m(via)n =

17— 00 —00

= 7r( ,lim via)n = 77(@)17 =& = eg(f):

1— 00

proving (CZ24).

It is clear that each H, is invariant under m, so one may easily prove
that e, commutes with 7(a), for every a in A. We further claim that, given
another group element h € GG, one has

€geh = €pey. (13.2.3)
Indeed, given ¢ in H, observe that

en(eg(§)) = en( lim m(v;)€) = lim e (m(v;)€) =

= lim 7(v;)(en(€)) = eq(en(§))-

Another fact we will need later is

H,N Hy, = [x(D, N Dy)H]|, Yg,heG. (13.2.4)

15 An approzimate identity for a C*-algebra B is a net {v; };c; C B of positive elements,
with ||v;]| < 1, such that b = lim; o bv; = lim;—, 0 v;b, for every b in B. Every C*-algebra
(and hence also every ideal in a C*-algebra) is known to admit an approximate identity.
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In order to prove it, we note that the inclusion “D” is evident, while the
reverse inclusion may be proved as follows: pick any { in Hy; N Hy, and
emphasizing the role of h, write £ = m(a)n, with a in Dy, and n in H, by
(I=Z=Z). Once more employing our approximate identity {v;}ier for Dy, we
then have

€= eg(§) = eg(m(a)n) = lim m(v;)m(a)n =

71— 00
= lim w(v;a)n € [7(Dy N Dy)H],
11— 00
proving that
Hg NH;, C [W(Dg N Dh)H]

As already observed, Cohen-Hewit implies that 7(DyNDy)H (without taking
closed linear span) is a closed linear subspace of H, so (ZZ4) is verified.

In order to kick-start the construction of the partial representation u
referred to in the statement, let us now construct, for any given g in G, an
isometric linear operator v, : Hy—1 — H, satisfying

vg(m(a)é) = p(b4(a)dy)§, Vae€ Dy, VEEH.

With this goal in mind we claim that, for all aj,...,a, € Dg-1, and all
&1,...,&, € H, one has that

n

> P('gg(ai)ag)fi .

i=1

'i1 m(a;)&i

(13.2.5)

Indeed, starting from the right-hand-side above, we have

mn

Z p(GQ(ai)(sg)&' ’ = < i P((eg(aj)(sg)*(eg(ai)5g)>€i,§j> (E:':')

i=1 i,j=1

n n n n 2

= < Dy W(a;ai)gia§j> = < > m(ai)&, 3o W(aj)§j> = || > m(@)&|
1,7=1 =1 71=1 =1

proving (3ZH). This said, the correspondence
'21 m(a;)& = 21 p(0g(ai)dg)&i,
1= 1=

may now be shown to provide a well defined isometric linear map on the lin-
ear span of 7(Dy-1)H, which we have seen coincides with H, -1 by (I[ZZ),
providing an isometric linear operator v, on H -1 satisfying the desired prop-
erties.

Next we show that the range of v, is precisely H,. For this, given
a € Dy, write a = be, with b,c € Dy-1, by the Cohen-Hewitt Theorem. So,
for all £ € H, we have that

Vg (W(a)f) = p(Hg(bc)ég)§ = p(99(b)51) p(eg(c)ég) e W(Hg(b))H C Hy,
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proving that vg(H,-1) € Hy. On the other hand, given any a in Dy and £ in
H, use Cohen-Hewit again to write 6,-1(a) = bc, with b,c € D,-1. Then

ady = 0y (be)dr = (05(8)3,) (cdy-1),
SO

m(a)§ = p(ad1)§ = p(04(b)dy) p(cdy-1)§ = vy (m(b)n) € vg(Hy-1),

where 7 is as indicated. It follows that H, C v,(H,-1), thus showing that v,
is indeed an isometric operator from Hg -1 onto H,.
Taking one step closer to our desired partial representation, for each g
in G, we let
ug: H— H

be the linear operator defined on the whole of H by extending v, to be zero
on the orthogonal complement of H,-1. It is then clear that u, is a partial
isometry in Z(H ), with initial space H,-1 and final space H,. Consequently
the orthogonal projection onto H, satisfies

eg = Ugly. (13.2.6)

If @ is in Dy-1 we have by definition that u,m(a)é = p(6,4(a)dy)E, for all
¢ in H, which means that

ugm(a) = p(04(a)dy), Vae Dy (13.2.7)

Having shown that 7 is non-degenerate, it is evident that H; = H, and
it is easy to see that u; is the identity operator on H, as required by (E13).
We next claim that

ug(ug-1(§)) =¢& Vgel, VEe€H,. (13.2.8)

Assuming, as we may, that £ = m(a)n, with a € D,, and n € H, write

04-1(a) = be, with b,c € Dy-1, by Cohen-Hewit, and observe that

ug-1(§) = ug-1 (m(a)n) = p(0,-1(a)d,—1)n = p(bdy cdy-1)n =

= m(b) p(cdg-1)n = m(b)C.
¢

Therefore the left-hand-side of (IZZZ3) equals

Ug (ug*1 (5)) = Ug (W(b)o = P(gg(b)ég)g = P(gg(b)ég) p(cdg—1)n =
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= p(0y(be)d1)n = m(a)n = ¢,
proving (C3ZZ3), from where we deduce that

ug-1 =uy, VgeGqG, (13.2.9)

g

hence verifying (CIDM) and, in view of (IZ=2M), this also proves condition (ii)
in the statement.
We next focus on proving (CIT4), namely

UghUp—-1 = UgUpUp-1,
for all g,h € G. As a first step we claim that
ugnup-1(n) = ug(n), Vne H,NHy1. (13.2.10)

In order to do this we use (IZZ3A) to write n = 7(a)§, with a in Dy N Dy
Observing that
01,1 (a) € Dp-1 N Dh—lg—la

we may write 6;,-1(a) = be, with b and ¢ in Dj,-1 N Dp-14-1. Therefore
up-1(n) = up-1(7(a)€) = p(Oh-1(a)dp-1)& = p(bedp-1)¢ =

= p(bd1) p(cdp-1)§ = m(b) p(cdp-1)E.
So the left-hand-side of (IZ=Z10) equals

tgn (-1 () = g (w(6) p(cd-1)€) = p(Ogn ()3gn) plcB-1)€ =

= p(Bgn(bc)dg)E = p(B4(a)dy)E = ug(m(a)é) = ug(n),

taking care of (IZ=Z10).
Observing that the right-hand-side of (LI1) equals ugep,, our next claim
is that
Ugen = Ugpup-1€4-1, Yg,heG. (13.2.11)

In order to prove this we have

(C=zm) (=)

UgEh = ugegfleh = ughuhqegqeh =

= ughuhflehegfl = ughuhflegfl,

proving (3=ZT). Taking adjoints in (ZZZ1), using (Z=2d), and changing
variables appropriately leads to

eRlly = €gUplp—1g4. (13.2.12)
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Focusing now on the left-hand-side of (1), observe that

— ==
UghUp-1 = ughe(gh)fluhfl = ughehflu(gh)qug.

Since ug = uge,-1, the right-hand-side above is unaffected by right multipli-
cation by e,-1, and so is the left-hand-side. Thus

— (== —
UghUp—-1 = UghUp—-1€4-1 = Ug€Eh = UgUpUp-1,

proving (). It has already been observed that () is implied by
(13) and (EO53), so the verification that w is a partial representation is
complete. We now verify that (m,u) is a covariant representation, which is
to say that

ugm(a)ug-1 = m(04(a)), (13.2.13)

for any given g in GG, and a in D,-1. To prove it, let { € H, and let us first
suppose that £ is in Hgl. Then, evidently u,-1(§) = 0, so the operator on
the left-hand-side of (IZZ13) vanishes on {. We claim that the same is true
with respect to the operator on the right-hand-side. Indeed, given any 7 in
H, we have that

(7 (0g(a))&,m) = (&,m(04(a"))n) = 0.
H

Since 7 is arbitrary, we have that 7(6,(a))¢ = 0, as claimed.
Suppose now that ¢ is in H,. Then we may write £ = 7(b)n, for b € D,
and n € H, by (3=Z), and

(=)

ugm(a)ug-1(§) = ugm(a)uy—1 (w(b)n) = =

(=)

= p(84(a)35) (0,1 (0)351 )1 = p(0,(a)d 01 (D)5 )1 =

= p(04(a)bdr)n = 7 (04(a))m(b)n = 7(04(a))&.

This concludes the proof of (ZZ13), and hence that (7, u) is a covariant
representation as needed. In order to show point (iii) in the statement, it
clearly suffices to prove that

(m x u)(ady) = p(ady), (13.2.14)

for every g in G, and a € D, which we will now do. Writing a = be, with b
and c in D,, we have

(=)

pladg) = p(b3y O5-1(c)01) = p(by)m (051 (c))



100 PARTIAL DYNAMICAL SYSTEMS AND FELL BUNDLES

(=)

= (B0, g ()tg = p(b3g)p (01 (c)Tg1 g
= p(bcdr)ug = m(a)ug = (7 x u)(ady),

so ([Z=T) is verified.

We are therefore left with the only remaining task of proving uniqueness
of the (7, u). With this goal in mind, assume that (7/,u’) is another covariant
representation of our system in #(H), such that 7’ x v’ = p. For every a in
A we then have that 7'(a) = p(ad;) = 7(a), so m and 7’ must coincide.

Given g in G, and & in H,-1, write £ = 7(a)n, with a in D1, and 7 in
H, by (I=Z). Then

u;(E) = u;ﬂ(a)n = u;ﬂ/(a)n = (ﬂ'(a*)u;_l)*n = ((7r/ X u’)(a*ég_l))*n —

= ((m x u)(a"65-1)) "1 = ugm(a)y = uy(£),

which says that uj coincides with ug on Hy-1. By (ii) we have that both
ufq and uy vanish on H ;_17 SO ufq coincides with u, on the whole of H. This
proves that v/ = u, and hence completes the proof of the uniqueness part. [

Notes and remarks. Theorem (IZ3) is due do McClanahan [E, Proposition
2.8]. The above proof is inspired by [E3, Theorem 1.3]'¢, except that we
have avoided the use of approximate identities whenever possible, basing the
arguments on the Cohen-Hewit Theorem instead. Even though the proof
presented here turned out to be a bit long, we have chosen it because we
believe a possible generalization of this result to algebraic partial actions will
most likely use arguments based on idempotency rather than convergence of
limits.

16 Pplease note that [E3] is the preprint version of [E9].
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14. PARTIAL REPRESENTATIONS SUBJECT TO
RELATIONS

In the present chapter we will describe one of the most efficient ways to show
a given C*-algebra to have a partial crossed product description.

In order to motivate our method, suppose that B is a unital C*-algebra
defined in terms of generators and relations. Suppose also that the given
relations imply that the generators are partial isometries or even, as it of-
ten happens, explicitly state this fact. Let us moreover suppose that these
partial isometries form a tame set so, by (ZI3), we may find a *-partial
representation u of a group G (quite often a free group) whose range also
generates B. Under all of these favorable circumstances B may then be given
another presentation in which the set of generators turns out to be the range
of a *-partial representation, and we may then consider the partial dynamical
system described in ().

Having the same goal as Theorem (III3), although with different hypoth-
esis, and in a different category, the main result of this chapter is intended to
specify conditions under which the homomorphism given in () is in fact
an isomorphism. Another major objective of this chapter is to give a very
concrete picture of the spectrum of the commutative algebra involved in this
system.

Given a group G, we will be dealing with universal'” unital C*-algebras
on the set of generators

G={ug:9€G},

subject to a given set of relations. In all instances below this set of relations
will split as
R UR,

where R’ consists precisely of relations (CIZ=x), which is to say that the
correspondence g — ug4 is a *-partial representation of G in B. With respect
to the remaining set of relations, namely R, we will always make the assump-
tion that it consists of algebraic relations involving only the e, (defined to be

17 See [3] for a definition of universal C*-algebras given by generators and relations.
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eqg = Ugug-1). By this we mean relations of the form

P(€gys€gss---1€g,) =0, (14.1)

where p is a complex polynomial in n variables, and the g; are in G. Recall
that the e, commute by (EEI), so it is OK to apply a polynomial in n
commuting variables to them.

14.2. Definition. Given a set R of relations of the form ([ZI), we will
denote by C, (G, R) the universal unital C*-algebra generated by the set

G = {uy : g € G}, subject to the set of relations R’ UR, where R’ consists of
the relations (CI1T1).

Notice that, since the set R’ is always involved by default, we have de-
cided not to emphasize it in the notation introduced above. The subscript
“ b))

par. should be enough to remind us that the axioms for *-partial represen-
tations, namely R/, is also being taken into account.

14.3. Definition. Let v be a *-partial representation of a group G in a
unital C*-algebra B, and let R be a set of relations of the form (IZ). We
will say that v satisfies R if, for every relation “p(eg,,eq,,...,€q,) = 07 in
‘R, one has that

p(vglvgl—l,v92vg;1, cey Vg, v,-1) = 0.

The universal property of C*, (G, R) may then be expressed as follows.

par

14.4. Proposition. For every *-partial representation v of G in a unital
C*-algebra B, satisfying R, there exists a unique *-homomorphism

p:C (G,R) — B,

par

such that p(ug) = vy, for every g € G.
Proof. The proof follows immediately from the universality of C* (G, R),

par

once we realize that, besides satisfying R, the v, also satisfy R’, as a conse-
quence of it being a *-partial representation. O

As an example of relations of the form (IZ) one is allowed to express
that a certain u4 is an isometry, since this reads as “(uq)*ugy = 17, and may
therefore be expressed as “e,-1 —1 = 0.” As another example, one may express
that two partial isometries u, and uj, have orthogonal ranges by writing down
the relation “egep, = 0”. On the other hand we are ruling out relations such
as “ug + up = uy”, since these are not of the above form.

We should however remark that certain relations which do not imme-
diately fit under () may sometimes be given an equivalent formulation
within that framework, an example of which we would now like to present.
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14.5. Proposition. Let u be a *-partial representation of the group G in
a unital C*-algebra. Given two elements g and h in G, the following are
equivalent

(1) Ugh = UgUp,

(ii) egn = egney,
1, as usual.

where e, = UgUg—

Proof. By the C*-identity (ITT1d), we have
lugn — ugunl|* = |[(ugn — gun) (ugn — ugun)*|| =

= (=)
= |ugntp-14-1 — UghUp-1Ug-1 — UgUpUp—14-1 + UgUpUp-1Ug-1]| =

= |legh — ugnup-1ug-1]|.
In addition, we have
UghUp—-1Ug—1 = UghUp—1Ug—1UgUg—1 = UghUp-1g-1UgUg—1 = Egh€g,
which plugged above gives
lugh — ugunl® = llegn — egneg||
gh gUhll = lI€gh ghtgll:

from where the statement follows immediately. O

As an important application of this idea, one may phrase the fact that
a *-partial representation is semi-saturated (see Definition (E12)), relative to
a given length function ¢ on G, by requiring it to satisfy the set of relations

€gh — €gneqg = 0,

for all g and h in G such that ¢(gh) = €(g) + ¢(h).

One of the main goals in this chapter is to prove that C7, (G, R) is
isomorphic to a partial crossed product of the form

O(QR) xG.

The partial dynamical system involved in this result will be presented as
a restriction of the partial Bernoulli action, introduced in (E513), to a closed
invariant subset (see (EZI)). The first step towards this goal will therefore
be to describe the subset Q2r C 21 mentioned above.

Let us consider, for each ¢ in G, the mapping

g,:{0,1}9 — {0, 1}, (14.6)
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defined by
gg(w) =wy =[gew], Vwe{0,1},
(see (E3)). Seeing {0,1} as a product space, the €, are precisely the stan-
dard projections, hence continuous functions.
Consider a relation

P(€gy,€gsy---s€q,) =0,
of the form (IZ). If we replace each ey by €4 in the left-hand-side above we
get

p(5917€g27' . ’egn)7
which may be interpreted as a complex valued function on {0, 1}¢, namely
w € {0,1}9 = p(eg, (W), €4, (W), .- -, &4, (w)) € C. (14.7)

14.8. Definition. Given a set R of relations of the form (IZ), we will let
Fr be the set of functions on {0,1}¢ of the form (IZ1), obtained via the
above substitution procedure from each relation in R. The spectrum of R,
denoted by €)%, is then defined to be the subset of 2; defined by

Qr ={weQ: f(g7'w) =0, Vf € Fr, Vg € w}.

14.9. Proposition. For any set R of relations of the form (IZ1), one has
that Qi is a compact subset of €)1, which is moreover invariant under the
partial Bernoulli action [ defined in (E13).

Proof. In order to prove that Q% is closed in 4, let {w; }icr be a net in Qz
converging to some w in €};. Given g € w, observe that £,(w) = 1, so w lies in
the open set ;' ({1}). We may therefore assume, without loss of generality,
that every w; lie in €' ({1}). This is to say that g € w;, for every i € I, and
since wj; is in Q, we deduce that
flg7rw) =0, Viel, VfecFr.
Observing that the correspondence
ve{0,1}¢ = f(g"v) e C
is a continuous mapping, we conclude that
flg™w) = lim f(g~ wi) =0,

proving that w € Qg, and hence that Q5 is closed. Since )7 is compact,
then so is Qx.

Recall that the partial Bernoulli action 8 = ({Dy}geq, {By}gec) is given
by

Dy={we® : gew}, and [y(w)=gw, VYwe Dy .

In order to prove invariance, we must show that 3,(Qr N Dy-1) C Qg,
so pick w in Qg N Dy-1, and let f € Fr, and h € By(w) be given. Then
g 'h € w, and since w € Qx, we have that

0=f((g7" W)~ w) = f(h7 gw) = f(h"By(w)),
proving that Sg(w) is in Qg. O
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» From now on we will fix an arbitrary set R of relations of the form
(Z). We may then use (E10) to restrict the partial Bernoulli action to Qx,
obtaining a partial action

Or = ({Df}gec {05 }gec), (14.10)

where
DZf:QRﬂDg:{wEQR 19 €wl, (14.11)

and
R
0, (w) =gw, VYwée Dy.

It should be noticed that, since each D, is open in €2, one has that DZJ2
is open in Qx. This, plus the obvious fact that each 9;3 is continuous, means
that 0% is a topological partial action of G on Qx.

Observe that D} is also closed in Qx by (IZT), so (E1) applies and
hence we see that 6z admits a Hausdorff globalization. In fact we may
describe the globalization of Az without resorting to (EX2) as follows: define

Xr ={we{0,1}9: f(g7'w) =0, Vf € Fgr, Vg € w},

that is, X is defined as in ([Z3), except that we have replaced “w € ;" by
“w e {0,1}9". In other words,

Or = Xr NQy.

By staring at the above definition of Xy, it is clear that X5 is invariant
under the global Bernoulli action 1 described in (E9).

Notice that w = @, namely the empty set, is a member of X% since the
membership condition above is vacuously verified for @. If w is any element
of X% other than @, choose g in w, and notice that 1 € g7 lw = Ng-1(w), so

77971((.«)) e XrNQ =g,

whence
w = 779(779*1(‘*))) € ny(Qr).

With this it is easy to see that the orbit of 0z under 7 is given by

U (=) = Xr\{2}.

geG

This proves the following;:
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14.12. Proposition. The restriction of the global Bernoulli action 7 to the
invariant subset X p\{@} coincides with the globalization of the partial action
Oz introduced in (D).

Let us now turn our topological partial action into a C*-algebraic one.
For this we invoke (IT) to obtain a partial action of G on C(§2z), which,
by abuse of language, we will also denote by 05.

As seen in our discussion after the definition of the partial Bernoulli
action (B13), D, is a compact space for every g in G, and hence so is DZIZ.
The corresponding ideal of C' (), namely

Co(Dg) = C(Dy),
is therefore a unital ideal. In particular, we are entitled to use (E3) in order
to get a *-partial representation

v:G = C(Qr)xG, (14.13)

defined by
vg = 1404, VgeG,
where 1, denotes the unit'® of C(DJ). Viewed within C(Qz), observe that

14 is the characteristic function of DZ}. By the description of DZJ2 given in
(D), we may then write

ly(w)=[g €w], YweQg,

which is to say that
1, =¢4l0n - (14.14)

14.15. Lemma. The *-partial representation v defined in (IZI3) satisfies
R.

Proof. Given a relation “p(eg,,€q,,...,€4,) = 07 in R, we must therefore
prove that

p(Uglvgl—l,Ug2’l)g2—1,...,Ugn’Uggl) = 0. (1)

For any g in G, notice that
(B=3)

VgUg—1 = (19(59)(19—1(59—1) = 1951,
so, under the usual identification of C(Qg) as a subalgebra of C(Qg)xG
provided by (BX), we may write

UgVg—1 = 1g = €glag-
Therefore we see that the left-hand-side of (1) equals the restriction of
p(69175927' i 7€gn)7

to Qx. This is precisely one of the functions in Fx which, by the very def-
inition of Q% (with g = 1) vanishes identically on Q%. This verifies () and
hence completes the proof. O

18 We could also use the heavier notation 1;2 for the unit of C’(D;z)7 but this will be
unnecessary.
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With this we arrive at the main result of this chapter:

14.16. Theorem. Let GG be a group and let R be a set of relations of the
form (ZA). Then there exists a *-isomorphism

01 Cr (G R) = C(Qr) %G,

such that
go(ug) =1404, Vgea,

where 1, denotes the characteristic function of D;z.

Proof. By (X1d) and ([ZA) there exists a *-homomorphism ¢ satisfying
the conditions in the statement, and all we must do is prove ¢ to be an
isomorphism.

We begin by building a covariant representation of fz in C* (G, R).

par
For this, let A be the closed *-subalgebra of C}, (G, R) generated by the set

{e, : g € G}. Noticing that A is commutative by (IZZ3), we denote by A
its spectrum.
Consider the mapping

h:yeAw (’y(eg))geg € {0,1}¢.

Since each ey is idempotent, we have that y(e;) € {0,1}, so the above is
well defined and the reader will not have any difficulty in proving that h is
continuous. We next claim that the range of h is contained in . Picking
v € A, we must then prove that w := h(y) € Qg. Evidently

[l ew] =wi =7(e1) =~(1) =1,

sow € Q. Let f be a function on {0,1}¢ of the form (IZ), associated to a
relation in R. Picking any g € w, we must therefore prove that

flg~lw) =0.
With p, g1,...,gn, as in (Z), observe that
g7 w) =p(eg (97 w), ... &g, (97 w)). (14.16.1)

In order to get a better grasp on the meaning of the above, notice that for
any ¢ = 1,...,n, one has

€g; (gflw) =g € gilw] = [99i € W] = wyg, = V(egg,) =+~

Since g € w, we see that w, = 1, which is to say that vy(e;) = 1, so the above
equals

(==0)
- = 'Y(eg)')’(eggi) = 'V(Ugug*leggi) = ’Y(ugegiug*) = ’Yg(egi)v
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where v, : A = C is defined by
Yg(b) = Y(ugbug-1), Vbe A

It is easy to see that 7y, is a homomorphism, which therefore commutes
with polynomials. So by ([ZIG) we have

f(gilw) = p(’)/g(em)v s a’)/g(egn)) = 'Yg(p(egu .- '7€gn)) =0.

This proves that h indeed maps A into Qr, so by dualization we obtain a
unital *-~homomorphism

h:feCQr)— foheC(A).

Observe that h(1,) coincides with the Gelfand transform é, of e,, be-

cause, for every v € A, one has

(=)

B(lg)(’Y) =1, (h(’Y» = &g (h("Y)) =(eg) = €4(7)-

Identifying C'(A) with A via the Gelfand transform, we then have that
h is a *-homomorphism X
h:CQr)— A,

such that B(lg) = eg4, for all g in G. We will now prove that the pair (ﬁ, u) is
a covariant representation of % in C*, (G, R), which is to say that

par

ugh(f)ug- = h(07(f)), (14.16.2)

for all f € C'(D;z_l), and all g € G.

Using the Stone-Weiestrass Theorem one may show that the functions
of the form f = 1,-11,, with h in G, generate C’(D;{l), as a C*-algebra,
so it is enough to prove (IZIG3A) only for such functions. In this case the
right-hand-side of (Z1G3A) becomes

=) 7

h(OF(f)) = h(0F (1y-11n)) = h(lglgn) = egegn.

The left-hand-side of (IZIG3A), on the other hand, is given by

ugh(flug-1 = ugh(ly-11p)ug-1 = uge -1epug—1 =

_ (=) _
= Uglpllg-1 =  Uglg—1€gp = €g€gh,

so ([IIEJ) is seen to hold, as claimed, whence (h,u) is indeed a covariant
representation. From (I3) we then obtain a *-homomorphism

hxu:CQr)xG — C* (G, R),

par
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satisfying

(h xu)(1g09) = h(lg)ug = egug = ugug-r1ug = ug,
for all g in G. Observing that ¢ sends u, to 1,44, and that C;, (G,R) is
generated by the ug4, one easily proves that (ﬁ X u) o @ is the identity on
Cr (G, R).

To prove that the composition o (B x u) also coincides with the identity
it suffices to prove that C(Q2z)xG is generated by the 1,0,.

We have already seen that each DZJ2 is generated by the elements 141y,
for h ranging in G, so C'(Q2z)xG is generated by the elements of the form

110y = (1nde)(1g0g) = (100 )(Lp-10p-1)(1gdy).

Thus the crossed product is indeed generated by the 1,04, as claimed, so

¢o (hxu) is the identity map, whence ¢ and (h x u) are each other’s inverse,
proving that ¢ is an isomorphism and hence concluding the proof. O

In this and in later chapters we will present several applications of
(ZTm), describing certain classes of C*-algebras as partial crossed products.
In the first such application we will prove a version of () to the context
of C*-algebras, so let us begin by adapting the definition of IK,,(G) given in
(@) to our context.

14.17. Definition. Given a group G, the partial group C*-algebra of G,
denoted C*, (G), is defined to be the algebra C* (G, R), where R is the

par par

empty set of relations.

Thus, by (Z4) we see that C7, (G) is the universal unital C*-algebra
for *-partial representations of G (without any further requirements), a fact
that may be considered a version of () to C*-algebras.

Notice that if R is the empty set of relations, then Q0x = () so, as an

immediate consequence of ([Z10) we have:

14.18. Corollary. For every group G, one has that C}, (G) is *-isomorphic
to the crossed product of C'(£21) by G, relative to the partial Bernoulli ac-
tion 8 defined in (BCI12), under an isomorphism which sends each canonical
generating partial isometry u, in C?, (G) to 1404, where 1, denotes the char-
acteristic function of D,.

It is not hard to see that C(€;) is the universal unital C*-algebra gen-
erated by a set £ = {e, : g € G}, subject to the relations stating that the
eg are commuting self-adjoint idempotents, and that e; = 1. In other words,
C(£21) is the analogue of the algebra A, (G) introduced in (2) within the
category of C*-algebras. Therefore (IZI3) may be seen as the analogue of
(M) in the present category.
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As our second example, let us consider the universal C*-algebra for semi-
saturated partial representations. For this let us suppose that G is a group
equipped with a length function /. One may then define a pseudo-metric on
G by setting

d(g,h) =(g~'h), Vg,heG.

By pseudo-metric we simply mean that d is a nonnegative real valued function
satisfying the triangle inequality:

d(g,h) < d(g,k) +d(k,h), Vg,hkeG.

Although we will not need it here, one may clearly relate certain prop-
erties of £ with the remaining axioms for metric spaces.

In Euclidean space we know that the triangle inequality becomes an
equality if and only if the three points involved are suitably placed in a
straight line. This motivates the following:

14.19. Definition. Let G be a group equipped with a length function £.
(a) Given g and h in G, the segment joining g and h is the subset of G given
by
oh = {z € G 1 d(g,h) = d(g,) +d(z, h)}.
(b) A subset w C G is said to be convez if gh C w, for all g and h in w.

The above notion of convexity and the notion of semi-saturated partial
representations, as rephrased by (IZ3), may be bridged as follows:

14.20. Proposition. Let G be a group and let R, be the set consisting of
one relation of the form
€gh — €gneqg = 0,

for each pair of elements g and h in G satisfying ¢(gh) = £(g) + ¢(h). Then
Or... = {w € U : w is convex}.

Proof. Notice that the corresponding set Fr_,, of functions on {0,1}¢ is
formed by the functions

f(w) = [gh € w] — [gh € W][g € W],

for all g,h € G, such that ¢(gh) = ¢(g) + £(h). For each such function, each
w € 1, and each k € w, notice that

fkTlw)y=[ghek'w] —[gh ek 'w][g € k'w] =

= [kgh € w] — [kgh € w]kg € w],
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Letting ® and ¥ denote the formulas “kgh € w” and “kg € w”, respectively,
the above may be shortened to

Fk™w) = [@] - [@][¥].

We next claim that the Boolean value of the formula “® = ¥” is given
by 1 — f(k7'w). In fact, using well known properties of Boolean operators

we have
[ = U] =[-DV V]

= [~®] + [¥] — [-2][V]
=1—[®] + [¥] — (1 - [2])[V]
=1— [+ [¥] — [¥] + [®][¥]
=1—[P] + [D][V]

=1- f(k'w).

Therefore, to say that w is in Qg_,, is the same as saying that for all
g and h in G with ¢(gh) = £(g) + ¢(h), one has that the Boolean value of
“® = U” is equal to 1, obviously meaning that & implies ¥, so

(Vk € w) kgh € w= kg € w.

One may easily show that the most general situation in which an ele-
ment z lies in a segment kz is when = = kg, and z = kgh, where g and h are
elements in G such that ¢(gh) = ¢(g) + ¢(h). Thus the above condition for w
to lie in Q2z_,, is precisely saying that w is convex. O

The following is a direct consequence of ([Z1D):

14.21. Corollary. Let G be a group equipped with a length function /.
Then the set
Qeony = {w € wis convex}

is a closed subspace of )1, invariant under the partial Bernoulli action. More-
over, denoting by 0 the corresponding restricted partial action, one has that
C(Qeonv)XoG is the universal C*-algebra for semi-saturated partial represen-
tations in the following sense:

(i) The map

g€ G 1464 € C(Qeony)XG,

where 1, is the characteristic function of the set {w € Qcony 1 g € W}, Is
a semi-saturated *-partial representation.

(ii) Given any semi-saturated *-partial representation of G in a unital C*-
algebra B, there exists a unique *-homomorphism

¢ 1 C(Qeony)¥G — B,
such that ¢(1,0,) = u,.
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Notes and remarks. Most results of this chapter are taken from [Ed|.
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15. HILBERT MODULES AND MORITA-RIEFFEL-
EQUIVALENCE

One of the main tools to study partial crossed products in the realm of C*-
algebras is the theory of Hilbert modules. In this short chapter we will
therefore outline some of the main results from that theory which we will
need in the sequel. The reader is referred to [, [¥] and [[2] for careful
treatments of this important subject.

Hilbert modules are also crucial in defining the concept of Morita-Rieffel-
equivalence between C*-algebras and between C*-algebraic dynamical sys-
tems, which we will also attempt to briefly discuss, while referring the reader
to [Ed] for a more extensive treatment and examples.

15.1. Definition. Let A be a C*-algebra. By a right pre-Hilbert A-module
we mean a complex vector space M, equipped with the structure of a right
A-module as well as an A-valued inner-product

(,): M x M — A,

satisfying
(1) &Aan+n') =M + &),
(it) (£, €) >0,
(iii) (£,§) =0=¢&=0,
(iv) (§,ma) = (& n)a,
v) {&m =089,

for every &,m,m' € M, A € C, and a € A.

Notice that it follows from ([21d) and (IAT) that (-,-) is conjugate-
linear in the first variable. Also, from ([2XTd) and (1), one has that

(a&,m) =a™(§,m), VEn,eM, VacA.

It is a well known fact [EO, Proposition 2.3] that the expression

€]l = 1K€, &)11Y/2, VEe M,
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defines a norm on M, and we then say that M is a right Hilbert A-module if
M is complete relative to this norm. When M is not complete, the Banach
space completion of M may be shown to carry the structure of a right Hilbert
A-module extending the one of M.

Contrary to the Hilbert space case, a bounded A-linear operator 1" be-
tween two Hilbert modules M and N, does not necessarily admit an adjoint.
By an adjoint of T" we mean an operator T* : N — M satisfying the familiar
property

(T(),m) =(&T"(n), V&eM, VneN.

For a counter-example, let A be a C*-algebra and let us view A as a
Hilbert module over itself with inner-product defined by

(a,b) =a*b, Va,be A.

Every ideal J < A is a sub-Hilbert module of A and the inclusion ¢ :
J — A is an isometric A-linear map, hence bounded. However the adjoint of
¢ may fail to exist under certain circumstances. Suppose, for instance, that
A is unital and J is not. If +* exists then for every z in J we have

This implies that ¢*(1) is a unit for J, contradicting our assumptions. There-
fore ¢* does not exist.

When studying Hilbert module one therefore usually restrict attention
to the adjointable operators, meaning the operators which happen to have an
adjoint.

The set of all adjointable operators on a Hilbert module M is denoted
Z(M). One may prove without much difficulty that £ (M) is a C*-algebra
with respect to the composition of operators, the adjoint defined above, and
the operator norm.

Given a C*-algebra A, one may likewise define the concept of left pre-
Hilbert A-module, the only differences relative to Definition (IZ) being that
M is now assumed to be a left A-module and axioms ([ET3XTd) become

(1) A&+ & m) = MEm) + (€ m),
(iv’) {a&,m) = a{&,n),
for every &, & ,nin M, X in C, and a in A. The notion of left Hilbert A-module

is defined in the obvious way.

15.2. Lemma. Let A be a C*-algebra and let M be a right (resp. left)
Hilbert A-module. If {v;}; is an approximate identity for A, then for every &
in M, one has that & = lim; v; (resp. € = lim; v;€).
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Proof. We have
1€ — &uil® = |[{€ — €vi, € — Evi)|| =

= H<£>£> - <£7£>U’L - U:<£,£> + Uj<£,£>vz|| <
< 146, €) = (& Owill + [willll(€, €)vs — (€, )1l =3 0.

A similar argument proves the left-handed version. O

As a consequence of the previous result, we see that M = [M A] (closed
linear span), but we can in fact get a slightly more precise result:

15.3. Lemma. Let A be a C*-algebra and let M be a right (resp. left)
Hilbert A-module. Then, for every & in M one has that

¢ = lim £(6,6Y" (resp. £ = lim (£,6)'/"¢).

Consequently M = [M (M, M)] (resp. M = [(M,M)M]).

Proof. We have
(e-gg ot e—e ol =

= (£,€) — (£, OV — (£, OY™ME & + (£, V™€, &), =

= (6,6) =206, + (£, 0 "o,
Therefore || — £(¢,&)Y/™| "% 0, concluding the proof in the right module
case, while a similar argument proves the left-handed version. O

It is interesting to notice that every right Hilbert A-module M is auto-
matically a left Hilbert module over .£(M) as follows: given T" in £ (M) and
& in M, we evidently define the multiplication of T" by & by

T-&:=T(¢),

thus providing the left module structure. As for the Z(M)-valued inner-
product, given £ and 1 in M, consider the mapping

Qe (€M En,C) € M.

It is easy to see that (¢, is an adjointable operator with Qf , = Q¢ ;.
We thus define the (M )-valued inner-product on M by

<§)n>;/(M) 2957777 V€,77€M

Observe that the two inner-products defined on M satisfy the compati-
bility condition

<§7n>g(M)<:§<n,<>Bv v&vnaC€M7

which motivates our next concept.
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15.4. Definition. Given C*-algebras A and B, by a Hilbert A-B-bimodule
we mean a left Hilbert A-module M, which is also equipped with the structure
of a right Hilbert B-module such that, denoting by (-,-), and (-,-), the A-
valued and B-valued inner-products, respectively, one has that

(i) (ag)b= a(&b).
(11) <§777>AC = £<777 C>B7
foralla € A, b€ B, and £,1,( € M.

It is possible to show [, Corollary 1.11] that the norms originating from
the two inner-products on a Hilbert bimodule agree, meaning that

146, E)all = 6, s ll,  VE € M.

15.5. Definition. Let M be a Hilbert A-B-bimodule.

(a) We say that M is left (resp. right) full, if the linear span of the range of
(-,-), (resp. (-,-),) is dense in A (resp. B).

(b) If M is both left and right full, we say that M is an imprimitivity bimod-
ule.

(c) If there exists an imprimitivity A-B-bimodule, we say that A and B are
Morita- Rieffel-equivalent.

A rather common situation in which a Morita-Rieffel-equivalence takes
place is as follows: suppose that B is a C*-algebra and A is a closed *-sub-
algebra of B.

Recall that A is said to be a hereditary subalgebra if

ABA C A.

This is equivalent to saying that any element b in B, such that 0 < b < a, for
some a in A, necessarily satisfies b € A.

On the other hand, A is said to be a full subalgebra if the ideal generated
by A in B coincides with B, namely

[BAB] = B.

If A is a hereditary subalgebra of B, the right ideal of B generated by
A, namely M = [AB], becomes a Hilbert A-B-bimodule with inner-products
defined by

(x,y), =xy*, and (z,y), ="y, Va,ye M.

Since A C M, it is evident that M is left-full. If we moreover suppose
that A is a full subalgebra in the above sense, then M is also right-full,
hence an imprimitivity bimodule, whose existence tells us that A and B are
Morita-Rieffel-equivalent. Thus:
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15.6. Proposition. If A is a full, hereditary, closed *-subalgebra of a C*-
algebra B, then A and B are Morita-Rieffel-equivalent.

Morita-Rieffel-equivalent C*-algebras share numerous interesting prop-
erties relating to representation theory and K-theory [ED|, [d]. One of the
most striking results in this field states that if A and B are separable!? C*-
algebras, then they are Morita-Rieffel-equivalent if and only if they are stably
isomorphic, meaning that

K@A~K®B,

where IC is the algebra of compact operators on a separable infinite dimen-
sional Hilbert space (see [[d] for more details).

The concept of Morita-Rieffel-equivalence has an important counterpart
for C*-algebraic partial dynamical systems:

15.7. Definition. Let G be a group and suppose that for each k = 1,2 we
are given a C*-algebraic partial dynamical system

Qk = (Ak, G, {AZ}geGa {GS}QGG)'

We will say that 0! and 0? are Morita-Rieffel-equivalent if there exists a
Hilbert A'-A2-bimodule M, and a (set-theoretical) partial action

Y= ({Mg}g€G7 {'Yg}geG>

of G on M, such that for all k = 1,2, and all g in GG, one has that
(i) M, is a norm closed, sub-A'-A%-bimodule of M,

(ii) A% = [(My, M) ,] (closed linear span),

(iii) =4 is a complex linear map,

(iv) (719(&), 79 (1) = 05 ((6:m) ), for all €, € My-1.

In this case we say that

Y= (Mv G7 {MQ}QEG7 {VQ}QEG)
is an imprimitivity system for 0 and 62.

Speaking of (IZZ), observe that (£,7),, lies in the domain of 9’; by

Using (IX0d), and the fact that C*-algebra automorphisms are neces-
sarily isometric, one sees that the v, must be isometric as well.

Notice that each M, may be seen as a full Hilbert A}]—Ag—bimodule, S0
necessarily A; and Ag are Morita-Rieffel-equivalent. This applies in particu-
lar to g = 1, so A' and A2 must be Morita-Rieffel-equivalent as well.

19 In fact this result is known to hold under less stringent conditions, namely if A and
B possess strictly positive elements. However most of the applications we have in mind
are to the separable case, so we will not bother to deal with non-separable algebras here,
unless the separability condition is irrelevant.
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15.8. Proposition. If §' and 62 are Morita-Rieffel-equivalent partial dy-
namical systems, and vy is an imprimitivity system for 01 and 62, as in (I3J),
then, given § in M-, one has that

v9(ag) = bg(a)yg(€), Vae Ay,

and
V9(€D) = 74(€) 65(b), Vbe A ..

Proof. Focusing on the first assertion, let n € M,-1. Then by ([ZZ1d) we
have

(vg(a&),vg(m)),, =05 ((a&,m),,) = 65(a)d} ((&,m),,) =
=0;(a)(74(€), 79 (M) .. = (05 (a)74(€)s7v9(M)) . -

Since 7 is arbitrary, and since v4(n) can take on any value in My, we
conclude that

79(‘15) = Qé(a)’yg(f).
The second assertion is proved similarly. O

In view of the above result, it is not reasonable to expect the v, to be
bi-module maps (hence not adjointable either) relative to any of the available
Hilbert module structures. However, if we see each M, as a ternary C*-ring
[] under the ternary operation

{57 n, C}g = £<n7 C)AQ ’

it easily follows from (C23) that v, is an isomorphism of ternary C*-rings.

One of our long term goals, unfortunately not to be achieved too soon,
will be proving that Morita-Rieffel-equivalent partial actions lead to Morita-
Rieffel-equivalent crossed products. For this it is important to introduce the
concept of linking algebra.

» So, suppose for the time being that A and B are C*-algebras, and that
M is a Hilbert A-B-bimodule.

We first define the adjoint Hilbert bimodule as follows. Let M* be any
set admitting a bijective function

EeM— ¢ e M”.

We then define the structures of vector space, left B-module, and right A-
module on M* by B
€ M= (64 M),

be™ = (£0%)7,
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for all £ and n in M, X in C, a in A and b in B. We further define A- and
B-valued inner-products on M* by

(€ ). =&, and  (£,0")s = (€ )5,

for all ¢ and n in M.

The reader might be annoyed by the fact that, unlike module structures,
the inner-products defined on M* have not changed relative to the original
ones. However this turns out to be the only sensible choice, and one will
quickly be convinced of this by checking the appropriate axioms, which the
reader is urged to do. Once this is done M* becomes a Hilbert B-A-bimodule.

We then write
I_ A M
~\M* B )’

simply meaning the cartesian product A x M x M™* x B, denoted in a slightly
unusual way.

We make L a complex-vector space in the obvious way, and a *-algebra
by introducing multiplication and adjoint operations as follows:

(al 51) <a2 §2> _ <a1a2+ (€1,m2)s  @1€2 + &1b2 )
b)) \m b2 naz+biny  (m, &)y +b1b2 )7

a 5*7 a*

In order to give L a norm, we define a representation mg of L as ad-
jointable operators on the right Hilbert B-module M @ B (where B is seen
as a right Hilbert B-module in the obvious way) by

- <a1 §1><§2>:< a1&s + &1bo )
PA\nt b ba (n,&2)p +b1ba )’

and another representation w4 on the right Hilbert A-module A & M*, by

A (al 51) <a2> _ <a1a2+ <§1,772>A> _
ni b )\ niaz + bing

We then define a norm on L by

and

lell = max {[[ra (), I (c)ll}, Vee L

and one may then prove that L becomes a C*-algebra with the above structure
[[3, Proposition 2.3].
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15.9. Definition. Given C*-algebras A and B, and a Hilbert A-B-bimodule
M, the linking algebra of M is the C*-algebra L described above.

The linking algebra relative to the imprimitivity bimodule implement-
ing a Morita-Rieffel-equivalence between partial actions also carries a partial
action, as we will now show:

15.10. Proposition. Let G be a group and suppose we are given C*-alge-
braic partial dynamical systems

Q= (A,G, {Ag}gea, {ag}geG)7 and = (B, G, {Bg}sec: {BQ}QGG)'

Suppose, moreover, that o and 8 are Morita-Rieffel-equivalent partial actions,
and that

Y= (M, G, {Mgy}gea, {’Yg}geG)

is an imprimitivity system for a and (8. Letting L be the linking algebra of
M, for each g in GG, we have that

(i) the subset L, of L defined by

is a closed two-sided ideal,

(ii) the mapping
A (7? f,) Chi s <ag§7a) w(&)) L,

is a *-isomorphism,
(iii) the pair
A= ({Lg}geGa {)‘Q}QEG)7

is a C*-algebraic partial action of G on L.

Proof. We first claim that if £ € M, and n € My, then
€ m, €Ay, and (&n), € B,. (15.10.1)

In order to see this, let {v;}; be an approximate identity for B,. Viewing M,
as a right Hilbert Bg-module, we get from ([23) that n = lim; nv;, so

<£7 77)3 = <f= hgn 77”i>B = li£n<§777>3vi € Bg-
Using a similar reasoning one shows that (§,n), € A,.

Of course, if it is &, rather than 7, which belongs to M, then (I[EZT)
still hold (by taking adjoints).
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We will need another fact of a similar nature, that is, if a is in Ay, b is
in By, and £ is in M, then

a§ € My, and &be M,. (15.10.2)

To prove it, notice that by (C2Zd), we may assume that b = (1, (), , for some
n and ¢ in M,. In this case we have
(m=m)
b=EnQp = (§&maC € M.

The proof that a§ € M, is similar.
We therefore have that, in any one of the expressions:

ab, ag, &b, (§,m), and (§,n),,

where a is in A, b is in B, and £ and 7 are in M, if one of the two terms
involved belongs to a set named with a subscript “g”, then so does the whole
expression.

Keeping this principle in mind, and staring at the definition of the multi-
plication operation in L for a while, one then sees that L, is in fact a two-sided
ideal of L.

In [3¥, Proposition 2.3] it is proven that the norm topology of L coincides
with the product topology, when L is viewed as A x M x M* x B. Thus,
since A, is closed in A, B, is closed in B and M, is closed in M, we see that
L, is closed in L.

The proof that each 7, is a *-isomorphism is an easy consequence of
(I2) and (I@3), and the corresponding property for o, and f,.

Finally, the last point is easily verified by observing that X is the direct
sum of four partial actions. O

This result will later be used to prove that Morita-Rieffel-equivalent par-
tial actions lead to Morita-Rieffel-equivalent crossed products. The strategy
for doing so will be to form the crossed product of L by G, and then make
sense of the expression

L>4G:< AxG M>4G>’

(MxG)* BxG

so M xG will be seen to be an imprimitivity bimodule implementing a Morita-
Rieffel-equivalence between AxG and BxG. The biggest hurdle we will face,
and the reason we need to further develop our theory, is showing AxG and
BxG to be isomorphic to subalgebras of Lx(G. Even though we may easily
find *-homomorphisms

AXG — LxG, and BxG — LxG,

proving these to be injective requires some extra work. As soon as we have the
appropriate tools, we will return to this point and we will prove the following:
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15.11. Theorem. If

Q= (A7 G, {Ag}geGa {ag}geG); and B = (B7 G, {Bg}ger {/BQ}QEG)

are Morita-Rieffel-equivalent C*-algebraic partial dynamical systems, then
AxG and BxG are Morita-Rieffel-equivalent C*-algebras.

Notes and remarks. Inspired by Kaplansky’s C*-modules, Hilbert modules
were introduced by Paschke in [EO]. The notion of Morita-Rieffel-equivalence,
sometimes also referred to as strong Morita equivalence, was introduced by
Rieffel in [0}, adapting the purely algebraic concept of Morita equivalence
[ET] to operator algebras.

Morita-Rieffel-equivalence of actions of groups on C*-algebras were con-
sidered independently in [BO] and [Z3] and, for the case of partial actions, in
[M] and [@], where a version of Theorem (IIZT) for reduced crossed products
appeared. When we are ready to prove (II2l), we will take care of both the
reduced and full versions.
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16. FELL BUNDLES

If one wishes to understand the structure of a given algebra, a traditional
method is to try to decompose it in the direct sum of ideals. However, when
working with simple algebras, such a decomposition is evidently unavailable.

An alternative method is to try to find a grading (see (EI0)) of our
algebra, in which case we will have decomposed it in its homogeneous spaces.
These are of course subspaces of the given algebra but they can also be seen
as separate entities. In other words, starting from a graded algebra we may
see the collection of its homogeneous spaces as the parts we are left with after
disassembling the algebra along its grading. The study of the separate pieces
might then hopefully shed some light on the structure of our algebra.

From now on we will employ the concept of Fell bundles, introduced
by J.M. G.Fell under the name of C*-algebraic bundles, in order to deal
with disassembled C*-algebras?’. However it is crucial to note that, in the
category of C*-algebras, the concept of a grading, to be defined shortly, only
requires the direct sum of the homogeneous spaces to be dense, so the process
of passing from a graded C*-algebra to its corresponding Fell bundle, that is,
the collection formed by its homogeneous spaces, involves a significant loss of
information: there is no straightforward process to reassemble a graded C*-
algebra from its parts! In other words, there are examples of non-isomorphic
graded C*-algebras whose associated Fell bundles are indistinguishable.

While this can be considered a weakness of the method, it often helps
to organize one’s tasks in two broad groups. In order to understand the
structure of a graded C*-algebra one should therefore attempt to separately
understand:

(1) the structure of its associated Fell bundle, and
(2) the way in which the various parts are pieced together.

Breaking up assignments along these lines frequently makes a lot of sense
because the two tasks often require very different tool sets.

20 1t s important to stress that, over topological groups, Fell bundles carry in its topol-
ogy a lot more information than we will be using here. However, since all of our groups
are discrete, this extra topological data will not be relevant for us here.
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In this and the forthcoming chapters we plan to provide both sets of
tools for dealing with graded C*-algebras: (1) understanding the structure of
Fell bundles will be done by proving that, under suitable hypothesis, every
Fell bundle arises from a partial dynamical system, while (2) understanding
how to piece together the homogeneous spaces to reassemble the algebra will
be done via the theory of cross-sectional algebras and amenability.

16.1. Definition. A Fell bundle (also known as a C*-algebraic bundle) over
a group G is a collection

B = {Bg}geG

of Banach spaces, each of which is called a fiber. In addition, the total space
of %, namely the disjoint union of all the B,’s, which we also denote by %,
by abuse of language, is equipped with a multiplication operation and an
involution

B X B — B, *: B — B,

satisfying the following properties for all g and h in G, and all b and ¢ in %:
) BgBn, C Byp,
b) multiplication is bi-linear from B, x By, to By,

C

d

)
) multiplication on % is associative,

) il < 1l

) (By)® C By,

) involution is conjugate-linear from By to B, -
) (be)* = c*b*,

)

)

)

)

g) (
b**

h

1

J
k

(a
(
(
(
(e
(f
(
(
(1) [Io"] = IIbH
(3) Nl = [18l%,
(k) b*b >0 in Bj.
Axioms (a—d) above define what is known as a Banach algebraic bundle.
Adding (e-i) gives the definition of a Banach *-algebraic bundle.

Observe that axioms (a—j) imply that B; is a C*-algebra with the re-
stricted operations. We will often refer to By as the unit fiber algebra.

With respect to axiom (H), notice that the reference to positivity there
is to be taken with respect to the standard order relation in Bp, seen as a
C*-algebra. Should one prefer to avoid any reference to this order relation,
an alternative formulation of (H) is to require that for each b in %, there exists
some a in Bj, such that b*b = a*a.

As already hinted upon, a concept which is closely related to Fell bundles
is the notion of graded C*-algebras, which is not equivalent, and hence should
be distinguished from its purely algebraic counterpart (ETO).
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16.2. Definition. Let B be a C*-algebra and G be a group. We say that
a linearly independent collection {By}4eq of closed subspaces of B is a C'*
grading for B, if B, is dense in B, and for every g and h in G, one has
that

(i) ByBp C By,
(i) B; C B,

geG

In this case we say that B is a G-graded C*-algebra and each By is called a
grading subspace.

The reason why the above is not a special case of (E10) is that here the
direct sum of the B,’s is only required to be dense in B.

16.3. If one is given a G-graded C*-algebra B, then the collection of all grad-
ing subspaces will clearly form a Fell bundle with the norm, the multiplication
operation and the adjoint operation borrowed from B.

We will see that, conversely, every Fell bundle may be obtained from a
G-graded C*-algebra B, as above, although B is not uniquely determined
since there might be many ways to complete the direct sum of the B,’s.

One of the reasons why one is interested in studying Fell bundles rather
than graded C*-algebras is to avoid getting distracted by the problems related
to the different completions mentioned above.

16.4. An important example of Fell bundles is given by the group bundle
#=0C x G,

where G is any group. Each fiber By is defined to be C x {g}, with usual
linear and norm structure, and with operations

(Avg)(:u’ h) = (Aﬂvgh)7 and ()‘79)* = ()‘79_1)7
for all \,u € C, and g,h € G.

16.5. One of the main reasons we are interested in Fell bundles is because
they may be built from C*-algebraic partial dynamical systems. In order to
describe this construction, let us fix a C*-algebraic partial action

0 = ({Dg}gea, {04}gec)

of a group G on a C*-algebra A. We will begin the construction of our Fell
bundle by defining its total space to be

B=A{(b,g) e AxG:be Dy}

Inspired by the notation introduced in (EZ), we will write bd, to refer
to (b, g), whenever b € D,. We may then identify the fibers of our bundle as

B, ={bS, : b e D,}.
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The linear structure and the norm on each B, is borrowed from D,,
while the multiplication operation is defined exactly as in (E3), namely

(ady)(b6p) = 04 (0,-1(a)b)dgn, Ya € Dy, VbE Dy.
We finally borrow the definition of the involution from (EX), namely
(ady)* =04-1(a")o4-1, Vge G, VacD,.
16.6. Proposition. Given a C*-algebraic partial action

0 = ({Dg}gea, {04}gec)

of a group G on a C*-algebra A, one has that %, with the above operations, is
a Fell bundle over G, henceforth called the semi-direct product bundle relative
to 6.

Proof. The task of checking the axioms in (IG) is mostly routine. We restrict
ourselves to a few comments. With respect to associativity, we observe that
it follows by the same argument used in (E2). Axiom (d), (i) and (j), namely
the axioms referring to the norm structure, all follow easily from the fact that
partial automorphisms of C*-algebras are isometric. Axioms (g) and (h) may
be proved following the ideas used in the proof of (E1), while (k) easily follows
from (ETZ4d) and the fact that partial automorphisms preserve positivity. O

16.7. Another important class of examples of Fell bundles is given in terms
of partial representations. In order to describe these, let

u:G— A

be a *-partial representation of a given group G in a unital C*-algebra A.
For each g in G, consider the closed linear subspace By C A, spanned by the
elements of the form

Upy Uhy *** U,
where n > 1 is any integer, the h; are in GG, and
Mo =g.
It is elementary to check that

(BY)* = By

“,, and B!B}C B!

gh»

for all g and h in G, so the collection
B = {Bg}geG

is seen to be a Fell bundle with the operations borrowed from A.
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16.8. Proposition. Let u be a *-partial representation of the group G in
the unital C*-algebra A. For each g in G, let e, = ugug-1, as usual. Then,
regarding the Fell bundle %" defined above, we have:

(i) the unit fiber algebra B} coincides with the C*-algebra generated by the
set {eg: g € G},
(ii) B} is abelian,
(iii) for each g in G, one has that u,BY = By = Bj'u,.
Proof. Given hy,...,h, in G, we claim that
Uhy Uhy =+ Uh,, = €py€py * = €p Up (16.8.1)
where
pk:h;["-hk, Vlgkﬁn

If n =1, we have
Uny = Uy Wy 1 Uhy = Chy Uny = €p, Upy s

proving the claim in this case. Assuming that n > 2, we have

_ (=)
Uhy UhyUhg ** " Uh,, = uhluhfluhlubuh?, crUp, =

= Uhy Up 1 UhyhyUhg ** " Uhy, = €hy UhyhyUhs ** " Uhy, s

and the claim follows by induction.
If we moreover assume that hy ---h, = 1, so that up,up, ---up, is an
arbitrary generator of B}, we deduce from the claim that

Uhy Uhy *** Uh,, = €h1Chihy """ Chihg--hy s

proving (i), and then (ii) follows from (E=T).

Let us next prove (iii). Observing that uy lies in By, it is immediate
that uy, B} € By. On the other hand, notice that if hy---h, = g, and b is
defined by b = up, up, - - - up,, , then

b —b (=) =)
6971 = ugflug = €p1€p2 cee epnupnugqug =

= epl €p2 e epnupn = b

Since By is the closed linear span of the set of elements b, as above, we
then see that
beg-1 =b, Vbe By.

For each such b, we then have that
b=beys1 = bug-1uy € Bi'ug,

because bug-1 is clearly in Bf'. This proves that By = Bj'ug, and the re-
maining statement in (iii) follows by taking adjoints. O
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It is interesting to notice that the Fell bundle associated to a given *-
partial representation, as discussed above, may also be described as a semi-
direct product bundle. In fact, one may adapt () to the context of C*-
algebras, obtaining a partial action of G on B}, whose associated semi-direct
product bundle is isomorphic to *. We leave the verification of these state-
ments as an easy exercise.

» From now on we fix an arbitrary Fell bundle Z = {B,}4cq.

16.9. Lemma. If {v;}; is an approximate identity for By, then, for every b
in any By, one has that

b = lim bv; = lim v;b.

Proof. Noticing that B, is a Hilbert By-B;-bimodule in a natural way, the
result follows from ([23). O

Using square brackets to denote closed linear span, notice that for any
two fibers B, and Bj, of %, we have that [B,B}] is a closed linear subspace
of Bgp. Questions related to whether or not [ByB}] coincide with By, will
have a special significance for us so let us introduce two concepts which are
based on this. Recall from () and (E22) that the term semi-saturated has
already been defined both in the context of partial actions and of partial
representation. We will now extend it to the context of Fell bundles.

16.10. Definition. Let # = {B,},cc be a Fell bundle.
(a) We say that Z is saturated if [ByBp] = Byp, for every g and h in G.

(b) If G is moreover equipped with a length function ¢, we say that £ is
semi-saturated (with respect to the given length function ¢) if, for all g
and h in G satisfying ¢(gh) = £(g) + £(h), one has that [B,Bp] = Byp,.

As already seen, the unit fiber By of a Fell bundle is always a C*-algebra,
and it is easy to see that for each g in G, one has that [ByB,-1] is an ideal
of Bl.

16.11. Lemma. Let & = {By}4cc be a Fell bundle, and let g € G. Given
an approximate identity {u;}; for [B4B,-1], and another approximate identity
{vi}; for [By-1Bg], one has that

= limu;b = limbv;, Vb€ By.

Proof. This is an immediate consequence of (1), once we notice that B, is
a Hilbert [ByB,-1]-[B,-1By]-bimodule. O
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16.12. Lemma. For every g in G, one has that [B,B,-1B,| = By.

Proof. Given b in By, choose an approximate identity {u;}; for [ByB,-1].
Then
b =limu;b € [B,B,1B,),

proving that B, C [ByB,-1B,]. The reverse inclusion is obvious. O

We may use this to give a simpler characterization of saturated Fell
bundles.

16.13. Proposition. A necessary and sufficient condition for a Fell bundle
B = {Bgy}gcc to be saturated is that

[ByBy-1] = By, VgeG.

Proof. That the condition is necessary is obvious. Conversely, notice that for
all g and h in G, we have

(=2

By "= [BynB(gny-1 Bgn] € [B1Byn] = [ByBy-1Bgn] C

C [ByBs) € Bg.
Therefore equality holds throughout, proving that 4 is saturated. O

We may easily characterize saturatedness and semi-saturatedness for
semi-direct product bundles:

16.14. Proposition. Let 0 = ({Dy}geq, {04}gec) be a C*-algebraic par-
tial action of the group G on the C*-algebra A, and let % be the associated
semi-direct product bundle.

(i) Then 4 is saturated if and only if § is a global action.

(ii) If G is moreover equipped with a length function, then % is a semi-
saturated Fell bundle (according to (IGIIM)) if and only if 6 is a semi-
saturated partial action (according to (E3)).

Proof. Given g in G, we have

(B3)

[ByBy-1] = [(Dgg)(Dg-164-1)] "=

— [Dy0,(Dy-1)61] = Dy (16.14.1)

So, to say that [ByB,-1] = By is equivalent to saying that D, = A. This
proves (i).

Focusing on (ii), pick g and h in G, with ¢(gh) = ¢(g) + ¢(h). Reasoning
as in (E3), it is easy to see that the range of 6, o 6;, is given by D, N Dyy,.
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Since 6,00y, is a restriction of the bijective mapping 6, it is clear that these
two maps coincide if and only if they have the same range, that is,

990911 :th 4 DgﬂDgh :Dgh ~ Dgh ng
Assuming that 2 is semi-saturated, we have that By, = [ByBj], so
Dgndy =" [BnBp-14-1] = [ByByBy-1,-1] C [ByBy-1] "= Dydy,
so Dy, € Dy, whence 0, 0 0, = 04, as seen above, proving ¢ to be semi-

saturated.
Conversely, assuming that 6 is semi-saturated, we have

By, = [BgnBp-14-1Bgn) = [(Dgnd1)Bgn] C
< [(Dg&l)th} = [ByBg-1Bgn] € [ByBhl,
which says that 4 is semi-saturated. O

Our next result relates saturatedness for partial representations and for
Fell bundles.

16.15. Proposition. Given a *-partial representation u of a group G in
a nonzero unital C*-algebra A, consider its associated Fell bundle %", as
described in (IG4). Then:

(i) B is a saturated Fell bundle if and only if u is a unitary group repre-
sentation. In this case %" is isomorphic to the group bundle C x G.

(ii) %" is a semi-saturated Fell bundle if and only if u is a semi-saturated
partial representation.

Proof. Assuming that %“ is saturated, let g be in G. Then

(=m)

B = [ByBy1] =" [Biugug-1By] = [egBi].

This is to say that the ideal generated by the idempotent element e,
coincides with the unital algebra Bj’, but this may only happen if ¢, = 1.
Since g is arbitrary, this easily implies that « is a unitary group representation.

Conversely, supposing that u is a unitary group representation, notice
that whenever hq---h, = g, one has that uy, up, ---un, = ug, which is to
say that By = Cuyg. It is then easy to see that %" is isomorphic to the group
bundle C x G, whence a saturated Fell bundle.

With respect to (ii), pick g and h in G, with ¢(gh) = ¢(g) + ¢(h). Then,
assuming u to be semi-saturated, we have that ugu;, = ugp, so

[Bg By] = [BiugunBY] = [Bi'ugnBY| = [B} gh] = th7
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so A" is seen to be semi-saturated.
In order to prove the converse, given any g in G, we claim that

egb=">, Vg€ By.

To see this, notice that, if b € By, we may write b = uga, for some a in BY',
by (IE=), so

egb = equga = ugug-1uga = uga = b,

proving the claim. If £ is semi-saturated, and still under the assumption
that ¢(gh) = €(g) + ¢(h), we then immediately see that

u
egb:b7 ngth,
because B;‘h = [B;B}j]. In particular, since ugj, is in Bg“h, we deduce that
€g€gh = egughugh—1 = ughugh—1 = egh.

Using (IZ3) we then conclude that ug, = ugup, thus verifying that w is
semi-saturated. (]

» Let us now return to the above situation in which 2 = {By}4eq denotes
an arbitrary, fixed Fell bundle.

Every element ¢ of By defines left and right multiplication operators
L.:beBy;+—cbe By, and R.:be& By~ bce By.

We will next show that the above may be extended to multipliers of Bj.

16.16. Proposition. Given any m in the multiplier algebra M(By), there
is a unique pair of bounded linear maps

Ly, Ry, : By — By,

such that, for all a in By, and all b in B, one has that
(i) Ly (ba) = Ly, (b)a,
(ii) Ry, (ab) = aR,,(b),
(iii) aL,,(b) = (am)b,
(iv) Rp(b)a = b(ma).
Moreover, if {u;}; is any approximate identity for By, then

L,,(b) =lim(u;m)b, and R,,(b) =limb(mu,;), Vbe By.

7
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Proof. Let {v;}; be an approximate identity for By. Addressing uniqueness,
notice that if b is in B,, we have that

Lin(6) "= lim v; Ly, (b) 2 lim (v;m)b.
T T
One similarly proves that R,, is unique. As for existence, we claim that the
limits

lim(v;m)b, and  limb(muv;)

exist. Checking the Cauchy condition relative to the first limit we have, for
all 4 and j, that

[(vim)b — (v;m)b]|* = [|((vim)b — (v;m)b) (b* (m*v;) — b*(m*v;))|| =

= ||(v;m)bb* (m™v;) — (v;m)bb* (m*v;) — (v;m)bb™ (M*v;) + (v;m)bb™ (M™v;)|| <
< |loym(bb*)m™v; — v;m(bb*)m™ v || + [[v;m(bb*)m*v; — v;m(bb*)m*v;|| <
< [lvil[lm(bb*)m*v; — m(bb*)m*v;|| +

1,]—00

o l1m(Bbm*v; — m(bb*ym* o, | 125 0.

This proves the existence of the first limit, while the second limit is shown to
exist by a similar argument. We may then define L,, and R,, as in the last
sentence of the statement, and the proofs of (i-iv) are now mostly routine,
so we restrict ourselves to proving (iii), leaving the proofs of the other points
to the reader. Given a in By, and b in By, the left-hand-side of (iii) equals

aLy,(b) = alim(v;m)b = lim(av;m)b = (am)b. O

The following result gives a concrete way to describe the fiber-wise mul-
tipliers given by ([LM) in the case of semi-direct product bundles:

16.17. Proposition. Let & be the semi-direct product bundle associated
to a given C*-algebraic partial dynamical system

0= (Av G, {Dg}gEGv {QQ}QEG)'
Then for every multiplier m € M(A), and every a in any D,, one has that
Lm(ady) = (ma)dy, and Ry, (ady) =04(6,-1(a)m)d,.

Proof. Picking an approximate identity {v;}; for A, we have that {v;d1}; is
an approximate identity for By = Ady, so for any a in Dy, we have that

L., (ady) = lim(v;md)ady = lim(v;ma)dy = (ma)dy,
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proving the first identity. As for the second one, we have

Ry (ady) = lim(ady)(mv;d1) = lim 6, (0,-1(a)muv;) 6y =

=04(6,-1(a)m)d,. O

The reader is urged to compare the above formula for R,,(ad,) with the
multiplication (ady)(md), should m be an element of A.

We will now present the first process of assembling a C*-algebra from a
given Fell bundle. This will produce the biggest possible outcome.

» Recall that Z = {By}sec denotes a Fell bundle which has been fixed
near the beginning of this chapter.

16.18. Definition. By a section of & we shall mean any function y from G
to the total space of 4, such that y, € B, for every g in G. We will moreover
denote by C.(£) the collection of all finitely supported sections. Given two
sections y and z in C.(%), we define their convolution product by

(y*z)g= > Yn2n-1g VgeQG.
heG

We also define an adjoint operation by

Yy = (Yg-1)", VYg€eG.

With respect to the convolution product above, notice that for every h
in G we have

YnZp-1g € BhBhflg - Bg,

so all of the summands lie in the same vector space, hence the sum is well
defined as an element of B,.

We leave it for the reader to prove the following easy fact:

16.19. Proposition. With the above operations one has that C.(%) is an
associative *-algebra.

As an example, notice that for the semi-direct product bundle £ de-
scribed in ([EM@), we have that C.(%) is isomorphic to Ax,,G.
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16.20. Definition. A *-representation of a Fell bundle # = {B,}4c¢ in a
*-algebra C'is a collection m = {7, }4e¢ of linear maps

g : By — C,
such that
(i) mg(b)mn(c) = mgn(be),
(i) mg(b)" = mg—1(b"),
for all g,h € G, and all b € By, and c € By,.

Given a Fell bundle %, for each g in G we will denote by j, the natural
inclusion of By in C.(%), namely the map

Jg 1 Bg — Ce(5B)

defined by
b, if h=y,

. (16.21)
0, otherwise.

o0l = {
16.22. Proposition. The collection of maps j = {j,}4ec Is a *representa-
tion of # in C.(A).
Proof. Left to the reader. O

We would now like to construct a C*-algebra from C.(%) in the same way
we built the C*-algebraic partial crossed product from its algebraic counter-
part. For this we need to obtain a bound for C*-seminorms on C.(%), much
like we did in (CT9).

16.23. Proposition. Let p be a C*-seminorm on C.(%). Then, for every y
in C.(%), one has that
p(y) < 2 llygll-

geG
Proof. Using (ILZA) we have for every b € By, that

p(55(8)” = p(5g(0) 4 (1)) = p(jg-1 (6")jy (1) = p(j1 (b*D)).

Observe that the composition po j; is clearly a C*-seminorm on B;. So,
as already mentioned in (1I3), we have

p((6°b)) < [[b"0]| = []b]>.

The conclusion is thus that

P(ig(b)) < IIbll.
For a general y in C.(%), we may write y = deG Jg(Yg), SO

p(y) < 3 pg(ye)) < X llygll.
geG geqG

This concludes the proof. O
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Given y in C.(%), define
[9]lmax = sup p(y), (16.24)
P

where p ranges in the collection of all C*-seminorms on C.(%). By the above
result we see that ||| .y is finite for every y, and hence it is a well defined
C*-seminorm on C.(%).

16.25. Definition. The cross sectional C*-algebra of %, denoted C*(4%),
is the C*-algebra obtained by taking the quotient of C.(%) by the ideal
consisting of the elements of norm zero and then completing it.

We will soon see that |||[max is in fact a norm, and hence that C.(%)
may be embedded as a dense subalgebra of C*(#). Meanwhile we will call
the canonical mapping arising from the completion process by

k:C.(B) — C*(B).

Since k is a *-homomorphism, and since j is a
following is evident:

*_representation, the

16.26. Proposition. For each g in G, let us denote by ), the composition

J K
B, — C.(B) 5 C* ().
Then j = {jq}qecc Is a *-representation of # in C* (%), henceforth called the
universal representation.

We have already seen that Bj is always a C*-algebra and it is easy to
see that 71 is necessarily a *-homomorphism. In fact we have:

16.27. Proposition. For every Fell bundle %, the map
By — C*(B)
is a non-degenerate *-homomorphism.
Proof. Follows immediately from (IT). O

The result stated below is simply the recognition that the C*-algebraic
partial crossed product defined in (III) is a special case of the cross sectional
C*-algebra.

16.28. Proposition. Let

0 = ({Dg}gec: {0g}gec)

be a C*-algebraic partial action of a group G on a C*-algebra A, and let %
be the corresponding semi-direct product bundle. Then AxG is naturally
isomorphic to C*(%A).

In the case of the group bundle € x G, the cross sectional C*-algebra is
denoted C*(G) and is called the group C*-algebra of G.

The cross sectional C*-algebra of a Fell bundle possesses the following
universal property with respect to bundle representations:
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16.29. Proposition. Let 7 = {n,}4ec be a *representation of the Fell
bundle % in a C*-algebra C. Then there exists a unique *~homomorphism

0 :C*(B) — C,

such that
p(Jg(b)) = my(b), Vge€G, Vbe DBy

We will say that ¢ is the integrated form of 7.
Proof. Given 7, define ¢q : C.(%) — C, by

wo(y) = > me(yg): Yy € Ce(X).

geG

It is a routine matter to prove that (g is a *~homomorphism, whence the
formula

p() = llpo@ll, Vy e Ce(R),

defines a C*-seminorm on C.(%), which is therefore dominated by |||/ max-
This says that g is continuous and so it extends to the completion, provid-
ing the required map. [l

Notes and remarks. Fell bundles were introduced in the late 60’s by J. M. G.
Fell in [E1], under the name C*-algebraic bundles, setting the stage for a far
reaching generalization of Harmonic Analysis. See [E2] for a very extensive
treatment of this and other important concepts.

Fell bundles over topological groups are defined in a different fashion
since the topology of the group must also be taken into account. However,
since we have chosen to work only with discrete group, we do not need to
worry about any extra topological conditions.



138 PARTIAL DYNAMICAL SYSTEMS AND FELL BUNDLES

17. REDUCED CROSS-SECTIONAL ALGEBRAS

The construction of the cross-sectional C*-algebra for a Fell bundle given in
(I=Z3) shares with ([I), as well as many other universal constructions, a
norm defined via a supremum (see (ILZZ4) and (II1)). While we have so far
verified that these maximal norms are finite, we have not worried about them
being zero! In other words, we are facing the potentially tragic situation in
which the cross-sectional algebra of nontrivial Fell bundles may turn out to
be the zero algebra! By (IGZH) this would also affect C*-algebraic partial
crossed products.

In order to rule out this undesirable situation, given a Fell bundle 4, we
must provide nontrivial C*-seminorms on C.(%), and one of the best ways
to do so is through representation theory. That is, given any representation
p of C.(%) on a Hilbert space, we may define a seminorm by p(y) = ||p(y)|l,
which will be nontrivial as long as p is nontrivial.

However, instead of representing C.(%) on a Hilbert space, our repre-
sentation will be on a Hilbert module over the unit fiber algebra By, which
we now set out to construct. As a byproduct we will describe our second
process of assembling a C*-algebra from a given Fell bundle.

» From now on we fix an arbitrary Fell bundle Z = {B,}4cc.

By (@A) we have that j; is a *-homomorphism through which we may
view Bj as a subalgebra of C.(%). This makes C.(%4) a right B;-module in
a standard way and we will now introduced a Bj-valued inner-product on
C.(%) as follows

<y7 Z> = ;G(yg)*zga Vy,z € Cc('%)'

The easy verification that this is indeed an inner-product is left to the
reader. Once this is done we have that C.(%) is a right pre-Hilbert Bi-
module.

17.1. Definition. We shall denote by (%) the right Hilbert Bi-module
obtained by completing C.(#) under the norm ||-||2 arising from the inner-
product defined above.
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Seeing C.(%#) as a dense subspace of ¢?(%), we may view j, as a map
from B, to £*(%#), and it is interesting to remark that this is an isometry,
since, for every b in any By, one has

17g(®)IIZ = 11{7g(b), 4o ()| = 1[b*bll = [[o]]*.

Our next step will be the construction of a representation of % within
<z (62 (%’)) The following technical fact will be useful in that direction:

17.2. Lemma. Given g,h € G, b€ By, and c € By, one has that
c*b*be < ||b||*c*e.

Proof. Tt is well known that a positive element h in a C*-algebra A satisfies
h <||h||, in the sense that v*(||h|| —h)v > 0, for every v in A. Here, we either
temporarily work in the unitization of A, or we simply write v*(||h|| — h)v to
actually mean ||hljv*v — v*ho.

Picking an approximate identity {v;}; for By, we then have for all 7 that,

v; (|[Blf* — b*b)vi > 0.
So, there exists some a; in By such that
v; (Bl = b*b)v; = aja;.
Applying (IETR) for a;c € By, and using (IEJ), we get
0 < (a;c)*aic = c*afaze = c*vf (||b]|*> — b*b)vic s S *(|Ib]|? = b*b)e =

= ||p||*c*c — c*b*be,
concluding the proof. O
17.3. Proposition. Given b in any B, the operator
Ag(b) 1y € Co(B) — ja(b)xy € Co(B)
is continuous relative to the Hilbert module norm on C.(%), and hence ex-
tends to a bounded operator on (*(%), still denoted by \,(b) by abuse of
language, such that ||A\;(b)|| = ||b||, and which moreover satisfies

Ag(0)(4n(c)) = jgn(bc), VYheG, Vc€ By.

Proof. Notice that for every y in C.(%) and every h in G, the formula for
the convolution product gives

Ag(O)yln = byg-1.-
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Therefore, if ¢ is in By, then for every k in G, we have that

)\g(b) (]h(c)) ’k = bjh(C)g—lk = (5hyg—1kbc = 5gh,kbc = jgh(bc)k,
proving the last assertion in the statement. Addressing the boundedness of
Ag(b), given y in C.(%), notice that

(Ag(D)y, Ag(b)y) = h%:G(yg—lh)*b*byg—lh =

Ly
= 5 )b = 167 S () o = 1017,
hea heG
This implies that [[Ag(D)yll2 < ||b|l||lyll2, from where we see that Ay(b) is
bounded and || A,(b)|| < ||b]|.

In order to prove the reverse inequality let & be the element of ¢?(%) ob-
taining by mapping b* into £%(%) via j,-1. Recalling that j,-: is an isometry,
we have that [|£||2 = ||b]|. We then have

Ag(D)§ = Ag(b)jg—1(b") = Jjg () x jg—1(b%) = jr (bb"),
S0

1617 = [16°b]| = [l72.(06") |2 = [IAg (0)€]l2 < [IAGD)IIIIE2 = Mg D) [[B]]-

This proves that ||[Ay(b)|| > ||b]|, completing the proof. O

We may now finally introduce the first nontrivial representation of our
bundle.

17.4. Proposition. The collection of maps

A= {/\g} 9geG
introduced above is a representation of % in £ ((*(2)), henceforth called the
regular representation of 4.

Proof. For b in any B, and y, z in C.(%), we have

A0y, 2) = X2 (yg=10)"0"2n = 32 (yn) 0" zgn = (y, Ag=1(b")2).
heG heG

Since C.(%) is dense in £%(2%), we conclude from the above that

Ag(D)E,m) = (€, Xg-1 (b)), V& € (),
and hence that )\, (b) is an adjointable operator, with Ay(b)* = A,-1(b*). This
also proves (EZI). Given by in By, by, in By, and y in C.(2%), we have

Mg (bg) (A (br)y) = g (bg) * jn(bn) xy =
= Jgn(bgbn) * y = Agn(bgbn)y.

Again because C.(%) is dense in (2(#), we get A\y(bg)An(br) = Agn(bgbn),
proving (EZM) and concluding the proof. O

)

By (IET=Z3), the regular representation of Z gives rise to a *-homomor-
phism
A:CH(B) = 2(P(D)), (17.5)

satisfying A o j, = Ay, for any g in G.
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17.6. Definition. The *-homomorphism A defined above will be called the
reqular representation of C*(%), and its range, which we will denote by
Cr .(B), will be called the reduced cross sectional C*-algebra of A.

We thus see that C (%) is isomorphic to the quotient of C*(#) by the
null space of A.

/—\ (17.7)

Jg K
B, s Cu(B) 5 C*(B) > O\ (B).

In the special case of the group bundle C x G, the reduced cross sectional
C*-algebra is denoted C* (G), and it is called the reduced group C*-algebra
of G.

The consequences of the existence of the regular representation are nu-
merous. We begin with a technical remark which should be seen as a gener-
alization of Fourier coeflicients to Fell bundles.

17.8. Lemma. For each g in G, there exists a contractive?! linear mapping
Eg : C:ed(‘%) — BQ7
such that, for every h in G, and every b in By, one has that

b, ifg=h,
Ey(M(9)) = {0, ifg+#h.

For any given z in C* (%) we will refer to E,(z) as the g"" Fourier coefficient

red
of z.

Proof. The map
Py:yeC.(AB) — yy € By,

is easily seen to be continuous for the Hilbert module norm, and hence it
extends to a continuous mapping, also denoted Py, from ¢*(%) to B,.

Letting {v;}; be an approximate identity for By, we then claim that the
limit

lim P, (z(j1 (vi))) (17.8.1)

exists for every z in C¥ (). In order to prove our claim, let us first check it
for z = Ap(b), where h € G, and b € By,. In this case, for every i, we have

Py (2(ja(@)) ) = By (M) (2 (0) ) = Py (G (8) s (v2) =

21 A linear map T is said to be contractive if |T(x)]| < ||z, for all z in its domain.
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= Pg (]h(bvz)) = 5g,hbvi,

where 0,5 is the Kronecker symbol. Thus the limit in (IZZ=) exists and
coincides with d, b, by (IG3). It follows that the limit also exists for every
z in

> An(Bn) = A(k(Ce(9))),

heG

which is clearly dense in C},(%). Since the operators involved in ([Z=T) are
uniformly bounded, we conclude that the above limit indeed exists for all z
in C¥,(#). We may thus define

By(2) = lim P, <z(j1(v,'))), VzeCh (D),

observing that the calculation above gives Ey (A (b)) = 84.,b, for all b in By,.
Finally, notice that since ||P,|| = 1, and ||v;]| < 1, then

1By(2)]| = 1im |7, (=(ia(v0)) ) | < =1 0

The more technical aspects having been taken care of, we may now reap

the benefits:
17.9. Proposition. Let & be a Fell bundle. Then:
(i) the map K : C.(B) — C*(A) is injective,
(ii) the map Aok : C.(B) — CF,(AB) is injective,
(iii) there exists a C*-seminorm on C.(9%) that is a norm,

)

)

)

(iv

(v

(vi

for every g in G, the map j, : By — C* (%) is isometric,

for every g in G, the map A\, : By — C} (%) is isometric,
C*(#) is a graded C*-algebra, with grading subspaces j4(By),
(vil) C} () is a graded C*-algebra, with grading subspaces \y(By).

Proof. (ii) Given y € C.(%) such that A(k(y)) =0, write y = >, ez Jn(n)-
Then, for every g in GG, we have

0= E, (M) = T By(Astinn)))) F % By(wtn) = i,

hence y = 0.
(i) Follows immediately from (ii).
(iii) In view of (i), it is enough to take p(y) := ||Y||max = |[£(v)].

(iv) Given b in any By, on the one hand we have that

1o ®)1 = 15 Go O = Lo Bl < 18]
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and on the other

=) =)

17g @) = A Gg @)1 7="11Ag ()] =" 2]l

(v) This is just (IZ3). It is included here for comparison purposes only.

(vii) By (v) we have that each \;(By) is a closed subspace of C},(%). To
show that they are independent, suppose that

Zzg:(),

geG

with 25 € A\y(By), the sum having only finitely many nonzero terms. For
each g, write z, = A\y(y4), with y, € B,. We may then view y as an element
of C.(#) and we have

A(H(y)) =2 A(“(jg(yg))) = %:G)‘g(yg) =2 24=0,

geG geG

whence y = 0 by (ii), and consequently z, = Ag(yy) = 0, for all g in G. This
shows that the A\y(B,) form an independent collection of subspaces. It is then
easy to see that

P ro(By) = A(s(Ce())), (17.9.1)

geG

which is clearly dense in C¥,(£). In order to check the remaining conditions
(IEZZ5=), observe that A is a representation by ([Z4), so for all g, h € G, we
have that

)‘Q(Bg))‘h(Bg) = Agh (th)a

and

Ag(By)* = Ag-1(B2) = Ag-1(By1).

Point (vi) may be proved in a similar fashion and so it is left for the
reader. g

Recall from (IEZA) that, given a C*-algebraic partial action of a group
G on a C*-algebra A, the crossed product AxG is isomorphic to the cross
sectional C*-algebra of the semi-direct product bundle. Inspired by this we
may give the following:

17.10. Definition. The reduced crossed product of a C*-algebra A by a
partial action 6 of a group G, denoted Ax,.qG, is the reduced cross sectional
algebra of the corresponding semi-direct product bundle.

Applying () to semi-direct product bundles we obtain:



144 PARTIAL DYNAMICAL SYSTEMS AND FELL BUNDLES

17.11. Corollary. Let § be a C*-algebraic partial action of a group G on a
C*-algebra A. Then:
(i) the map K : Ax.,G — AXG is injective,
the map Aok : AX,,G — AX,.qG is injective,
there exists a C*-seminorm on Ax,,G that is a norm,
for every g in G, and all a € D, one has that |ad,| = ||a,
for every g in G, and all a € D, one has that ||A(ady)|| = ||all,
AxG is a graded C*-algebra, with grading subspaces D0,
Ax,qG is a graded C*-algebra, with grading subspaces A(Dgd,).

We have already briefly indicated that the Ey of (IZ3) are to be thought
of as Fourier coefficients. In fact, when the bundle in question is the group
bundle over 7Z, namely C x 7Z, then the reduced cross sectional algebra is
isomorphic to the algebra of all continuous functions on the unit circle. More-
over, for any such function f, one has that E, (f) coincides with the Fourier
coefficient f(n).

We will now present a few results about Fell bundles which are motivated
by Fourier analysis and which emphasize further similarities between these
theories. Our first such result should be compared with the well known
fact that the matrix of a multiplication operator on L?(S?), relative to the
standard basis, is a Laurent matrix, that is, a doubly infinite matrix with
constant diagonals.

17.12. Proposition. Given z € C¥ (%), one has that

<jg(b), zjh(c)> =b"Egp-1(2)c,

for all g,h € G, b € By, and c € By,.

Proof. It is clearly enough to prove the result for z = >, - Ar(yx), with
each yi € By, the sum having only finitely many nonzero terms. In this case
we have

(g b), zin(e)) = (3(); 3 Mele)inle)) =

keG

- <jg(b), > jk(yk)*jh(c)> = <jg(b)’ 2 jkh(y"‘c)> -

keG keG
— b ygp1c =0 Egya(2)e. 0

Another well known result in Classical Harmonic Analysis states that, if
all of the Fourier coefficients of a continuous function f vanish, then f = 0.
Our next result should be considered as a generalization of this fact.
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17.13. Proposition. Given z € C¥ (%), the following are equivalent:
(i) E1(z*2) =0,

(ii) E4(2z) =0, for every g in G,

(ifi) z = 0.

Proof. (i) = (iii). Given b in any By, we have

(245(0), 234 (B)) = (g (b), 224 (b)) = b* By (2*2)b = 0,

whence zj,(b) = 0. Since the j,(b) span a dense subspace of £2(%), we have
z=0.

(ii) = (iii). Given b in any B, and ¢ in any B}, we have

(Jg(b), zjn(c)) = b*Egp—1(2)c = 0.

Since the jg(by) span a dense subspace of £%(%), we see that zj,(c) = 0. As
above, this gives z = 0.

(i) <= (iii) = (ii). Obvious. O

A very important fact in Classical Harmonic Analysis is Parseval’s iden-
tity, which asserts that, for a continuous function f on the unit circle T (in
fact also for more general functions), one has that

/ FEPdz= X [f)
T

nez

We will now present a generalization of this to Fell bundles by seeing the
right-hand side above in terms of our version of Fourier coefficients, while the
left-hand-side is interpreted based on the fact that, in the classical case, the
integral of a function coincides with its zeroth Fourier coefficient.

We begin with a preparatory result, the second part of which is a gener-
alization of yet another important fact in Harmonic Analysis.

17.14. Lemma.
(a) Let y € Ce(#), and let z =3 o Ag(yy). Then

¥ Ey(2)"Ey(2) = Bi(2"2).
geqG

(b) (Bessel’s inequality) For every z € C¥ (%), and for every finite subset

red
K C G, one has that

;{Eg(Z)*Eg(Z) < E1(27z2),
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Proof. Initially observe that if z is as in (a), then by (IZ3) one has that
E,(z) = yg4, so the sum in (a) is actually a finite sum. We then have

B2 =B X Ml M) =B S Aoutm) S

g,heG g,heG
= y;yg = Eg(z)*Eg(Z)v
geG geG

proving (a). In order to prove (b), assume first that z is as in (a). Then it is
clear that for every finite set K C (G, one has that

Bi(z2) ¥ IEACRACES W ACKAO!

Since the set of elements z considered above is dense in C (%), and since
both the left- and the right-hand expressions above represent continuous func-
tions of the variable z, the result follows by taking limits. O

We now wish to show that the conclusion in (IZIZ3) in fact holds for ev-
ery z in C¥ (). Evidently the sum might now have infinitely many nonzero
terms, so we need to discuss the kind of convergence to be expected. We will
see that unconditional, rather than absolute convergence is the appropriate
notion to be used here.

Recall that a series ) ;. ; z; in a Banach space is said to be uncondition-
ally convergent with sum s if, for every € > 0, there exists a finite set Fy C I,
such that for every finite set F' C I, with Fy C F', one has that

Jo- 5

i€eF

<e.

This is equivalent to saying that s is the limit of the net {Zle F xl} .
indexed by the directed set formed by all finite subsets F' C I, ordered by
inclusion.

17.15. Proposition. (Parseval’s identity) For every z in C} (%), one has
that

2 By(2)"Ey(2) = Er(272),
geG

where the series converges unconditionally.

Proof. Given a finite subset K C G, write K = {g1,92,...,9n}, and let us
consider the mapping
E,(z) 0 ... 0

Egz (Z) 0

Ex:z2€Ch(B) — € M, (Cha(2)),

E, () 0 o
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* 1(%) via the
regular representation. It is evident that Ex is a linear mapping, and we
claim that it is contractive. In fact, given z in C}(#), we have that

where, as usual, we are identifying each By, as a subspace of C};

(C—Tzm)
|Bx (I = |Ex(2) Ex ()l = || X Ey(2)Ey(z)| <
geK
* (= * 2
<|Ei(z"2)| < lle"zll = 1=,

proving our claim. Given z, zp € C (%), we then have that
1Bk (2)" Ex (2) — Ex(20)" Ex (20) || < [|2]llz = 20ll + [Iz = 20/l 201,

from where one sees that the collection of (non-linear) functions
{Ex()B(): K €6, K| <o},

is equicontinuous. Observe that each function in the above set takes values
in the (1,1) upper left corner of our matrix algebra. Moreover, for every z in
C* (B), we have that

red

(EK(Z)*EK(Z))LI = ;KEQ(Z)*EQ(Z)'

By (ZIZ3) we see that, as K1G, the expression above converges to
E1(z*z) on the dense set formed by the finite sums, as in (IZTZ3). Being
equicontinuous, it therefore converges to F1(z*z), for every z in C* ,(#). O

Notes and remarks. The construction of the reduced cross sectional algebra
of a Fell bundle was introduced in [E3] in analogy with the reduced crossed
products defined for C*-dynamical systems, and McClanahan’s reduced par-
tial crossed products [EO, Section 3]. Our approach involves representations
on Hilbert modules, rather than Hilbert spaces, allowing us to focus on a
single representation at the expense of a bit more abstraction.
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18. FELL’S ABSORPTION PRINCIPLE

The classical version of Fell’s absorption principle?? [[, Theorem 2.5.5] states
that the tensor product of any unitary group representation by the left-regular
representation is weakly-contained in the left-regular representation. The
main goal of this chapter is to prove a version of this powerful principle for
Fell bundles.

In order to set up the context let us first introduce our notation for the
left regular representation of the group G: we will denote by {eg4}scc the
canonical basis of £2(G), and by X° the regular representation of G on £2(G),
so that

)\Z(Gh) = €gh, Vg, hea.

Our slightly unusual choice of notation “X°”, as opposed to “)\”, is due
to a potential conflict between this and our previous notation for the regular
representation of a Fell bundle introduced in ().

Given a Fell bundle
B = {Bg}geG

and a representation m = {7, },ec of % on a Hilbert space H, let us consider
another representation of 4, this time on H ® 2(G), by putting

(Mg @ X°)(b) = my(b) ® NG, Vbe B,.
It is an easy exercise to check that
TR = {1y ® \] }geq (18.1)

is indeed a *-representation of 4. The integrated form of © ® \°, according
to (), is then a *-representation

¢: C*(B) — L(H o *(G)), (18.2)

satisfying
@(jg(b)) =mg(b)®@N;, VYVgeG, Vbe B, (18.3)

22 Apparently Fell has not attempted to generalize this for Fell bundles.
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18.4. Proposition. (Fell’s absorption principle for Fell bundles). Let m be
a representation of the Fell bundle % on a Hilbert space H. Also let ¢ be
the integrated form of the representation m ® A° described above. Then ¢
vanishes on the kernel of the regular representation A, and hence factors
through C* (%), providing a representation 1) of the latter,

C* (%) AN Z(H @ 4(G))

N
Clea(#)

such that ¢ o A = . In addition, if m; is faithful, then v is also faithful.

Proof. Consider the linear mapping F' from .& (H ®€2(G)) into itself sending
each bounded operator to its diagonal relative to the decomposition

Ho(G)= @ Hoe,
geG

To be precise,

F(T) = ZGPQTPQ, VT € £(H @ *(G)),
ge

where each P, is the orthogonal projection onto H ® e4, and the sum is
interpreted in the strong operator topology. It is a well known fact that F'is

a conditional expectation®® onto the algebra of diagonal operators, which is
moreover faithful. We next claim that

Flpy) =m(Ei(Aw)) @1, Vye (). (18.4.1)

Since both sides represent continuous linear maps on C*(4%), it is enough to
check it for y = j4(b), where b € By. In this case we have

A (=3)
Fe(y)) = F(e(3g(b))) "= Flmy(b) ® X]) = dgami(b) ® 1.
In the last step above we have used the fact that

(mg(b) @ XG)(H ® en) C H ®egn, VheG,

23 A conditional expectation is a linear mapping F' from a C*-algebra B onto a closed
*-subalgebra A which is positive, idempotent, contractive and an A-bimodule map. We
moreover say that F is faithful if F(b*b) =0=b=0.
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so that 7, (b) ® X has zero diagonal entries when g # 1, while it is a diagonal
operator when g = 1. Focusing now on the right-hand-side of (IZZ), we
have

w1 (B1(Aw)) == (B (AG0)) B m (B (0 0)) ) dam ),

hence proving ([ZZ).
Given y in C*(%) such that A(y) = 0, we then have that A(y*y) =0, so
(ZZ) gives
0=F(e(y"y) = Fley) ev)),

which implies that ¢(y) = 0, since F' is faithful. This proves that ¢ vanishes
on the kernel of A.

Assuming that m; is faithful, we will prove that the kernel of A in fact
coincides with the kernel of ¢, from where the last sentence of the statement
will follow. We have already seen above that Ker(A) C Ker(y), so we need
only prove the reverse inclusion. Assuming that ¢(y) = 0, we deduce from

(=Z) that m (El (A(y*y))) = 0, and since 1 is faithful, also that

0=E1(A(y™y)) = E1(A(y)"A(y))-
From (I13) we then get A(y) = 0, so Ker(p) C Ker(A). O

Recall from [[A, Section 3.3] that if A and B are C*-algebras, then the
algebraic tensor product A ® B may have many different C*-norms, the
smaller of which, usually denoted by |||, is called the minimal or spa-
tial tensor norm, while the biggest one, usually denoted by ||-||max, is called
the maximal norm.

Accordingly, we denote by A ®@in B and A .« B, the completions of
A ©® B under |||/ min and ||-||max, respectively. These are often referred to as
the minimal and mazrimal tensor products of A and B.

If A and B are faithfully represented on Hilbert spaces H and K, respec-
tively, then the natural representation of A® B on H ® K is isometric for the
minimal norm, and this is precisely the reason why this norm is also called
the spatial norm. See [[J] for a comprehensive study of tensor products of
C*-algebras.

In our next result we use the minimal tensor product to give a slightly
different, but sometimes more useful way to state Fell’s absorption principle:

18.5. Corollary. Let & = {By}scc be a Fell bundle and let m = {7y} 4cc

be a *representation of % in a C*-algebra A. Then there is a *~homomor-
phism

¥ Cra(2) = A @ Cly(G),
such that

Y(Ag(b) =mg(b)® NG, VgeG, Vbe By

Moreover, if my is faithful, then so is 1.
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Proof. Supposing, without loss of generality, that A is an algebra of operators
on a Hilbert space H, we may view 7 as a representation of 4 on H. Letting
¢ and v be as in ([EQ), we have for all b in any By, that

P(Ag(b)) = 1 (A(Jg(0)) = 2 (Jy (b)) = me(b) ® NG,

as required. Observing that C,(G) is precisely the subalgebra of operators
on /%(G) generated by the range of the left-regular representation A%, we see
from the above computation that w()\g(b)) lies in the spatial tensor product of
A by C* (G), which, by [[@, Theorem 3.3.11], is isomorphic t0 A® i, C 4 (G).
We may then view 9 as a map from C (%) to A @min C4(G), as needed.
Finally, assuming that 7 is faithful, (IZ3) implies that ¢ is also faithful. O

Fell’s absorption principle may be used to produce a variety of maps
simultaneously involving the full and the reduced cross-sectional C*-algebras,
such as the following:

18.6. Proposition. Given a Fell bundle 8 = {Bg}gcq, there exists an

injective *-homomorphism

T C;ked('@) — C* (’@) ® C;ked(G)7

min

such that
T()\g(b)) =j,(0) ® )\3, Vge G, Vbe B,.

Proof. Apply (IZ3) to m = j. O
A similar result is as follows:
18.7. Proposition. Given a Fell bundle 8 = {By}gcc, there exists an

injective *-homomorphism

0: Cha(B) — Cry(PB) @ CrLy(G),

min

such that
U(Ag(b)) = Ag(b) ® )\Cg;, Vge G, Vbe B,.

Proof. Apply (IZ3) to 7 = A. O

A very interesting question arises when one replaces the minimal tensor
product by the maximal one in (IEX). To be precise, given a Fell bundle
& = {By}4eq, for each g in G, consider the mapping

gt By = Cly(%) @ Cra(G),

max

given by
prg(b) = Ag(b) ® A7, Vb€ By.
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It is easy to see that u = {ug}gecq is a *-representation of %, the inte-
grated form of which is then a *-homomorphism
I CN(B) = Cra(B) @ Cra(G), (18.8)

satisfying
FGy () = X(0) X, Wb B,

Observe that the right-hand side of the above expression is identical
to the expression defining ¢ in (IE3), although there we used the minimal
tensor product, while here we are using the maximal one. In any case, since
the above formula for .# involves not one, but two regular representations,
one is left wandering whether or not it factors through the reduced cross-
sectional algebra. The answer is a bit surprising: we will prove below that ./
is injective!

18.9. Proposition. Given any Fell bundle # = {Bg}gcq, there exists an
injective *-homomorphism

P CH(B) = Cog(B) 8 o),
such that

Y(jg(b)) =N (0)® N, Vbe By,

Proof. The proof will of course consist in verifying that the map .# introduced
in (C=3) is injective. Choose a faithful representation p of C*(%) on a Hilbert
space H, and apply (I=3) to p o j, obtaining a faithful representation

U1 Cry(B) — L(H) @ Ciy(G) C Z(H® 7(G)),

min

such that
B(A(B) = p(3s(0) © X5, Ve B, (18.9.1)

Let 7€ be the right regular representation of G on ¢%(G), given on the
standard orthonormal basis {e, },ec of £2(G) by

r5(en) = eng-1, Vg,h€G.
We claim that there exist a *-representation
7 C*(G) —» Z(H ® *(G)),

such that
rG()\j) =1 ®r§, VgeQq.

To see this, consider the unitary operator U on H @ ¢*(G) given by

U®ey) =6®ey—1, VEEH, Vged.
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Then, for every g, h € G, and £ € H, we have
U (10 X)U(E @ en) = U*(id © XE)(E @ epr) = US(E @ egpr) =

=E{®epg1 = (1@rd)(®en),
so U*(1® )@")U =1®ry, for all g in G, and the desired representation may
then be defined by
7(z)=U"1@x)U, VYzel!  (G).

It is easy to see that the range of 1) commutes with the range of 7, so
by the universal property of the maximal norm [[A, Theorem 3.3.7], we get a
representation

77b X fG : C:ed(%) rn(g;x C11iked

(G) » 2(H ® *(G)),
such that

(Y x79)(z@y) = Y(@)r(y), Ve lry(B), Vye Cr(G)

Consider the map ¢ defined to be the composition

54 Px7C 9
p: C7(#) — Cla(#) ® CLi(G) — ZL(H(G)),

and observe that, for b in any By, we have that
2 (3s(0) = (0 x 7) (F(350)) ) = (& x 7) (Mg (0) © 25) =
= (P(30(0)) © 5 ) (10 75) = p(35(b) @ K575

Notice that the above operator, when applied to a vector of the form £ ® ey,
with £ € H, produces

2 (0(8) | ., = P(aB)E @ .
Since the j,(b) span a dense subset of C*(#), we conclude that
o(y) \£®61 =p(y)é®er, YyeC*(A), VEeH.

Therefore, assuming that .(y) = 0, for some y in C*(%), we also have
©(y) = 0, whence p(y){ = 0, for all £ in H, so p(y) = 0. Since p was sup-
posed to be injective on C* (%), we deduce that y = 0. This proves that %
is injective. O

Notes and remarks. Proposition (IZ1) first appeared in [@, Theorem 6.2]. It
is based on an idea verbally suggested to me by Eberhard Kirchberg at the
CRM in Barcelona, in 2011.
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19. GRADED C*-ALGEBRAS

We have seen in (IZTI5aksA) that a Fell bundle 2 gives rise to two graded
C*-algebras, namely

C*(#), and  Cy(#).

It is not hard to see that the Fell bundles obtained by disassembling these
two algebras, as in (IG3), are both isomorphic to the original Fell bundle .
Since there are situations in which C*(%) and C?,(%) are not isomorphic?*,
we see that the correspondence between Fell bundles and graded C*-algebras
is not a perfect one. The goal of this chapter is thus to study this rather
delicate relationship.

Given a graded C*-algebra B with associated Fell bundle # = {B,}4cc,
by (1) we see that there is a unique C*-algebra epimorphism

p:C* (%) — B,

which is the identity on each B, (identified both with a subspace of C*(%)
and of B in the natural way). This says that C*(4) is, in a sense, the biggest
C*-algebra whose associated Fell bundle is . Our next result will show that
the reduced cross sectional algebra is on the other extreme of the range. It
is also a very economical way to show a C*-algebra to be graded.

19.1. Theorem. Let B be a C*-algebra and assume that for each g in a
group G, there is associated a closed linear subspace B, C B such that, for
all g and h in G, one has

(i) ByBp C By,
(i) B} = By,
(iii) >_,eq By is dense in B.

Assume, in addition, that there is a bounded linear map

F:B - By,

24 An example is the group bundle over a non-amenable group.
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such that F' is the identity map on By, and that F' vanishes on each By, for
g # 1. Then

a) The B, are independent and hence {B,},c¢ is a grading for B.
g 959
(b) F is a conditional expectation onto Bj.

(¢) If # denotes the associated Fell bundle, then there exists a C*-algebra
epimorphism
w : B — C:(ed(‘@)7

such that 1 (b) = A\4(b), for each g in G, and each b in B,.

Proof. If x =Y _5 b, is a finite sum?® with b, € B, then

geG

r= Y bb= Y (2 b;bgk).

g,heG keEG geG

Observing that by lies in By, we see that

F(z*r) = > byby.
geG

Therefore, if = 0, then each b, = 0, which shows the independence of the
By,’s. This also shows that F' is positive.
Given a in By, it is easy to see that

F(ax) = aF(z), and F(xa)= F(z)a, Yz € B,

by first checking on finite sums, as above. So, apart from contractivity, (b)
is proven.
Define a right pre-Hilbert Bj-module structure on B via the Bj-valued

inner product
(z,y) = F(a"y), Va,yeB.

For b,z € B, using the positivity of F', we have that
(bx,bx) = F(x*b*bx) < ||b||*F(z*z) = ||b||*(z, x).
So, the left multiplication operators
Ly:x€e B—breB

are bounded and hence extend to the completion X of B (after moding out
vectors of norm zero). It is then easy to show that

L:be B Ly € Z(X)

25 By finite sum we actually mean that the set of indices g, for which by # 0, is finite.
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is a C*-algebra homomorphism. Let

x= Y by, and y= ) ¢
geG geG

be finite sums with by, c, € By, and regard both x and y as elements of X.
We then have

@) = F( 5 tan) = 5 bea = ( Gt T dales)).

g,heG geG

where the last inner product is that of ¢2(%). This is the key ingredient in
showing that the formula

U( > bg) =2 jg(bg)

geG geG

may be used to define an isometry of Hilbert Bi-modules
U:X — 1%(RB).

Here it is important to remark that the continuity of F' ensures that the set
of finite sums ) gec bg 1s not only dense in B but also in X. For b in By and
c in Bj, we have

ULy(c) = U(be) = jgn(be) = jg(b) * jn(c) = Ag(b)jn(c) = Ag()U(c)-

Since the finite sums ), . cx are dense in X, as observed above, we conclude
that
ULyU* = Ag().

This implies that, for all b in any By, the operator U L,U* belongs to C}.,(4),
and hence the same holds for an arbitrary b in B. This defines a map

W:be B ULU* € C* L (B),

which satisfies the requirements in (c).
The only remaining task, the proof of the contractivity of F', now follows
easily because F' = E; o1, where Ej is given by ([Z3). O

The map 1, above, should be thought of as a generalized regular repre-
sentation of B.

From now on we will be mostly interested in graded algebras possessing
a conditional expectation, so we make the following:

19.2. Definition. A C*-grading {By}4cc on the C*-algebra B is said to be
a topological grading if there exists a (necessarily unique) conditional expec-
tation of B onto Bj, vanishing on all By, for g # 1, as in (ITD).
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19.3. Proposition. If A is a Fell bundle, then both C*(%) and C% (%)
are topologically graded C*-algebras.

Proof. With respect to C* (), notice that the mapping E; : C¥ (%) — B
given by (Z3) is a conditional expectation by (), clearly satisfying all of
the required conditions.

The statement for C*(4%) follows immediately by taking the conditional
expectation

By
C*(B) 25 7 (B) — B O

Not all graded C*-algebras are topologically graded, as the following
example shows: suppose that X is a closed subset of the unit circle T, and
let z be the standard generator of the algebra C'(X), namely the inclusion
function X — C. Letting

B, =Cz", Vne€l,

it is easy to see that B, B,, C Bntm, and B} = B_,. In order to decide
whether or not the B,, are linearly independent subspaces of C'(X), suppose
that a finite sum ZnEZ b, = 0, where each b,, € B,,. Write b, = a, 2", for
some scalar a,, so that

Z b, = Z anz" =: 2

nez neZ

which is to say that p is a trigonometric polynomial. The condition that we
need, namely
p=0 = (Yn€eZ a,=0)

does not always hold, as X could be contained in the set of roots of p, but
if we assume that X is infinite, the above implication is clearly true. In this
case the B, are linearly independent and so {B,, } ez is a grading for C'(X).
We claim that when X is a proper infinite subset of T, we do not have
a topological grading. To see this, assume the contrary, which is to say that
there exists a continuous conditional expectation F': C(X) — C, such that

F( > anz") = qop,

neZ
for every trigonometric polynomial », _, a,2". Equivalently
2T

F(p‘X) = 217r/o p(e™)dt, (19.4)

for every trigonometric polynomial p, but since these are dense in C(T), the
above integral formula holds for every p in C(T).



158 PARTIAL DYNAMICAL SYSTEMS AND FELL BUNDLES

Since we are assuming that X is not the whole of T, we may use Tietze’s
extension Theorem to obtain a nonzero, positive p € C(T), vanishing on X.
Plugging p into () will then bring about a contradiction, thus proving
that our grading does not admit a conditional expectation.

Recalling our discussion about C*(%) being the biggest graded algebra
for a given Fell bundle, we now see that C* (%) is the smallest such, at least
among topologically graded algebras.

Summarizing we obtain the following important consequence of (ICId)
and the remark preceding the statement of (IC):

19.5. Theorem. Let B be a topologically graded C*-algebra with grading
B = {Bg}tge. Then there exists a commutative diagram of surjective *-

homomorphism:
A
(B —— Clu(#)

N

Another important consequence of () is the existence of Fourier co-
efficients in topologically graded algebras as follows:

19.6. Corollary. Let B be a topologically graded C*-algebra with grading
{Bg}gcc. Then, for every g in G, there exists a contractive linear map

F,:B— B,

such that, for all finite sums x = Y by, with by € By, one has Fy(x) = by.
Moreover, given h € G, and b € By, one has that

Fy(bx) = bF}-14(x), and Fy(xb) = Fyp-1(x)b,

for any = in B.

Proof. For the existence it is enough to define F,; = F, 01, where E is as in
(C3), and ¢ is given by (CIId). In order to prove the last two identities,
one easily checks them for finite sums of the form x =}, _ . bx, with by € By,
and the result then follows by density of the set formed by such elements. [

A measure of how much bigger a graded C*-algebra is, relative to the
corresponding reduced cross sectional algebra, is evidently the null space of
the regular representation. The next result gives a characterization of this
null space.
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19.7. Proposition. Given a topologically graded C*-algebra B with con-
ditional expectation F, let 1) be its regular representation, as in (ICCI4).
Then

Ker(y)) = {b € B : F(b*b) = 0}.

Proof. Observing that F' = E; o4, we have

E(b%0) = E((b)" (b)),

from where we see that F(b*b) = 0, if and only if ¢(b) = 0, by (IZ13). O

This can be employed to give a useful characterization of C7 (%) among
graded algebras:

19.8. Proposition. Suppose we are given a topologically graded C*-alge-
bra B with grading # = {Bgy}scq, and conditional expectation F. If F is
faithful, in the sense that

F(b*'b)=0 = b=0, Vbe B,

then B is canonically isomorphic to C¥ ().

Proof. The regular representation v of (CCId) will be an isomorphism by
(). O

Notes and remarks. Theorems () and () were first proved in [A3].
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20. AMENABILITY FOR FELL BUNDLES

Theorem (CTI3A) tells us that the topologically graded C*-algebras whose as-
sociated Fell bundles coincide with a given Fell bundle % are to be found
among the quotients of C*(4%) by ideals contained in the kernel of the regu-
lar representation A.

It is therefore crucial to understand the kernel of A and, in particular,
to determine conditions under which A is injective. In the case of the group
bundle over G, it is well known that the injectivity of A is equivalent to the
amenability of G.

In this chapter we will extend to Fell bundles some of the techniques
pertaining the the theory of amenable groups, including the important notion
of amenability of group actions introduced by Anantharaman-Delaroche [0].
We begin with some terminology.

20.1. Definition. A Fell bundle % is said to be amenable if the regular
representation

A:CH(B) = Cla(2)
is injective.

Amenability, when applied to the context of groups, may be characterized
by a large number of equivalent conditions [E], such as the equality of the full
and reduced group C*-algebras [Ed, Theorem 7.3.9]. Many of these conditions
may be rephrased for Fell bundles although they are not always known to
be equivalent. One therefore has many possibly inequivalent choices when
defining the term amenable in the context of Fell bundles. Definition (EZO)
is just one among many alternatives.

An immediate consequence of (ICA) is:

20.2. Proposition. Let % be an amenable Fell bundle. Then all topologi-
cally graded C*-algebras whose associated Fell bundles coincide with % are
isomorphic to each other.

The next technical result is intended to pave the way for the introduction
of sufficient conditions for the amenability of a given Fell bundle. The idea is
to produce wrong way maps which will later be used to prove the injectivity

of A.
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20.3. Lemma. Let # = {B,}4cc be a Fell bundle. Given a finitely sup-
ported function a : G — B, the formula

V()= X Jg(algh)"Ey(2)a(h)), Yz e Cly(#), (20.3.1)

g,heG

gives a well defined completely positive linear map from C¥ (%) to C*(%),

such that
Vi< | 2 al9)ale)|-
geG

Identifying each B, as a subspace of C}. (%) or C*(%), as appropriate, one
moreover has
V(b) = > a(gh)*ba(h), Vbe B,.
heG
Proof. Let
p:C*(AB) — L(H)

be any faithful *-representation of C*(%) on a Hilbert space H. For each g
in G, let my = po jy, so that m = {my}seq is a *-representation of % on H.
Consider the representation 7 ® X\° of 2 on H ® ¢?>(G) described in (=),
and let

p: C*(B) —» Z(H o *(G))

be the integrated form of 7 ® A\°. By ([EA), we have that ¢ vanishes on
Ker(A), so it factors through C* (%), giving a *~homomorphism ¢ such that

red
the diagram

C*(B) -—-——-—>(p Z(H @ *(G))

N

C:ed(%
commutes. We next consider the operator
A:H — H2(G)

given by
Alf) = > alg)é®ey, VEEH,

geG
where a(g) = m1(a(g)). In order to compute the norm of 4, let £ € H. Then

IO = 3 el = 5 ol al9)e 6 = { T alo)alo)es€) <

geG geG

<| = ate) ot €117,

geG
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from where we deduce that

41 < | 2 o@’ale) |2 <|| % ata)"al)]| (20.3.2)

Considering the completely positive map
W:Te2(H®PG) — A'TA € Z(H),

observe that for b in any By, and every { in H, one has

Wy (0) @ X5)€ = 4" (my(0) @ X)) olh)e @ en) =

= 47( X mb)alh)s D egn) = 3 algh)m(b)alh)s,
heG heG

where we have used the fact that A*(n ® ex) = a(k)*n, which the reader will
have no difficulty in proving. Summarizing, we have that

W (g (b) @ Xg) = tha(gh)*Wg(b)a(h)-

If we then define V' to be the composition

vV . C*

red

@) 5 2(H @) Y 2(m),

we have for b in any B, that

= 3 algh)'my(b)ah) = p( 3 Js(algh) ba(h))).

heG heG

Recalling that C} (%) is generated by the A\,(B,), we see that the range
of V' is contained in the range of p, which is isomorphic to C*(%), since we
have chosen p to be faithful. Identifying C*(%) with its image under p, we
may then view V as a map

V:Cr(B) — C*(AB),
such that

V(2g(b)) = Pl (a(gh)*ba(h)), Vb€ B,. (20.3.3)

Observe that, with the appropriate identifications

By~ X\g(By) C Cry(#), and By~ j4(By) € C*(A),
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we have therefore proven the last identity in the statement. For a finite sum

z= 3 Ag(bg),

geG

with each b, in By, we then have by (ZIZ3) that

V()= 3 V(Xlbg)) = X Jg(algh) bga(h)) =

geG g,heqG
= 2 Jglalgh) Ey(2)a(h)),
g,heG

proving (EI3) for all z of the above form. Observe that if (g, h) is a pair
of group elements for which the corresponding term in the last sum above is
nonzero, then both h and gh must lie in the finite support of a, which we
henceforth denoted by A. For each such pair we then have

g= (gh)h_1 € AAL,
SO
(g,h) € AA™ x A.

Consequently the sum in (BIZX) is finite, hence representing a continuous
function of z. Since the set of z’s considered above is dense, (EI3) is proven.
In order to estimate the norm of V' we have

VI< Wl < 412 || S ate)*ats)].
geaG

as desired. O
This puts us in position to describe an important concept.

20.4. Definition. Let # = {B,}4cq be a Fell bundle. By a Cesaro net for
% we mean a net {a;};cr of finitely supported functions

a; : G — Bl,
such that
(i) sup || 3 ail9)*ai(g) || < oe.
iel "geG
(ii) lim ) a;(gh)*ba;(h) = b, for all b in each By.
11— 00 heq

If a Cesaro net exists, we will say that % has the approximation property.

Sometimes one might have difficulty in checking (EIZ) for every single
b in By, so the following might come in handy:
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20.5. Proposition. Let Z = {By}4cq be a Fell bundle and let {a;}icr be a
Cesaro net for 4, except that (ZIIZ1) is only known to hold for b in a total?S
subset of each B,. Then (ZIIZd) does hold for all b in B,. Consequently
{a;}ier is a Cesaro net and % has the approximation property.

Proof. For each i in I, and each ¢g in GG, consider the map

T, : be By — Y ai(gh)*ba;(h) € By.
heG

By hypothesis we have that the T; converge to the identity map of B, point-
wise on a dense set. To get the conclusion it is then enough to establish that
the T; are uniformly bounded.

Letting V; be the map provided by (EI3) in terms of a;, notice that T
may be seen as a restriction of V;, once By is identified with A\y(By) C C},(4),
and with jg(Bg) € C*(4). Since these are isometric copies of B, by (CZI1L
m), we deduce that ||T;|| < ||Vi]|, from where the desired uniform boundedness
follows, hence concluding the proof. [l

The relationship between the approximation property and the amenabi-
lity of Fell bundles is the main result of this chapter:

20.6. Theorem. If a Fell bundle % has the approximation property, then
it is amenable.

Proof. Given a Cesaro net {a;};c; as in (EIA), let us consider, for each i in
I, the map
V. C*

red(‘%) - C* (‘92)
provided by (EI3), relative to a;. Define a map ®; from C*(%) to itself to

be the composition ®; = V; o A, and observe that, by hypothesis we have

for every b in each B,. Because the b’s span a dense subspace of C*(%), and
because the ®;’s are uniformly bounded, we conclude that lim;_, ., ®;(y) = v,
for every y in C*(4).

Now, if y is in the kernel of the regular representation, that is, if ¢ is in
C*(#) and A(y) = 0, then

y = lim ®;(y) = lim Vi(A(y)) =0,

17— 00 17— 00
which proves that A is injective. O

A somewhat trivial example of this situation is that of bundles over
amenable groups.

26 A total set in a normed space is a set spanning a dense subspace.
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20.7. Theorem. Let & be a Fell bundle over the amenable group G. Then
A satisfies the approximation property and hence is amenable.

Proof. According to [BQ, 7.3.8], there exists a net {f;};cs in the unit sphere
of £2(G) such that

m Y. fi(gh)fi(h) =1, VgeG.

li
1—00 heG

By truncating the f; to larger and larger subsets of G we may assume them
to be finitely supported. Letting {u;};cs be an approximate identity for By,
one checks that the doubly indexed net

{aij}agerss

defined by a; ;(g) = fi(g9)u; is a Cesaro net for Z. O

There is another proof that % is amenable when G is amenable based
on Fell’'s absorption principle, as follows: if G is amenable then the trivial
representation is weakly contained in the left-regular representation, which
means that there is a *~homomorphism

e:Cri(G)—=C

such that e(X7) = 1, for all g in G. Taking into account that C},,(G) is
nuclear, and using the map 7 given by (IET), one has that the map ¢ defined
by the composition

(#) 5 C*(#) © Cx, @)% ()

P C;ked

(G) = C"(#) @ Crq

satisfies
P(Ag(b)) = Jg(b), VgeG, Vbe By,

whence ¢ o A is the identity of C*(4%), and hence A is injective.

One of the major questions we are usually confronted with in Classical
Harmonic Analysis is whether or not a function on the unit circle may be
reconstructed from its Fourier coefficients. The same question may be stated
for any topologically graded algebra:

20.8. Question. Let B be a topologically graded C*-algebra and let F, be
the Fourier coefficient operators given by (CId). Given an element x in B,
can we reconstruct x if we are given the value of Fy(z) for every g in G?

There are two possible interpretations of this question, depending on
what one means by to reconstruct. On the one hand, (IZ13) implies that
if z and y are two elements of C (%) having the same Fourier coefficients,
then z = y. This means that there is at most one z in C (%) with a given
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Fourier transform, but it gives us no algorithm to actually produce such an
x. Of course, if x is a finite sum as in (), then we see that

T = Z Fg ($)7
geG

the sum having only finitely many nonzero terms. Any attempt at generaliz-
ing this beyond the easy case of finite sums will necessarily require a careful
analysis of the convergence of the above series. The fact that, over the group
bundle € X Z, this reduces to the usual question of convergence of Fourier
series, is a stark warning that question (Z0I3) does not have a straightforward
answer.

In the classical case of functions on the unit circle, the lack of convergence
of Fourier series is circumvented by Cesaro sums, an analogue of which we
shall now discuss.

20.9. Definition. Let B be a topologically graded C*-algebra with grading
{By}g4eq, and let F,; be the Fourier coefficient operators given by ([IO). A
bounded linear map S : B — B, is said to be a summation process if,

(i) SoFy =0, for all but finitely many g € G,
(i) S(x) =>_,cq S(Fy(x)), for all z in B.

For example, choosing a finite subset K C G, one obtains a summation
process by defining
S(x)= Y Fy(x), YzeB.
geK
The following result answers question (EIF) in the affirmative for Fell
bundles possessing the approximation property:

20.10. Proposition. Suppose that we are given a topologically graded C*-
algebra B whose grading # = {Bgy}4cc admits a Cesaro net {a;};c; (and
hence satisfies the approximation property). Then the maps S; : B — B,
given by
Si(x) = > ai(gh)*Fy(x)a;(h), Ve B,
g,heG

form a bounded net {S;}ics of completely positive summation processes con-
verging pointwise to the identity map of B.

Proof. Since % is amenable we may invoke (EI32) to assume without loss of
generality that B = C* ,(#). By (EI3) we have that the S; indeed form a well
defined uniformly bounded net of completely positive linear maps. Moreover,
as in the proof of (EIM), one checks that the S; converge pointwise to the
identity map.

We will now prove that the S; are summation processes. With respect
to (IX3), suppose that S; o F; # 0. Then there is some b € By, such that

0# Si(b) = > ai(gh)*ba;(h).

heG
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In particular there must be at least one h for which both a;(gh) and a;(h) are
nonzero. If A is the support of a;, then this implies that gh, h € A, whence

g=(gh)h™" e AA™".

Thus S; o F, = 0, for all g not belonging to the finite set AA™!, proving

If z is a finite sum = = ) by, with each b, in By, then clearly

geG

=Y, Fy(x).

geG

This implies (Z0003) for such an x and hence also for all  in B, by continuity
of both sides of (EIT0), now that we know that the sum involved is finite. O

Given a C*-algebraic partial dynamical system

0= (A, G, {Dg}gec, {05}gec)

we may consider the associated semi-direct product bundle 4, and we could
try to determine conditions on # which would say that 2 satisfies the approxi-
mation property. Unraveling the definition of the approximation property for
the special case of semi-direct product bundles, the condition is the existence
of a net {a;};ecs of finitely supported functions

a;: G— A,
which is bounded in the sense that

] 2 @ a] <o

and such that

lim > a;(gh)*0y(ca;i(h)) = 04(c), V€ Dy-r.

—00 heq

One arrives at this by simply plugging b = 604(c)d, in (EIZ), where ¢ is in
Dy-r.

In [@3] Zimmer introduced a notion of amenability of global group ac-
tions on measure spaces (see also [[]), which was later adapted by Anan-
tharaman-Delaroche [0] to actions on C*-algebras. A slightly different version
of this concept, taken from [[A, Definition 4.3.1], is as follows:
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20.11. Definition. Let 8 be a global action of a discrete group G on a
unital C*-algebra A. Then f is said to be an amenable action if there exists
a sequence {T;};cn of finitely supported functions

T,:G— Z(A),

where Z(A) stands for the center of A, such that
(i) Ti(g) > 0, for all i € N, and all g € G,
(i) DgecTil9)? =1,
(iif) lim; o0 || T3 — T7]|2 = 0, for all g in G, where
T?(h) = By(Ti(9~'h)), VheGg,
and ||T||2 is defined for all finitely supported functions T': G — A by

7= 5 7070 *

We would now like to relate the above notion with the approximation
property for Fell bundles.

20.12. Proposition. Let 8 be a global amenable action of a group G on a
unital C*-algebra A. Then the corresponding semi-direct product bundle has
the approximation property.

Proof. Let # = {B,}4ec be the semi-direct product bundle for /3, so that
each B, = Ad,. As usual we will identify By with A in the obvious way.
Choosing {T;};en as in (EID), let us consider each T; as a Bj-valued
function, and let us prove that {T;};cn satisfies the conditions of (EIIA).
Observing that (FZ3) follows immediately from (EI11W), we concen-
trate our efforts on proving (EIZd). For this, choose any element b in any
By, so that necessarily b = cd,, for some ¢ in A. Then

> Ti(gh)*bTi(h) = 3 Ti(gh)cdyTi(h) = 3 Ti(gh)cBy(Ti(h))dy =
heG heG heG

= Y Ti(k)By(Tilg™'k)) = 3 Ti(k)TY (k) b= 0,
keG kEG
where the last step follows from [[d, Lemma 4.3.2]. This verifies (EIZ), so
the proof is concluded. O

We would now like to point out a couple of results from [B0], whose proofs
are perhaps a bit too long to be included here, so we shall restrict ourselves
to giving their statements. The following is taken from [BE0, Theorems 4.1 &
6.3]:
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20.13. Theorem. Let ¥ be any set and let IF' be the free group on ¥, equip-
ped with the usual length function.

(i) Given a semi-saturated *-partial representation v of I in a C*-algebra
A, which is also orthogonal, in the sense that

* JR—
ugup =0,

for any two distinct g,h € ¥, then the associated Fell bundle #*, in-
troduced in (IE3), satisfies the approximation property and hence is
amenable.

(ii) Given a semi-saturated Fell bundle 8 = {Bgy}4cc over IF, which is also
orthogonal, in the sense that

BB, = {0},

for any two distinct g, h € ¢, then % is amenable.

Notes and remarks. The definition of the approximation property given in
(@) is inspired by the equivalent conditions of [A, Théoreme 3.3]. The
question of whether the converse of Theorem (EI) holds is a most delicate
one. In the special case when £ is the semi-direct product bundle relative
to a global action of an exact group on an abelian C*-algebra, a converse of
Theorem (PIIM) has been proven in [[d]. Another open question of interest is
whether (EITJ) admits a converse.
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21. FUNCTORIALITY FOR FELL BUNDLES

So far we have been studying individual Fell bundles, but we may also see
them as objects of a category. To do so we will introduce a notion of morphism
between Fell bundles as well as the notion of a Fell sub-bundle.

One of the most disturbing questions we will face is whether or not
the cross sectional algebra of a Fell sub-bundle is a subalgebra of the cross
sectional algebra of the ambient Fell bundle. Strange as it might seem, the
natural map between these algebras is not always injective! Attempting to
dodge this anomaly we will see that under special hypothesis (heredity or
the existence of a conditional expectation) sub-bundles lead to bona fide
subalgebras.

21.1. Definition. Given Fell bundles & = {A,},cc and B = {B,}4ecq, a
morphism from o to £ is a collection ¢ = {4 }gcq of linear maps
pg 1 Ay — By,

such that
(i) @g(a)en(b) = @gn(ab), and
(i) @g(a)* = @4-1(a*),
for all g and h in G, and for all a in A, and b in Ay,

Observe that if ¢ is as above then ¢ is evidently a *-homomorphism

from A; to By, hence ¢y is necessarily continuous. Also, given @ in any A,
we have that

g (a)|?

= llpg(a) pg(a)ll = llpg-1(a”)pg(a)ll =
= ller(a*a)| < lla*al| = ||a]?,
so indeed all of the ¢, are necessarily continuous.

If every ¢, is bijective, it is easy to see that

ot = {p; Y gea
is also a morphism. In this case we say that ¢ is an isomorphism. If an
isomorphism exists between the Fell bundles &/ and %, we say that o and
A are isomorphic Fell bundles.
Morphisms between Fell bundles lead to *-homomorphisms between the
corresponding cross sectional C*-algebras as we will now show.



21. FUNCTORIALITY FOR FELL BUNDLES 171

21.2. Proposition. Let ¢ = {¢4}4ec be a morphism from the Fell bundle
o = {Ay}geq to the Fell bundle # = {B,}4cc;. Then there exists a unique
*_homomorphism

p: C* (o) — C*(B),
(denoted by ¢ by abuse of language) such that
(35 (@) = g (#4(a)),
for all a in any A,, where we denote by 34 and 3P the universal representations
of o/ and %, respectively.
Proof. For each g in G, consider the composition

~B

Pg Jg
g Ay — By — C*(2A).

It is then routine to check that 7 = {m,}4ecq is a *-representation of & in
C*(A), so the result follows from (ITZd). O

As above, we will now show that morphisms between Fell bundles lead
to *-homomorphisms between the corresponding reduced cross sectional C*-
algebras:

21.3. Proposition. Let ¢ = {¢4}4ec be a morphism from the Fell bundle
o = {Ay}gec to the Fell bundle # = {B,}4cc. Then there exists a unique
*_homomorphism

Pred * C’:ed ("Q{) - C:(ed (‘Q)v

such that
Pred (Aﬁ (a)) = )‘gB (809 (a)) )

for all a in any A,, where we denote by A and AP the regular representations
of o and %, respectively. Moreover, if 1 is injective, then so iS Yreq-

Proof. Consider the diagram

®
CHo) ——— 5 C*(B)

®1
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where ¢ is given by (EI), A’ and A are the regular representations of <
and 4, respectively, and E] and E; are the conditional expectations given
by (1) for & and %, respectively. By checking on C.(&), it is then easy
to see that the outside of the diagram is commutative.
Defining ¢ = A o ¢, we then claim that the null space of ¢ contains the
null space of A’. To see this, notice that for any y € C*(«), we have that
N(a)=0 E{(N(a*a)) =0 = ¢ (Ei (A’(a*a))) =0 <

(=)

(=)

< Ei(¢(a*a)) =0 & 9(a) =0.

This shows our claim, so we see that 1 factors through C¥ (<), produc-
ing the map ¢,.q mentioned in the statement and one now easily checks that
it satisfies all of the required conditions.

In case ¢ is injective, the only non-reversible arrow “=—" above may
be replaced by a reversible one, from where it follows that the null space of
1 in fact coincides with the null space of A’, which is to say that the factored
map, namely ¢,.q, IS injective. O

Morphisms between Fell bundles have properties somewhat similar to
morphisms between C*-algebras, as we shall now discuss.

21.4. Proposition. Let ¢ = {¢4}4ec be a morphism from the Fell bundle

o = {Agy}geq to the Fell bundle = {Bg}geq-

(a) If ¢y is injective, then all of the ¢, are isometric.

(b) If the range of each p, is dense in By, then all of the p, are in fact
surjective.

Proof. Since A; and B; are C*-algebras, under the hypothesis in (a), we have
that ¢; is in fact isometric. Given a in any A,, we then have that

leg(@* = lleg(a)*eg(a)| = o1(a*a)|| = [la*a] = [lal*.
This proves that ¢4 is isometric.
Supposing now that all of the ¢, have dense range, it is easy to see that
the *-homomorphism ¢,.q : C¥ (o) — C¥ (%), given by (EI3), has dense
range. Since ¢,oq is a *~homomorphism between C*-algebras, we deduce that

¢rea is surjective. Thus, given b in any By, there exists some y in C} (<)
such that

Sored(y) = Af(b)
Observe that ¢,.q satisfies
g (BA(2)) = EP (prea(2)), Vg€G, VaeChye),
where E;“ and Ef are given by ([Z3). This may be easily checked by first
assuming that © = A\, (a), for a in any Aj,. Thus
0q (B () = EF (¢rea(y)) = EF (AF (b)) =0,
proving that ¢, is surjective. U
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21.5. Definition. Let & = {By},cc be a Fell bundle. By a Fell sub-bundle
of % we mean a collection o7 = {Ay}4eq of closed subspaces A, C By, such
that

(1) AgAh Q Agha and
(ii) Ay C Ay,
for all g and h in G.

It is evident that a Fell sub-bundle is itself a Fell bundle with the re-
stricted operations, and moreover the inclusion from .« into % is a morphism.
Thus, given a Fell sub-bundle & of a Fell bundle 4, from (EI3) and (E13)
we get *-homomorphisms

L lred

C* (o) —» C*(#), and C (&) — C,(A), (21.6)

the second of which is injective by the last sentence of (EZ13).

This of course raises the question as to whether ¢ is also injective but,
surprisingly, this is not always the case. We would now like to discuss a rather
anomalous phenomenon leading up to the failure of injectivity for ¢.

Recall that a C*-algebra C is said to be ezact if, whenever

0—-J—-A—-B—0
is an exact sequence of C*-algebras, the corresponding sequence

0=-JRC—-AxC—-BC—=0

min min min

is also exact. Likewise, a group G is said to be ezact if C%,(G) is an exact
C*-algebra. See [[d, Chapters 2 and 5] for more details.

All amenable groups are exact, but there are many non-amenable exact
groups, such as the free group on two or more generators [, Proposition
5.1.8]. The first examples of non-exact groups were found by Gromov in [E3],
shattering a previously held belief that all groups were exact.

21.7. Proposition. Let G be an exact group. Then the following are equiv-
alent:

(i) for every Fell bundle % over G, and every Fell sub-bundle < of 4, the
map ¢ of (ZI) is injective,
(ii) G is amenable.

Proof. By [[A, Theorem 5.1.7] there exists a compact space X and a global
amenable action 8 of G on X. Letting % be the semi-direct product bundle
for the corresponding action of G on C(X), we have that % satisfies the
approximation property by (EI13), and hence C* (%) is naturally isomorphic
to C* (%) via the regular representation A, by (EII).
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Since f is a global action, and C'(X) is a unital algebra, 14, is an element
of By, for each g in G, and we may then consider the Fell sub-bundle &/ =
{Ay}gec of Z given by

A, =Céy, Vged.
By (i) we then have that the map
L:C* () — C*(B)

given by (EIM) is injective. Therefore the composition

C* () 5 C*(B) 5 Cro()

is also injective. Letting 7 = Ej o Ao, where Ej is given by (IZZ3), it is easy
to see that 7 takes values in the subspace Céd; C By, so we may view T as a
complex linear functional on C*(.7), which is faithful in the sense that

T(a*a) =0 = a=0, VaeC' (),

because E; is a faithful conditional expectation by (IZ13).

Recall that C*(&) is a topologically graded algebra by (IT3), and it
is easy to see that 7 is its canonical conditional expectation. Therefore it
follows from (ICIA) that the regular representation

A CH (o) — CF ()

is injective. Since the full (resp. reduced) cross sectional C*-algebra of & is
nothing but the full (resp. reduced) group C*-algebra of G, we conclude from
[, Theorem 2.6.8] that G is amenable.

The converse implication is easily proven by observing that for both %
and <7, the reduced and full cross sectional algebras coincide by (EI2), so
the result follows from the last sentence of (EI3). O

21.8. Given any non-amenable exact group G, such as the free group on two
generators, the result above implies that there is a Fell bundle % over G,
and a Fell sub-bundle 7 of %, for which the canonical mapping ¢ of (EI3) is
non-injective.

The reader might have noticed that the last sentence of (EI3), relating
to the injectivity of ¢,.q, has no counterpart in (EI3). In fact, as the above
analysis shows, it is impossible to add to (EI) a sentence similar to the last
one of (EI3).

From our perspective, one of the most important examples of Fell sub-
bundles is as follows:
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21.9. Proposition. Let 8 = (B,G, {Bg}geg,{ﬁg}geg) be a C*-algebraic
partial dynamical system, and let A be a [-invariant, closed *-subalgebra of
B. Also let a = ({Ag}gea: {og}gec) be the restriction of 3 to A, as defined
in (D). Letting o/ and % be the semi-direct product bundles relative to o
and f3, respectively, one has that < is a Fell sub-bundle of % (see below for
the case when A is not invariant).

Proof. Recall that A, is defined by
Ay, = AN By,

so evidently A,0, is a closed subspace of B,d,. We leave it for the reader
to verify that the multiplication and adjoint operations of &/ are precisely
the restrictions of the corresponding operations on %, thus proving that <
is indeed a Fell sub-bundle of %, as desired. O

21.10. Definition. Let & = {B,}4cc be a Fell bundle and let us be given
a Fell sub-bundle & = {A,}4eq of A.

(a) We say that o is a hereditary Fell sub-bundle of £ if

AgBhAk - Aghka Vg, hkeGq.

(b) We say that & is an ideal of £ if
AgBh - Agh, and BgAh - Agh, Vg, heaq.

It is evident that every ideal is a hereditary Fell sub-bundle.

A very important source of examples of hereditary Fell sub-bundles is
given by the process of restriction of global actions to (not necessarily invari-
ant) ideals, as we will now show:

21.11. Proposition. Let 3 be a global C*-algebraic action of a group G on
a C*-algebra B. Given a closed two-sided ideal A of B, let

a= ({Dg}gea,{agtgec)

be the restriction of 5 to A, as defined in (B3). Denoting by </ and % the
semi-direct product bundles relative to a and 3, respectively, one has that </
is a hereditary®” Fell sub-bundle of A.

27 One should not be misled into thinking that 27 is an ideal in %, despite the fact that
A is an ideal in B.
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Proof. Recall that D, is defined by
D, = AN p,(A4),

so Dy is a closed subspace of B, and we may then see D4, is a closed subspace
of Bd,. We leave it for the reader to verify that the multiplication and adjoint
operations of & are precisely the restrictions of the corresponding operations
on A, so that o is indeed a Fell sub-bundle of %, as desired.

In order to prove that < is hereditary, suppose that we are given g, h
and k in G, ain Dy, b in B, and ¢ in Dy. Then

(ady)(b61)(cor) = aBy(b)Bgn(c)dgnr- (21.11.1)

Observing that each D, is an ideal in B, notice that the coefficient of
dgnk above satisfies

a8 (b)Bgn(c) € Dg N Ban(Dr) = AN Bg(A) N Bgn (AN Br(4)) =

= AN By(A) N Byn(A) N Bgni(A) € AN Bynr(A) = Dy,

so the element mentioned in (ETT10) in fact lies in Dgpidgnk, proving < to
be hereditary. O

21.12. Proposition. Let & be a Fell bundle and let </ be a hereditary
sub-bundle (resp. ideal) of %. Then C¥,(</) is a hereditary subalgebra
(resp. ideal) of C}.  (A).

Proof. We first observe that C* () may indeed be seen as a subalgebra of
C* () by (EI3). It is then easy to see that

red
Ce(#)Ce(2)Co( ) C Co(),
in the hereditary case, and

Co(#)Ce(B) € Ce(), and  Co(B)Co() C Co(),

in the ideal case, from where the result follows. [l

As seen in (EI3), the canonical map ¢ of (EI) is not always injective.
However under more restrictive conditions such pathologies disappear:
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21.13. Theorem. Let % be a Fell bundle and let o/ be a hereditary Fell
sub-bundle. Then the canonical map

L CH () — C*(B)

of (ZIM) is injective, so C*(«/) is naturally isomorphic to the range on t,
which is a hereditary *-subalgebra of C*(%).

Proof. Consider the diagram

y!
C() —— Clua(?) @max Cla(G)

[2 bred & id

S
C(#) —— CluaP) Omax Ca(G)

where ./ and .¥ are given by (IEX) for the respective bundles. By checking
on the dense set C.(&) C C*(&7), it is easy to see that this is a commutative
diagram.

Employing [[A, Proposition 3.6.4] we conclude that t,.q ® id is injective
because (.4 is injective by the last sentence of (EI3), and C (&) is a hered-
itary subalgebra of C (%), by (EI13). Since .’ and . are also injective,
we conclude that ¢ is injective. That C* (/) is a hereditary subalgebra may
be proved easily by the same argument used in the proof of (EI13). O

Given an ideal J = {J,}seq of a Fell bundle Z = {By}4ecq, consider,
for each ¢ in G, the quotient space By/J,. It is clear that the operations of
P drop to the quotient, giving multiplication operations

. By By, Bgn

. == =
Jg  Jn Jgn

and involutions B B
-1
*: =2 - 4

Ty Ty

One then easily verifies that the collection
2T :={By/Jg}gcc

is a Fell bundle with the above operations.

21.14. Definition. Given an ideal J of a Fell bundle %, the Fell bundle
PB|J constructed above will be called the quotient of £ by J.

Let us now compare the cross sectional C*-algebra of the quotient Fell
bundle with the quotient of the corresponding cross sectional C*-algebras:
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21.15. Proposition. If J is an ideal in the Fell bundle &, then C*(J) is
an ideal in C*(4%). Moreover the quotient of C*(%) by C*(J) is isomorphic
to C*(#/J), thus giving an exact sequence of C*-algebras

L q
0—C*(J)—>C"(B) —C"(B/T) — 0.
Proof. Since ideals are necessarily hereditary sub-bundles, (EI13) applies
and hence C*(7) is naturally isomorphic to a subalgebra of C*(4%), which
the reader may easily prove to be an ideal using the same argument employed
in the proof of (EZ1132).
For each g in G, let us denote by
a9 : By = Bg/J,

the quotient map. It is then obvious that ¢ = {¢4}4ecc is a morphism from
PB to B/J, which therefore induces via (EI2) a clearly surjective *-homo-
morphism,
q:C"(#B) = C*(#]7),
still denoted by ¢ by abuse of language, such that
q(Jg(b)) = Jg(b+ Jg), Vge€G, Vb€ By,

where we rely on the context to determine which universal representation )
is meant in each case. Notice that g vanishes on C*(J), so

C*(J) C Ker(q).

The proof will then be complete once we show that these sets are in fact
equal. For each g in G, define

m0 b € By Jg(b) + C*(J) € C*(B)/C*(T).
Since 7r2 clearly vanishes on Jg, it factors through B,/J,, giving a linear

mapping
g Bg/Jy — C*(B)/C*(T).

One may now check that {m,},cc is a representation of %/7, the integrated
form of which, according to (EZ), is a *-homomorphism

: C*(B/T) = C*(B)/C*(T),
such that
o (Jg(b+ Jy)) = Jg(b) + C*(J), Vg€ G, Vbe By,

where again the context should be enough to determine the appropriate ver-
sions of 7. The composition

CH(B) S CH(B)T) S CF(B))CF(T)

thus sends each j,(b) to jg(b) + C*(J), which means that it is precisely the
quotient map modulo C*(7). This immediately implies that

Ker(q) C C*(J),
thus concluding the proof. O
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21.16. Remark. It is interesting to observe that reduced cross sectional al-
gebras behave well with respect to Fell sub-bundles by (EI), while full cross
sectional algebras behave well with respect to ezact sequences by (EI13).

Interchanging the roles of full and reduced, we have already obtained a
partial result regarding Fell sub-bundles and full cross sectional algebras in
(E1T3), so we will now discuss the behavior of exact sequences under reduced
cross sectional algebras. We begin with a technical result:

21.17. Lemma. Given a Fell bundle = {Bgy}4cq, there exists a bounded

completely positive linear map

v:C*"(B) @ Cr

> red
min

(G) = C

red

(%),

such that, for every g and h in G, and every b in B, one has that

{Agw), if g = h,

(5, (b) @) =
(a () ® X3) 0, ifg#h

Consequently U o 7 coincides with the identity of C (%), where T is given
by (CZM3).

Proof. Let m be any *-representation of % on a Hilbert space H such that m;
is faithful. This can easily be obtained by composing a faithful representation
of C* (%) with the universal representation j, for example. Also let

¢:C*(#B) - Z(H e 3(G))
be built from 7, as in (Z3), so that
0(jg(b)) = mg(b) @ XS, Vge G, Vbe B,

Recalling that C%,(G) is the closed *-subalgebra of Z(¢*(G)) generated by
the range of the left-regular representation of GG, consider the representation

p®id: C*(B) @ CLy(G) = L(H @ *(G) @ 1*(G)),

characterized by the fact that
(p ®id)(b® Xf) = my(b) @ X; @ NG,

for any g and h in G, and any b in B,. Let K be the closed subspace of
H ® *(G) ® £%(G), given by

K=@ H®ey®ey,
geG
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and let P be the orthogonal projection onto K. Also consider the completely
positive map
U:C"(A) @ Cu(G) = Z(K)
given by ¥(z) = P<(<p ® @'d)(m))P.
There is an obvious isometric isomorphism between K and H ® (3(G)

under which a vector of the form { ® e, ® e, is mapped to {®e,. If we identify
Z(K) with Z(H ® £5(G)) under this map, one sees that,

{Wg(b) ® A, ifg=h,

U(jy(0) ® ;) =
e 0, if g # h,

for every g and h in G, and every b in B,.

The range of W is therefore the closed linear span of the set of all 7,(b) ®
A, for b in By. This is also the range of ¢, which in turn is the same as the
range of the map v of (I=3A).

Since 1) is a faithful representation by the last sentence of ([E3), given
that m; is faithful by construction, we may then view ¥ as taking values in
C (%), thus providing the desired map. O

Let us now discuss an important consequence of the exactness of the
base group to Fell bundles:

21.18. Theorem. Let G be an exact group, and let % be a Fell bundle
over G. If J is an ideal in %, then the quotient of C* (%) by C* (J) is
isomorphic to C¥ ,(%/J), thus yielding an exact sequence of C*-algebras

lred

0 — C2 (7)) =5 €y (B) 25y (8).7) — 0.

Proof. Recall from (EIT3) that t,.q is & natural isomorphism from C?  (7)
onto an ideal in C (). On the other hand, the map g,.q referred to above
is the one given by (EI3) in terms of the quotient morphism g = {q4}4cc-
As in (EIT3), it is immediate to check that g..q is surjective and that
the range of t,.q is contained in the kernel of ¢,.q. Therefore the only point
requiring our attention is the proof that the range of ¢,.q contains the kernel

of ¢rea. So, let us pick z in C (%), such that
Qred('z) - O
Temporarily turning to full cross sectional algebras, recall from (EI13) that
0— C*(T) 5 C*(B) = C*(B)T) — 0

is an exact sequence. Since C7 (@) is an exact C*-algebra by hypothesis, the
middle row of the diagram below is exact at C* (%) Quin C4(G).
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lred
C':ed (j) — C’ljked (‘%)
\IllT \IIQT
t®1 g®1
C(T)©CLa(G) — CH(B)RCL(G) — O (B/T) @ CLu(G)
TQT TgT
Gred
C;ked ('@) — C(;ked (%/‘7>

In this diagram we have also marked the maps ¥y and ¥4 given by (EI12) for
J and 4, respectively, as well as the maps 72 and 75 given by (IEM) for 4 and
#/J. The usual method of checking on the appropriate dense subalgebras
easily shows that the diagram is commutative.

Since grea(2) = 0, we have that (¢ ® 1)(72(z)) = 0, so by exactness there
exists x in C*(J) @min C4(G) such that

(t®1)(z) =12(2).

Therefore
o)

(
lred (¢1($)) = 1/12(@ ® 1)(1)) =1 (72(2)) = %5
proving z to be in the range of ¢,.q, as desired. O

The above result should be seen from the point of view of (EI13). That
is, even though reduced cross sectional algebras and exact sequences are not
the best friends, under the assumption that the group is exact, we get a
satisfactory result.

We will now go back to discussing another slightly disgruntled relation-
ship, namely that of full cross sectional algebras and Fell sub-bundles, a
relationship that has already appeared in (EI13), where heredity proved to
be the crucial hypothesis. Instead of heredity we will now work under the
existence of conditional expectations, as defined below.

21.19. Definition. Let & = {By},cc be a Fell bundle and & = {A,}4ec
be a Fell sub-bundle. A conditional expectation from % to «f is a collection
of maps

P = {P g}ger
where each

P, : B, — B,
is a bounded, idempotent linear mapping, with range equal to A,, such that
P is a conditional expectation from By to A; and, for every g and h in G,
every b in By, and every c in By, one has that

(i) Py(b)* = Py-r(b7),
(i) Pyn(bc) = bPy(c), provided b € Ay,
(ili) Pypn(bc) = Py(b)c, provided c € Aj,.
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Observe that (EITI1) easily follows from (EIT93) by taking adjoints.

» From now on, let us assume that we are given a Fell bundle # = {B, },cc,
and a Fell sub-bundle &/ = {A,},c, admitting a conditional expectation

P = {Pg}gEG-

It is our next goal to show that there exists a conditional expectation
from C7 (%) to Ck (o) extending each P,. This result will later be used
in conjunction with (IEd) to give us the desired embedability result for full
crossed sectional algebras.

The method we will adopt uses a version of the Jones-Watatani ba-
sic construction [[A]. As the first step we will construct a right Hilbert
Aj-module from C.(%), vaguely resembling the Bi-module ¢?(%) defined in
(D). Given y and z in C.(%), define

<y7Z>P = Z Pl((yg)*zg)'
geG

We have already seen that C.(%) has the structure of a right B;-module
via the standard inclusion j; : By — C.(%). Restricting this module struc-
ture to Ay, we may view C.(%) as a right A;-module. It is then easy to prove
that (-,-), is an Aj-valued pre-inner product, the positivity following from
(IET™) and the assumption that P; is positive.

21.20. Definition. We shall denote by ¢% (%) the right Hilbert A;-module
obtained by completing C.(%) under the semi-norm ||-||2,, arising from the
inner-product defined above (after modding out the subspace of vectors of
length zero). For each b in any By, we will denote by j; (b) the canonical
image of j,(b) in (% (A).

The following result is a version of ([ZZ3) to the present situation:
21.21. Proposition. Given b in any By, the operator
Ag(0) 1y € Co(B) — jo(b)xy € Co(%)

is bounded relative to ||-||2,, and hence extends to a bounded operator on
(3(2), which we will denote by A} (b), such that [|X](b)|| < [|b]l, and which

moreover satisfies
)\g(b)(j,f(c)) :j;h(bc), VheG, Vcé€ By.

Proof. The last assertion follows from the corresponding identity proved in
(C3). Addressing the boundedness of Ay(b), given y in C.(£), notice that

(Ag(0)y; Ag(D)y) = h%:G Py ((yg-10)"0"byg-11,) =

(=2
= 3 Pu((yn)0%byn) < N01* X Pr((yn)"yn) = DIy, )
heG heG

from where the result follows. O
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Much like we did in (CZA), one may now prove that the collection of
maps AF = {)\}g’ }gec is a representation of # as adjointable operators on
(% (%), and hence gives rise to an integrated form, which we denote by

A" CH(B) = L ((h(5)),
and which in turn is characterized by the fact that
A (Jg(b)) = Aj(b), VgeG, Vbe B, (21.22)

21.23. Proposition. The map A" defined above vanishes on the kernel of
the regular representation A of 4.

Proof. Mimicking (IZT2) one may prove that

(7 0, A (2)5(©)) = Pr (0" Egno1 (A(2))e)

for all z € C*(A), g,h € G, b € B, and ¢ € By,. Thus, if 2 is in the kernel of
A, we have that the left-hand-side above vanishes identically, and this easily
implies that A”(z) = 0. O

As a consequence, we see that A” factors through C7 (%), producing a
representation
AP

red

. *
. Crcd

(2) = £(65(2)),

such that
Noa(Ag(D)) = AJ(b), VYgeG, Vbe B, (21.24)

In order to proceed, we need to prove the following key inequality:

21.25. Lemma. For b in any By, one has that
Py (b)*Py(b) < Pi(b™D).
Proof. Observing that b— Py(b) belongs to By, and hence by (IEIH) one has
(b= P,)) (b~ Py(0)) > 0

in B, we deduce from the positivity of P; that
0< Pi((b=Py0)" (b= P, (1)) =

—-p (b*b — b P,(b) — Py(b)*b + Pg(b)*Pg(b)) -
= P (b"b) — Pg—l(b*)Pg(b) — Py(0)" Py (b) + Py(b)" Py (b) =
= P1(bb) — Py(b)" Py(b),

from where the conclusion follows. O



184 PARTIAL DYNAMICAL SYSTEMS AND FELL BUNDLES

Observe that C.(</) may be seen as a right A;-sub-module of C.(#) in
a natural way. Moreover, the inclusion of the former into the latter is clearly
isometric for the usual 2-norm on C.(2) C ¢?(</), and the norm ||-||2.» on
C.(%). Consequently this map extends to an isometric right-A;-linear map

V() — (5(B).

Adopting the policy of using single quotes for denoting the relevant maps
for o7, let us denote by
j; tAg = Co()

the maps given by (IEZ1). We may then characterize V' by the fact that
V(jj(a)) = jj(a), Vae A, (21.26)

Since bounded linear maps on Hilbert modules are not necessarily ad-
jointable, we need a bit of work to provide an adjoint for V.

21.27. Proposition. The mapping
p:Ce(B) = Co() C (),

defined by
p(y)g = Pg(yg)a Vye C.(%), Vged,

is bounded with respect to ||||2,r, and hence extends to a bounded operator
from (%(%) to (*(<f), still denoted by p, by abuse of language. Moreover p
is the adjoint of the map V' defined above.

Proof. Given y in C.(%), one has

(). p)) = T Pyla)"Polo) = > Pi(()') = (0.1

This proves the boundedness of p. In order to prove the last assertion in the
statement, let y € C.(«7) and z € C.(%). Then

(Y, p(2)) = X Y Py(2g) = > Pi(yy2g) = (V(y), 2)p- O
heG heG

Since p = V*, we will from now on dispense with the notation “p”, using

“V*” instead.

As already mentioned, V is an isometry, so V*V is the identity operator
on (?(</), while VV* is a projection in #(¢% (%)), whose range is clearly the
canonical copy of £2(<7) within (% (%).

The following result describes what happens when we compress elements
of the range of A” down to ¢?(</) via V. In its statement we will continue
with the trend of using single quotes when denoting the relevant maps for /.
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21.28. Proposition. For b in any By, one has that
VA, (D)V = )\’g (Pg(b)).
Proof. Given h in G, and a in A we have that

(E=m) (e=m)

(VA OV )00 =2 VA0 (5 (@) =V ba) =

. , =) .
= Jgn (Pan(ba)) = jor (Py(b)a) “=" Xg (Py (b)) (a)-
Since the elements j; (a) considered above span a dense subspace of ¢2(<),
the proof is concluded. O

With this we may now prove our next main result:

21.29. Theorem. Given a Fell bundle # = {By}4cq, and a Fell sub-bundle
o = {Ag}gec admitting a conditional expectation P = {Py}4cq, there exists
a conditional expectation

E:C*,(B) - C

red

(ﬂ)7

such that
E()\g(b)) = )\;(Pg(b)), Vge G, Vbe By,

where \' and \ denote the regular representations of ./ and %, respectively.

Proof. Define
E:CL(B) — L (()),

by
E(z) = V™AL, (2)V, VzeClL(A).

In case z = A\y(b), for some b in By, notice that

E(A(1)) = VAL (A, (0))V =2 VA0V = X (P (1)),
proving the last assertion in the statement. Since the \,(b) span C} (%),
this also proves that the range of E' is contained in C* (<), so we may view
E as a CF ,(«/)-valued map, as required.

Conditional expectations are meant to be maps from an algebra to a
subalgebra. So it is important for us to view C} (<) as a subalgebra of
C* 4(2), and we of course do it through (EI). Technically this means that
we identify A} (a) and A,(a), for a in any A,. In this case, since Py(a) = a,
we deduce from the equation just proved that E(Ag(a)) = Ag(a), so E is the
identity on C7 (<), and the reader may now easily prove that F is in fact a
conditional expectation. O

We may now return to the discussion of full cross sectional algebras
versus Fell sub-bundles:
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21.30. Theorem. Let % be a Fell bundle and let </ be a Fell sub-bundle.
If o/ admits a conditional expectation, then the canonical map

L CH ) — CF(B)

of (1) is injective.

Proof. The proof is essentially identical to the proof of (EI13), with the ex-
ception that, in order to conclude that ¢,.q®1d is injective, instead of invoking
[, Proposition 3.6.4] we rely on [[d, Proposition 3.6.6], observing that con-
dition [, 3.6.6.1] is fulfilled by the conditional expectation E provided by
(Z=29). O

Let us now study amenability of Fell sub-bundles.

21.31. Proposition. Let 4 be an amenable Fell bundle and let </ be a Fell
sub-bundle of 8. If o/ is either hereditary or admits a conditional expectation,
then « is also amenable.

Proof. Consider the diagram
CHo) — C*(P)

N 1A
lred

C:ed (’Q{) — C;ked (%)

where A’ and A are the regular representations of .7 and %, respectively, and
t and (.4 are as in (EZI0). It is elementary to check that this is a commutative
diagram.

Employing either (EI13) or (EI=30), as appropriate, we have that ¢ is
injective. Since % is amenable, A is injective as well, so we conclude that A’
is injective, whence & is amenable. O

Using the method employed in the proof of (EI2) it is possible to pro-
duce an amenable Fell bundle containing a non-amenable Fell sub-bundle.
Therefore the hypothesis that & is either hereditary or admits a conditional
expectation is crucial for the validity of the result above.

Let us now study the approximation property for Fell sub-bundles.

21.32. Proposition. Let # = {By}qscc be a Fell bundle satisfying the ap-
proximation property, and let o = {A,},ec be a Fell sub-bundle of #. If
Aq is a hereditary subalgebra of By, then &/ also satisfies the approximation
property.

Proof. Let {a;}icr be a Cesaro net for %, as defined in (EI4), and let {v;};cs
be an approximate identity for A;. For each (i,7) in I x J, consider the
function

Ci,j 1 g€ G vjai(g)vj € A
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Notice that v;a;(g)v; indeed lies in A; because A;B1A; C Ay, given that A,
is supposed to be hereditary.

Considering I x J as a directed set with coordinate-wise order, we claim
that {c; ;j}(,j)erxs is a Cesaro net for 7.

Since each a; is a finitely supported function on G, it is clear that so are
the ¢; ;. In order to prove condition (FIIZ), suppose we are given (i,j) €
I'x J. Then, taking into account that viv; <1, one has that

||Z Cz,] Cz,] || _|| Z U az ) U U]az(g)vj || <
geG
< 5 otaraton ] <] 5 wtoatn]
geG geG

so (EXZ3) follows from the corresponding property of the Cesaro net {a;}ic;.
In order to prove (EIZ1), given b in any Ay, we must prove that

> ci(gh)besi(h) XS b, (21.32.1)
heG

For each ¢ in I, let us consider the linear operator W; defined on A, by

Wi(b) = 3 ai(gh)*bas(h), Ybe A,.
heG

Since this may be seen as the restriction of the map V' of (EI3) to A,, we
have that
Wil <|| 3 ai(h) as(m)|| < 2,
heG

where M may be chosen independently of i. Focusing on the left-hand-side
of (EI=3Z), we have

> i j(gh)tbe j(h) = > viai(gh) vibvja;(h)v; = v;Wi(vibv,)v;,
heG heG

so (EI=3Z) translates into

(4,4) 00

v Wi(vibuj)v; b. (21.32.2)

Observing that the terms of an approximate identity have norm at most
1, we have that
16— 03 Wi(vjbv; Jus|| <

<16 = vjbv; || + [Jojbo; — vy Wi(b)vsl| + [[v;Wib)vj — vjWi(vjbu;)v;|| <
< 16 = vjbvs[| + (16 = Wi @) || + [[Wil[llb — vjbv, |-

By (IE3) we have that bv; = b, so (E=2Z3) follows. This verifies that
{cij}.j)erx is indeed a Cesaro net for o7, as desired. O
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Observe that the last hypothesis of the above result, namely that A;
is a hereditary subalgebra of By, is evidently satisfied if < is a hereditary
sub-bundle of 4. It might also be worth pointing out that the fact that A,
is a hereditary subalgebra of By does not imply that <7 is a hereditary Fell
sub-bundle of #. A counter example may be easily obtained by choosing any
Fell bundle # and selecting A; = By, while A; = {0}, for all g # 1. In this
case there is no reason for A; B;A; to be contained in A,.

After spending a little effort, we have not been able to determine if
the approximation property passes to sub-bundles under the existence of a
conditional expectation, but we believe there is a good chance this is true.

With respect to amenability of quotient Fell bundles we have the follow-
ing:

21.33. Proposition. Suppose we are given Fell bundles # = {By}4cc and
o ={Ag}q4ec, as well as a morphism ¢ = {pg4}4ec from A to <, such that
g is onto A, for every g.

(i) If # is amenable and G is an exact group, then < is also amenable.

(ii) If % satisfies the approximation property, then so does <.

Proof. Given a Cesaro net {a;};e; for %, it is elementary to check that
{¢1(a;)}ier is a Cesaro net for «. Thus (ii) follows.

With respect to (i), for each g in G, let J, be the kernel of ¢ . It is then
clear that J = {J,},ecq is an ideal of £, in the sense of (EI10H), and one
has that %/J is isomorphic to <.

Consider the diagram

0o — C(Jg) — C(%¥ — C(o) — 0

vy A A
0 — C’1:ked (j) — C’liked (‘%) — C:ed (M) — 0

whose rows are exact by (EId) and (EI13), and the vertical arrows indi-
cate the various regular representations. It is immediate to check that this is
commutative. Moreover, Ay is one-to-one by hypothesis, and A, is onto by
definition of reduced cross sectional algebras, so one may prove that A, is
injective by a standard diagram chase, similar to one used to prove the Five
Lemma. U

Notes and remarks. Theorem (EII3) was proved in [BEF]. It would be inter-
esting to decide if (EI=333) holds without the hypothesis that G is exact.
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22. FUNCTORIALITY FOR PARTIAL ACTIONS

As already mentioned, some of the most important examples of Fell bundles
arise from partial dynamical systems. In this chapter we will therefore present
some consequences of the results proved in the above chapter to semi-direct
product bundles. We will also study the relationship between the semi-direct
product bundle for a partial action 8 and the corresponding bundle for a
restriction of j.

» So, let us now fix two C*-algebraic partial dynamical systems

o = (A7 G7 {Ag}g€G7 {a.‘]}geG)
and
B = (B7G7 {Bg}gEG7 {Bg}geG)'
We will denote the semi-direct product bundles for a and 3 by

o ={Ag04}gec, and B ={Bgd,}sec,

respectively.

Recall from (E22) that a *-homomorphism ¢ : A — B is said to be G-
equivariant provided p(Ay) C By, and ¢(ay(a)) = By(¢(a)), for a in any
A,

22.1. Proposition. Given a G-equivariant *~homomorphism ¢ : A — B,
for each g in G consider the mapping

g 1 Agdg — Bgdg,

given by
pglady) = p(a)dy, Vae A,
Then {¢4}4cc is a morphism from < to 4.
Proof. Left to the reader. O

As an immediate consequence of (EI) and (EI3), we have:
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22.2. Proposition. Given a G-equivariant *-homomorphism ¢ : A — B,
there are *-homomorphisms

P : AXG — BXG, and  Preq : AXedG — BX,odG

sending ad, to p(a)d,, for a in any Ay, with the appropriate interpretation
of 64 in each case.

In case ¢ is injective one may see & as a Fell sub-bundle of #. Two of
the most important examples of this are given by (EI-9) and (EIT—10).

22.3. Proposition. Let § = (B,G, {Bg}geg,{ﬁg}geg) be a C*-algebraic
partial dynamical system, and let A be a closed *-subalgebra of B. Suppose
that either:

(i) A is invariant under [3, or

(ii) B is a global action and A is an ideal of B.
In either case, let o = ({Ag}geg,{ag}gga) be the restriction of 8 to A

(defined in (EZ7I0) in the first case, or in (B3) in the second case). Then we
have a natural inclusion

AX1eqdG C BX.eqG.

In situation (ii) one moreover has that Ax..qG is a hereditary subalgebra of
BX,qG.

Proof. We have that < is a Fell sub-bundle of # by (EI3) or (). That
AX,qG is naturally a subalgebra of BX,.qG then follows from the last as-
sertion in (EI33). Under hypothesis (ii), we have by (EI) that < is a
hereditary Fell sub-bundle of % so the last sentence in the statement follows
from (E13). O

For the case of full crossed products we have the following:

22.4. Proposition. Let 3 be a global action of a group G on a C*-algebra
B, and let A be an ideal of B. Considering the partial action o« of G on A
given by restriction, as defined in (B3), the canonical mapping

L: AxG = BxG

is injective. Moreover the range of v is a hereditary *-subalgebra of BxG.

Proof. We have seen in (EIT) that the semi-direct product bundle for «
is hereditary in the one for 5. So the conclusion follows immediately from
(zamunc) B n

In order to take advantage of (EI=30), namely the injectivity of the canon-
ical mapping under the existence of conditional expectations, we must under-
stand the relationship between partial actions and conditional expectations.
This is the goal of our next result.
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22.5. Proposition. Suppose we are given a C*-algebraic partial dynamical
system

B = (B7 G, {Bg}g€G> {69}966')7

and let A be a closed *-subalgebra of B. Suppose moreover that there is a
G-equivariant conditional expectation F' from B onto A. Then

(i) A is invariant under f3,

(ii) the semi-direct product bundle for the action o obtained by restrict-
ing B to A, henceforth denoted by </, seen as a Fell sub-bundle of the
semi-direct product bundle for 3, henceforth denoted by %, admits a
conditional expectation P = {Py}4cq, where

P,(bdy) = F(b)d,, Vbe By.
(iii) the canonical mapping
L: AXG — BxG
is injective.
Proof. Given g in GG, we have that

(=)

59(AﬂBg_1) :69(F(AﬂBg—1)) = F(ﬂg(AﬂBg—1)) C A,

proving that A is indeed invariant under 5.
Notice that if b is in any By, then F'(b) € B, N A =: A,, by invariance,
so indeed F'(b)dg4 lies in Aydy, as needed. To prove (EITId), we compute

*

Py(bdg)" = (F(b)(sg) - 59*1(F(b*))59*1 -
= F(By-1(b*))dy-1 = Py1(By-1(b*)d,-1) = Py-1((bdg)").

If we now take c¢ in some A;,, we have

Py (065)(8)) = Py (85 (851 (0))051.) = F (B (B4 (b)) ) dgn =

=y (F(ﬁg‘l (b)c))‘;gh = By (F(Bg‘l(b))c) dgh = By (59‘1 (F(b))c) Ogh =

= (F(b)dg) (con) = Py(bdg) (con),

proving (FIT9m) and then (EITUM) follows by taking adjoints. The fact
that P,(B,0,) = Adg, or equivalently that F'(B,) = A,, may be easily proved
based on the G-equivariance of F. Point (iii) now follows from (EI=50). O
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Let us now study the behavior of crossed products relative to ideals and
quotients.

» We therefore fix, for the time being, a C*-algebraic partial action

a= ({Ag}g€G7 {O‘g}geG)

of a group G on a C*-algebra A, and an a-invariant closed two-sided ideal
J < A. The restriction of « to J, defined according to (ZZI0), will henceforth
be denoted by

T = ({Jg}geG7 {Tg}geG)-

Denoting by B the quotient C*-algebra, we obtain the exact sequence

0sJ5A45B 50, (22.6)
where ¢ denoted the inclusion, and ¢ the quotient mapping. Letting
Bg:q(Ag)7 V.QEGa

it is then easy to see that B, is a closed two-sided ideal in B and that B, is
*-isomorphic to A,/(A, N J). Moreover, since each ay maps A,-1 to Ay in
such a way that

ag(Ag—l N J) - Ag nJ

by invariance of J, we see that a, drops to the quotient providing a *-

homomorphism

ﬂg : Bg—l — Bg,

such that
Bg(q(a)) = q(ag(a)), Vge G, VaecA,.

22.7. Proposition. One has that

B = ({Bg}geGa {BQ}QEG)

is a partial action of G on B.

Proof. Since (EI3) is trivially true, it suffices to verify (Eo3=d). Given g, h €
G, we claim that
Bg N By = q(Ag N Ah) (22.7.1)

By the Cohen-Hewitt Theorem every ideal in a C*-algebra is idempotent. In
particular, given any two ideals I and J, one has

INJ=INJ)INJ)CIJ.
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Since IJ is obviously contained in I N J, we deduce that I N J = IJ. Thus,
for every g, h € G, we have

B, 0 B = ByBa = q(Ag)a(An) = a(AyAn) = q(A, 0 Ay,
proving (EZZZ). In order to prove (E2d), we then compute
ﬁg (Bgfl N Bh) = 59 (q(Agfl N Ah)) =

= q(ag(Ag_1 N Ah)) - Q(Agh) = th.
Regarding (Z54), pick z in By-1 N Bgpy-1, and write = ¢(a), with a
in Ap-1 N A(gh)—l, by (EZZ). Then
B (Br(x)) = By (Bnlq(a))) = By(a(an(a))) = q(ay(an(a))) =

= q(agn(a)) = Ben(a(a)) = Byn(x).
This completes the proof. O
Regarding the corresponding semi-direct product bundles we have:

22.8. Proposition. Let a = ({Ag}geg, {ag}geg) be a C*-algebraic partial
action of a group G on a C*-algebra A, and let J < A be an «-invariant
closed two-sided ideal. Also let J, o/ and % be the semi-direct product
bundles relative to the partial actions T, « and 3, above. Then J is an ideal
in o/, and 2 is naturally isomorphic to the quotient Fell bundle </ /7.

Proof. Left for the reader. O

We thus have the following consequences of our study of ideals in Fell
bundles in the previous chapter:

22.9. Theorem. Let ' .
0—J-3A— B—0,

be an exact sequence of C*-algebras and let o = ({Ag}geg, {Oég}geg) be a
partial action of G on A, relative to which J is invariant. Then the corre-
sponding sequence

0— JxG = AxG — BxG —= 0

is also exact. Moreover, if
(i) G is an exact group, or

(ii) the semi-direct product bundle associated to « satisfies the approxima-
tion property,

then the sequence
0 — JXedG = AXedG — BX,eqG — 0

is exact as well.
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Proof. The first assertion is a direct application of (EI13).

Under hypothesis (i), the second assertion follows immediately from
(ET3), so we need only prove the second assertion under hypothesis (ii).

Let 7, o7 and % be the semi-direct product bundles relative to the partial
actions 7, a and [, as in (EZZ3).

By hypothesis we have that o satisfies the approximation property and
hence so does 7, by (EI=33), as well as £, by (EI331). Therefore all three
Fell bundles in sight are amenable by (EIIT), so the above sequence of re-
duced crossed products coincides with the corresponding one for full crossed
products whose exactness has already been verified. O

This result has a useful application to the study of ideals in the crossed
product generated by subsets of the coefficient algebra. We state it only for
full crossed products since we only envisage applications of it in this case.

22.10. Proposition. Let
o= (A’ G, {AQ}QEG? {ag}geG)

be a C*-algebraic partial dynamical system. Given any subset W C A,

(i) let K be the ideal of AxG generated by 1(W'), where ¢ is the map defined

in (I13), and

(ii) Iet J be the smallest®® a-invariant ideal of A containing W .

Then K coincides with JxG (or rather, its canonical image within AxG).
In addition, there exists a *-isomorphism
AxG A
Y ;{ — (—) XG,

such that
plady + K) = (a+ J)d,, Vge G, VacA,.

Proof. We first claim that :~1(K) is an a-invariant ideal. While it is evident
that +=1(K) is an ideal, we still need to prove it to be a-invariant. Given
a € N (K)NA,-1, we must check that ay(a) € (K, which is to say that
L(ag(a)) € K. Using Cohen-Hewitt, write a = be, where both b and ¢ lie in
Y (K)NA,-1. Then

Lag(a)) = ag(a)dr = ay(be)dy = (ag(h)d,)(co1) = (ay(b)6,)il(c) € K.

So t7!(K) is indeed an invariant ideal, which evidently contains W. Since
J is the smallest among such ideals, we have that J C (~!(K), which is to
say that «(J) C K, whence

W(W) Cu(J) C K. (22.10.1)

28 Tt is easy to see that an arbitrary intersection of invariant ideals is again invariant,
so the smallest invariant ideal always exist.
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This implies that K coincides with the ideal of AxG generated by ¢(J).
On the other hand notice that, by (IGZ2), the ideal generated by ¢(J) is
JxG, thus proving that K = Jx(G. The second and last assertion in the
statement is now an immediate consequence of (ZZ1). ]
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23. IDEALS IN GRADED ALGEBRAS

Let B be a graded C*-algebra with grading {By}gcq. If J is an ideal (always
assumed to be closed and two-sided) in B, there might be no relationship
between J and the grading of B. It is even possible that J N By is trivial for
every ¢ in G.

For example, let % be the group bundle over Z, so that C*(%) is iso-
morphic to C(T), where T denotes the unit circle. Fixing zy € T, the ideal

J={feC(T): f(2) =0}

has trivial intersection with every homogeneous subspace B,, = Cz™. This is
because a nonzero element in B,, is invertible, and hence cannot belong to
any proper ideal.

The purpose of this chapter is thus to study the relationship between
ideals in graded algebras and the grading itself. For this we shall temporarily
» fix a graded C*-algebra B, with grading {B,}4cq, and a closed two-sided
ideal J < B.

23.1. Proposition. The closed two-sided ideal of B generated by J N By

coincides with the closure of @gec J N By.

Proof. Given g and h in G, notice that
(Jﬂ Bg)Bh - (JBh) N (BQB;L) cJn th.

Therefore we see that

K:= @ JnB,
geG

is invariant under right multiplication by elements of By, and a similar rea-
soning shows invariance under left multiplication as well. Since K is closed
by definition, we then deduce that K is a two-sided ideal. Consequently,
noticing that J N Bj is contained in K, we have that

<JmB1> - K7
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where the angle brackets above indicate the closed two-sided ideal generated

In order to prove the reverse inclusion, given g in G, and x € J N By,
notice that z*x € J N B;. Using (IE3) (which is stated for Hilbert modules,
and hence also holds for C*-algebras) we then have

¢ =limz(z*z)Y/™ € (J N By),
We therefore conclude that
JN B, C(JNBy),

from where it follows that K C (J N By), as desired. O
This justifies the introduction of the following concept:

23.2. Definition. We shall say that J is an induced ideal (sometimes also
called a graded ideal) provided any one of the following equivalent conditions
hold:

(a) J coincides with the ideal generated by J N By,
(b) @DyecJ N By is dense in J.
For topologically graded algebras there is a lot more to be said, so we

shall assume from now on that B is topologically graded. Recall from (3)
that in this case B admits Fourier coefficient operators

F,:B—B, VYgeg,

such that
Fy(b) =64nb, VYg,he G, Vbe B.

Given an arbitrary ideal J < B, let us consider the following subsets of B:

J = (JNB),
J" = {xeB:Fyx)eJ, Vge G}, (23.3)
J" = {xeB:F(x*x) € J},

where the angle brackets in the definition of J’ are again supposed to mean
the closed two-sided ideal generated.
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23.4. Proposition. Given any ideal J in a topologically graded C*-algebra
B, one has that the sets J', J” and J"' defined above are closed two-sided
ideals in B, and moreover

J/ C J// _ J///.

Proof. 1t is evident that these are closed subspaces of B, and moreover that
J’ is an ideal.

In order to prove that J” is an ideal, let b € B, and = € J”, and let
us prove that bx € J”. Since the B, span a dense subspace of B, we may
assume that b € By, for some h € G. Then

Fy(bx) = bFyny(x) € J,

proving that bz € J”, and hence that J” is a left ideal. One similarly proves
that J” is a right ideal. Since we will eventually prove that J"" = J”, we skip
the proof that J”’ is an ideal for now.
Observing that J N By is contained in J”, and since we now know that
J" is an ideal, the ideal generated by J N By, namely J', is also contained in
J".
Given any z € B, notice that by Parseval’s identity (Z13), we have
that
S Fy(2)"Fyl2) = Fi(="2).
geG
In fact (CZ13) refers to the Ey, but since F; = E 01 (see the proof of (IIM)),
our identity follows easily from ([Z13). Since ideals are hereditary, we then
have that
Fi(z"z) € J & Fy(2)"Fy(z) € J, Vg € G,

and we notice that the condition in the right-hand side above is also equiva-
lent to Fy(z) € J. This proves that J" = J". O

Having seen how the ideals defined in (EZ3) relate to each other, let us
also discuss how do they relate to J, itself. It is elementary to see that J
always contains J’, but the relationship between J and J” is not straightfor-
ward. We will see below that J' = J” under certain conditions, in which case
it will follow that J” C J. However there are examples in which J” is not
a subset of J, and in fact it may occur that, on the contrary, J is a proper
subset of J".

This is the case, for example, if B is the full group C*-algebra of a non-
amenable group G, and J = {0}. One may then prove that J” is the kernel
of the regular representation, hence J” is strictly larger than J.

One might suspect that the culprit for this anomaly is the failure of faith-
fulness of the standard conditional expectation on C*(G), but examples may
also be found in topologically graded C*-algebras with faithful conditional
expectations. Take, for example, a group G and a C*-algebra B. One may
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then prove that B ®,,, Ck4(G) is isomorphic to the reduced crossed product
of B by GG under the trivial action, so the former is a topologically G-graded
C*-algebra with faithful conditional expectation by ([Z13).

Assuming that G is a non-exact group, one may find a short exact se-
quence of C*-algebras

0-J5BS A0,

for which

11 T®1
0—J @ Chy(G) — B ® Chy(G) = A Cr,

is not exact. It is well known that the only place where exactness may fail is
at the mid point of this sequence, meaning that the range of i ® 1 is properly
contained in the kernel of 7 ® 1. Letting J be the range of i ® 1, one may
prove that J” is the kernel of 7 ® 1, whence J is properly contained in J”,
as claimed. Consequently we have that

JcgcJ, (23.5)

so this also produces an example in which J” is strictly larger than J'.

23.6. Proposition. Let B be a topologically graded C*-algebra with grad-
ing {Bg}gcq, and assume that the associated Fell bundle has the approxima-
tion property. Then, for every ideal J < B, one has that the ideals J' and
J" defined in (33) are equal.

Proof. Tt clearly suffices to prove that J”’ C J'. Given z € J”, we have by
definition that each Fy(x) € J, and we claim that F,(z) € J'. In order to see
this, notice that

Fy(z)*Fy(z) € JN By C.J',

so we have that Fy(z)*Fy(xz) = 0 (mod J’). Since B/J' is a C*-algebra, we
have that F;(x) = 0 (mod J’), as well, meaning that F,;(x) € J’, thus proving
our claim.

Let {a;}; be a Cesaro net for %, and let {S;}; be the net of summation
processes provided by (EIIM). A glimpse at the formula defining S; is enough
to convince ourselves that S;(z) is also in J’, hence also

z = lim S;(z) € J'. O

There is another situation in which we may guarantee the coincidence of
the ideals J" and J".
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23.7. Theorem. Let G be a discrete group and let B be a topologically G-
graded C*-algebra. Suppose that G is exact and that the standard conditional
expectation F' : B — By is faithful. Then for every ideal J of B one has that
the ideals J' and J" defined in (Z33) coincide.

Proof. Denote by 2 = {By}gecc the underlying Fell bundle and note that B
is isomorphic to C};(#) by (IF). For each g in G, let J, = J N By so that
J = {Jy}g4ec is an ideal in . Employing (ZI13) we have that the sequence

0= Ci () X3 B IS o (#)7) =0 (23.7.1)
is exact. We next claim that
J = 1,0a(CLy(7)), and  J" = Ker(grea)- (23.7.2)

Given ¢ in G, notice that
JyJg S BiNJCJ,
so by (ITTA) one has that
Jg = [JgJgJg] C [JgJ'] € T,

S0 Lrea (Clhq(J)) € J'. Since the reverse inclusion is evident, we have proven
the first identity in (E3773).

On the other hand, denoting by E the faithful standard conditional ex-
pectation of C* (%/J), it is easy to see that E 0 ¢,eqa = ¢rea © F,, so for any b
in B we have that

Goa(D) =0 & E(qad)) =0 & qua(F(0°h) =0 & F(b°b) € Jy,

where the last step is a consequence of the fact that F'(b*b) is in By, and that
the behavior of ¢ on By is that given by (EI=3). This shows that Ker(g,eq) =
J", concluding the verification of (E373).

Since the sequence (EZ7) is exact, the proof follows. O

23.8. Definition. Let B be a topologically graded C*-algebra with grading
{By}4ec and Fourier coefficient operators F,. We will say that a closed,
two-sided ideal J <9 B is a Fourier ideal, if F,(J) C J, for every g in G.

Thus J is a Fourier ideal if and only if J C J”, while J is induced if and
only if J = J’. We may thus reinterpret (E33), (230) and (Z32) as follows.
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23.9. Proposition. Let B be a topologically graded C*-algebra. Then ev-
ery induced ideal of B is a Fourier ideal. Moreover, the converse holds if
either

(i) the associated Fell bundle has the approximation property, or

(ii) G is exact and the standard conditional expectation of B onto By is
faithful.

For an example of a Fourier ideal which is not induced, see (E33).

The next result is stated for Fourier ideals but, because of the reasoning
above, it also holds for induced ones.

23.10. Proposition. Let B be a topologically graded C*-algebra with grad-
ing {Bg}gecq, and let J be a Fourier ideal of B. Then B/J is topologically
graded by the spaces q(By), where q is the quotient map.

Proof. Since J is invariant under each Fourier coefficient operator F, we
have that F, passes to the quotient giving a well defined bounded map on
B/J, namely

Ey(x+J)=Fy(z)+J, VYzecB.

Notice that ) .
Q(Bg) = Fg(B/J) = Ker(id — Fg)a

the last step holding thanks to the fact that ﬁ’g is idempotent. As a conse-
quence we deduce that ¢(By) is a closed subspace of B/J.

It is now immediate to verify that the collection {q(By)}gecc satisfies
(), and that F) fills in the rest of the hypothesis there to allow us to
conclude that this is in fact a topological grading for B/.J. O

All of the above results have their versions in the setting of partial crossed
product algebras, since these are graded algebras. The next simple result,
which we will use later, has no counterpart for graded algebras since its
conclusion explicitly mentions the partial action.

23.11. Proposition. Let 0 = (A, G,{Dy}gcc, {0,}4ecc) be a C*-algebraic
partial dynamical system. Given an ideal J of either AXG or AX..qG, let
K =JNA. Then K is a 0-invariant ideal of A.

Proof. Of course we are identifying A with its copy Ad; in the crossed product
algebra. Regardless of whether we are working with the full or reduced crossed
product, the proof is the same: given a in K N D,-1, choose an approximate
identity {v;}; for D,. Then

« (ET3) i—00

J> (viég)(aél)(viég) = ’Uiag<a)1};k51 — 0g(a)51,

s0 04(a) is in K, proving the statement. ]
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Notes and remarks. The motivation for this chapter comes from Nica’s work
on induced ideals of algebras of Wiener-Hopf operators [E3, Section 6], which
in turn is inspired by Stratila and Voiculescu’s work on AF-algebras [[I].
Propositions (233) and (EZ30) have been proven in [3], while Theorem (Z372)
is from [E10, Theorem 5.1]%.

29 Please note that [ED is the preprint version of [EX].
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24. PRE-FELL-BUNDLES

In this short chapter we will develop some algebraic aspects of the theory of
Fell bundles. We will begin by introducing the notion of an algebraic Fell
bundle and the main question we shall analyze is whether or not they admit
a norm with which one may obtain a classical Fell bundle.

The motivation for this is the study of tensor products of Fell bundles
by C*-algebras which we will do in the next chapter.

24.1. Definition. An algebraic Fell bundle over a group G is a collection
¢ = {Cg }geG

of complex vector spaces, such that the disjoint union of all the C;’s, which

we also denote by %, by abuse of language, is moreover equipped with a

multiplication operation and an involution

X E— G, *: 46— C,

satisfying the following properties for all g and h in GG, and all b and ¢ in &

(a) CyCh C Cyp,

(b) multiplication is bi-linear from C, x C}, to Cyp,
(c¢) multiplication on % is associative,

(e) (Cy)" € Cyr,

(f) involution is conjugate-linear from C, to Cy-1,
() (be ) = b,

Compared to (IT) observe that axioms (d) and (i-k) are missing since
these refer to norms which are absent in the present case. Our goal here is
to furnish a norm on each C, with respect to which the completions form a
Fell bundle.

When G = {1}, an algebraic Fell bundle consists of a single *-algebra and
the reader is probably aware that providing a C*-norm on a *-algebra is not
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a problem with a straightforward solution. In the case of a general group G,
the above axioms imply that Cy is a *-algebra so we should therefore expect
our construction of norms on the Cy to require at least an initial choice of a
C*-norm on C].

If we are indeed given a C*-norm on C7, we may consider the completion

Bl = 61

with respect to this norm, which will therefore be a C*-algebra. Given ¢
in any Cy, we may view c*c as an element of B, however without further
hypothesis there is no reason why c¢*c is positive in By. Without this positivity
condition there is clearly no hope of turning our algebraic Fell bundle into a
Fell bundle.

Still assuming that ¢ € C, consider the mapping

ac€Ciw c'ace (.

Again there seems to be no reason why this is continuous with respect to the
given norm on C4 and again this continuity is a necessary condition for us to
proceed.

24.2. Definition. A pre-Fell-bundle over a group G is an algebraic Fell bun-
dle

¢ = {Cg}geG

equipped with a C*-norm ||-|| on C; such that, for every c in any Cy, one has
that

(i) c*c is a positive element in the C*-algebra B; obtained by completing
C relative to the norm given above,
(ii) the mapping
Ad,:a € Ci— c*ac e Cy,

is continuous with respect to ||-||.

Should one prefer to avoid any reference to the completed algebra B; in
(E1=13), above, one could instead require that for every ¢ € Cy, there exists
17—+ 00

a sequence {a, }, C C1, such that ||a}a, — c*c|| — 0.

» From now on we will fix a pre-Fell-bundle ¢ = {C}}4c¢, and we will look
for suitable norms ||-||; on the other C,’s with the intent of obtaining a Fell
bundle. In view of ([G:I3]), we have no choice but to define

1
lellg = lle"ellz, Ve Cy,

and our task is then to check the remaining axioms. We begin with some
technical results.
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24.3. Proposition. For every c in any Cy, one has that ||cc*| = ||c*¢]|.

Proof. Recall that a self-adjoint element x in a C*-algebra satisfies ||z"| =
||||™, for every n € N. This identity also holds for our C*-norm on C1, as it
follows from the corresponding fact applied to the completed algebra B;. So

lec™]|™ 1 = Ni(ee”)™ ) = lle(c™e)" e[| = [[Ade((c"e)") || <

< [[Adc|l[[(c"e)" || < [|Adel[]lc*el[™.
Taking n'"* root leads to

n—+1

[lec™] ™

1
< [[Adel| ™ [,
and when n — oo, we get
[[ec™]| < [le*e].
The reverse inequality follows by replacing ¢ with ¢*. O
Let us now prove a technical result, reminiscent of (IT).

24.4. Lemma. Let {v;}; be an approximate identity for Cy. Then, for every
c in any Cy, one has that
lim c*v;c = c*c.
(3

Proof. Using that [|-|| is a C*-norm, we have
|c*vic — c*c|? = ||(c*vic — c*e)*(c*vie — c*e)|| =
= ||[c"v] ec*vic — v ect e — cFectvic + cFecte|| =
= |[|Ad.(v]cc*v; — viec® — ccfv; + )| 0. O
With this we may prove a version of (Z32).
24.5. Lemma. Given c in any C,, one has that

cze < |z||c'e, VaeCiNBig,

where By, denotes the set of positive elements of the C*-algebra By obtained
by completing C1, and the order relation “<” is that of Bj.

Proof. Given c in Cj, we claim that
reCiNB, = c'xzce Byy. (24.5.1)

In fact, for each x in Cy N B4, write x = y*y, with y € By, and choose a
sequence {z,}, C C1, converging to y. Then

. . . (zz=3)
cfxre = Adc( lim z:zn) =D Lim Ad.(z}z,) = lim ¢*z)z,c € By,
n— oo n—oo n—oo
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proving (EZ22l). Next choose an approximate identity {v; }; for By, contained
in C1. Then, for x € C1 N By 4, and for any ¢ we have that

vi (|lz]| = z)vi € C1 N Bayg,
whence by (E222) we have
Bi+ 3 v (||| — z)vic = ||z||c*v]vic — " v} zv;c. (24.5.2)

Observing that {v}v;}; is also an approximate identity for B;, we deduce
from (ZZ3) that

71— 00
c*vivie — e,

and from (EZZ4) we have
* ok 1—00 4
c'v;zv;c — cxe.
Taking the limit as i — oo in (EZ53) we finally obtain
lz||c*c — c*xzc € By 4. O
We now have all of the necessary tools in order to prove the main result
of this chapter:

24.6. Theorem. Given a pre-Fell-bundle ¢ = {Cy}4cc, there is a unique
family of seminorms ||-||4 on the C,’s, such that |-|| is the given norm on Ct,
and for g,h € G, b € Cy, and c € C}, one has that

(d) [lbellgn < lollgllclln
(1) [16*llg=2 = [Ibll,
(3) lIo*bllx = 10113
Proof. Define ||-||1 to coincide with the given norm on Cy, and for all g # 1,
and all b € Uy, set
Iblg = (701>
If b€ Cy and ¢ € Cj, we have

(2z=39)
(be)*be = c*b*be < ||bb||c"c,
whence
ocll5, = ll(be)“bell < o*bllllc™ell = IIblIZllell,
proving (d). Notice that (i) follows from (E23), while (j) follows by definition
when g # 1, and otherwise from the fact that the norm on C; is assumed to

be a C*-norm.
To conclude we prove the triangle inequality: given b,c € Cy, we have

@)
[b+cl2 = l(b+c)* (b+ )| = [b*b+ b c+ b+ || <
* * >k * (1)
< 0% g lbllg + 0% g1 llellg + le*llg=211bllg + [l [lg-1llells =
= [1bllglibllg + ollgliclly + Nellgblly + lelglicly = bl + ellg)*.

This concludes the proof of the existence part, while uniqueness follows easily
from (j). O
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Given a pre-Fell-bundle ¢ = {C,}4c¢, one may then consider the com-
pletion of each Cy under [|-||4, say

B, =C,,

and, after extending the operations by continuity, the verification of axioms
(ILTT=H) becomes routine, especially since they are already known to hold
on dense sets. We thus obtain a Fell bundle £ = {B,}cc-

24.7. Definition. The Fell bundle %, obtained as above from a given pre-
Fell-bundle €, will be called the completion of €.

The question of extending representations from a pre-Fell-bundle to its
completion is an important one which we will discuss next.

24.8. Proposition. Let € = {C,},cc be a pre-Fell-bundle and let A be a
C*-algebra. Suppose we are given a collection of linear maps m = {m,}qec,
where

mg: Cyg — A,

such that
(i) mg(b)mn(c) = mgn(be),
(i) 74(b)" = my-1(0"),

for all g,h € G, and all b € Cy, and ¢ € C},. Suppose, moreover, that m; is
continuous relative to the norm on C;. Then each 7, is continuous relative
to the norm ||-||, on Cy, and hence it extends to a bounded linear map

g : By — A,

where % = {By}4cq is the Fell bundle completion of ¢. In addition the
collection of maps ™ = {7y}4cq is a representation of % in A.

Proof. For c in any C; we have

dei)
g ()1 = lImg(e)* mg ()| "= IIm(c*e)ll < lle*elly = llell3,

proving 7, to be continuous. The remaining statements are verified in a
routine way. O
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25. TENSOR PRODUCTS OF FELL BUNDLES

Tensor products form a very important part of the theory of C*-algebras and,
given the very close relationship between C*-algebras and Fell bundles, no
treatment of Fell bundles is complete without a careful study of their tensor
products.

The most general form of this theory would start by considering two
Fell bundles % and %', over two groups G and G’, respectively, and one
would then attempt to construct a Fell bundle Z® %’ over the group G x G'.
However, given the applications we have in mind, we will restrict ourselves to
the special case in which G’ is a trivial group. In other words, we will restrict
our study to tensor products of Fell bundles by single C*-algebras.

Among the main aspects of tensor products we plan to analyze is the re-
lationship between the corresponding versions of spatial and maximal norms.

» Let us fix a C*-algebra A and a Fell bundle # = {B,}4c¢. For each ¢ in
G, let us consider the vector space tensor product

Cy:=A0 B,.

Given g and h in G, it is easy to see that there exists a bi-linear operation
Cy x Cp, — Cgp, such that

(a®b)(a @b') = (ad") ® (bV'), Va,a’ €A, Vbe B, VYV €EB,.

Likewise one may show the existence of a conjugate-linear map * from C, to

Cy-1, such that

(a®@b)*=a"®@b", VacA, VbeB,.
One then easily checks that the collection

A® B =1{Cy}4cq (25.1)

is an algebraic Fell bundle with the above operations.
The next result is intended to aid the verification of (EZ=Z3), once we
have a C*-norm on C;.
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25.2. Proposition. Given c in any Cy, there exist x1,...,x, € Ci, such
that

n
cfe= >zl
i=1
Proof. Writing ¢ = Z?zl a; ®b;, with a; € A, and b; € By, we claim that the

n X n matrix

m = {b;b;}i; € Mn(B1),

is positive. To prove it notice that, viewed as a matrix over the cross sectional
C*-algebra of 4, we have that m = y*y, where y is the row matrix

y=1[by by ... byl

Thus m is positive as a matrix over C* (%), but since By is a subalgebra
of C*(#) by ([CIm), and since the coefficients of m lie in By, we have that
m is positive as a matrix over B;. So there exists h in M, (B;), such that
m = h*h, which translates into

b:bj - Z(h*)i,khk,j = Z(hk,i)*hk,j7 VZ,] = 1,...,n.
k=1 k=1
We then have
c*c:<2ai®bi) < aj®bj): Z afaj@)b;‘bj:
=1 =1 i,7=1

J]=

= > aja; @ (hpi) hey = >0 > (ai @ hgi)* (a5 @ hyy) =

i k=1 k=1 ij=1
n n * n
*
=5 ( a; @ hki) ( > a; ® hkj) = > TpTk,
E=1 Vi=1 j=1 k=1
where z; = >0 a; @ hy;. O

We then see that axiom (EZ=Z3) will hold for any choice of C*-norm on
Ch.

25.3. Proposition. Let ||||max and |||lmin be the maximal and minimal
C*-norms on the algebraic tensor product A ® By, respectively. Then A ® %
is a pre-Fell-bundle with either one of these norms.

Proof. After the remark in the paragraph just before the statement, it is now
enough to prove that, for every a and o’ in A, and every b and b’ in any B,
the mapping

p:te Ci— (a®b)*t(a' ®b,) e (Cq,

is continuous with respect to both the maximal and minimal C*-norms. If
x € A, and y € By, notice that

pr ®@y) =a*rad @ b*yb,
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thus p is seen to be the tensor product of the maps ¢ and i given by
p:x €A a*za € A, and Y:y€ By~ b*'yb € By.

By the polarization identity we may write ¢ as a linear combination of
four maps of the form

pitx € A ajza; € A,

with a; € A, and likewise ¥ may be written as a linear combination of four
maps of the form

le :yEBle;ybj EBl,

with b; € B;. Consequently p may be written as a linear combination of
the sixteen maps ¢; ® v¥;, and it is therefore enough to show that these are
continuous. Since both the ¢; and the v; are completely positive maps, the
result follows from [, Theorem 3.5.3]. O

25.4. Definition. Given a C*-algebra A and a Fell bundle # = {B,},cq,
let 7 be any C*-norm on A ® Bj, with respect to which A ® % is a pre-
Fell-bundle. Then its completion, according to (EZ), will be denoted by
A®; B. For each g in G, we will denote the corresponding fiber of A ®, A
by A ®; By. In the case of the maximal and minimal C*-norms on A ® By,
we will respectively denote the corresponding completions by

AR P and AR %,

max min

with fibers
A® By, and A ® By,

max min

for each g in G.

Employing similar methods one could also study the tensor product of
a Fell bundle # = {B,}4cc over a group G, by a Fell bundle ¢ = {C}, }nen
over a group H, obtaining a Fell bundle

BREC= {Bg 029 Ch}(g,h)EGxH

over the group G x H. This will of course require an appropriate choice of
norm on B; ® C. We will however not pursue these ideas here.
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25.5. Proposition. Given a Fell bundle 8 = {Bg}4cc, let C and D be
C*-algebras and suppose that 7 and v are C*norms on C ® By and D ©®
By, respectively, making C' ® % and D ® % into pre-Fell-bundles. Suppose
moreover that ¢ : C'— D is a *~homomorphism such that

@@ZdC@Bl—)DQBl

is continuous relative to T and v. Then there exists a morphism ¢ = {¢q}geca
from C ®; % to D ®, %, such that

Pg(c®b) =p(c) ®b,
for every b in any B,.
Proof. Given g in G, define
@y :C OBy — DG B,
by cpg = ¢ ®td. It is then easy to see that the collection of maps

@0 = {902}966‘
satisfy (EIT1Xd), relative to the algebraic Fell bundle structures of C © By
and D © By given in (E5). We moreover claim that each ¢J is continuous
relative to the norms [|-[|7 and [|-|[;, given by (Z20) on C'® By and D ® By,
respectively.
In order to verify the claim, notice that the case ¢ = 1 is granted by
hypothesis. For an arbitrary ¢g in G, pick any = in C' © By, and observe that

2 2
(leg@)llg)™ = g (@) @@ = i@ )|t < lla*2|] = (lz]7)"
where the inequality above is a consequence of the already verified case g = 1.

We may therefore extend each gag to a continuous mapping

vy : C®r By — D®, By,

and the reader may then easily verify that the resulting collection of maps
@ = {pg}gec satisfies the required conditions. O

Recall that any Fell bundle admits a universal representation in its full
cross sectional C*-algebra by (IEZM), as well a reqular representation in its
reduced cross sectional C*-algebra by (CZA). In the case of A ®,,., £ and
A Qumin B, we believe it is best not to introduce any special notation for these
representations, instead relying on (IZZ01—d), which allows us to identify the
fibers of our bundles as subspaces of both the full and reduced cross sectional
C*-algebras.

In principle this has a high risk of confusion, since when a is in A and
b is in some B, the expression a ® b may be interpreted as elements of
eleven different spaces, namely A® By, A ®uax Bg, A®@umin By, C* (A @ max B),
C*(A ®@min B), Cr (A Quax B), Cr (A Quin B), besides the maximal and
minimal tensor products of A by either C* (%) or C ,(%). Fortunately, as we
will see, the context will always suffice to determine the correct interpretation
of a ® b.



212 PARTIAL DYNAMICAL SYSTEMS AND FELL BUNDLES
25.6. Proposition. For every a in A, and b in any B, one has that
la® bl = [[all|b]],

for any one of the various interpretations of a®b, except, of course, for A® B,
which is a space devoid of a norm.

Proof. We begin by treating the interpretation of a ® b in A ®,.x By. By
(EZT53) we have

la® bl = ll(a®b)*(a@b)|l = la*a®b*b]1 = [la"a @ b*b]lmax =

= [la”al[[*bl = [lall*[b],

where, in the penultimate step above, we have used that the norm on A ®,, .«
By is a cross-norm (i.e., satisfies the identity in the statement).

A very similar argument proves the result in the case of A ®,,;, By, and
then (CID) takes care of C* (A ®pax ) and C* (A ®min B), while ([TI)
does it for C¥ (A @max B) and C (A Quin B).

Again by (ZId), we know that the norm of b, as interpreted within
C*(#) or Cr 4 (A), coincide with its norm as an element of B,. Thus, the re-
sult relative to the maximal or minimal tensor products of A by either C* (%)
or C} (A) follow, since both the maximal or minimal norms are cross-norms.
O

25.7. Theorem. Given a C*-algebra A and a Fell bundle %, one has that

C*(A® B)~A® C*(B),

max max

via an isomorphism which sends a ® b — a ® jg4(b), for b in any B, and all a
in A.

Proof. For each g in G, define

g AO By A ® C*(A)
by
mg(a®b) =a® j,(b), VYaecA Vbe B,

where j is the universal representation of % in C*(%).

It is clear that the 7, satisfy (ZZE1d). In addition, by the universal
property of the maximal norm [[d, Theorem 3.3.7], we have that m is con-
tinuous for [|-||max. It then follows from (EZH) that the 7, extend to a rep-
resentation T = {7y }gec of A Qpax B N A @pax C*(#). We then conclude
from (IEZ3) that there exists a unique *-homomorphism

p:C"(A® B)— A C(B) (25.7.1)

max max
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such that ¢ composed with the universal representation of A ®.. £ in
C* (A ®@max A) yields 7. Employing the identifications discussed in the para-
graph before (E2M), this means that

pla®b)=a®j,(b), YacA, VgeG, VbeB,.

In order to prove that ¢ is an isomorphism we will construct an inverse
for it. This will involve understanding a representation of % in the multiplier
algebra of C*(A ®uyax #), which we will now describe. Given b in any By, we
claim that there are bounded linear operators

Ly,Ry:C*"(A ® B) — C"(A ® B),
such that
Ly(a®c)=a®bc, and Rp(a®c)=a® cbh,

for any a in A, and any c in the total space of A.

To see this let {v;}; be an approximate identity for A, and consider the
operators Ly, gp on C* (A Quax A) given by left-multiplication by v; @ b. We
then have that ‘

Ly, op(a ® ¢) = v;a @ be == a ® be.

Note that this convergence is guaranteed by (E&D).

Therefore the net {L,,gp}: converges pointwise on Cr(A Quay %) and,
being a uniformly bounded net, it actually converges pointwise everywhere
to a bounded operator which we denote by Ly, and which clearly satisfies the
required conditions. The existence of Ry is proved similarly, and it is then
easy to see that the pair (L, Rp) is a multiplier of C*(A ®pax %). Moreover
the mappings

fg: b € By = (Ly,Ry) € M(C*(A @ %)),

max

once put together, form a representation

w = {Mg}geG

of Zin M(C*(A®uax #)). Feeding this representation into (ITZJ) provides
a *-homomorphism

V:C*(B) = M(C*(A @ B)),

max

such that v o j, = pg, for all g in G. In particular
() (a®c)=a@be, VYbe B, VceB, YacA,

where £ is being used here to denote total space.
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We now prove the existence of *-homomorphism

X: A= M(CHA @ B)),

max

such that
x(a)(d ®c)=ad @¢c, Va,d €A, Vce B

Since the reasoning is similar to the above, we limit ourselves to sketching
it. Fixing a in A and an approximate identity {v;}; for By, one has that the
left-multiplication operators L,g,, satisfy

La®vi(a'®c):aa'®vici2>oaa’®c, Va' € A, Vece A,

by (ITd). The strong limit of the L,g,, therefore exists and gives the first
coordinate of a multiplier pair (L,, R,) which we set to be x(a).

Once the existence of x is established, observing that the ranges of v
and y commute, we may employ once again the universal property of the
maximal norm [[A, Theorem 3.3.7], obtaining a *-homomorphism x x ¢ from
A Qpax C*(2) to the above multiplier algebra, such that

(x xP)a®@y) =x(a)P(y), YVaeA, VyeC'(H).

In particular, for a,a’ € A, b € By, and ¢ € £ (total space), we have

((X X 1) (a ® jg(b))> (@' ®c) = aad' @ be.
This implies that
(x x ¥)(a @ jy(b)) =a®b,

so the range of x X v is actually contained in C*(A ®uax %) (or rather, in
its canonical copy inside the multiplier algebra). It is now easy to see that
X X 1 is the inverse of the map ¢ in (E2ZZ), so the proof is concluded. [

The following is the reduced/minimal version of the result above.

25.8. Theorem. Given a C*-algebra A and a Fell bundle %, one has that

C;ked(A ® ‘%) = A ® C:(ed(%)’

min

via an isomorphism sending a ® b — a ® Ay4(b), for b in any By, and all a in

A.
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Proof. The first few steps of this proof are very similar to the proof of (E22),
but significant differences will appear along the way. For each g in G, define

Tg: A© By = A Q Cy(#)
by
Tg(a®@b) =a® N (b), Vaec A, Vbe B,

where A is the regular representation of 4 in C} (%) given in ([Z3).

It is clear that the 7, satisfy (ZZ=23). In addition, by [[d, Proposition
3.6.1], we have that m; is isometric for the minimal norm on A ® By, and
hence also continuous. It then follows from (ZZ3) that the 7, extend to a
representation @ = {7g}sec of A @min Z in A ®@uin Cy(A). Note that 7 is
then isometric on A ®,,;, Bj.

Let us denote the integrated form of 7 by

p:C(A® B) > A® Chy(®)

min min

so that by (ITZd) we have
pla®@b) =a® \g(b), VaecA, VbeB,.

We next apply (IE3) for 7, obtaining a *-homomorphism
U1 Cra(A® B) > A © CLy(#) © Cra(G),
such that for all ¢ ® b in any A ®,,;, By, one has
P(a®b) =a® A\ (b) @ X;.

Since 77 is faithful, we have by (IZ3) that 1) is faithful. Using the above
maps, in addition to the map o provided by (IE1), we build the diagram

C*AGun B) 5 A Cri(B)
A l l d® o

(G
C;ked (A ®min ‘%) - A ®min C;ked (‘@) ®min C:ed(G)

which the reader may easily prove to be commutative.

Since o is faithful, we have by [, Proposition 3.6.1], that id ® o is
faithful. We have also seen above that v is faithful, so one deduces that p
and A must have the same null spaces. Consequently p factors through the
kernel of A, producing the required isomorphism. O

Let us now study the approximation property for tensor products of
C*-algebras by Fell bundles.
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25.9. Proposition. Let A be a C*algebra and # = {Bg}scc be a Fell
bundle. Also let 7 be any C*-norm on A ® By, with respect to which A ® %
is a pre-Fell-bundle. If % satisfies the approximation property described in
(EI3), then so does A @, A.

Proof. Let {v;}ic; be an approximate identity for A, and choose a Cesaro
net {a;}jes for A. Considering I x J as an ordered set with coordinate-wise
order relation, it is clear that I x J is a directed set. For each (i,j) € I x J,
let

78 G— A®; By,

be defined by
a;;(9) =v; ®a;(g9), Vged.

We then claim that « is a Cesaro net for A ®, 2. Indeed, given (i,7) €
I x J, we have

| cilo)yaile)| =|| 2 vivi®ailg)aite)|| =

9eG geG

= llojoill || X ai(9)*ai(g)

geG

where we have denoted 7 by the usual norm symbol, noting that, as well as
any C*-norm on A ® By, 7 is a cross norm [, Lemma 3.4.10]. This proves
that the «; satisfy (EIZ3).

Given a in A, and b in any By, we have for all (4, j) € I x J, that

Z ai(gh)*(a &® b)az(h) = Z (Ui & G (gh))*(a & b) (Ui & a](h)) =
heG heG

= 3 viav; ® aj(gh)*baj(h) = viav; ® 3 a;j(gh)*ba;(h) "= a ®b.
heG heqG
The conclusion now follows from (EI3). O

Recall from [[@, Theorem 3.8.7] that a C*-algebra A is nuclear if, for
every C*-algebra B, there is a unique C*-norm on A ® B. This is clearly
the same as saying that the maximal and minimal tensor norms on A ® B
coincide.

The next result gives sufficient conditions for the nuclearity of cross sec-
tional C*-algebras.
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25.10. Proposition. Suppose that the Fell bundle % satisfies the approx-
imation property and that By is nuclear. Then C*(4), which is necessarily
isomorphic to C} (%), is also nuclear.

Proof. We must check that, for any C*-algebra A, there is only one C*-norm
on A ® C*(#). This is equivalent to showing that the canonical map from
the maximal to the minimal tensor product, shown in the first row of the
diagram below, is an isomorphism.

A @uax C*(B) A @pin C* ()
T o
C* (A ®max %) = C* (A ®min ‘%’) - C’r*ed (A ®min ’%)

Consider the isomorphisms of (E22) and (E23) in place of the left and
right-hand vertical arrows above, respectively. Observe, in addition, that
since Bj is nuclear by hypothesis, the maximal and minimal norms on A® B,
coincide, so that A® .« B and A ® i, A are in fact equal. Moreover A ® i, B
satisfies the approximation property by (E2d), and hence is amenable by
(EIm), so its regular representation, marked as A in the above diagram, is
an isomorphism. Finally, since all maps above are essentially the identity
on the various dense copies of A ® C.(%4), we deduce that the diagram com-
mutes, which implies that the arrow in the first row of the diagram is an
isomorphism, as desired. [l

The following is a a partial converse of the above result:

25.11. Theorem. If the reduced cross-sectional C*-algebra of a Fell bundle
A is nuclear, then 9 is amenable.

Proof. Consider the diagram

S
C'(#) — Clua(P) Omax Cla(G)

v Lo

Cra(B) > C%i(B) Qi Cia(@)

where o is provided by (IE12), . by (IZ1), and ¢ is the natural map from the
maximal to the minimal tensor product. By checking on elements of the form
Jg(b), it is easy to see that the diagram commutes. Assuming that C} (%)

is nuclear, we have that ¢ is injective by [[3, 3.6.12], and hence A is injective
as well. O

Our next result gives sufficient conditions for the reduced cross sectional
C*-algebra of a Fell bundle to be exact.
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25.12. Proposition. Let B = {By}scc be a Fell bundle over an exact
group G, such that B; is an exact C*-algebra. Then C% (%) is exact.

Proof. Let
O—>J—L>A1>Q—>O

be an exact sequence of C*-algebras. We need to prove that

07 ® Chy(®) T A0 CLu(#) 5 Q@ Coy(#) =0 (25.121)
is also exact.

Considering the Fell bundles J® i, B, AR wminA, and QR ,in B, introduced
in (E23), we will next show that J ®,;, £ is naturally isomorphic to an ideal
in A Q@uin %, and the corresponding quotient is isomorphic to Q ®.i, 4. By
[, Theorem 3.5.3] we have that both

t®id: JOB >A®B;, and 7Q®id:A®O B — Q0O B;

are continuous for the minimal tensor product norms, so we may employ
(E23) to conclude that there are morphisms

L= {Lg}g€G7 and T = {Wg}geG

from J @uin Cy(B) t0 A Quin C4(B), and from there to Q Qumin C)y(B),
respectively.

By [, Theorem 3.6.1] we have that ¢ ® id, also known as ¢1, is injective
on J @uin B1, so all the ¢4 are isometric by (EZ=). We may therefore identify
J Qumin CF1(%) with a Fell sub-bundle of A ®,,;, C,(5).

By first checking the conditions in (EIT0) for the corresponding dense
algebraic tensor products it is easy to see that J @i, CF (%) is in fact an
ideal in A @i, Crog(A).

It is evident that each 7, vanishes on J ®,in By, and we claim that the
null space of 7, is precisely J ®.,;, By. For the special case g = 1 this follows
from the exactness of the sequence

L®1id TRid
0—>J®B —A® B — Q® By =0,

min min min

since Bj is assumed to be an exact C*-algebra. Given an arbitrary ¢ in G,
and given any = in A ®ui, By, with mg(z) = 0, we have that

0= my(x)"my(z) = m1 (2" ),
from where we conclude that z*z lies in J ®,,;, B1. Then

2 = lim z(x*2)/" € [(A® By)(J @ By)] CJ @ By.

n—00 min min min
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This shows that indeed J ®, By = Ker(my).

Observe that the range of each 7, contains the dense subspace Q © By,
so 7, is surjective by (EIZH). Together with the above conclusion about the
kernel of m, we then conclude that @ ®..i, By is isomorphic to the quotient
of A @uin By by J @umin By. In other words, @ ®,, % is isomorphic to the

quotient Fell bundle
(48.2)/ (7 2.2)

We may then invoke (EII3) to obtain the exact sequence of C*-algebras

0—C*

i ®@ B) = Chi(A® B) = CL,(Q ® ) — 0.

min min min

The isomorphisms provided by (EZE) may now be used to transform this
sequence into (EZIZ), which is therefore also an exact sequence. This con-
cludes the proof. O

Notes and remarks. This chapter is based on [@, Sections 5 and 6]. In par-
ticular, Theorem (E2TI) first appeared in [@, Theorem 6.4] and Proposition
(Z213) is from [@, Proposition 5.2].
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26. SMASH PRODUCT

The title of this chapter, as well as the terminology for the main concept
to be introduced here, is taken from the theory of Hopf algebras, where one
defines the smash product of an algebra by the co-action of a Hopf algebra.

In the special case of the Hopf C*-algebra C*(G), where G is a discrete
group, Quigg has shown that co-actions correspond to Fell bundles [EI]. In-
cidentally, our study of Fell bundles may therefore be seen as a special case
of the theory of co-actions of Hopf C*-algebras. Having decided to concen-
trate on Fell bundles, rather than more general co-actions, we will likewise
introduce the notion of smash product, below, in an ad-hoc way, avoiding the
whole apparatus of Hopf algebras. Our limited view of smash products will
nevertheless have many important applications in the sequel.

Given a group G, we will denote the algebra of all compact operators on
(2(G) by K(€*(G)). Given g in G, we will let e, be the canonical basis vector
of £2(@), and for each g, h € G, we will denote by e, j, the rank-one operator
on ¢?(G) defined by

egn(§) = (en)ey, VEELZ(G),

so that
egnler) = dnrey, VkEG.

It is well known that KC(¢?(G)) is the closed linear span of the set formed by
all the eg p.

Since K(¢2(G)) is a nuclear algebra, the minimal tensor product of a
C*-algebra A by K (BQ(G)) is isomorphic to its maximal version, so we will
use the symbol “®” in

A K(*(G)),
or “®max”.
26.1. Proposition. If Z = {B,},cc is a Fell bundle, then the subset of
C*(#) @ K(¢*(G)) given by

%EG: Z Bgflh®6g7h
g,heG

b

indistinctly meaning “®n

is a *-subalgebra.
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Proof. It is enough to notice that, for every g, h, k,l € G, one has that
(Bg-1h @ eg.n)(Br-1; ® ex1) € Opx(Bg-1pBp-1 ®eg1) € Byg-1; ® egy,

and also that

(Bg—1h®€g,h)* = Bh—lg®€h’g. O
26.2. Definition. The smash product®® of the Fell bundle # by G, denoted
241G, is the closed *-subalgebra of C*(2) @ K(¢*(G)) given by the closure of

BLG.

26.3. Remark. If B is any graded C*-algebra whose grading coincides with
our Fell bundle 2, we could define a variant of Z%G by looking at

Z Bgflh X eg.n
g,heG
as a subalgebra of B ® K((*(G)), as opposed to C*(#) @ K(¢*(G)). Its
closure within B ® IC(EQ(G)) could then be taken as an alternative definition
of #1G. However it is not difficult to see that this alternative smash product
is isomorphic to the one defined in (EG3A). The reason is that for all finite
subsets ' C G, the set
Sp = Z Bgflh & €eg.h,
g,heF

(no closure) seen within B ® K(¢*(G)), is a closed *-subalgebra whose iso-
morphism class clearly does not depend on the way % is represented in B.
Since the smash product (any variant of it) is the inductive limit of the Sp,
as F' ranges over the finite subsets of GG, we then see that the smash product
itself does not depend on the graded algebra B. Our choice of C*(%) in the
definition of 4G, above, is therefore arbitrary.

Faithfully representing C*(%) on a Hilbert space H, we have that
C*(#) @ K(£*(G)) € Z(H @ £(G)), (26.4)

(where we think of the tensor product sign in the left-hand-side above as
the spatial tensor product). Hence we may also view ##G as an algebra of
operators on H ® (*(G).

Observe that we have for all g, h, k € G, that

(1 & eg,g)(Bh—lk: X eh,k:> = 6gh(Bh_1k X €h7]€) C %ﬁG, (26.5)

from where we see that (1 ® ey 4)(AtG) C AtG, and similarly one has that
(#1G)(1 ®eq,4) C A4G. In other words, 1 ® ey 4 is a multiplier of Z4G.

It should be noticed, however, that the same is not true for 1 ® ey s,
when g # h.

30 One may prove that C*(%) admits a co-action of the Hopf algebra C*(G), and a
construction based on the usual Hopf algebra concept of smash product leads to the notion
presently being introduced.
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26.6. Proposition. Given any w in #4G, and given g and h in G, there is
a unique wg,, € By, such that

(1®egg)w(l®enn) =wyn @ egn.

Proof. This is obvious for w in #5G. So the result follows from the density
of the latter in #tG. O

We will soon be dealing with numerous ideals in #4G. In preparation for
this we present the following simple criterion for deciding when an element
of #1G belongs to a given ideal.

26.7. Proposition. Let J be a closed subspace of #t(G. Given w in #tG,
consider the statements:

(i) wygn®egn € J, for all g and h in G,

(i) we J.

Then (i) implies (ii). In case J satisfies
1eK)J1leK)CJ,

in particular if J is a two-sided ideal, the converse also holds.

Proof. For every finite subset F' C G, let

Pr = Z 1®eg7g-
geF

We then claim that,

w = lim PrwPr, Ywe %BiqG,
F1G

where we think of the collection of all finite subsets F' C GG as a directed set

relative to set inclusion. The reason for the claim is that it clearly holds for

w € BLG, which is dense in ZtG, while the Pp are uniformly bounded.
Observe that for F' as above, we have

(z=m)
PrwPr = 3 (1®egw(l®enn) = Y. wgn®egn-
g,heF g,heF

Thus, assuming that w satisfies (i), we deduce that PpwPp is in J, and
hence also that w is in J, because J is closed under taking limits.

The last assertion in the statement is obvious, observing that closed two-
sided ideals are invariant under left and right multiplication by multipliers of
the ambient algebra. O
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26.8. Definition. The restricted smash product of the Fell bundle £ by G,
denoted %G, is defined to be

Bv(G = Z [Bg—1B}J & €g.hs
g,heG

where the closure is taken within C*(%) ® K(€*(G)).
c

Observe that Z»G C At G, because [B,-1 B},]
A is saturated, this is a proper inclusion.

26.9. Proposition. One has that $vG is a closed two-sided ideal of Z1G.
Proof. Given g, h, k,l € G, notice that

Bgy-1p,. Moreover, unless

(ngh & 697h)(Bk71Bl ® 6/67[) - (5h’k(BgflhBh71Bl &® 6971) C

- Bg—lBl R eg, C %G,

from where we deduce that ZbG is a left ideal of Z1(G, and a similar reasoning
proves it to be a right ideal as well. ([

We may now use our membership criterion (EG) to characterize ele-
ments of #bvG as follows:

26.10. Proposition. Let w be in #tG. Then the following are equivalent:
(i) wg,n € [By-1By] (closed linear span), for every g and h in G,

(il) w € BrG.

Proof. (i) = (ii) Follows from (EG7).

(ii) = (i) Evident. O

Recalling that A\° denotes the left-regular representation of G on £2(G),
notice that

G G
)\geh,k = €gh,k, and eh,k>\g = €p,g-1k; Vg,k:, h e d.

Consequently,
G G
Ng€h,kNg—1 = €gh. gk,

from where we see that
(1 & /\3)(3}1*1]@ & eh’k)(l & /\Ggfl) =B;-1,® €gh,gk =

= B(gn)-1(gk) @ €gh,gk & BiG.

This implies that ##G is invariant under conjugation by 1 ® X7, so we may
define an action I' of G on #tG by

Ly:we B1G = (1@ \))w(l® N;-1) € BiG. (26.11)
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Notice that the ideal #bG is not necessarily invariant under I, since
(1 &® Ag)(Bhlek &® ehJc)(l &® )\3,1) = B;-1Br ® €gh,gk>

and there is no reason why

?

By-1By C [By-14-1 By,

even though both of these are subset of Bj-1;. In case £ is saturated then
[Bp-1By] and [Bj-14-1Bgi] both coincide with Bj,-1, and hence the above
inclusion would hold, but in general it does not.

Regardless of this lack of invariance, we may still restrict I' to a partial
action A of G on %»G, according to (B3).

26.12. Definition. Let & be a Fell bundle.

(a) The global action I' of G on G, defined above, will be called the dual
global action for A.

(b) The partial action A of G, obtained by restricting I' to #vG, will be
called the dual partial action for 2.

The justification for this terminology is as follows: if % is the Fell bundle
formed by the spectral subspaces for an action 6 of a compact abelian group
K on a C*-algebra B, one may show that the crossed product BxgK is
isomorphic to #BtG, and that dual action of K on BxgK is equivalent to the
dual global action defined above.

The dual partial action will play a central role from now on, so it pays
to describe the ideals involved:

26.13. Proposition. For each g in G, let E, =1'¢(#»G) N (%vG). Then

E, = Z [Bh—IDgBk](@@h’k,
h,keG

where Dy = [ByB,-1].

Proof. Given w in Eg, in particular w is in #»G, so we have by (EG10) that
wpk € [Bp-1Byg], for all h and k in G. Since w is also in I'j(#»G), then
y =T, (w) € BrG, so

[Bh—lng—lk] D Yg-1h,g-1k = Wh k-

Choosing approximate identities {u;}; and {v;};, for the ideals [Bj, -1 B
and [By-1 By, respectively, we have by (IIET) that

Wg.h = lglgnuiwg,hvj S [Bh—lBhBh—lng—lkBk;—lBk] C
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C [Bp-1ByBy-1Bi] = [By-1DyBy).

That w is in the set on the right-hand side in the statement then follows from
(E52), therefore proving “C”.
Conversely, given g,h,k € G, notice that D, C By, so DyBy, C By,
whence
Bh—1DgBk ®enr C By-1Br ® enk C BhrG.

On the other hand we also have that
[Bh-1DyBi] = [Bn-1ByBy-1 Bi] € [Bp-19Bg-11],
50 Bp-1DyB ® eg-1p,_g-13, is also contained in #»G. We thus have that
By-1DyBjy, ®@ep i =

= (1 ® /\Cg;)(Bh—1l)gB]C ® eg—lh,g—lk)(l ® )\Gg_1) - Fg(ggbG),

proving that each Bj-1D,Bj ® ey is contained in E,;. This shows the re-
maining inclusion “D”, and hence the proof is concluded. O

Since A is a restriction of I, it is interesting to ask what exactly is the
globalization of A. The answer could not be other than the corresponding
dual global action!

26.14. Proposition. The dual global action for a Fell bundle is the global-
ization of the corresponding dual partial action.

Proof. Calling our bundle 2 = {By}4cq, all we must do is prove that

S Ty(#5C)

geG

is dense in ##G. For each g and h in G, observe that B,-1), ® ej g-15, is
contained in #v»G. Moreover

1—‘g(Bgflh ® el,gflh) = Bgflh ® €g,hs

so By-1j, ® €4, is contained in the orbit of #vG under T, from where the
proof follows. O

Notes and remarks. Algebras resembling the restricted smash product in the
context of partial actions first appeared in [I]. In the case of partial actions
of continuous groups, the smash product was used by Abadie in [0 and [B].
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27. STABLE FELL BUNDLES AS PARTIAL
CROSSED PRODUCTS

As we have seen in ((ZIT5aX), a partial crossed product is always a graded
C*-algebra. In this chapter we will present one of the most important results
of the theory of partial actions, proving a converse of the above statement
under quite broad hypotheses.

The most general form of such a converse is unfortunately not true,
meaning that not all graded C*-algebras are partial crossed products. This
may be seen from the following example: consider the Z-grading of M3(C)
given by

By =

* 0 0 0 0 O 0 % %
0 ¥ |, Bi=|(% 0 0|, B_;=|0 0 0],
0 % % * 0 0 0 0 O

while B,, = {0}, for all n € Z\ {0, £1}. In order to see that this grading does
not arise from a partial action, let us argue by contradiction and suppose

that there is a partial action

0= ({Dn}n€Z7 {en}nez)

of Z on By whose associated semi-direct product bundle coincides with the
Fell bundle given by the above grading of M3(C). In this case, one would
have

BT
[B_lBl]( = )D_l ~ D1 = [BlB_l], (271)

(brackets meaning closed linear span) but notice that
*x 0 0 0 0 0
[Bleﬂ = 0 0 0 5 and [Blel] =10 * * 5
0 0 0 0 % %
which are not isomorphic algebras, hence bringing about a contradiction.

Further analyzing this contradiction, notice that even though [B_;B;]
and [B;B_4] fail to be isomorphic, they are Morita-Rieffel-equivalent, given
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that B; is an imprimitivity bimodule. More generally, if B is any graded
C*-algebra with grading {B,}4eq, then for every ¢ in G, one has that

Dy := [ByBy-1]

is an ideal in Bj.

Assuming that the grading arises from a partial action, as in (), then
D,-1 is isomorphic to D, by the reasoning used in (EZ1). But, regardless
of this assumption, Dg-1 is always Morita-Rieffel-equivalent to D,, with B,
playing the role of the imprimitivity bimodule. Thus, considering Morita-
Rieffel-equivalence as a weak form of isomorphism, we see that the rudiments
of a partial action are present in any graded C*-algebra. Furthermore, in case
By is a separable stable C*-algebra, then by [[1] the above Morita-Rieffel-
equivalence actually implies that D ;-1 is isomorphic to D, so we may choose,
for each g, an isomorphism

99 : Dgfl — Dg,

getting us even closer to obtaining a partial action.

In this chapter we will carefully explore these ideas in order to prove that
every separable Fell bundle with stable unit fiber algebra is isomorphic to the
semi-direct product bundle for a suitable partial action of the base group on
B;.

Recall that a C*-algebra A is said to be stable if A is isomorphic to the
tensor product of some other C*-algebra B by the algebra K of all compact
operators on a separable, infinite dimensional Hilbert space. In symbols

A~B®K.

We again refrain from specifying either “®,,;,” or “®u.x, since K is a nuclear
C*-algebra, whence the minimal and maximal norms are equal.

Since K ® KL ~ K, in case A is stable we have
A~BRK~2BKK~ARQK,

which is to say that the algebra B, referred to above, might as well be taken
to be A itself.

We will now present a useful criterion for the stability of C*-algebras.
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27.2. Lemma. A C*-algebra A is stable if and only if there exists a non-
degenerate *~homomorphism from K to the multiplier algebra M(A).

Proof. Assuming that A is stable, write A = BQ K, where B is a C*-algebra.
Supposing without loss of generality that B is faithfully represented on a
Hilbert space H, we may view B ® K as an algebra of operators on H ® /2.
Defining

y:ikeEK—1®ke L(H®F),

it is easy to see that the range of v is contained in the algebra of multipliers
of B® K and that, seen as a map from K to M(B ® K) = M(A), one has
that + is non-degenerate.

Conversely, given a non-degenerate *-homomorphism from K to M(A),
let {e;;}ijen be the standard matrix units of K = K(£?), and let

B =~(e1,1)Av(e1,1).

For each n € IN one may easily prove that the map

en : {bij}ij=1 € Mn(B) — ,217(61,1)571',;'7(61,1') € A,
i,j=

is an injective *-homomorphism. After also checking that these maps are
compatible with the usual inductive limit structure of

B ® K ~lim M,,(B),
—
we obtain a *-homomorphism
p:BK = A,

which is easily seen to be injective. In order to prove that ¢ is also surjective,
first notice that

a= lim Y v(ei)ay(e;;), VaeA, (27.2.1)

N0 4 i=1

since 7 is assumed to be non-degenerate. Given a € A, and setting
bi; =(eri)av(ej), Vi, j<mn,

one has that b:= {b; ;}I'._; is an element of M, (B), and that

ij=1
n n (27.2.1)
Pn(b) = ,Zl7(62',1)7(61,1')@(63',1)7(614) = ‘Zlv(ei,i)av(ej,j) — a,
)= )=

proving that ¢ is surjective. Therefore A ~ B® K, and hence A is stable. [

Our first use of this tool will be in proving the stability of #»G under
appropriate hypotheses.
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27.3. Lemma. Let # = {By}4cc be a Fell bundle over a countable group
G. If By is stable, then so is $bvG.

Proof. Recall that if C*(%) is faithfully represented on a Hilbert space H,
then
#G C C*(B)oK C Z(HeC(G)),

where K = K(¢%(G)). Considering the representation of By on H ® (*(G)
given by
m(b)=b®1, Vbe By,

it is easy to see that the range of w is contained in the multiplier algebra of
P»G, so we may view m as a *-homomorphism

m: By — M(c%)bG),

(which should not be confused with another rather canonical mapping from
B; to #vG, namely b - b® ey 1).

We claim that 7 is non-degenerate. In order to see this, let {v;};c; be an
approximate identity for B;. Then, for every g,h € G, and every b € B,-1 By,
one has that

()b egn) = (v; @) (bD egp) = v:b D egpn =3 b egp,

by (). This shows that 7 is non-degenerate, as desired.

It is well known that if C and D are C*-algebras, and ¢ : C — M(D) is a
given non-degenerate *-homomorphism, then ¢ admits a unique extension to
a unital *~homomorphism ¢ : M(C) — M(D). Applying this to the present
situation, let

7 M(B1) = M(%QG)
be the extension of 7 thus obtained. Since Bj is stable, we may use (EZ73)
to get a non-degenerate *-homomorphism « : K — M(B;), and we may then
consider the composition

K5 M(B1) 5 M(%:Q),
which we denote by o. Notice that
[0(K)(%5G)] = [0(K)n(B1)(#5G)] = [7(v(K))7(B1)(#:G)] =
= [T (v(K)B1)(%5G)] = [1(B1)(#:G)] = %5G,

so o is non-degenerate, and hence £»G is stable. O

The reader could use the above method to show that, if By is stable,
then C*(%) and C} (%) are also stable.

The following is a slight improvement on [[@, Lemma 2.5], using ideas
from the proof of [[4, Theorem 3.4]:
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27.4. Lemma. Let A be a separable stable C*-algebra. If p is a full pro-
jection3! in M(A) such that pAp is also stable, then there is v € M(A) such
that v*v = 1, and vv* = p.

Proof. Let e be any minimal projection in K, for example e = e;;. We first
claim that there exists v, € M(A ® K) such that

viv,=1®1, and v,v, =1Q®e. (27.4.1)

To see this, recall that any two separable infinite dimensional Hilbert
spaces are isometrically isomorphic to each other, so there is u in M(K ® K)
such that u*u = 1 ® 1, and uwu* = 1 ® e. Letting ¢ : A ® K — A be any
*_isomorphism, notice that

PRId: AQKQRK - A®K

is also a *-isomorphism, which therefore extends to the respective multiplier
algebras. Defining v, = (¢ ® id)(1 ® u), observe that

viu, = (p@id) (1o u) (10u) = (p®id)(l ®u u) =

A
=(pid)(1®lel)=1®1,

while
0,0t = (p@id) (1@ u)(1®u)*) = (p®id)(1®uu*) =
=(pid)(1®1lxe)=1Re,
so the claim is proved.
Since B := pAp is also supposed to be stable, the same argument applies
to produce v, € M(B ® K), such that

viv, =p®1, and vyv] =pQe,

where the slight difference between the above equations and (EZZ) is due
to the fact that the unit of M(B) is called p.

We now observe that separable C*-algebras possess strictly positive ele-
ments, so we may apply [0, Lemma 2.5] to show the existence of an element
w € M(A® K) such that w*w = 1® 1, and ww* = p® 1. We then define

— *
U= VWU,

vA
11 — 1®e
w]

UB
pR1 — pRe.

31 A projection p in M(A) is said to be full, when A = [ApA] (closed linear span).
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Strictly speaking the product v,w makes no sense, since v, belongs to
M(B ® K), while w is in M(A ® K). However, since

BoK=@po1)(AK)(p®1),

we may naturally embed M(B®K) in M(A® K). A simple calculation then
shows that

uvu=1®e, and wu"=pQe.
Therefore u is a partial isometry and we claim that (1 ® e)u(l ® e) = u. In
fact, we have

(Ieeu(lee)=(1@e)uu'u=(1Qe)(pRe)u=

=(p®e)u=uu'u = u.

The claim proved, and since e is a minimal projection, we see that u
must be of the form

u=vRe,
where v € M(A) satisfies v*v = 1, and vv* = p. O

From now on our study of Fell bundles will rely on (EZ3A), so we will
have to restrict our attention to Fell bundles satisfying suitable separability
conditions.

27.5. Definition. A Fell bundle # = {Bg},cq is said to be separable if
(i) G is a countable group,

(ii) every By is a separable Banach space.

» From now on we will fix a separable Fell bundle # = {Bg}seq. It is
then easy to see that most constructions originating from %, such as C*(4),
C*(B), #tG and BvG, lead to separable C*-algebras.

Recall from (EG3) that, for every g in G, one has that 1 ® eg4, is a
multiplier of Z#G, and hence also of #»G. By (EGI0) the corresponding
corner of #»G is then

(1®eg,g)(BG) (1 ®eg,q) = [By-1B,4] @ g4,
and in particular

(1 & 6171)(e@bG)(1 & 6171) =B ® €1,1- (276)
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27.7. Proposition. 1® e;; is a a full projection in M(%>G).
Proof. Given g in G, notice that By ® ey 4 is contained in #bG. The result

then follows immediately from the identity
(Bg®€17g)*(1®€1,1)(3h®61,h) :Bgleh@)eg’h. O

» From now on we will assume, in addition, that B is stable. We then have
from (EZ3) that #b»G is a separable stable C*-algebra, and in its multiplier
algebra one finds the full projection 1 ® e;,1, whose associated corner is the
stable algebra B; ® e; 1. We are then precisely in the situation of (E73), so
we conclude that there is a v € M(%»G), such that

v'o=1®1, and v =1®e;. (27.8)
In particular the mapping
P,:be By — U*(b & 6171)2) € BrG (279)

is an isomorphism. It is our goal to prove that ®; is but one ingredient of an
isomorphism

¢ = {(I)g }geG
between # and the semi-direct product bundle arising from the dual partial
action of G on #»G introduced in (EETA). We will eventually define each ®,,
by the formula

Q,(b) =v"(b®eqg)y(v)dy, Vbe By,
and in preparation for this we first prove the following technical facts:
27.10. Lemma. For every g in G, one has that
(i) By®@e1y € Ey,
(ii) ify € Eg, then Ag—1(vy)v* € By®e 1.
Proof. By (E613) we have that
B-1DgBy @ en i S Eg,

for every h and k in G. So, plugging in h = 1, and k = g, and using (IG137),
we see that (i) follows.

In order to prove (ii), recall that A is the restriction of I' to #vG, and
that, in turn, I' is the adjoint action relative to the unitary representation
1 ® X9, as defined in (EGI). Therefore I' may be seen as an action of G on
the whole algebra of bounded operators on H ® £(G) (see (EG3A)).

Given y in Ey, let x = Ag-1(vy)v*, so

= Ag1(vvTvy)v v = Fo-i(I®er)Ag-1(vy)v* (1 ®ern) =

= (]. &® 6971’971)1‘(1 &® 6171) (E) xg,171 (] 697171.
Using (EGI0), we have that 2,-1 1 € By, proving (ii). O

We may now prove the main result of this chapter:
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27.11. Theorem. Let & be a separable Fell bundle whose unit fiber algebra
Bj is stable. Then there exists a C*-algebraic partial action of G of B; whose
associated semi-direct product bundle is isomorphic to 2.

Proof. As already mentioned we will prove that 4 is isomorphic to the semi-
direct product bundle for the dual partial action of G on %»G. One may
then transfer this action over to B; via the isomorphism of (E73), arriving
at the conclusion in the precise form stated above.

Working with the multiplier v of %G, as in (EZ3), recall that v also
acts as a multiplier of any ideal of #bvG, such as E; and E,-1. Consequently
I'y(v) may be seen as a multiplier of I'y(E,-1) = Ey, so we see that??

v E Ty(v) C Ey.
Using (EZ104), we then have that
pg:be By v (b®eyg)y(v) € Ey,

is a well defined map for each ¢g in G. On the other hand, by (EZ11) we
see that there is a map
Vg 1 Eqg — By,

such that
Pe(y) ® €y = Ay (vy)v*, VyeE,. (27.11.1)

We will now prove that ¢, and v, are each other’s inverse. For this,
notice that if y € E,, then

Pg (wg(y)) = 0" (Pg(y) ® €1,9)Tg(v) =

(e)

= 0" Ty ((1y(y) @ 69—171)’[)) = 0Ty (A1 (vy)v*v) =" y.
On the other hand, given b in B,, we have

* * x (E3)
Vg (‘Pg(b)) ®e,-1y = Ag-1(vpg(b))v" = Ay (UU (b® el,g)rg(v))v =
=01 (1®er1)(b®@erg)g(v))v* = A1 ((b® e1,9)Ty(v))v" =
=(b®e ;-1 )vv" = (b®e,1)(1®en) =b®e -1,
from where we see that 1, (gog(b)) = b, whence 1), is indeed the inverse of ¢,.
Since both of these maps are contractive, then both are in fact isometries.

We then define
O, : By — E4by,

32 Observe that if u = (Lu, Ry) and v = (Ly, Ry) are multipliers of Eg, then for every
a in Eg4, the expression uav stands for either L. (Ry(a)) or Ry(Ly(a)), which coincide
with each other thanks to (), and to the fact that Eg, being a C*-algebra, is both
non-degenerate and idempotent.
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by
Dy(b) = @g(b)dg, VbE By,
and we will prove that the collection of maps ® = {®,}4c¢ gives an isomor-
phism from % to the semi-direct product bundle relative to A.
Since we already know that the ®, are bijective, it now suffices to prove
that ® is a morphism of Fell bundles. We begin by proving (EI13). Given
be By, and ¢ € By, let © = ¢g4(b), and y = ¢p(c). We then have

Dy (0)®r(c) = (284)(yon) = Ag(Ag-1(2)y)dgn = 2Ty (y)dgn =
=" (b @ e1,4)L4(v)Ly (v"(c @ €1,1)Th(v))dgn =
=07 (b®e1,g)lg(1®e1,1)(c® eggn)lgn(v)dgn =
=0 (b®e1g)(1 ®egq)(c® eggn)lgn(v)dgn =
= 0" (be ® e1,g1) L gn(V)gn = Pgn(be).
Referring to (1), pick b in any By, and notice that

Dy(b)" = (wg(b)(sg)* = Dg-1(pg(b))0g-1 =
=T, 1 (Dg(v*)(b* @ eg,1)v)dy-1 = v*(b* @ €1 g-1)Ty-1(v)dy-1 =
=®,1(b").
This concludes the proof. O
As an application of this to graded algebras we present the following:

27.12. Corollary. Suppose we are given a countable group G, and a sep-
arable, topologically G-graded C*-algebra B. Suppose moreover that By is
stable and the canonical conditional expectation onto By is faithful. Then
there exists a partial action of G on By such that

B~ B1 NredG-

Proof. All of the conditions of (1) are clearly fulfilled for the associated
Fell bundle 4, so we may assume that % is the semi-direct product bundle
for a partial action of G on B;. By () we then have that B is isomorphic
to the reduced cross-sectional C*-algebra of %, also known as By X,..G. O

Notes and remarks. The fact that every separable, stable Fell bundle arises
from a partial crossed product is known for almost 20 years [, Theorem 7.3],
except that the partial action might be twisted by a cocycle. On the other
hand, the so called Packer-Raeburn trick [BA, Theorem 3.4] asserts that, up
to stabilization, every twisted global action is exterior equivalent to a genuine
(untwisted) action. Therefore it has been widely suspected that the cocycle
in [I3, Theorem 7.3] could be eliminated. Theorem (EZT) does precisely
that. It has been proven by Sehnem in her Masters Thesis [E3]. A purely
algebraic version of [, Theorem 7.3] may be found in [B4, Theorem 8.5].
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28. GLOBALIZATION IN THE C*-CONTEXT

The question of globalization is one of the richest parts of the theory of partial
actions. Recall that partial actions on sets always have a unique globalization
(B3d), and so do partial actions on topological spaces (E3), although not
always on a Hausdorff space (E). In the case of algebraic partial actions,
existence () and uniqueness (EX1) may fail, except when the corresponding
ideals are unital (EI3).

With such a track record, when it comes to C*-algebras we clearly
shouldn’t expect a smooth ride. In order to be able to properly discuss
globalization for C*-algebraic partial actions we will need a large part of the
material developed so far and it is for this reason that the present chapter
has been postponed until now.

The concept of restriction, as defined in (B3), is perfectly suitable for
the category of C*-algebras, requiring no further adaptation. In other words,
if 7 is a global C*-algebraic action of a group G on an algebra B, and if
we are given a closed two-sided ideal A < B, the restriction of  to A gives
a bona fide C*-algebraic partial action of G on A. However the concept of
globalization given in (E@) requires some fine tuning if it is to be of any
use when working with C*-algebras. The difference between (E0) and the
following definition is essentially the occurrence of the word closure below.

28.1. Definition. Let 1 be a C*-algebraic global action of a group G on
an algebra B, and let A be a closed two-sided ideal of B. Also let 6 be the
partial action obtained by restricting n to A. If B is the closure of

> ng(A),

geG
we will say that 7 is a C*-algebraic globalization of 6.

It is not difficult to adapt the example given in (EId) to produce a
C*-algebraic partial action admitting no globalization. However, example
(E33), exploiting a somewhat grotesque algebraic structure (identically zero
product) to show the lack of uniqueness for globalizations of algebraic partial
actions, has no counterpart for C*-algebras: our next result shows that if a
C*-algebraic partial action admits a globalization, then that globalization is
necessarily unique.
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28.2. Proposition. Let § = ({Dy}gecc, {04}4ec) be a C*algebraic partial
action of the group G on the algebra A, and suppose that for each k = 1, 2,
we are given a globalization n* of 0, acting on a C*-algebra B*. Then there
exists an equivariant *-isomorphism

¢:B"— B?
which is the identity on the respective copies of A within B and B*.
Proof. As a first step we claim that, if ¢ and b are in A, then

ng(a)b =ni(a)h, Vged. (28.2.1)

Choosing an approximate identity {v;}; for D -1, notice that {04(v;)};
is an approximate identity for D,. Also, since

ng(@)b € ny(A)NA =Dy, Vk=1,2,
we have

ny(a)b = lim 0,(v;i)n,(a)b = lim n;(v;a)b = lim 04(via)b,
71— 00 1— 00 1— 00
where the last step is justified by the fact that v;a is in Dg-1. Since the
right-hand-side above does not depend on k, the claim is proved.

Recall that each B* is the closure of the sum of the ideals n;(A), for g
in G. This suggests the following slightly more general situation: suppose we
are given a C*-algebra B, which is the closure of the sum of a family {J; }icr
of closed two-sided ideals. Then every b in B acts as a multiplier of each J;
by left and right multiplication, thus providing a canonical *-homomorphism

wi : B— M(J;).

Setting
m= Hie[ pi 2 B — HieIM<Ji)7

(here the product on the right-hand-side is defined to be the C*-algebra
formed by all bounded families x = (z;);cr, with each x; in M(J;), equipped
with coordinate-wise operations and the supremum norm), we claim that p
is injective. In fact, if b € B is such that u;(b) = 0, for all 7 € I, then

Since the set of all such z’s span a dense subspace of B, we conclude that
b = 0. Being injective, i is also necessarily isometric, so for each b in B, one
has that

[l = [ ()] = Sup [1i(D)|| = sup sup |[|bx|.

i€l x€eJ;
lz||<1
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Returning to the above setting, given aq,...,a, € A, and g1,...,9, € G,
we may then compute the norm of the element

n

b= n),(a:) € B,

i=1
as follows:
1 = 1 1
bll = sup sup |[bm; (a)|| = sup | 3= n;, (ai)mi (@)]| =
heG acA ,a i=1
llall<1
D " (z==)
= sup | (32 71, (@0)a) | = sup || X2 nsy, (ai)a|| =
h,a i=1 h,a ''i=1
=sup | 2wy, (ai)a]| = - =] X0 (@)
h,a "i=1 =1

where the ellipsis indicates the reversal of our computations with the super-
script “1” replaced by “2”. This implies that the correspondence

-

EACOIPIWAC (28.2.2)

(2

is well defined and extends to give an isometric linear mapping ¢ : B' — B2,
which we claim to satisfy all of the required conditions.

We begin with the verification that ¢ is multiplicative, for which it clearly
suffices to check that

¢ (ng(a)ny, (b)) = my(a)n(b), Yg,h€G, Vabe A

We have

=

o (@) (0)) = ¢ (1 (71, (a)D)

= w(ni (miflg(a)b)) E=T 05 (51, ()b) = 12 (a) ().

The easy verification that ¢ is equivariant and preserves the star opera-
tion is left to the reader. O

Another important aspect of globalization is that it does not mix the
commutative and the non-commutative worlds:
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28.3. Proposition. Let n be a globalization of a C*-algebraic partial action
0. If 0 acts on a commutative algebra, then so does 1.

Proof. Let A and B be the algebras where 6 and 7 act, respectively, so that
A is a commutative ideal in B. We first claim that A is contained in the
center of B.

To see this pick a in A, and b in B. Using Cohen-Hewitt, we may write
a = ajasz, with a1 and as in A. We then have

ab = (alag)b = Qi (agb) = (agb)al = ag(bal) = (bal)ag = ba,

proving that a is in the center of B. This argument in fact shows that any
commutative idempotent ideal must be central.

Since B is generated by the translates of A, it is clearly enough to prove
that

Ng (a)nn(b) = nh(b)ng(a)a
for any a and b in A, and for any g and h in G, but this is easily proven with
the following computation:

Ng(@)im (b) = 11 (arg-1(b)) = ng(ng-15(b)a) = nu(b)ng(a). O

Since partial actions on commutative C*-algebras correspond bijectively

to partial actions on LCH (locally compact Hausdorff) spaces by (II1), we

may correlate the globalization questions for commutative C*-algebras on the
one hand, and for topological spaces, on the other:

28.4. Proposition. Let 6 be a partial action of a group G on a LCH space
X, and denote by 0" the partial action of G on Cy(X) corresponding to
0 via (IId). Then a necessary and sufficient condition for ¢’ to admit a
globalization is that the globalization of 6 provided by (E3) take place on a
Hausdorff space.

Proof. 1f (n,Y) is a globalization of # and Y is Hausdorff, it is easy to see
that the corresponding action 1’ of G on Cy(Y) is a globalization for 6'.
Conversely, if we are given a globalization (n/, B) for 6, we have by (E83)
that B is commutative, hence B ~ Cy(Y'), where Y is the spectrum of B.
Denoting by 7 the global action of G on Y corresponding to n’ under (1),
it is easy to see that 7 is the globalization for . Being the spectrum of a
commutative C*-algebra, Y is Hausdorff. O

This result may easily be used to produce examples of C*-algebraic par-
tial actions not admitting a globalization: just take a partial action on a
LCH space X whose graph is not closed, so that its globalization will be non-
Hausdorff by (E). The corresponding partial action on Cy(X) will therefore
admit no globalization by (E=4).

Having seen that the existence question for globalization of C*-algebraic
partial actions often has a negative answer, one might try to relax the question
itself, and look for Morita-Rieffel-equivalent actions admitting a globalization.
The following main result shows that this can always be attained.
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28.5. Theorem. Every C*-algebraic partial action is Morita-Rieffel-equi-
valent to one admitting a globalization. More precisely, every C*-algebraic
partial action is Morita-Rieffel-equivalent to the dual partial action A on the
restricted smash product for the corresponding semi-direct product bundle
(which admits a globalization by (Z013A)).

Proof. Given a C*-algebraic partial action

0= ({Dg}ger {QQ}QGG)

of the group G on the C*-algebra A, denote by £ its semi-direct product
bundle. Our task is therefore to construct a Hilbert A-%b»G-bimodule M,
and a partial action v of G on M, satisfying the conditions required by
(I2). We begin by letting M be the subspace of #bG given by

M = Z By, ®eqp.
heG

If the reader is used to thinking of elements of C* (%) ® K as infinite ma-
trices with entries in C* (%), then M should be thought of as the space of all
row matrices in #bvG. Observe that M is invariant under left-multiplication
by B1 ® e1,1, so, upon identifying A with B; ® e ; via

a€A—ad ® el € B ® €11, (2851)

we may use the multiplicative structure of £4bG to define the left A-module
structure. Given h, k and [ in GG, notice that

(Br,®e1,n)(Br-1B ®egy) = 0nk(BpBr-1Bi®ei;) C Bi®er; C M,

from where we see that M is a right ideal in #bvG, hence also a right ZvG-
module.

Given & and 7 in M, it is easy to see that {n* (operated as elements of
the C*-algebra #»G) lies in By ® e;,1. So, under the identification (EZE2),
we may view {n* as an element of A. In other words, we define the A-valued
inner-product of £ and 1 to be the unique element (£,n), € A, such that

&t = (& maid1 ®er. (28.5.2)
For the %»G-valued inner-product we simply set
€My =N, VENEM.

Proving M to be a Hilbert A-#bvG-bimodule is now entirely routine. In order
to construct the partial action, we let for each g in G,

M, = Z [Bngleh] X €e1.n-
heG
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It is easy to see that (B ® e1,1)My C My, so that M, is a left A-sub-
module. In order to prove it to be a right #»G-sub-module, notice that for
each h and k in G, we have

(ByByg-1By @ e14)(Bp-1Br, ®@epr) € BygByg-1B ® e C My,

thus concluding the verification of (I2Z3).

Recall that in (EE13) we used the notation D, to mean [ByB,-1], while
here D, is supposed to mean the range of 6,. Insisting on the present use of
D, observe that B, = D,d,, hence

(===:)

[ByBy-1] = [(Dyy)(Dy-15,-1)] == [Dyfy(D,-1)51] = Dydy,

so the current meaning of D, is compatible with the one used in (Z613), up
to the usual identification of D, with D,0;.
Given g and h in G observe that

[Bng—lBh] = [DgDhéh] = (Dg N Dh)éh,

so M, may be alternatively described as

Mg = 3> (Dg N Dp)dp @ €1, (28.5.3)
heG

Speaking of (I2d), notice that for each h in G, we have that

()

((Dg N Dh)ah) ((Dg N Dh)éh) = (D, N Dp)d1,

from where we see that [(My, M,),] = D,. On the other hand, given h and
k in G, we have

[(Bng—lBh (024 617h)*(Bng—1Bk X 617143)] =

= [Bh—lBng—l Bng—l By ® eh,k] = [Bh—l DgBk &® eh,k],

so we deduce from (EGI3) that [(My, M), .| = E,, as desired.
We next claim that for each g in G, there exists a bounded linear mapping

Yg Mgfl — Mg,

such that
’yg(a(Sh X elvh) = Qg(a)égh ® €1,gh, (28.5.4)

for all g and h in G, and for all a in Dy—1 N Dy. In order to see this, first
notice that if a is as above, then

(=)
99(a) € Hg(Dgfl N Dh) - Dg N Dgh,
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from where we see that the right-hand-side of (EZZ4) indeed lies in M, as
needed. Denoting by Mg the dense subspace of M, defined as in (ZED3),
but without taking closures, it is therefore immediate to prove the existence
of a map 7 : Mg_l — M}, satisfying (2254). Given & and 7 in Mg_l, write
them as finite sums

= > apdp®ern, and n= ) bpd, @ ey,
hea hed

with each aj, and by, in Dy—1 N Dy, and notice that

* * &)
BEG” = (2 da(an)dn @ eran) (3 0o 0005k @ erge) =
= Z Hg(ath)él & 61,1.

heG

In view of (EZ53), this shows that

(Vg€ v9(m)s = = Oglanby) = 04((€,m)4),

heG

from where we deduce two important facts: firstly, that 'yg is an isometry,
so it extends to a bounded linear map v, from M,-1 to M, proving our
claim and, secondly, that v, satisfies (IDZZ1d) relative to the A-valued inner-
product. Let us now also prove (IZZm) for the #»G-valued inner-product,
so we begin by taking £ and 1 in My-1 of the form

§=adp®ern, and 1= bdy ® e,
with a in D1 N Dy, and b in Dg—1 N Dy. So

(Ez3)

(4(€), 79(77)>,%G = (99(a)5gh ® 6179’1)* (eg(b)‘sgk ® 617919) =
= Hh—lg—l (Gg(a*b))éh_lk & €gh,gk = eh—l(a*b)éh—lk & egh,gk =

=A, <9h—1(a*b)5h—1k ® eh,k) = Ag<<§a77>mc>'

Since the set of elements £ and 71 considered above span a dense subspace of
M,-1, we have proven ([7).

To conclude we must now prove that v is indeed a partial action on M.
Since (EI3) is elementary, we prove only (EZ11). In order to do this, we first
observe that, as a consequence of (EG0), given w in #bG, a necessary and
sufficient condition for w to be in M, is that

Wik € (Dg N Dk)ék, and wp, ) = 0, (2855)
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for all A and k in G, with A % 1. This said, we claim that, for all g and h in
G, one has that
V;TI(Mh N Mg-1) C Mgpy-1- (28.5.6)

Notice that the set in the left-hand-side above is precisely the domain of
Yg © vn by (E2). We thus pick an element ¢ in this set, so that
£e My-1, and ’}/h(f) € Mg—l.

Letting ay, € Dj-1 N Dy, be defined by &1 1 = awdx, observe that

Yh (&) 1,0k = On(ar)Onk,

as a quick look at (EEd) will reveal. Since 73, (§) € M,-1, we deduce from
(Z==) that
Yo (&) 1,mk € (Dg-1 N Dipg)Onik,

which implies that
Hh(ak) S Dg—l N Dpr N Dy,

so
(=)

arp € eh—l(Dg—l N Dy N Dh) - Dh—lg—l N DN Dy-1.

Therefore
fl,k = akék S (Dh—lg—l n Dk)ék,

whence ¢ is in M(,4p,)-1, by (BE53), proving claim (EX20). In particular, this
shows that the domain of 74 o 7}, is contained in the domain of ~,,, and it is
now easy to see that vy, () = v4(11(€)), for all £ in the domain of 4 oy,
thus verifying (1), and hence finishing the proof. O

Starting with an arbitrary C*-algebraic partial dynamical system

0= (A, G, {Dg}geG> {Hg}gEG)’

we are then led to considering two other actions: the dual partial action A
(E6T3) for the semi-direct product bundle, and its globalization I" (EGT4).
Each of these actions comes with its full and reduced crossed products:

0 A T
Given action Dual action Globalization
AxG (BrG)xG (#B1G)xG
AmredG (%bG)X]redG (e@ﬁG)NredG

28.6. Table. Derived actions and crossed products.
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We already know that # and A are Morita-Rieffel-equivalent as partial
actions. Even though A and I' are not necessarily Morita-Rieffel-equivalent?3,
we will now show that in each row of the above table all of the three algebras
are Morita-Rieffel-equivalent to each other. Our next two results are designed
to justify this claim.

28.7. Theorem?*. Let G be a group and suppose we are given Morita-
Rieffel-equivalent C*-algebraic partial dynamical systems

o = (AvGa {Ag}géGa{ag}QEG)a and B = (BaG7 {Bg}g€G7{Bg}g€G)'

Then
(i) AX,qG and BX,.qG are Morita-Rieffel-equivalent, and
(i) AxG and BxG are Morita-Rieffel-equivalent.

Proof. Let
Y= (M, G, {Mg}ger {79}96G>

be an imprimitivity system for « and 3, and let L be the linking algebra of
M. Consider the partial action

A= ({Lglgea, {Nglocc)

of G on L given by ([2M). Identified with the upper left-hand corner of L,
it is clear that A is a A-invariant subalgebra, so we may use case (i) of (ZZ3)
to view AX,.qG as a subalgebra of Lx,.4G.

Unless A is a unital algebra, there is no canonical way to view the 2 x 2

matrix
o — 1 0
1,1 - O 0

as an element of L, but, even when A is non-unital, the formal left- or right-
multiplication of e;,; by elements of L is easily seen to define a multiplier of
L.

By (IEZ37), which is stated for the full cross-sectional algebra, but which
evidently also holds for the reduced one, we have that the inclusion of L in
Lx,.4G is a non-degenerate *-homomorphism. We may then extend it to a
*_homomorphism

M(L) = M(Lx,0G),

33 An example of a partial action not Morita-Rieffel-equivalent to its globalization is
given right after (IT3). It is easy to see that the globalization of this partial action is the
action of Z on itself by translation. These actions are not Morita-Rieffel-equivalent because
Morita-Rieffel-equivalence among commutative algebras is tantamount to isomorphism.

34 The statement in part (ii) of this result has been anticipated in (IZZTD).
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and we will denote the image of e; ; under this map by e 16;. Given g in G,

and
a m
T = (n* b) € Ly,

(617151)(33(59)(61,151) (IIE:E) )\g ()\9—1(6171.%‘)61,1)(% =

Y (<a96 (a) 796(7”)> em> 5y = <g 8> 5. (28.7.1)

With this it is easy to see that

notice that

(617161)(L>4redG)(€17151) = ANredG, (2872)
from where it follows that Ax..qG is a hereditary subalgebra of Lx,.qG.
We next claim that A is a full subalgebra. To see this, we first check
that the closed two-sided ideal generated by AX..qG coincides with
[(LxredG) (61,151)(L>4redG):| .
Temporarily denoting

L= LxredG7 and At = AxredG7

and denoting e; 101 by p, notice that [L*pL*] is an ideal in L*, hence idem-
potent, so

1=

[prLx]:[prLmprLx]:[prprLx LNAXLNL

proving our claim. Given g € G,

! !
$:<7j* Tg)eleL, and xl:(r(zl’* TZ,>€L9,

we have
(m=) aa’ am'’
(wd1)(e1,101)(20g) =" we1,12'0g = <n*a/ (n,m’), ) %

This implies that the ideal generated by AX..qG contains

(M%] [AM,] %
[((AgM) ] (M, M), ] )
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Observing that
[AA,] = Ay, [AM ] = M,,
(=)

My =" [(My, My), M,] € [AgM],

and —

Bg = [<M97M9>B] g [<M7 Mg>B]a
we therefore conclude that the ideal generated by Ax,.qG contains L4d,, for
every g, and consequently also LX,.4G.

The grand conclusion is that Ax,.qG is a full hereditary subalgebra of
Lx,.qG, so these are Morita-Rieffel-equivalent C*-algebras by (I2M).

We may now rerun the whole argument above in order to prove BX,.qG
to be Morita-Rieffel-equivalent to Lx,.qG. Since Morita-Rieffel-equivalence
is well known to be an equivalence relation, the proof of (i) is concluded.

Focusing now on (ii), let us consider the semi-direct product bundles
o/ and % associated to the partial actions o and A, respectively. We claim
that o and Z satisfy the hypothesis of (EI=30), namely that there exists a
conditional expectation from . onto /.

Since each fiber of .# is faithfully represented in C¥ (%) by (1), we
will produce the conditional expectation needed by working within C} (%),
or equivalently, within Lx,.qG. We then claim that the mapping

FE:.xc€ L)GredG —> (617151)1‘(6171(51) € A)ﬂredG,

sends each fiber L,d, to the corresponding A,d,, and that the restrictions P,
thus defined form a conditional expectation P = {P,}4cq from & to &.
An expression for P, may be obtained from our previous calculation

(EX), namely
a m a 0
m(( 5)a) =6 0)»

The verification that the P, satisfy (ETT9311) is now straightforward and is
left as an exercise.

As claimed, the hypothesis of (E1=30) is now verified, so we conclude that
the canonical embedding of full cross-sectional algebras is a monomorphism,

which we interpret as
AxG C LxG.

The proof of (i) now generalizes ipsis literis, after replacing reduced crossed
products by their full versions. O

Returning to the context of table (EEM), recall that 6 is Morita-Rieffel-
equivalent to A by (EZ3). Thus, by the above result, in each one of the last
two rows of table (EZM), the algebras in the first and second columns are
Morita-Rieffel-equivalent.

In order to include the algebras in the third column, we present the
following:
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28.8. Theorem. Let

0= (A, G, {Dg}eec: {05}9cc)

be a C*-algebraic partial dynamical system admitting a globalization n, act-
ing on a C*-algebra B. Then:

(i) AX,eqG is isomorphic to a full hereditary subalgebra of Bx,.qG, in a
natural way, and hence AX..qG and Bx,.qG are Morita-Rieffel-equiva-
lent.

(ii) AXG is isomorphic to a full hereditary subalgebra of BxG, in a natural
way, and hence AXG and BxG are Morita-Rieffel-equivalent.

Proof. By (EZ3) we have that AX,.qG is a hereditary subalgebra of BX,.4G,
so let us now prove that Ax,.qG is a full subalgebra. This is to say that the
closed two-sided ideal generated by AX,.qG, say

J = [(eredG) (AX]redG) (eredG)] y
coincides with BX,.qG. For this pick g and h in G, and notice that
J 2 [(Bén) (A1) (Bby-14)] = [Bnn(AB)dg| = ni(A)dy,

so J also contains -
(X m(4))d, = Bo,,
heG
for every ¢ in G, from where it follows that J = BX,.qG, proving that Ax,.qG
is indeed full.

As for the second point, we have by (EZ2) that AxG is naturally isomor-
phic to a hereditary subalgebra of Bx(G, and the above proof that Ax,..G
is a full subalgebra of Bx..qG generalizes ipsis literis to show that AxG is a
full subalgebra of BxG.

The statements about Morita-Rieffel-equivalence now follow immediately
from (I32M). O

Given a partial dynamical system

0= (A, G, {Dg}g€G7 {eg}geG)a

we may summarize the main results obtained in this chapter as follows:
e When a globalization for 0 exists, it is unique. See (EZ3).

e Regardless of whether or not 6 admit a globalization, there always exists a
partial dynamical system A, Morita-Rieffel-equivalent to 6, which admits
a globalization I'. See (EZ3).

e The reduced crossed products relative to the partial dynamical systems 6,
A, and IT" are all Morita-Rieffel-equivalent to each other. See (E2Z3) and
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e The full crossed products relative to the partial dynamical systems 6, A,
and I' are all Morita-Rieffel-equivalent to each other. See (EEZd) and

There are a few other important results related to the globalization of
C*-algebraic partial actions which we would now like to mention without
proofs.

When a partial action 6 is Morita-Rieffel-equivalent to another partial
action A, which, in turn, admits a globalization I', one says that I' is a
Morita-Rieffel-globalization of 6.

The following is [B, Proposition 6.3]:

28.9. Theorem. Any two Morita-Rieffel-globalizations of a given C*-al-
gebraic partial action are Morita-Rieffel-equivalent to each other.

Another very interesting result proved by Abadie regards partial actions
on abelian C*-algebras. In order to describe it, let 6 be a partial action of
a group G on a LCH space X and denote by #’ the partial action of G on
Co(X) corresponding to 6 via ([M).

By (E3), we have that 6 always admits a globalization, say 7, acting on
a space Y. However Y may be non-Hausdorff, and in this case #’ admits no
globalization by (EZ4). So let 8 be a Morita-Rieffel-globalization of §’, acting
on a C*-algebra B, which always exists by (EZ3).

The action 8 evidently induces an action B on the primitive ideal space
Prim(B), and because any two Morita-Rieffel-globalizations are equivalent by
(2x3), B does not depend on the specific choice of 5, being thus intrinsically
associated to 6.

The next result is essentially [A, Proposition 7.4]:

28.10. Theorem. Let 0 be a topological partial action of a group G on a
LCH space X, and let 3, acting on B, be a Morita-Rieffel-globalization of the
corresponding partial action on Co(X). Then the action  of G on Prim(B)
is the (possibly non-Hausdorff) globalization of 6.

Notes and remarks. Most of the results in this chapter are extracted from
Abadie’s PhD Thesis [0], [B], where in fact the more general case of partial
actions of locally compact groups is considered. See also [H] for a study of
the relationship between the amenability of a partial action and that of its
Morita enveloping action.
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29. TOPOLOGICALLY FREE PARTIAL ACTIONS

In chapter (E3) we have studied induced and Fourier ideals in topologically
graded algebras. These may be considered as the ideals which respect the
given grading. In the present chapter we will study conditions which im-
ply that all ideals somehow take the grading into account, such as having a
nonzero intersection with the unit fiber algebra or, in the best-case scenario,
are induced ideals.

The graded algebra at the center of the stage here will be the crossed
product of an abelian C*-algebra A by a given group G, and the main con-
ditions we will impose relate to the corresponding partial action of G on the
spectrum of A, namely that there are not too many fixed points. As an
application we will give conditions for a partial crossed product to be simple.

29.1. Definition. Let § = ({Dg}4eq, {0,}4ec) be a topological partial ac-

tion of a group G on a locally compact Hausdorff space X, and let g € G.

(a) A fized point for g is any element = in D,-1, such that 0,(x) = 2.

(b) The set of all fixed points for g will be denoted by F.

(c¢) We say that 6 is free if F, is empty for every g # 1.

(d) We say that 6 is topologically free if the interior of F, is empty for every
g # 1.

Observe that Iy = F,-1, for all g in G. Also notice that I} is a closed
subset of Dy-1 (and hence also of D, by the previous remark) in the relative
topology, but it is not necessarily closed in X. Incidentally, here is a useful
result of general topology:

29.2. Lemma. Let X be a topological space, and suppose we are given
subsets F' C D C X, such that F' is closed relative to D, and D is open in
X. If the interior of F is empty, then the interior of F is also empty, where
F denotes the closure of F relative to X.

Proof. We should observe that, since D is open, the interior of F' relative to
D is the same as the interior of F' relative to X.

It suffices to prove that, if V is an open subset of X, with V' C F, then
V = (. Notice that for each such V, we have

VNDCFND=F,
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the last equality being the expression that F'is closed in D. Since F' has no
interior, we deduce that V N D = 0.

It is well known that, when two open subsets are disjoint, each one is
necessarily disjoint from the other’s closure, whence

)=VNDDOVNF=V. O
Another topological fact we will need is the following baby version of
Baire’s category Theorem, which incidentally holds in any topological space:

29.3. Lemma. Let X be a topological space and let Fy, Fs, ..., F, be no-
where dense®® subsets of X. Then F}, U F» U ... U F,, is nowhere dense.

Proof. Replacing each F; by its closure, we may clearly assume them to be
closed, and hence so is their union.
In order to prove the statement we must show that every open set

VCFHUF,U...UF,
is necessarily empty. Given such a V', notice that,
W:=V\(FAUFRU...UF,_1)
is an open set contained in F),, whence W is empty by hypothesis. Thus

VCFUF,U...UF,_1, and the conclusion follows by induction. U

» From now on we will fix a group G, a locally compact Hausdorff space X
and a topological partial action

0 = ({Dg}gec: {04} gea)

of G on X. Our attention will be focused on the partial action of G on Cy(X)
induced by @ via (1), which we will henceforth denote by «. More precisely

o= <{CO(D9)}96G, {ag}geG>7
where each a4 is given by
ag: feCo(Dy-1) = fob,—1 € Co(Dy).
Above all, we are interested in the reduced crossed product
Co(X)%1eaG,

so, given f in Cy(D,), we will always interpret the expression “fd,” as an
element of the above crossed product algebra.

The following technical Lemma is the key tool in the proof of our main
result below. It is intended to shut out certain elements in the grading sub-
spaces Co(Dgy)d4, with g # 1, by compressing them away with positive ele-
ments lying in the unit fiber algebra.

35 A subset of a topological space is said to be nowhere dense when its closure has empty
interior.
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29.4. Lemma. Given
(a) g € G, with g # 1,
(b) f € Co(Dy),

(¢) o € X\ Fy, and

(d) e >0,
there exists h in Cy(X) such that
(i) h(zo) =1,

(i) 0 <h <1, and
(iii) [[(hd1)(fdg)(hd1)|| < e.
Proof. We separate the proof in two cases, according to whether or not xg
lies in D,. If x is not in Dy, let

K={xeD,:|f(x)] > e}
Then K is a compact subset of D, and, since xo is not in K, we may use
Urysohn’s Lemma obtaining a continuous, real valued function on X such

that
0<h<1, h(zg)=1, and h|x=0.

By temporarily working in the one-point compactification of X, and
replacing K by K U {oo}, we may also assume that h vanishes at infinity,
meaning that h is in Cp(X).

Since f is bounded by e outside of K, it follows that ||hf] < e, from
where (iii) easily follows, hence concluding the proof in the present case.

If 2o is in Dy, then 6,-1(x¢) is defined and not equal to zg. We may
then take disjoint open sets V; and Vs such that

ro € Vi, and 0,-1(zg) € Vo,

and we may clearly assume that Vi C D,, and Vo C Dy-1. We may further
shrink V;j by replacing it with

Vll = ‘/1 N 99(‘/2)7
(notice that x¢ is still in V}), so that ,-1(V]) C V3, and then

6, (V)N Vi = 0. (29.4.1)
Using Urysohn’s Lemma again, pick h in Cy(X) such that

0 < h < 1, h({Eo) = ]., and h|X\V1/ =0.
We then have
(h61)(fg)(hd1) = ag(ag-1(hf)h)d, =0,

because ag-1(hf) is supported 6,-1 (V{), while h is supported in V7, and these

are disjoint sets by (EXZ). This verifies (iii) in the final case, and the proof
is thus concluded. ]

The following result, together with its consequences to be presented be-
low, is gist of this chapter:
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29.5. Theorem. Let 6 be a topologically free partial action of a group G
on a locally compact Hausdorff space X. Then any nonzero closed two-sided
ideal

J 4 C(X)XedG

has a nonzero intersection with Co(X).

Proof. We should notice that the last occurrence of Cy(X), above, stands for
its copy Co (X)o7 within Cp(X)X,eqG.
Denoting the conditional expectation provided by (CZ3) by

FEi: Co(X)NredG — CO(X)v

we claim that, for every z in Cy(X)X,.qG, and for every € > 0, there exists
h € Cy(X), such that

(i) 0<h <1,
(ii) [[REr(2)R| = [[E1(2)]| — ¢, and
(iii) ||(h61)2(h1) — hEy (2)hé: ] < e.

Assume first that z is a linear combination of the form

z=2101 + Y 2404, (29.5.1)
geT

where T is a finite subset of G, with 1 ¢ T, in which case E;(z) = 2. Let
V={zeX:|un@)>|al-¢}

which is clearly open and nonempty. By the topological freeness hypothesis
and by (EZI3), each F,; is nowhere dense in X. Furthermore, by (ZI3) one
has that (J ger Fg 1s likewise nowhere dense, hence there exists some

:UQEV\< U Fg>.

geT

For each g in T" we may then apply (EI4), obtaining an h, in Cp(X)
satisfying

€
hg(zo) =1, 0<hg <1, and |/(hgd1)(2404)(hgd1)| < m
Here we are tacitly assuming that |T'| > 0, and we leave it for the reader
to treat the trivial case in which |T'| = 0.
We will now show that h := [ .z hy, satisfies conditions (i-iii), above.
Noticing that (i) is immediate, we prove (ii) by observing that xg is in V, so

|hE1(2)h]] = |[hz1h]| > [21(z0)| > [|21]] — € = [[E1(2)]| — €.
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As for (iii), we have

1(hd1)2(hér) — hE1(2)hdr|| = [[(hd1) (2 — E1(2)é1) (hd1)]| =
=| X (h1)(zg8,) (1) | < X 11(hd1)(z48) (hS)]| <
geT g€eT

< ;Tu(hg(sl)(zg(sg)(hgél)” <e.

This proves (i-iii) under special case (), but since the elements of that
form are dense in Cy(X)X,.qG, a standard approximation argument gives the
general case.

The claim verified, let us now address the statement. Arguing by con-
tradiction we suppose that J is a nonzero ideal such that

J N Co(X) = {0}.

Pick a nonzero element y in J, and let z = y*y. Using the claim, for each
positive € we choose h in Cy(X), satisfying (i-iii) above. Let

Co(X) XlredG

q : Co(X)HedG — 7

be the quotient map. Since z lies in J, we have that

q((hd1)z(hé1)) =0,

whence
la(nEL(2)h81) || = [[a((h81)=(hér) — hE1(2)h1) | <
< | (h81)2(h81) — hE: (2)hs || < e

Since J N Cy(X) = {0}, we deduce that ¢ is injective, hence isometric,
on Cy(X). So

(i)
e > [[REL(2)h]| = [[Ex(2)]| — ¢,

from where we see that || E1(z)|| < 2e, and since ¢ is arbitrary, we have
0=Ei(z) = E1(y"y).

It then results from ([Z13) that y = 0, a contradiction. This concludes the
proof. O

A useful consequence to the representation theory of reduced crossed
products is as follows:
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29.6. Corollary. Let 6 be a topologically free partial action of a group G on
a locally compact Hausdorff space X. Then a *-representation of Co(X )X ,eaG
is faithful if and only if it is faithful on Cy(X).

Proof. Apply (EI3) to the kernel of the given representation. O

29.7. Definition. We will say that 6 is a minimal partial action if there are
no f-invariant closed subsets of X, other than X and the empty set.

The complement of an invariant set is invariant too, so minimality is
equivalent to the absence of nontrivial open invariant subsets.

29.8. Corollary. If, in addition to the conditions of (ZI3), # is minimal,
then Co(X)X,.qG is a simple3® C*-algebra.

Proof. Let J be a nonzero, closed two-sided ideal of Cp(X)X,.qG. Employing
(3), we have that
K :=JNnCyX) #{0}. (29.8.1)

Since K is an ideal in Cy(X), there is an open subset U C X, such that
K = Cy(U). Using (EZZ1) we have that K is a-invariant, and it is easy to
see that this implies U to be f-invariant. By minimality of €, one has that
either U = ), or U = X, but under the first case we would have K = {0},
contradicting (E=). So U = X, and hence K = Cy(X), meaning that
Co(X) C J.

By (IEZ3), which is stated for the full cross-sectional algebra, but which
evidently also holds for the reduced one, we have that Cy(X) (the unit fiber
algebra in the semi-direct product bundle) generates Cj(X)X,.qG, as an ideal,
whence J = Cy(X)X,.aG, and the proof is concluded. O

The upshot of this result is that when only two f-invariant open subsets
exist in X, namely () and the whole space, then only two closed two-sided
ideals exist in Cp(X)X,.aG, namely {0} and the whole algebra.

This raises the question as to whether a correspondence may still be
found between invariant open subsets and closed two-sided ideals, in case
these exist in greater numbers. In order to find such a correspondence we
need a bit more than topological freeness.

29.9. Theorem. Let 6 be a topological partial action of a group G on a
locally compact Hausdorff space X, such that either:

(i) G is an exact group, or

(ii) the semi-direct product bundle associated to 0 satisfies the approxima-

tion property.

In addition we suppose that 0, as well as the restriction of 6 to any closed
O-invariant subset of X, is topologically free. Then there is a one-to-one

36 A C*-algebra is said to be simple if there are no nontrivial closed two-sided ideals.
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correspondence between @-invariant open subsets U C X, and closed two-
sided ideals in Cy(X)X,.qG, given by

U — Co(U)%,eaG.

Proof. Given a #-invariant open subset U C X, it is easy to see that Cy(U)
is an a-invariant ideal in Cy(X). By (EZ3), one then has that Cy(U)X,eaG
is an ideal in Cy(X)X,aG.

By first checking on elements of the algebraic crossed product, it is easy
to see that the conditional expectation E; of (IIZ3) satisfies

E1 (C()(U) NredG) = Cg(U)(Sl

From this it follows that our correspondence is injective, and we are then left
with the task of proving that any ideal

J < Co(X)XeaG

is of the above form. Given J, let U C X be the unique open subset of X
such that
JNCy(X) =Co(U).

By (E2T) we have that Cy(U) is a-invariant, whence U is #-invariant
and hence so is
F:=X\U.

It is a well known fact that the map
q: f€Cy(X)r flr e Co(F)
passes to the quotient modulo Cy(U), leading up to a *-isomorphism
Co(X)/Co(U) = Co(F).

Observe that Cy(X)/Co(U) carries a quotient partial action of G as
proved in (EZ2), while the restriction of 6 to F' induces a partial action of G
on Cy(F'), via (II™). The isomorphism mentioned above may then be easily
shown to be G equivariant. So, employing (EZd) we get the following exact
sequence of C*-algebras and *-homomorphisms

lred dred

0 — C()(U)NredG — CO(X)X]redG — CO(F)NredG — 0.

By (EZ3) notice that Cy(U)x,.aG coincides with the ideal generated
by Co(U) within Cy(X)X,.qG. Since Co(U) C J, we then deduce that

Co(U) %,eaG C . (29.9.1)
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We next claim that

Grea(J) N Co(F) = {0}. (29.9.2)

In order to see this, let z be in ¢.ea(J) N Co(F'), and choose y in J such that
Grea(y) = z. Since Co(F) = Grea (CO(X)), we may also choose f in Cp(X)
such that geea(f) = z. Therefore ¢..q(f —y) = 0, hence we see that

f =y € Ker(grea) = Co(U) *,eaG C J,
from where it follows that
feJnG(X) = Co(U),
SO

0= qred(f) =Zz.

This proves (ECT3), and since the restriction of 6 to F' is topologically
free by hypothesis, we may use (Z23) to deduce that g..q(JJ) = {0}, which is
to say that

J g Ker(Qred) = CO(U)NredG

so the inclusion in (E) is in fact an equality of sets. This concludes the
proof. O

As a consequence we have:

29.10. Corollary. Under the hypotheses of Theorem (E23), every ideal of
Co(X)X,eqaG is induced, and hence also a Fourier ideal.

Proof. In view of (ET3) it is enough to prove that the ideal
J = CQ(U) NredG

is induced for every #-invariant open subset U C X. Given any such U, we
need to prove that J is generated by J N Cy(X)d;. However, since it is clear
that

Co(U)d1 € JNCy(X)dy,
we deduce that
J = Co(U)%,eaG "= (Co(U)1) € (J N Co(X)61) C J,

so J is indeed an induced ideal. By (EZZ) we then also have that J is a
Fourier ideal. g
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Notes and remarks. Theorem (EXI3) first appeared in [B3, Theorem 2.6]. It is
a direct generalization of [, Theorem 4.1] for partial actions. See also [E3,
Theorem 4.4].

A groupoid version of Theorem (ET) is stated in [E, Proposition 4.5],
although there is a missing hypothesis in it, without which one might have the
bad behavior discussed in [Ed, Remark 4.10]. The correct statement applies
for amenable groupoids and is to be found in [E3, Corollary 4.9].

Since a notion of exact groupoid does not seem to exist, Theorem ()
under hypothesis (i) does not appear to have a groupoid counterpart.

Many authors have studied results similar to the ones we proved above
for global actions of discrete groups on non-abelian C*-algebras. See, for
example, [[32], [[3] and [].



PART I11
APPLICATIONS
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30. DILATING PARTIAL REPRESENTATIONS

With this chapter we start a series of applications of the theory developed so
far.
Recall from (E3) that if v is a unitary group representation of G, and if
p is a self-adjoint idempotent such that vypv,-1 commutes with p, for every
g in G, then
Ug :=pugp, VgeG

defines a partial representation of G.

One may think of u as a restriction of v, a process akin to restricting a
partial action to a not necessarily invariant subset. In this chapter we will
study a situation in which one may revert this process, proving that partial
representations of a group on a Hilbert space may always be obtained from
unitary representations via the above process.

30.1. Definition. In the context of (E3), we will say that u is the restriction
of v and, conversely, that v is a dilation of u.

In order to prepare for the proof of our main dilation result, we will
now prove a related dilation Lemma, applicable to *-representations of C*-
algebras.

30.2. Lemma. Let B be a C*-algebra and A be a closed *-subalgebra of
B. Given a *representation m of A on a Hilbert space H, there exists a
representation © of B on another Hilbert space H , and a (not necessarily
surjective) isometric linear operator j : H — H , such that

jm(a) =7(a)j, Vae A

Proof. By splitting = in the direct sum of cyclic representations (perhaps
including an identically zero sub-representation), we may assume, without
loss of generality, that 7 is cyclic. So, let & be a cyclic vector for . Defining

p(a) = (r(a)§,§), VaeA,

we get a positive linear functional on A. Let ¢ be a positive linear functional
on B extending ¢ [EQ, Proposition 3.1.6], and let 7 be the GNS representation
of B associated to ¢, acting on a Hilbert space H, with cyclic vector &.
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We then claim that there exists an isometric linear operator j : H — H,
such that

j(n(a)€) = 7(a)é, VYae A

To see this, first define j on the dense subspace m(A){ C H by the above
formula. This is well defined and isometric because for every a in A, we have

17 (a)€])? = (7 (a)é, 7(a)é) = (F(a"a)é, &) = p(a*a) =
= ¢(a*a) = (r(a*a)§, &) = |[m(a)¢]*.

Extending j by continuity to the whole of H, we clearly obtain the
claimed operator. So, in order to conclude the proof, it is enough to verify
the identity in the statement.

It n is a vector in H of the form n = 7(c)§, with ¢ in A, then, for every
a in A we have

j(m(a)n) = j(n(a)m(c)€) = j(m(ac)é) = 7(ac)é =

= (a)7(c)€ = 7(a)j(m(c)€) = 7(a)j(n).

Since the set of n’s considered above is dense in H, the proof is concluded.
O

We should notice that, in the context of the above result, the range of j is
easily seen to be invariant under 7(A). So the projection onto the range of 7,
namely jj*, commutes with 7(A). Consequently, if we let p be the restriction
of 7 to A, then the sub-representation of p determined by the range of j is
clearly equivalent to m, the equivalence being implemented by j. Another
useful remark is that, since j is an isometry, we have that j*j coincides with
the identity on H, so

j*7(a)j = j*jm(a) = 7(a),

for every a in A.
We may now prove our main result on dilation of partial representations.

30.3. Theorem. Let u be a partial representation of a group G on a Hilbert
space H. Then there exists a unitary group representation u of G on a Hilbert
space H, and an isometric linear operator j : H — H, such that

ug = j*igj, VgeG.

In addition, is p denotes the projection of H onto the range of j, namely
p = jj*, then p commutes with t,-1pt, for every g in G.
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Proof. We should first observe that, if we identify H with its image via j,
hence thinking of j as the inclusion map, then, in line with (E3), the formula
displayed in the statement becomes

Ug = PlUgp.

However, in this proof we will not enforce the identification of H as a subspace
of H.

Taking R to be the empty set of relations in ([Z) (see also (ZI4) and
(3)), we conclude that there exists a *-representation 7 of C}, (G) on H
such that

m(wg) =ug, VgeQG,

where the w, denote the canonical generators of C7,.(G) (please notice that
these are denoted by u, in (IZ4)). In particular

(1) =7m(wy) =u =1,

so 7 is a non-degenerate representation.

Recall from ([ZTR) that C}, (G) is isomorphic to the crossed product
algebra relative to the partial Bernoulli action S of G on €2;. By definition,
this is the restriction of the global Bernoulli action 7, introduced in (ET10),
to 7. So we conclude from (EZA) that the canonical mapping

L CrL(G) = C()xG — C({0,1}9)xG
(G) as a subalgebra of C'({0,1}“)xG.

Notice that € is a clopen subset of {0, 1}G, whence the characteristic
function of the former, which we denote by 1q,, lies in C({0,1}%).

Given that w, identifies with 1,0, by (IZT3), the following identity, to
be proved in the sequel, will be useful:

is injective, hence we may view C*

par

(1,04) = 10,0,1a,, (30.3.1)

where 4, denoted the canonical unitary element of C ({0,1}¢)xG implement-
ing the global Bernoulli action. To see this we compute

191(5 1Q1 = 191 ng(Ql)dg = 1910779(@1)5 ( 1 5g = L(l ) )

proving (BI).
We next choose a representation 7 of C(0, 1}G)>4G on a Hilbert

space H, and an isometric linear operator j : H — H, satisfying the condi-
tions in (BIEZ) relative to 7. In particular, the formula

i, = 7(d,), Ygea,
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defines a unitary representation @ of G on H, which we will prove to satisfy
all of the conditions in the statement.

As a first step, insisting on the fact that w, identifies with 1,4, by
(IZT3), we have

ug = m(wy) = 7(146,) = 57 (1(1,84)) =

= *7(1a,0410,)7 = 7 71, )ig7(1a,)j = ... (30.3.2)

We would now like to get rid of the two occurrences of term 7(1lg,) above,
and to justify this we observe that

7.‘-(191).7 = .771-(191):])

since 7 is a non-degenerate representation and 1o, represents the unit of
C(Q1)xG. Using this, and the identity obtained by taking stars on both
sides, we deduce from (BIZ3) that

Ug = j UgJ.
In order to prove the last sentence in the statement, we compute

- - e . - . (B3
Ug-1plgp = Ug—1Jj UgJJ" = Ug—1jugj”™ = Ug-1jm(140g)j" "=

= ty17(1(1404))ji" = 7(0g-11¢04)75" = T(1g-1)j5* = jm(14-1)5"
This shows that the element with which we started the above computation
is self-adjoint, so

Ug-1pligp = (Ug-1pligp)™ = Plig—1pig,

proving the desired commutativity. (I

Notes and remarks. We believe that Lemma (BO3) is well known among
specialists, but we have not been able to find a reference for it in the litera-
ture. Theorem (BI3) was first proved in [, Proposition 3.3| for the case of
amenable groups.
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31. SEMIGROUPS OF ISOMETRIES

The Toeplitz algebra, namely the C*-algebra generated by a non-unitary
isometry [E4], is among the most historically significant examples of C*-
algebras. After Coburn’s pioneering example, many authors have studied
C*-algebras generated by sets of isometries, sometimes also including partial
isometries. In many such examples, the generating isometries are parametri-
zed by a semigroup. The present chapter is therefore dedicated to studying
semigroups of isometries and their relationship to partial group representa-
tions.

Recall that the term semigroup in Mathematics always refers to a set P,
equipped with an associative operation (often denoted multiplicatively).

31.1. Definition. Let A be a unital C*-algebra. A semigroup of isometries
in A, based on a semigroup P, is a map v : P — A, such that

(1) U;UP = 17
(ii) vpvg = Vpq,
for every p,q € P.

Notice that if P has a unit, say 1, then
V] = vjviv = vjvg =1, (31.2)

so v must necessarily send 1 to 1.

31.3. A simple example of a semigroup of isometries is obtained by taking
any isometric linear operator S on a Hilbert space H, and defining

v:neN— S" e Z(H).

31.4. To describe an example based on the semigroup IN x N, let us fix two
isometric linear operator S and 7' on the same Hilbert space H, and let us
assume that S and T" commute. Then, defining

v:(n,m) e Nx N~ S"T™ ¢ Z(H),

we again get a semigroup of isometries on H.
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31.5. Definition. A semigroup P is said to be left-cancellative provided
pm=pn = m=n,

for every m, n and p in P.

Given a left-cancellative semigroup P, there is a somewhat canonical ex-
ample of semigroup of isometries which we would now like to present. Con-
sider the Hilbert space ¢?(P), with its usual orthonormal basis {e, }nep.

For each p in P, consider the bounded linear operator A, on ¢?(P),
specified by

Ap(en) =e€pn, VmeP.

Notice that A, is an isometric operator3” because the map n +— pn is
injective as a consequence of P being left-cancellative. It is now easy to
check that X is a semigroup of isometries in Z(¢?(P)).

31.6. Definition. We shall refer to the above A as the regular semigroup of
isometries of P.

If P is left-cancellative, observe that ApA; is the orthogonal projection
onto

Ap((3(P)) = span{e,, : n € P}. (31.7)

In particular it is easy to see that A, A} commutes with A,A7, for every p and
q in P.

The commutativity of range projections is not always granted, even for
the case of the commutative semigroup IN x N, as the following example
shows. Let ¢ be a continuous, complex valued function on the closed unit
disk

D:={zeC: |z <1},

which is holomorphic on the interior of ID. Suppose also that ¢ is unimodular,
in the sense that |p(z)| = 1, for every

zeT:={ze€C:|z|=1}.
It is then easy to see that the operator
Uy : €€ L*(T) — ¢¢ € L*(T)

(p¢€ referring to pointwise product) is unitary.

37 1t P did not possess this property, in particular if infinitely many n’s were mapped
to the same element of P under left multiplication by p, there would be no bounded linear
operator sending the e, to epn.
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Denoting by H? the Hardy space®® of Classical Harmonic Analysis, one
may prove that U,(H?) C H? (this is where we need ¢ to be holomorphic on
the interior of the disk), so the restriction of U, to H 2 henceforth denoted

T,

- H? —» H?,
is an isometry. This is often referred to in the literature as the Toeplitz
operator with symbol ¢.

Denoting by P the Hardy projection, namely the orthogonal projection
from L?(T) to H?, the invariance of H? under U, may be expressed by the
formula

PU,P =U,P,

and the Toeplitz operator may be alternatively defined by
T, = PU,P.

A useful consequence of this description is the following formula for the
adjoint of T,:
T, = PU,P = PUP. (31.8)

Given two unimodular holomorphic functions ¢ and v, as above, it is
easy to see that T;, and T, commute. So, in the context of (EIA), we get the
semigroup of isometries

v:(n,m) € Nx N TIT]" € Z(H?). (31.9)

In order to present our intended example illustrating that the range
projections need not commute, let us fix the following two unimodular holo-
morphic functions on the unit disk:

z2—a
1—az’

o(z) =2, and P(z)= VzeT,

where a is a fixed complex number with |a| < 1.

Incidentally, 1 is usually called a Blaschke factor, and it is an easy ex-
ercise to prove that it is indeed a unimodular holomorphic function on the
unit disk (the denominator vanishes only for z = 1/a, which lies outside the
disk).

Our next goal is to analyze the commutativity of the range projections

Q= v(1,0)0(1,0), and Q"= Y(0,1)%(0,1)-

38 The Hardy space is the closed subspace of L2(T) spanned by the set of all functions
of the form z +— 2™, with n > 0.
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Upon identifying the Hardy space with ¢?(N), according to the usual or-
thonormal basis {e, }nen of H? given by

en(z) =2", VzeN,

we have that v gy, also known as T, becomes the unilateral shift, in the
sense that
Ty(en) =e€nt1, YneN.

The range projection
Q = T¢T;,

is then the orthogonal projection onto the subspace of H? spanned by the e,,,
with n € N\{0} and, in particular, we have that

Q' (eo) = 0. (31.10)
Assuming that Q' and Q" commute, we have for all 5 > 0 that

(TyTy(e0), €5) = (Q"(e0), @'(e;)) = (Q'Q"(e0), €5) =

(em)

= (Q"Q'(e0), ¢5) 0.

It follows that all but the zeroth coefficient of T3 T (eo) relative to the canon-
ical basis vanish, so
quTf;(eo) = Ce€o,

for some constant ¢ € C. On the other hand
Ty T (e0) = PU,PPU;P(eo) = ¢ Pi.

Notice that, since v is holomorphic, its Taylor series around zero coin-
cides with its Fourier expansion on the unit circle:

e’} (n) S RN
v~ 5 o gy,

—

In particular all of the Fourier coefficients (¢)(n) vanish, for n > 0, which
implies that Py = 1(0)eg. Comparing the two expressions for T}T} (eo)
obtained above we deduce that

ceo = TyTy(eo) = PPy = Y1p(0)eg.

This equation entails two possibilities: in case ¢ # 0, one has that
is equal to the constant c)(0)~!, almost everywhere on T, which is clearly
not the case. The second possibility, namely that ¢ = 0, in turn implies that
Y¥1)(0) = 0, whence 1(0) = 0. This proves the following:
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31.11. Proposition. Let ¢ and v be given by

zZ—a

o) =7 and $(z) = T,

VzeT,

where a is a fixed complex number with |a| < 1. Then the corresponding
Toeplitz operators T, and T, are commuting isometric linear operators on
Hardy’s space. Moreover their range projections T, T and T)yT, commute if
and only if a = 0.

31.12. The above result allows for the construction of an example of the
situation mentioned above: choosing ¥ to be any Blaschke factor with a # 0,
the semigroup of isometries presented in (BEI9) will be such that the final
projections of v(1 gy and v(g 1) do not commute.

This is in stark contrast with (CZ0), according to which the final pro-
jections of the partial isometries involved in a partial group representation
always commute! We must therefore recognize that the theory of partial
representations of groups is unsuitable for dealing with such badly behaved
examples.

We will therefore restrict our attention to special cases of semigroup of
isometries which can be effectively studied via the theory of partial represen-
tations.

If we are to find a partial representation of a group somewhere behind a
semigroup of isometries, we’d better make sure there is a group around. So
we will assume from now on that the semigroup P is a sub-semigroup of a
group G. If we are moreover given a semigroup of isometries

v:P— A

where A is a unital C*-algebra, we will now discuss conditions under which
one may extend v to a partial representation of G.

Assume for a while that the problem has been solved, i.e., that a partial
representation u of G in A has been found such that u, = v,, for all n in
P. Since each v,, is an isometry, it is clearly left-invertible. Therefore, from
(E3) it follows that, for all m,n € P,

Un. (31.13)

U1y = Up—1Up = Uy, Uy = U,

In other words, if g € P~'P, then u, may be recovered from v.

31.14. Definition. A sub-semigroup P of a group G is called an Ore sub-
semigroup®®, provided it satisfies G = P~1P.

39 An abstract semigroup P may be embedded in a group G, such that G = P~1P, if
and only if P is cancellative and for every m and n in P, there exist x and y in P, such
that za = yb. This is the content of Ore’s Theorem. In view of this, some authors prefer
to say that P is an Ore semigroup, rather than an Ore sub-semigroup of G.



31. SEMIGROUPS OF ISOMETRIES 267

31.15. Lemma. Let G be a group and let P be an Ore sub-semigroup of
G. Also let A be a unital C*-algebra and v : P — A be a semigroup of
isometries. Then, for every m,n,p,q € P, one has that

1

n=plqg = viv,=v

m »Vq-

Proof. Given that m~'n = p~!q, we have that pm~! = gn~!. By hypothesis
we may choose r and s in G, such that

p?’rf1 = qrf1 =r1s.
Therefore rp = sm and rq = sn, so

* * * *
U = VgUsUpy = Vg Usm = Vg Upp = Uy UpUp,

whence

*
p

*
p

*

* ko K _
U, Vsn = VpUpUrg = U,

Uy U, = VU VsV, = U » VIV = U;Uq. O

We thus see that the condition that G = P~!P gives a canonical way to
extend a semigroup of isometries v on P to a map defined on G. Simply take
any g in G, decompose it as g = m~!n, and define u, = v},v,. By the above
result, u, does not depend on the chosen decomposition of g.

As already mentioned, we are interested in extending v to a partial rep-
resentation of GG, but it is by no means clear that the map u thus described
will be a partial representation. In particular, if the range projections v,v;,
do not commute with each other, then (=) implies that u cannot be a

partial representation.

31.16. Theorem. Let G be a group and let P be an Ore sub-semigroup
of G. Also let A be a unital C*-algebra and v : P — A be a semigroup of
isometries. Then the following are equivalent:

(i) v, commutes with v,v}, for all n,m in P,

(ii) there exists a *-partial representation u of G in A extending v.
In this case, the partial representation u referred to in (ii) is unique.

Proof. The implication (ii)=-(i) is an easy consequence of (CEm), so let us
focus on the converse. Given ¢ in G, write g = m~'n, with m,n € P, and
set ug = vy, v,. By (BIId) we see that u is a well defined function on G, and
we will next prove it to be a *-partial representation.

Upon replacing P with PU {1}, we may assume that 1 € P, and as seen
in (BI), we have that v; = 1, so (EI3) is verified. The proof of (CI1) is
also elementary, so let us prove (CI4). Given g, h € G, write

g=m"'n, and h=p g,
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with m,n,p,q € P. Using the hypothesis, pick r and s in P such that

so rn = sp. Letting

m' =rm, n'=rn, p =sp, and ¢ = sq,

notice that
!

g=m'""n', and h=p "¢,
but now n’ = p’. This says that, in our initial choice of m, n, p and ¢,
we could have taken n = p. With this extra assumption (and removing all
diacritics) we then have that gh = m~!q, and

% * * % * * _
UgURUR-1 = Upy vpvp quq Up = Uy ’Uqu Up'l}p Up =

—_— * * —_—
= Uy, VgV Up = UghUp—1.

This proves () and, as already noticed in (E3), axiom (EI1d) must also
hold.

The uniqueness of u now follows immediately from (Ed), as observed in
(E3). O

Motivated by the result above, we will now study semigroups of isome-
tries which are not necessarily based on Ore sub-semigroups, but which may
be extended to a partial representation. So let us introduce the following
terminology.

31.17. Definition. Let G be a group and let P be a sub-semigroup of G.
Also let A be a unital C*-algebra and v : P — A be a semigroup of isometries.
We will say that v is extendable, if there exists a *-partial representation u of
G, such that u, = v,, for every n € P.

In the case of Ore semigroups, as we have seen in (BII0), a necessary
and sufficient condition for extendability is the commutativity of range pro-
jections. Also, in the general case it easy to see that this condition is still
necessary but we have unfortunately not been able to determine an elegant
set, of sufficient conditions for extendability.

In fact the concept of extendability elicits many questions that we will
not even attempt to answer. For example, it is not clear whether the ex-
tended partial representation is unique, even under the assumption that G is
generated by P.

An example of a non-extendable semigroup of isometries is clearly pre-
sented by (BI), provided ¢ and v are as in (BI), with a # 0.

The following is a dilation result for extendable semigroups of isometries:
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31.18. Theorem. Let G be a group and let P be a sub-semigroup of G.
Also let

v:P— Z(H)

be an extendable semigroup of isometries, where H is a Hilbert space. Then
there exists a Hilbert space H containing H, and a unitary group represen-
tation 4 of G on H such that, for every n in P, one has that:

(i) @ (H) C H,
(ii) v, coincides with the restriction of u,, to H,

(iii) denoting by p the orthogonal projection from H to H, one has that p
commutes with t,-1ptg, for every g in G.

Proof. Since v is extendable, we may pick a *-partial representation u of G on
H extending v. Let @, H and j be obtained by applying (BI3) to u. Viewing
H as a subspace of H via j, we then have that (iii) is verified. Given n in P,
we have by (BI3) that

J Unj = Uy = vy,
and, taking into account that v,, is an isometry, we conclude that
L= 0300 = (") §"tnj = §*n15 i
Multiplying this on the left by 7 and on the right by j*, we get

p=Jj" =Jj1j" = jj un-1Jj U ji" = pln-1plnp = ...
By the already proved point (iii), the above equals
e = Upy=1PURPP = Uy—1 PURD.

This proves that p = @,,—1pt,p, and if we now multiply this on the left by @,
we arrive at

Upp = Plnp,

which says that the range of p, namely H, is invariant under u,,, hence proving
(i). As for (ii), we have for all n in P that

ko~ -
Up = Up =] Un]:un|Ha

where the last equality is justified by our identification of H as a subspace of
H, and the invariance of the former under @,,. O
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31.19. Definition. Let P be a semigroup (not necessarily contained in a
group) and let
v:P— Z(H)

be a semigroup of isometries, where H is a Hilbert space. By a wunitary
dilation of v we mean a semigroup of isometries

w: P — Z(H)

on a Hilbert space H containing H, such that, for every n in P, w, is a
unitary operator, leaving H invariant, and whose restriction to H coincides
with v,.

As a consequence of (BIIH), we see that every extendable semigroup
of isometries admits a dilation. In particular, every semigroup of isometries
based on an Ore semigroup whose final projections commute, is extendable
by (BI1M), and hence admits a dilation. This should be compared with I3,
Theorem 1.4], where a similar result has been proven without the hypoth-
esis of the commutativity of final projections, but also without conclusion

Notes and remarks. The study of isometries and semigroups thereof dates
back at least to the 1960’s and have involved numerous authors, such as Arve-
son [M], Burdak [EO], Coburn [EA], Douglas [B3], [B], Hordk and Miiller [Ed],
Laca [[3], Nica [E3], Phillips and Raeburn [ES], Popovici [Ed] and Stocinski
[[0] among others.
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32. QUASI-LATTICE ORDERED GROUPS

Besides the case of Ore semigroups, we will now present another important
example of extendable semigroup of isometries.

Let us begin by noticing that if P is a sub-semigroup of a group G, such
that PNP~! = {1}, then one may define a left-invariant partial order relation
on G by

g<h < g theP,

for all g and h in G. Conversely, if “<” is a left-invariant partial order relation
on (G, then
P:={geG:g>1}

is a sub-semigroup with P N P~! = {1}. So there is a one-to-one correspon-
dence between such sub-semigroups and left-invariant partial order relations
on G.

32.1. Definition. Let G be a group with a distinguished sub-semigroup P,
such that PNP~! = {1}, and denote by “<” the corresponding order relation
on G. Given a nonempty subset A C G,

(i) we say that an element k € G is an upper bound for A and, if k > g, for
all g in A,

(ii) we say that an element m € G is a least upper bound for A, if m is an
upper bound for A, and m < k, whenever k is an upper bound for A,

(iii) we say that an element m € P is a least upper bound in P for A, if m is
an upper bound for A, and m < k, whenever k is an upper bound for A,
with k € P,

(iv) we say that (G, P) is a quasi-lattice, or that G is quasi-lattice ordered,
if every nonempty finite subset A C G, admitting an upper bound in P,
necessarily admits a least upper bound in P,

(v) we say that (G, P) is a weak quasi-lattice, or that G is weakly quasi-
lattice ordered, if every nonempty finite subset A C P, admitting an
upper bound*’, necessarily admits a least upper bound.

40" Notice that, if A C P, then any upper bound of A is necessarily in P.
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The first two definitions above are, of course, part of the elementary
theory of ordered sets. They are listed just to provide a backdrop for the
others. Moreover, given the subtleties involved in the last two definitions, it
is perhaps worth repeating them in more technical terms. Given a nonempty
subset A C G, let us denote by

A" = {k € G : k is an upper bound for A} (32.2)
Then

(a) (G, P) is a quasi-lattice if and only if, for every nonempty finite subset
A C G, such that AT NP # (), there exists a smallest element in AT N P.

(b) (G, P) is a weak quasi-lattice if and only if, for every nonempty finite
subset A C P, such that AT # (), there exists a smallest element in AT.

Notice that the notion of weak quasi-lattice may be defined using only the
algebraic structure of P, while checking that a pair (G, P) is a quasi-lattice
requires a knowledge of the whole group G. In other words, the notion of
weak quasi-lattice easily generalizes for semigroups which are not necessarily
contained in a group, while the notion of quasi-lattice must necessarily refer
to a pair (G, P), as opposed to a single semigroup P.

It is clear that every subset A C P which admits a least upper bound, also
admits a least upper bound in P. Therefore every quasi-lattice is necessarily
a weak quasi-lattice.

If a set A admits a least upper bound m, then m is clearly unique and
we denote it by

m = VA.
In addition, if A is a two element set, say A = {g, h}, we also denote by
gV h=V{g h}.

The notion of quasi-lattice ordered group was introduced by Nica in [E3],
where it was noticed that every weak quasi-lattice is a quasi-lattice, provided
condition (BZT) holds for sets A with a single element. Nica denoted this
special case of (BZ1) as (QL1), which he phrased as follows:

(QL1) Any g in PP~! (these are precisely the elements having an upper
bound in P) has a least upper bound in P.

Ten years after the publication of Nica’s paper, Crisp and Laca [E0,
Lemma 7] found what might well be called “Columbus’ egg” of quasi-lattices,
realizing that in fact (QL1) alone is a sufficient condition for (G, P) to be a
quasi-lattice (see below).

In hindsight, the following simple characterizations should hopefully
clean up our act. We suggest that the reader take this as alternative def-
initions for the concepts involved, should the above perhaps too extensive
discussion have blurred the big picture:
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32.3. Proposition. Let G be a group and let P C G be a sub-semigroup
such that PN P~ = {1}. Then

(i) (G, P) is a weak quasi-lattice, if and only if m\/ n exists for every m and
n in P admitting a common upper bound,

(ii) (G, P) is a quasi-lattice, if and only if any g in PP~ has a least upper
bound in P.

Proof. Point (i) is easily proven by induction.

As for (ii), assume that (G, P) is a quasi-lattice and let ¢ € PP~!.
Writing g = mn ™!, with n and m in P, it is clear that g < m, so {g} admits
an upper bound in P, hence also a least upper bound in P.

Conversely, suppose that any ¢ in PP~! has a least upper bound in P.
We will first prove that (G, P) is a weak quasi-lattice by verifying condition
(i). So suppose that n and m are in P, and that p is an upper bound of n
and m. Then

so n~'m admits an upper bound in P, namely n~!p. By hypothesis there

exists a least upper bound in P for n='m, say ¢. Then ¢ is a least upper
bound for the set {1,n~'m}, and by left-invariance of the order relation, nq
is a least upper bound for {n, m}, as desired.

We will now prove that (G, P) is a quasi-lattice. So let A be a nonempty
finite subset of G admitting an upper bound in P, say p. By hypothesis we
know that, for each g in A, there exists the least upper bound of g in P, which
we denote by ng. Then it is clear that n, < p, for all g in A, so p is also an
upper bound for A" = {ny : g € A}. Since A’ C P, the weak quasi-lattice
property of (G, P) may be used to ensure that the least upper bound in P of
A’ exists, but this is clearly also the least upper bound in P of A. O

One of the main examples of quasi-lattice ordered groups is obtained by
taking TF,, to be the free group on an arbitrary (finite or infinite) number n of
generators, and taking IP,, to be the smallest sub-semigroup of IF,, containing
1 and its free generators.

An example of a weak quasi-lattice which is not a quasi-lattice was re-
cently obtained by Scarparo [Ed], who also generalized some important re-
sults on quasi-lattice ordered groups to the context of weak quasi-lattices.
Scarparo’s example is as follows: take [Fo to be the free group on a set of two
generators, say {a, b}, and let

IP, = b]PQ U {1},

where P> was defined above. Then P’ is clearly a sub-semigroup of Fy and
the pair (IF5,IP’) is not a quasi-lattice although it is a weak quasi-lattice.
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The reason why it is not a quasi-lattice is that the singleton {ba=1b=1}
is bounded in P’ by b and ba, but it does not admit a least upper bound in
P/, as the reader may easily verify.

On the other hand (IF2,IP’) is a weak quasi-lattice because P’ is isomor-
phic to P, as a semigroup, via an isomorphism defined using the set

{ba" : n € N},

as a set of free generators for P’. Since (Foo,Poo) is a quasi-lattice, as seen
above, it is necessarily also a weak quasi-lattice.

Another interesting consequence of Scarparo’s example is that a semi-
group P may be seen as a sub-semigroup of two non-isomorphic groups G
and Ga, in such a way that both (G, P) and (G2, P) are weak quasi-lattices.
Namely, take

(G1,P) = (F3,P’), and (G2,P) = (Fs,Ps),
were we are identifying [P’ and P, as already mentioned.

Whenever possible we will strive to work with weak quasi-lattices, not
only because it provides for stronger results, but also due to the fact that
weak quasi-lattices may be defined intrinsically, independently of the group
containing them.

32.4. Nica’s theory of semigroups of isometries based on quasi-lattices is
rooted on the following simple idea. Let (G, P) be a weak quasi-lattice and
consider the regular semigroup of isometries

A P — 2(*(P))

defined in (BIM). Reinterpreting (EI2), we may say that ApA; is the orthog-
onal projection onto
span{e, : n > p}. (32.5)

Thus, given p and ¢ in P, the product of the commuting projections A,A;
and A\;Aj coincides with the orthogonal projection onto the closed linear span
of the set

{en:n>ptn{e,:n>qt={en:n > pVyq},
assuming of course that p V ¢ exists. When p V ¢ does not exist, then by
hypothesis p and ¢ have no upper bound whatsoever, so the above intersection
of sets is empty. This motivates the following:

32.6. Definition. Let (G, P) be a weak quasi-lattice and A be a C*-algebra.
We shall say that a given semigroup of isometries v : P — A satisfies Nica’s
covariance condition, NCC for short, if for every m and n in P, one has that

* . .
N { UmvnUpuns 1 MV n exists,

U Uy, Up Uy =

0 , otherwise.

As briefly indicated above, in the case of a weak quasi-lattice, the regular
semigroup of isometries satisfies NCC.
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32.7. Lemma. Let (G, P) be a weak quasi-lattice, A be a C*-algebra, and
v : P — A be a semigroup of isometries satisfying NCC. Given m,n € P, one
has that:

(i) if m and n have no common upper bound, then v}, v, = 0,

(ii) if m and n have a common upper bound, then there are x and y in P
such that mz = ny, and v, v, = vV,

Proof. Under condition (i) we have

* * * *
Uy, Un = Uy, Uy, Un Uy, Up, = 0.
—_——

(32.6)

On the other hand, if m and n have a common upper bound, then the
least upper bound exists, and there are x and y in P such that

mVn=mx=ny.

So

* * * * * * * * *
Uy Un = Uy U Uy Un Uy, Un = Uy Uy Uy Un = Vg UmasUpyyy Un = Ug Uy Ol
—_————

(32.6)

The main goal of this chapter is to prove extendability of a given semi-
groups of isometries v satisfying NCC. After this is achieved, by (CZIJ) we
will have that the range of v is a tame set. However the strategy we will
adopt will require knowing in advance that the range of v is tame, so we need
to prove this as an intermediate step.

32.8. Proposition. Let (G, P) be a weak quasi-lattice, A be a C*-algebra,
and v : P — A be a semigroup of isometries satisfying NCC. Then,

(i) the set {vpy,v) :m,n € P} U{0} is a multiplicative semigroup,

(ii) the range of v is a tame set of partial isometries.

Proof. Given m, n, p and ¢ in P, let us suppose that n and p have no common

upper bound. Then
x (BZ259)

; 0.

U U} Up

On the other hand, if n and p have a common upper bound, then by (BZZ1)
we may write vy, v, = vzvy, for suitable z and y, so

*
qy*

*

.= U Up VU U = V¥

&
U Uy, UpU v Vq

This proves (i).
In order to prove (ii), let S be the semigroup referred to in (i). Since
P contains 1 by hypothesis, and since v; = 1 by (BI), we see that both
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the range of v and its adjoint are contained in S. Therefore we see that S
coincides with the multiplicative semigroup generated by the range of v and
its adjoint. To prove that the range of v is tame, it therefore suffices to verify
that every element in S is a partial isometry. Given m and n in P, we have
that
(Um0 ) (U U2)™ = VU VR U, = U UL

which is clearly a projection, and hence v,,v} is a partial isometry by (Z3).
This concludes the proof of (ii). O

We will now present a crucial technical result designed to help proving
the extendability of semigroups of isometries satisfying NCC. It should be
compared to (BEII3).

32.9. Lemma. Let (G, P) be a weak quasi-lattice, A be a unital C*-algebra
and let
v:P — A,

be a semigroup of isometries satisfying NCC. Given m, n, p and q in P
such that mn~' = pg~!, one has that v,,v} and vpv, are compatible partial
isometries, as defined in ([ZZ0).

Proof. We will soon see that the question of upper bounds for the set {n, ¢}
is a crucial one, so let us begin by analyzing it. Suppose first that n and ¢
admit an upper bound k. So there are x and y in P such that

k=nx = qy.

Then
(ma)(nz)™" =mn™" =pg~" = (py)(qy) ",

so mx = py. Defining
h = mz = py,

it is then clear that h is an upper bound for {m, p}. Denoting by g = mn~! =

pg~!, notice that
gk = mn~'nz = mx = h,

so this provides for a well defined function
ke{n, g}t = gke{mp},

where we are using the notation introduced in (BZ3) for the set of upper
bounds. Given the symmetric roles played by m, n, p and g, it is clear that

he{mp}" = g the{nqg’

is also well defined. Therefore {n,q} admits an upper bound if and only if
{m, p} does, and in this case the left-invariance of our order relation implies
that

g(nVgq)=mVnp. (32.9.1)
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Returning to our semigroup of isometries, and letting
S = V0,

we have
&

88" = Vs VR U, = U Ul
so we see that s is indeed a partial isometry, sharing final projection with v,,.
It is also easy to see that the initial projection of s coincides with the final
projection of v,,. Likewise, if we let

*

t = vpu,,

then the initial and final projections of ¢ are v,v; and v,v,, respectively.
Recalling that our task is to prove that

st"t =ts*s, and tt's = ss7t, (32.9.2)

let us assume first that {n,q} admits no upper bound. In this case, NCC
implies that v,v;, is orthogonal to v,vy, whence v;v, = 0. So,

st™t = v Uvevy = 0.

On the other hand,

ts*s = vpvgvnv, = vp(V,ve) vy, = 0,
proving the first equation in (BZZI3). In order to prove the second one,
observe that, by the reasoning at the beginning of this proof, {m,p} admits
no upper bound either, so v,v,, = 0, whence

*
p

tt"s = vy, VY, = 0 = vy, VU = 887,

completing the proof of (BZZI3A) under the assumption that {n, ¢} admits no
upper bound. Let us therefore assume that {n,q} admits an upper bound,
and hence by hypothesis also a least upper bound. We may then find x and
y in P such that

nVqg=nr=aqy.
Therefore

*
q

*
q

*

* * * * * * *
St = Um U, VqUq = Um U, UnUp Vg5 = UmUpUnvqUnyq = UmUpUnaUpng =

* * * *
= U Uy, UnUg Uy = U Ug Vs = Uppgp Uy
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By (BZ) we have that m V p exists and

mVp=gnVvq) =mn nzr = mr =

= pg gy = py.

Therefore

* * * * * * * * _ * *
1878 = UpU UV, = UpUy Vgl UnVy, = VpUgUgvnUgym = UpUgVqyUpy =
sk
q

*

J— * JR— * R
= UpV qu’yvnm - Upyvnac = UmaUng

thus proving that st*t = ts*s, which is the first equation in (BZZ032). The
second one may now be verified similarly, or by applying what has already
been proved to

!/ /
s i=s5" =wvyvy, and ti=t" =v,0,.

This concludes the proof. [l

The following is the main result of this chapter. It was first proved in [(3]
for the case of quasi-lattices. Our plan to prove it for weak quasi-lattices will
require that the range of our semigroup of isometries lies in a von Neumann
algebra.

32.10. Theorem. Let (G, P) be a weak quasi-lattice, and let A be a unital
C*-algebra. Suppose moreover that either

(i) A is a von Neumann algebra, or
(ii) (G, P) is a quasi-lattice.

Then every semigroup of isometries v : P — A which satisfies NCC' is ex-
tendable.

Proof. Given g in G\PP~!, we define
ug = 0.

On the other hand, given g in PP~!, consider the collection of partial isome-
tries
T, = {vmv} :m,n € P, mn~ " = g}.

By (BEZ3) we have that the elements of Tj; are mutually compatible and
we would now like to argue that VTj exists. Under the hypothesis that
A is a von Neumann algebra we may simply use (ZZ0), so let us prove
the existence of VT under (ii). In this case we will actually prove that T,
contains a maximum element.

Observing that g may be written as g = pg~—!, for some p, ¢ € P, notice
that we then have that g < p, so we see that g admits an upper bound in
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P. Using the quasi-lattice property, the least upper bound in P of {g}, here
denoted by o(g), exists. In particular g < o(g), so

m(9) =g 'o(g) € P.

We may then write
g=a(g)r(9)™", (32.10.1)

which might be thought of as the most efficient way of writing g. Evidently

vg(g)vj(g) lies in T, and we claim that this element dominates every other

element of T,. In fact, given any m,n € P such that g = mn™!, we have

that ¢ < m. Since o(g) is the least upper bound in P of g, it follows that
o(g) = m as well, so there exists « in P such that m = o(g)z. Consequently
n=g"'m=r1(g)a(g)" o(g)x = 7(9)z.
To prove our claim that va(g)v:‘_( 9) is the biggest element in 7T}, we must
prove that v,,v) < v(,(g)vi(g), so we compute
Va(9)Vr(g) (UmUn) " Vm¥n = Vo (g) V7 (g) UnVmVm¥ = Vo(g) Uz (g)Un¥p =

_ * * *x *
= Vo(9)Vr(g)Vr(9)VzVUn = Vo(g)aVUn = UmUp-

This proves that va(g)v:(g) is the biggest element in Ty, so it is obvious that
VT, exists.
Having proven the existence of VT, under either (i) or (ii), we may define

ug = VT,

and we will now set out to prove that u is a partial representation, the strategy
being to apply (E). We first notice that, thanks to (BZ3), the range of v is
a tame set, so

S = (v(P)Uv(P)"),

meaning the multiplicative sub-semigroup of A generated by v(P)Uwv(P)*, is
an inverse semigroup by ([Z1).

Notice that by construction, under hypothesis (ii), the values of u lie in
S itself, while under (i), the values of u lie in the V-closure of S, which is an
inverse semigroup by (CZ=30).

In either case we may view u as a map from G to some inverse semigroup,
which is a necessary condition for the application of (Ed). In fact we need u
to take values in a unital inverse semigroup, so we actually have to throw in
the unit of A.

We will now check conditions (EGI=d), but since the verification of
(EEEXA) is trivial, our task is simply to show that

UgUp = Ugh, (32.10.2)
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for all g and h in G. If either g or h lie outside PP~!, the left-hand-side of
(BZI3A) vanishes, so there is nothing to do. We therefore assume that both
g and h lie in PP~!, and in this case we claim that ugp, dominates T, 7},. To
see this, choose elements in T, and 7T}, respectively of the form v,,v;, and
vpvy, where g = mn~! and h = pg~!. We must then prove that

VUm Uy UpUy = Ugh. (32.10.3)

If {n,p} admits no upper bound then (BZZ3) implies that v} v, = 0, so
the left-hand-side of (BZT3) vanishes and, again, there is nothing to do. On
the other hand, if {n,p} admits an upper bound, we have by (BZZ1) that
there are z and y in P such that nz = py, and vy, v, = v, vy, whence

VU VpUy = vmvxv;v; = vmxv;‘y. (32.10.4)
Observe that
ma(qy) " =may g~ =mn"'pg~" = gh,

SO Umma vy, € Ty, and we then deduce from (BZTOA) that
Um U Upvy =2 VTgh = ugh.

This proves (BZ103), and hence that ug;, indeed dominates 7,T}. Con-

sequently
(==3)
UgUp = (\/Tg)(\/Th) = \/(TgTh) = Ugh,

taking care of (BZI2), whence allowing us to apply (E0), proving that w is
a partial representation, as desired.

Let us now prove that u extends v. For this observe that if p is in P,
then

u, = VT, = V{v,vi :m,n € P, mn~' = p}.

I = p, we have that m = pn, and we

Given m and n in P such that mn~
claim that

U Uy = Up.
In fact,

*

Up (U ) (U V))) = UpUn U U U = Upp Uy = U Uy

This proves the claim, so we see that v, indeed dominates T},. Since v,
moreover belongs to T),, we deduce that

vp = VT, = up,

proving that v indeed extends u, which is to say that v is extendable. This
concludes the proof. O
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In the above proof, we did not worry about the uniqueness of the ex-
tended partial representation u. However this will later become relevant, so
let us discuss it now. In doing so we will be content with the quasi-lattice
case, leaving the study of uniqueness in the case of weak quasi-lattices as an
outstanding problem.

Again referring to the strategy adopted in the above proof, notice that
our first step was to set u, = 0, whenever g is not in PP~!. Evidently this
is equivalent to saying that

€g = Ugllg—1 = 0.

On the other hand, in the quasi-lattice case, we saw that every g in PP~! has
a most efficient decomposition, namely (BZI0), in which case recall that
we have defined

*

ug = VI, = Vo (g)Vr(g)>

whence
€g = Uglhg—1 = Uﬂ(g)”i(g)vf(g)v;(g) = UU(Q)U;(Q) -
= Uo(g)Ug(g)~t = €o(g9) = €gV1-

32.11. Proposition. Let (G, P) be a quasi-lattice, and let A be a unital
C*-algebra. Then every semigroup of isometries v : P — A satisfying NCC
admits a unique extension to a partial representation u of G in A, satisfying

{ eqvi, ifge PP~
eg =

' (32.11.1)
0 , otherwise,

for all g in G, where e; = ugu,-1, as usual.

Proof. The existence follows from (BZ10) and our discussion above. Regard-
ing uniqueness, let u be an extension of v satisfying the above properties.
Then, for all g in G\PP~!, one has that

Ug = Uglg-1Ug = egug = Oug = 0.

On the other hand, if g is in PP~!, then ¢ admits an upper bound in P,
SO

m:=gV1

exists by hypothesis, so we may write ¢ = mn~!, where n = g~'m € P. By
hypothesis we then have that e, = e,,, so,

*
Ug = UglUg-1Ug = €gllg = EmUpmp—1 = UpnUpm—1Upp—1 = Uplp—1 = UpnU,,.

This proves that w is unique. O

Although apparently innocuous, condition (BZZI1) has very interesting
consequences for our purposes:
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32.12. Proposition. Let (G, P) be a quasi-lattice, and let A be a unital
C*-algebra. Given any partial representation u : G — A satisfying (BZI11),
the restriction of u to P is a semigroup of isometries satisfying NCC.

Proof. Given any n in P, notice that n=! < 1, so n=! v 1 = 1. Consequently
l=e1 =e,-1y1 = €1 = Uy Uy,

from where we conclude that u, is an isometry. In particular each w, is
left-invertible, so by (CI1d) we have that

U Uy, = Umn, Vm,n € P.

This shows that u|p is a semigroup of isometries.

To conclude, let us now prove NCC. For this, suppose first that m and
n are given elements of P not possessing a common upper bound. Then we
claim that m~'n & PP~!. To see this, assume by contradiction that

m~'n=pq !,

where p,q € P. Then
m,n < ng = mp,

contradicting our assumption. By hypothesis we then have e,,-1,, = 0, so
also u,,-1,, = 0. Focusing on (BZd) we then compute

* * _ (=) -0
U Uy Up Uy = U Upy—1UpUp-1 = UmpUpm-1,U,—-1 = 0.

Suppose now that m and n are elements of P possessing a common upper
bound. Then m V n exists and there are x and y in P such that

mVn=mx=ny.
Moreover, given the left invariance of the order relation on G, we have
1v(m™tn)=m Y (mvn) =2,
whence, by hypothesis we have e,,-1,, = e, and then

* == _ _ _
Uy Un = Umpm—1p = Ep-1pUm—1p = ExUm—1p =

= UpUgp—1Um-1p = UgUg—-1p—1pn = UgUy—1.

Therefore,
* * _ _ *
U Uy Un Uy = UppUgUy=1Up =1 = UmgU(py) =1 = UmyVnlmyp,

as desired. O
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33. C*-ALGEBRAS GENERATED BY SEMIGROUPS
OF ISOMETRIES

Given a semigroup P, we may consider the universal C*-algebra C*(P) gen-
erated by a set
{w, :n € P},

subject to the requirement that the correspondence
n— wy

be a semigroup of isometries. The universal property of C*(P) may then
be phrased as follows: for every unital C*-algebra A, and every semigroup of
isometries v : P — A, there exists a unique *-homomorphism ¢ : C*(P) — A,
such that the diagram

wl%

c*(P)

commutes. So, to study the representation theory of C*(P) is equivalent to
studying all semigroups of isometries based on P.

In the case of NxIN, observe that given any semigroup of isometries
v : NxIN — A, one has that v(; ) and v(,;) are commuting isometries.
Conversely, given any pair of commuting isometries, we obtain by (BId) a
semigroup of isometries based on NxIN. Thus one may argue that, to fully
understand C*(INxN) is to understand all commuting pairs of isometries,
and in fact many authors have dedicated a significant amount of energy in
this endeavor.

In order to give the reader a feeling for the difficulty of the problem at
hand, we point out that many results in the literature on this subject have
the following format: given any pair of commuting isometries S and 7" on a
Hilbert space H, there is an orthogonal decomposition

H=H & - --¢&H,
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in invariant subspaces, in such a way that the restrictions of S and T to the
H; may be described in more or less concrete terms. For example,

(i) S and T are unitary on Hj,
(ii) S|m, is unitary and 7|y, is a multiple of the unilateral shift,

(iii) S|, is a multiple of the unilateral shift and 7’|y, is unitary, etc.

However, as one approaches the last space H,,, the available descriptions
often become more and more technical and sometimes include an evanescent
space, about which little can be said. We refer the reader to [[I] and [E9] for
some of the earliest results, and to [Bd] and [E0] for what we believe represents
the state of the art in this hard subject.

The difficulties presented by the theory of semigroups of isometries based
on the otherwise nicely behaved semigroup INxIN is perhaps a sign that insur-
mountable obstacles lie ahead of the corresponding theory for more general
semigroups. We will therefore restrict our study to a nicer class of semigroups
of isometries, namely the extendable ones.

Given a group G and a sub-semigroup P C G, recall from (BIIQ) that a
semigroup of isometries

v:P— A

is extendable if there exists a partial representation v of G in A such that
Uy, = Uy, for every n in P. Thus, to study extendable semigroups of isometries
based on P is the same as studying partial representations of G which ascribe
isometries to the elements of P.

33.1. Definition. Let G be a group and let P C G be a sub-semigroup. We
will denote*! by C*(G, P) the universal unital C*-algebra generated by a set
{ug : g € G} subject to relations (CI7), in addition to

uru, =1, VnéeP

Observe that this is a special case of (IZ3), in the sense that C*(G, P)
coincides with C}, (G, Z), where & consists of the above set of relations
stating that u,, is an isometry for every n in P.

As a consequence of ([ZM), we therefore have that C*(G, P) may be
described as the partial crossed product algebra C(Q45 )xG, and we will now
give a precise description of the space 2.

Our relations, if written in the form (), become
en-1—1=0, VneP,
so the set Fr mentioned in (IZ3) is formed by the functions

we{0,1}¢ — nlew -1eC.

4l We should warn the reader that our choice of notation here is not standard. In
particular it conflicts with the notation adopted in [E3] for a C*-algebra which we will later
study under the notation N(P).
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Still according to (IZH), we have that 2, consists of all w € €y such that
nteglw]-1=0, VneP, Vgcuw.

The above condition for an element w € €4 to be in Q5 may be inter-
preted as

1

cw, VneP 33.2)

(
Since h < g if and only if h = gn™!, for some n in P, we see that (E332)
precisely expresses that w is hereditary*?. The above analysis and (I[Z1D)
therefore give us the following:

geEw = gn

33.3. Theorem. Let G be a group and let P C G be a sub-semigroup.
Consider the closed subspace 25 of €y formed by the hereditary elements,
equipped with the partial action of G obtained by restricting the partial
Bernoulli action. Then there is a natural *-isomorphism between C*(G, P)
and the partial crossed product C(2»)xG. Under this isomorphism, each
ug corresponds to 140,, where 1, denotes the characteristic function of

D} ={weQy :gecw}

One may argue that the above result is not fully satisfactory since the
definition of C*(G, P) puts too much emphasis on the group G, while one
might actually only be interested in the semigroup P. Further research is
therefore needed in order to answer a few outstanding questions such as:

33.4. Question. Can extendability of a semigroup of isometries v be char-

acterized via algebraic relations involving only the isometries v,, for n in
P?

Recall that (BI10) provides an answer to this question in the case of Ore
semigroups.

We have already mentioned that the commutativity of range projections
is a necessary condition for extendability of a semigroup of isometries, so any
answer to (B3d) is likely to include the commutativity of range projections.
This also motivates the following:

33.5. Definition. Given a semigroup P, we denote by C, (P) the universal

unital C*-algebra generated by a set {w,, : n € P}, subject to the relations
(1) whwn =1,

(il) WmWp = Wi,

(iil) wpwk, commutes with wy,w?,

for all n,m in P.

Another relevant open question is as follows:

42 Recall that a subset S of an ordered set X is said to be hereditary if, whenever  and
y are elements of X, such that x <y € S, one has that x € S.
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33.6. Question. Given a sub-semigroup P of a group G, can the subalgebra
of C*(G, P) generated by {u, : p € P} be concretely described?

In the above context, observe that, given a group element g € P~!P,
and writing g = m~n, with m,n € P, one has by (I9) that

Ug = Um—1p = Up—1Un,

since u,, is an isometry, and hence left-invertible. The image of P~ P under
u is therefore contained in the subalgebra referred to in (B3M). If G coincides
with P~1P, that is, if P is an Ore sub-semigroup of G, the answer to question
(B3M) is therefore that the subalgebra mentioned there coincides with the
whole of C*(G, P).

Being able to satisfactorily answer the above questions for Ore sub-
semigroups, we may give a nice description of C7, (P), as follows:

33.7. Theorem. Let P be an Ore sub-semigroup of a group G. Then

*,(P) is naturally isomorphic to C*(G, P) and consequently there is a *-

isomorphism

w:Ch(P) = C(Qp)xG,

such that
o(wy) =1,0,, VneP,

where Q5 and 1,, are as in (B33).

Proof. We will prove that there is an isomorphism
v Ch(P)— C*(G, P), (33.7.1)

such that
Y(wy) = up, VpeP (33.7.2)

The conclusion will then follow immediately from (B33). As a first step,
observe that the correspondence

ne€ Pw— u, € C*(G,P)

is a semigroup of isometries, therefore evidently satisfying (B351&d), and
which also satisfies (B3Do) thanks to (CZ). The universal property of
C%,(P) may therefore be invoked to prove the existence of a *-homomor-
phism ¢, as in (BZZD), satisfying (B373), and we need only prove that v is
an isomorphism.

Noticing that the correspondence

ne€ Pw—w, € CH(P)
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is a semigroup of isometries satisfying (BTIGd), we have by (BI10) that there
exists a partial representation

Wi G — ChHy(P),

such that w, = w,, for every n in P. Since the w, are isometries, the
universal property of C*(G, P) implies that there exists a *-homomorphism

~v:C*(G,P) — C:(P),

such that ~y(u,) = Wy, for all n in P. We then conclude that, for all n € P,
one has that
Y(¥(wn)) = A(un) = B = wn,

from where we see that vy o %) is the identity on C},(P). In particular this
shows that ¢ is one-to-one. In order to prove that 1 is onto C*(G, P), it is
enough to show that the standard generating set {uy : ¢ € G} of C*(G, P)
lies in the range of 1. For this, given g in G, write g = m~!n, with m and n
in P. Then

Ug = Upy—1g = Upp—1Up, = (Um) Uy, = (W) Y (wy,) =
= P(wp,wn) € P(Cry(P)).
This proves that ¢ is an isomorphism, as desired. O

Since the range of a partial representation is always a tame set by (CZ14),
the above result implies that the isometries canonically generating C,(P)
form a tame set in case P is an Ore sub-semigroup. However the following
seems to be open:

33.8. Question. Given a semigroup P, is the subset {w,, : n € P} of C%, (P)
tame? If not, what is the smallest set of relations one can add to the definition
of C*, (P) to make the answer affirmative?
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34. WIENER-HOPF C*-ALGEBRAS

In this chapter we continue the study initiated above of C*-algebras associated
to semigroups of isometries. One of the most important among these is the
Wiener-Hopf C*-algebra associated to a quasi-lattice ordered group (G, P), so
we dedicate the present chapter, in its entirety, to the study of this example.
We will initially concentrate on the study of a C*-algebra introduced by
Nica in [E3], which we shall denote by N(P), and which should be seen as
the full version of the actual Wiener-Hopf algebra to be defined later.
» We will now fix, for the entire duration of this chapter, a group G, and a
sub-semigroup P C G, such that (G, P) is a quasi-lattice.

34.1. Definition. We will denote by N(P) the universal unital C*-algebra
for semigroups of isometries based on P satisfying NCC. More precisely,
N(P) is the universal unital C*-algebra generated by a set {v, : n € P},
subject to the relations below for all n and m in P:

(i) viv, =1,
(il) UmUn = Vmn,

. . UmvnUmyn, 1L MV 1 exists,
(iil) vpvf, Vvl =

0 ,  otherwise.

Some authors denote the algebra introduced above by C*(G, P), but we
have chosen N(P) in order to avoid conflict with the notation introduced in
(BXd). Our notation is also intended to emphasize that N(P) depends only
on the algebraic structure of P, rather than on G.

As we have seen in (BZT) and (BZ13), there exists a one-to-one corre-
spondence between semigroup of isometries satisfying NCC and partial rep-
resentations of G satisfying (BZI1).

34.2. Proposition. Let N be the set of relations (BZI11), for all g in G,
and consider the universal C*-algebra C*, (G, N') for partial representations

par

of G satistying N, as defined in ([IZ2). Then there is a *-isomorphism
p: N(P)—C: (GN),

par

such that ¢(v,) = uy, for all n in P, where we denote the canonical partial
representation of G in C*,_(G,N') by u.

par
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Proof. Since u satisfies (BZZI1) by construction, (BZ13) implies that the re-
striction of v to P is a semigroup of isometries satisfying NCC. The universal
property of N(P) then provides for a unital *-homomorphism

p: N(P) = C.(G,N),

par

such that
o(vn) =Up, VYnéeP. (34.2.1)

On the other hand, by (BEZT), the universal semigroup of isometries
v : P — N(P) extends to a partial representation ¢ : G — N(P) satisfying
(BZII). So, again by universality, there is a unital *-homomorphism

¥ Chu(G,N) = N(P),

such that
P(ug) =74, VgeGaq.

Given any n € P, we have that

w(@(vn)) = 77/)(un) = Uy = Up,
from where we see that 1 o ¢ is the identity mapping on N (P).
Notice that the correspondence

ne P o, el (GN)

par

is a semigroup of isometries satisfying NCC, since this is obtained by com-
posing v with a *~homomorphism. We could now apply (BZI) to prove that
it extends to a partial representation of G, except that we already know two
extensions of it, the first one being

g€ G p(ty) €Cr (GN),

par

and the second one being simply u, as one may easily deduce from (BZ=ZT).
Clearly both of these extensions satisfy (BZI1), so the uniqueness part of
(BEZTT) implies that

0(0g) =uy, Vgeaq.

Consequently we have

@(¢(ug)) = () = ug,
s0 ¢ o 1) coincides with the identity mapping of C*, (G, N') on a generating

par

set, whence o1 is the identity. This proves that ¢ is indeed an isomorphism,
as desired. O

Using ([Z1d) we may then describe C7, (G, N), and hence also N(P),
as a partial crossed product. But, in order to state a more concrete result,
let us first give a description of the spectrum of N which is more geometrical
than the one given in (IZ3).
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34.3. Proposition. The spectrum of the set of relations N is given by
Qn = {w € ) : w is hereditary and directed43}.

Proof. We will first prove “C”, so we pick any w € Qr. For every n in P, we
have that n=*V1 = 1, so AV includes the relation “e,,-1 = e;”. Consequently,
for every g € w, we have by the definition of Q, that

1 1

leglu]=leg v =[gew] =1,
which is to say that gn™! € w, thus proving that w is hereditary.
We next claim that

wC PP (34.3.1)

To see this let g € G\PP~!. Then N includes the relation “e, = 0” and,
again by the definition of Qxr, we have that [¢g € w] = 0, so g ¢ w, proving
the claim.

We will next prove that w is directed. For this let g, h € w, so by (BZ=3)
we may write ¢ = mn~! and h = pg~!. Assuming, without loss of generality,
that m =gV 1and p=h V1, we have that

l=[gew=[gV]1ecw =[meuw,
S0 m € w, and similarly p € w. Observing that
g=mn~'<m, and h=pq ' <p,

we see that it is enough to find a common upper bound for m and p in w,
since this will automatically be a common upper bound for g and h.

Recalling that (25 is invariant under the partial Bernoulli action, and
since m € w, we have that m~w € Q. So the conclusion reached in (BZ=Z)
also applies to m~'w, whence

mpemtw C PP

and therefore (m~!p) V 1 exists. The relation “em-1p = €(m-1pyv1 18 then
among the relations in AV, so for all k£ in w one has

[m™'p € k™'w] = [(m 'p)vl € k1w

Plugging in k = m, left-hand-side above evaluates to 1, so the right-hand-side

does too, meaning that

(m~tp)v1em 1w,

43 Recall that a subset S of an ordered set X is said to be directed if, for all z,y € S,
there exists z in S, with z > x,y.
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whence
w D m((m_lp) Vv 1) =pVm,

where the last step above, including the existence of p V m, is a consequence
of the left-invariance of the order relation on G. This proves that m and p
have a common upper bound in w, thus proving that w is directed.

Let us now prove the inclusion “2” between the sets mentioned in the
statement, so we pick an hereditary and directed w € 2. We will first prove
that w is contained in PP~!. For this pick g € w and observe that, since 1
is also in w, there exists an upper bound m for {g,1} in w. Thus m is in P
and, since g < m, we deduce that n := g~ 'm also lies in P. So

g=mn"tec PP

This verifies our claim that w C PP~ L.

In order to prove that w € Qu, we must show that f(h~'w) = 0, for all
h in w, and for all f in Fpr (see (Z3) for the definition of Fys).

According to (BZII) we need to consider two cases. Firstly, when g is
not in PP~ the corresponding relation “eg = 0” in N leads to the function

flx)=[gex], Vxe,

so we must prove that
gé€h'w, Vhew. (34.3.2)

By the left-invariance of the order relation on G, for every h in w, we
have that h~'w is also hereditary and directed. Moreover, if h € w, then
h~lw also lies in Q4, so (BZ=X) holds for h~tw, just like it does for w. So

hlwcC PPt

from where (BZ33) follows immediately.
The second case to be considered is when ¢ € PP~!, in which case gV 1
exists and we are led to the function f in Far given by

f&)=lgetl-lgviet], vEe.
Given h in w we must then show that f(h~'w) = 0, which translates into
[g € htw] =gVl € htw),
or, equivalently
hgew < h(gVl) €w,
(hg)”\/ h

where the vertical equal sign is a consequence of left-invariance. Using that w
is hereditary and directed, and that h is in w, this may now be easily verified.
O

Interpreting (IZM) in the present case, and using (BZd), we have the
following concrete description of N(P) as a partial crossed product.
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34.4. Theorem. Given a quasi-lattice (G, P), consider the subset Qs of
2C formed by the hereditary directed subsets of G containing 1. Then Qs is
compact and invariant under the partial Bernoulli action. In addition there
is a *-isomorphism

Y N(P) — C(Qn)xG,
such that ¥ (v,) = 1,,0,,, where 1,, denotes the characteristic function of the
set {w € Q1 n € w}.

Observe that if w is a hereditary and directed subset of G, then wN P is a
hereditary and directed subset of P. We will next explore this correspondence
in order to obtain another description of €2,s.

34.5. Proposition. The map
weQy—wnPe2l

is a homeomorphism from Qs onto the subset of 2 formed by all nonempty,
hereditary, directed subsets of P.

Proof. We leave it for the reader to verify the continuity of our map.
Given any w in Qpr, let £ = w N P. Using that w is hereditary and
directed by (BZ3), it is easy to see that

wszflz{geG:ggn, forsomeneé},

from where it follows that the map in the statement is injective.

It is obvious that wN P is a hereditary directed subset of P for every w in
Qur, and conversely, for every nonempty, hereditary, directed subset £ C P,
one has that

we :=EP7!
lies in Qpr, and § = we N P. This proves that the range of our map is as
described in the statement. Since 2z is compact and 2F is Hausdorff, it
follows that our map is a homeomorphism onto its range. O

The above result can easily be used to transfer the partial Bernoulli
action on Qx to a partial action of G on the set of all nonempty, heredi-
tary, directed subsets of P, thus providing yet another model for the partial
dynamical system leading up to N(P) in (BZ3).

Given any m in P, notice that the set
mPt={mnt':neP}={geG:g<m} (34.6)

is a hereditary and directed subset of G containing 1, hence mP~! is an
element of Q.
Given any w € 5, we may then consider the net

{mP_l}mewﬂPp (347)

where w N P, carrying the order induced from G, is a directed set by (BZ3),
hence suitable for playing the role of the index set for a net.
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34.8. Proposition. For every w in s, the net described in (BZZ) con-
verges to w.

Proof. Given w in 25 and a neighborhood V' of w, by definition of the product
topology there are

91,925+, 9r; h‘17h27"‘7h8 € G7
such that the basic neighborhood
Uw={neQu:gi€n, hj¢n, Vi<r Vj<s}

satisfies
welUCV.

In particular the g; lie in w, so we may use the fact that w is directed to
find some mg in w such that mg > g;, for all i« < r. Upon assuming without
loss of generality that 1 is among the g;, we have that mo € w N P.

We then claim that, for all m in w N P with m > mg, one has that
mP~! € U, which is to say that

(a) g; € mP~1, for all i <7, and
(b) hj ¢ mP~1, for all j <s.

Point (a) is an obvious consequence of the fact that each
gi < mo < m.

With respect to (b), assume by way of contradiction, that some h; € mP~1.
Then h; < m, whence h; € w, because m € w, and w is hereditary. This is
a contradiction with the fact that w belongs to U, hence verifying (b). This
concludes the proof. O

Recall from (BZ2) that the regular representation of P on ¢?(P) satisfies
NCC. Thus, by universality, there is a *-representation of N(P) on ¢?(P)
consistent with the regular representation. Our next goal will be to study the
range of such a representation and, in particular, to show that it is isomorphic
to the reduced crossed product relative to the same partial dynamical system
whose associated full crossed product was shown to coincide with N(P) in

34.9. Definition. The closed *-algebra of bounded operators on ¢2(P) gen-
erated by the range of X is called the Wiener-Hopf algebra of P, and it is
denoted by W(P).

In [E3], Nica denotes the C*-algebra defined above by W(G, P), but since
the above definition is given only in terms of the semigroup P, we prefer not
to explicitly mention the ambient group G.

We will next describe W(P) as a reduced partial crossed product.
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34.10. Theorem. There is a *-isomorphism
X : W(P) = C(Qn) Xea G,
such that x(\,) = 1,0, where 1,, is as in (BZ3).

Proof. The universal property of N(P) implies that there exists a *-homo-
morphism
o:N(P)— W(P),

such that o(v,) = A, for all n in P, which is clearly onto.
Considering the *-isomorphism ¢ given in (BZ2) we may define a surjec-
tive *-homomorphism p = o 09!, as indicated in the diagram:

cn)xG L owp)

'l/) )\ /(g'
N(P)

We will now prove that the kernel of p coincides with the kernel of the
regular representation

A:C(Qn)XG = C(Qn) X1ea G,

from where the statement will follow.

Consider the conditional expectation F from .#(¢*(P)) onto the subal-
gebra formed by the diagonal operators relative to the standard orthonormal
basis of £2(P). To be precise,

F(T)= X ennlenn, YT € Z((P)),
nepP

where the sum is interpreted in the strong operator topology, and each e,
is the orthogonal projection onto the one-dimensional subspace generated by
the corresponding basis vector. It is a well known fact that F' is a faithful
conditional expectation onto the algebra of diagonal operators.

We will also consider the conditional expectation E, given by the com-

position
E

T

CO)xG L )G 5 ),

where E; is the faithful conditional expectation given by ([Z3). We then
claim that the diagram
Cn)xG L w(p)

cay) 5 o2(Ep)
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commutes, where the bottom arrow is to be interpreted as the restriction of
p to the canonical copy of C'(£2x) within the crossed product.

By (BZZ3) we have that N(P) is the closed linear span of the set of
elements of the form v,,v}, as m and n range in P. Using (BZ2) we therefore
have that C(Qar)xG is spanned by the elements y of the form

Yy = 7/}(Umvv>:) = (Ln0m)(106,)" = Brn(Lin-115-1) 0y -1 =

=Ly Lyn—10mm—1, (34.10.1)

and the commutativity of the above diagram will follow once we check that
Fp(y) = pE(y), for every y of the above form.

Assuming that m # n, one has that mn=! # 1, and E(y) = 0. On the
other hand,

p(y) = 0 0P o P(vv) = o(vmvl) = AmAL.

Because m # n, one has that the matrix of A,;, A}, has no nonzero diagonal
entry, which is to say that

F(p(y)) =0=p(E®y)),

as desired.
Assuming now that m = n, we have that y lies in C(ys) (which we
identify with C'(2xr)d1 as usual), so E(y) = y. On the other hand

PY) = AmAn,

which is a diagonal operator by (BI—4), whence

proving our diagram to be commutative, as claimed.

We will eventually like to show that p is one-to-one on C(Qy). With
this goal in mind we next claim that, for every k in P, and every f in C(Qy),
one has that the k" diagonal entry of p(f), here denoted by p(f)x , is given
by

p(kk = F(RPTY), (34.10.2)

where we are seeing kP! as an element of Q, as we already did in (BZ2).
Let us first assume that f = 1,,,, where m is in P. In this case, identifying
1,, with 1,,01, as usual, we have that

(ez)

1,01 P (vmvy,),
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so p(1,,) = A Ak, whence for every k in P, the corresponding diagonal entry
of p(1,,) is given by

p(L)ik = X = [k = m] = [m € kP = Ly (kP7"),
proving (BZI03A) for the particular case of f = 1,,. To prove the general

case of this identity, it is enough to verify that the 1,, generate C(Q2y) as a
C*-algebra, which we do as follows: by Stone-Weierstrass we have that

{1,:9€ G} (34.10.3)

generates C(Q2y) as a C*-algebra. On the other hand, since each w in Qy is
hereditary and directed, and since 1 € w, we have that

gEw & gVlew, Vged.

Consequently 1, = 1451, when g V 1 exists, and 1, = 0, otherwise. Except
for the identically zero function we then have that (BZT03) coincides with

{1, :n € P},

which is therefore also a generating set for C'(€2xr), concluding the proof of

Still aiming at the proof that the kernel of p coincides with the kernel of
the regular representation of C'(2xr)xG, we will next prove that p is injective
on C(Qn).

For this, suppose that p(f) = 0, for some f in C(ys). From (BZTI3)
we conclude that f vanishes on every kP~! in Q. However, the set formed
by these is dense in Qs by (BZ3), so f = 0.

With this we may now describe the null space of p, as follows: given any
y in C(Qx)xG, and using that F' and E; are faithful and p is injective on
C(Q2nr), we have that

p(y) =0 & F(p(y)'p(y) =0 < p(Ey'y) =0 <

& E(y'y)=0 & Ei(A(y"y) =0 & Ay) =0.
This shows that p and A share kernels, as claimed, so p factors through

A, producing a *-isomorphism

CQN) "G L5 W(P),

whose inverse satisfies all of the required conditions. O

We may now use the results on amenability of Fell bundles to obtain
conditions under which N(P) coincides with the Wiener-Hopf algebra:
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34.11. Theorem. Let (G, P) be a quasi-lattice, where G is an amenable
group. Then N(P) is naturally isomorphic to W(P).

Proof. Follows immediately from (BZ4), (B210), and (EI2). O

We dedicate the remainder of this chapter to prove a useful characteri-
zation of faithful representations of the Wiener-Hopf algebra.

34.12. Proposition. Let (G, P) be a quasi-lattice. Then the partial Ber-
noulli action restricted to Qs is topologically free.

Proof. Let g € G\{1} and assume by contradiction that there is an open
subset V' of the domain of 3,, where 3 refers to the partial Bernoulli action,
formed by fixed points for f,.

By (BZ=) the collection of all mP~!, as m range in P, forms a dense
subset of Qs, so there is some m in P such that mP~! € V. Therefore

mP™t = B,(mP~') = gmP™!.

Since m is the maximum element in mP~!, and gm is the maximum
element in gmP~!, we deduce that gm = m, and hence that g = 1, a contra-
diction. This concludes the proof. U

In view of (BZM) and the result above, Corollary (EI0) applies to give
a characterization of faithful representations of the Wiener-Hopf algebra as
those whose restriction to C () are faithful. However, a more careful anal-
ysis will lead us to an even more precise result. But before that we need the
following auxiliary result.

34.13. Lemma. Let (G, P) be a quasi-lattice and let W be a subset of
Qs which is nonempty, open and invariant. Then there are py,ps,...,Dk €
P\{1}, such that W contains the subset

{weQn :p;¢w, foralli=1,... k}.

Proof. As before, we denote the partial Bernoulli action of G on Qx by 3,
and for each g in GG, we denote the range of 3, by Dé\/.

Regarding the elements mP~! of Qur described in (BZ), we claim that
1P~ lies in W. To see this observe that, for every g in G, one has

1P~ e DY =

gelP™t & gleP
The orbit of 1P~! under 3 is therefore given by
{B,(1P~ Y :ne P} ={nP ':ne P}

which is a dense subset of Q2 by (BZH). Since W is nonempty, it follows
that W contains nP~! for some n € P. So, using the invariance of W, we
deduce that

1P~ =B, (nP~Y) € B, (WN DY) Ccw,
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proving the claim. We may therefore pick
91,92, ---59r; h1,ho, ... hs € G,
such that the basic neighborhood
U={weQy:gicw, hj ¢w, Vi <r, Vj <s}

satisfies
1P teUucCw.

Consequently, for each i < r, one has that g; € 1P~!, so g; has the form
gi=n; ! for some n; in P. However notice that n; ! ¢ w, for every single w
in Qur, because

. ==)
n, <1 € w,
and w is hereditary by (BZ3). So the condition “g; € w”, appearing in the
definition of U above, is innocuous and hence may be omitted, meaning that

U={weQn:hj¢w, Vj<s}.

Since every w in Qy is directed by (BZ3), one may easily see that w C
PP~ (this was in fact explicitly proved in (BZZ3T)). So, if any given h; is
not in PP~!, the condition “h; ¢ w” is true for any w in Qur, and hence
may also be eliminated from the definition of U. We may therefore assume,
without loss of generality, that the h; all lie in PP~!.

Recall that such elements are precisely the ones which admit an upper
bound in P, and hence h; V 1 exist, for every j. Again because every w in
Qs is hereditary and directed, it is easy to see that

hjcw & hjVlicw, Vwey.

We then conclude that the condition “h; € w” in the definition of U may be
replaced by “h; V1 ¢ w”, allowing us to assume without loss of generality

that h; € P. Moreover we must have h; # 1, for every j, since otherwise
U = (). This concludes the proof. O

The following is the characterization of faithful representations of the
Wiener-Hopf algebra announced earlier.

34.14. Theorem. Let (G, P) be a quasi-lattice and let  be a representation
of W(P) on a Hilbert space. Then 7 is faithful if and only if, given any
P1,D2,-- -,k € P\{1}, one has that

1=V (1 =Voly)--- (1 = ViVy') #0,

where each V; = w(\,,).
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Proof. Recall from (BZ9) that W(P) is the closed *-algebra of operators on
(?(P) generated by the range of the regular semigroup of isometries of P,
namely

{A\p :p € P}

It is also interesting to point out that, apart from Ay, which is the identity
operator, all of the other A\,’s are proper isometries, in the sense that

1= A5 #0, Vpe P\{1}.

Denoting by e; the first element of the canonical basis of £2(P), observe
that, for each p in P\{1}, one has that e, is orthogonal to the range of A, )
by (BZ3), so that in fact we have

(1= ApA5)(er) = er. (34.14.1)
Therefore, given p1,po,...,pr € P\{1}, as above, we have that

(L= 2Ap A0 )X = A, Ap,) - (L= Ap A5 ) # 0,
because this operator sends e; to itself, as one may easily verify by successive
applications of (BZTZ).

If 7 is a faithful representation of W(P), it therefore does not vanish on
the above operator, hence proving the “only if” part of the statement.

In order to prove the converse, let us assume by contradiction that w
satisfies the condition in the statement and yet it is not faithful. Using the
isomorphism

X : W(P) = C(Qn) X1ea G

provided by (BZ10), we have that

pi=mox !

is a representation of the above reduced crossed product, which is likewise
non-faithful.

Denoting by J the null space of p, we then have that J is a nontrivial
ideal of C'(2ar)X,eaG. So, putting together (BZ13) and (EI3), we deduce
that

K :=JnC( ) # {0},

and moreover K is invariant by (EZ311). Writing K = Cy(W), where W is an
open subset of {2xr, we then have that W is nonempty and invariant.
We may then invoke (BZ13) to produce pi,pa, ..., px in P\{1} such that

U={weQy:pi¢w, foralli=1,...,k} CW.
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It follows that any function in C(Qy), whose support is contained in U,
necessarily lies in the null space of p.
Denoting, as usual, the characteristic function of the set

{weQy:peuw}
by 1,, observe that the characteristic function of U, here denoted by 1y, is

given by
ly = (1 - 1p1)(1 - 1172) s (1 - 111%)

Therefore
k =) (e=m)
0= p(lU) = ‘1;[1 p(l - 1177‘,) = 'l;llp(l - (1111'61%')(11%51%‘)*) =
k k k
= ‘l;llp(l - X()‘pi)X()‘Pi)*) = 1;[1 (1 - 77()‘}%')77()‘101)*) = '1;[1 (1 - ‘/z‘/;*)7

where the V; are as in the statement. This is a contradiction, and hence the
proof is concluded. O

Notes and remarks. Wiener-Hopf operators were first introduced by Norbert
Wiener and Eberhard Hopf in [E3], who studied them from the point of view of
integral equations. In the context of quasi-lattice ordered groups, the Wiener-
Hopf C*-algebra W(P) and the algebra N(P) (with a different notation) was
first studied by Nica in [E3], where he observed that both W(P) and N(P)
have a “crossed product type structure”, emphasizing the role of the abelian
subalgebra D = C'(Qr) [E3, Section 6.2]. We believe the above description of
these algebras as reduced and full partial crossed products vindicates Nica’s
suspicion in a telling way. Theorem (BZA) is due to Laca and Raeburn [I3,
Proposition 2.3(3)].
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35. THE TOEPLITZ C*-ALGEBRA OF A GRAPH

As we have already mentioned, C*-algebras generated by partial isometries
have played a very important role in the theory. Besides the C*-algebras
associated to semigroups of isometries treated in the previous chapter, some
of the most prevalent examples are the Cuntz-Krieger [Z3]|, Exel-Laca [E0]
and the graph C*-algebras [[3].

The class of Exel-Laca algebras includes the Cuntz-Krieger algebras, but
the relationship between the former and graph algebras is not as straightfor-
ward. When a certain matrix which parametrizes Exel-Laca algebras have
the property that two distinct rows are either equal or orthogonal (a well
known property of the incidence matrix of a graph), Exel-Laca algebras are
easily seen to produce all graph algebras, except for graphs containing ver-
tices which are not the range of any edge (known as sources). However, up
to Morita-Rieffel-equivalence, the class of Exel-Laca algebras coincides with
the class of graph algebras, as recently proved by Katsura, Muhly, Sims and
Tomforde [[A].

Both Exel-Laca and graph C*-algebras may be described as partial cros-
sed products, and in fact these algebras have been among the motivating
examples for the development of the theory of partial actions. Since the par-
tial crossed product description of graph C*-algebras is a bit easier than that
of Exel-Laca algebras, we will dedicate the remaining chapters of this book
to studying graph C*-algebras from the point of view of partial actions.

» From now on we will fix a graph
E = (E°, E' rd),
where E° is the set of vertices, E' is the set of edges, and
r,d:E* — E

are the range and domain (or source) maps, respectively.
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35.1. Definition. The Toeplitz C*-algebra of E, denoted Tg, is the univer-
sal C*-algebra generated by a set of mutually orthogonal projections

% = {p,:v e E%},
and a set of partial isometries
G4 = {sq:0a € E'Y},

subject to the relations:

(i) sisy = [a = b] pg(a), Where the brackets correspond to Boolean value,
(11) SaS:; < DPr(a)s

for all @ and b in E'. The graph C*-algebra of E, denoted C*(E), is likewise
defined, where in addition to the above relations, one has

(111) pU = ZT(Q):U SQS::7
for all v € E°, such that r~!(v) is finite and nonempty.

The first requirement for a C*-algebra generated by partial isometries
to be tractable with our methods is that the partial isometries involved form
a tame set, so our first medium term goal will be to prove this fact. Since
C*(F) is derived from the Toeplitz algebra, we will initially concentrate our
attention on Tg.

As usual, a (finite) path in F is defined to be a sequence a = g ...,
where n > 1, and the «; are edges in E, such that d(a;) = r(a;y1), for all
i =1,...,n—1. This is the usual convention when treating graphs from a
categorical point of view, in which functions compose from right to left.

The length of «, denoted |a], is the number n of edges in it. As a special
case we will also consider each vertex of E as a path of length zero.

The source of a path « of length n > 0 is defined by d(«) = d(a,), and
its range is defined by r(a) = r(aq). In the special case that « is a path of
length zero, hence consisting of a single vertex, the range and source of « are
both defined to be that vertex.

The set of all paths of length n will be denoted by E™ (this being con-
sistent with the notations for E° and E! already in use), and the set of all
(finite) paths will be denoted by E*.

By an infinite path in E we shall mean an infinite sequence

A= 0109...

where each «; is an edge in E, and d(«;) = r(a;41), for all i > 1. The set of
all infinite paths will be denoted by E°°. We define the range of an infinite
path a to be r(a) = r(ay), and the length of such a path to be |a] = oco.
There is no sensible notion of domain for an infinite path.
The set formed by all finite or infinite paths in E will be denoted by E*,
namely
Ef = E*UE™.
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35.2. Definition. Given paths o € E* and 3 € E*, with d(a) = r(8), we
will denote by af the path defined as follows:

(i) if |a] > 0, and |3| > 0, then af is simply the concatenation of o and /3,
(ii) if |o| =0, and |B| > 0, then a8 = B,
(iii) if || > 0, and |B| = 0, then aff = a,
)

(iv) if |a| = |B] = 0, in which case « necessarily coincides with 8 (because
a=d(a) =r(B) = p), then af is defined to be either « or .

Thus we see that paths of length zero get absorbed at either end of path
multiplication except, of course, when both path being multiplied have length
zero, when only one of them disappears. One should note, however, that even
though paths of length zero do not show up in the resulting product, they
play an important role in determining whether or not the multiplication is
defined. In particular, if « is a path of length zero consisting of a single vertex
v, then af is not defined, hence forbidden, unless r(3) = v.

This should be compared with the operation of composition of morphisms
in a category, where vertices play the role of identities.

35.3. Definition. Given two paths o € E*, and 8 € E*, we will say that
« is a prefiz of B if there exists a path vy € E*, such that d(a) = r(v), and

B =ay.
As an example, notice that for every path «, one has that r(a)a = a,

so r(«a) is a prefix of a. The following is an alternate way to describe this
concept:

35.4. Proposition. Given two paths a € E*, and § € E*, one has that a
is a prefix of 8 if and only if

(i) () =r(B),
(i) |af < B,
(i) ay = By, foralli =1,...,|al.

Notice that when « and [ are paths of nonzero length, in order to check
that « is a prefix of 3 it is enough to verify (BEiZ1i—d), since (BEiZ3), follows
from (BoZ), with ¢ = 1.

On the other hand, if |a| = 0, then « is a prefix of /5 if and only if (E2Z3)
holds.

Given a finite path o = a; ..., of length n > 0, we will denote by s,
the element of Tg given by

So = Say - - - Sa,, -
In the special case that v is a vertex in E°, and « is the path of length zero
given by o = v, we will let
Sa = Po-



304 PARTIAL DYNAMICAL SYSTEMS AND FELL BUNDLES

35.5. Lemma. For every o € E*, one has
(i) sa = Pr(a)Sa;

(ii) Sa = SaPd(a)s

(111) Sas:; < Pr(a)-

Proof. Observing that the case |o| = 0 is trivial, we assume that |a| > 1.
Notice that, for every edge a € E', one has

_ L@ L
Pr(a)Sa = Pr(a)SaSqaSa = SaSgSa = Sa-

Applying this to the leading edge of «, we deduce (). On the other hand,

_ «, (B3
Sa = SaS45a = SaPd(a)>

which, applied to the trailing edge of «, provides (B).
Regarding (), we have

O]
Sasz = Pr(a)Sa S:pr(a) < H8a||2pr(a) < Pr(a)- (—'-)
In the first inequality above we have used the identity
abb*a* < ||b||*aa*,

known to hold in any C*-algebra, while the second inequality in () holds be-
cause S, is a product of partial isometries, each of which has norm no bigger
than 1, hence ||so| < 1. O

35.6. Remark. If « = a3 ..., is a random sequence of edges, not neces-
sarily forming a path, we may still define s, as above. However, unless « is
a path, we will have s, = 0. The reason is as follows: if there exists i with
d(ci) # r(ai+1), then

Sa;Sa;r1 = Sa;Pd(a)Pr(ciii)Saivr = 0,
because the vertex projections p, are pairwise orthogonal by construction.

35.7. Lemma. If « is a finite path in E, then s}, 8o = pg(q)-

Proof. This is evident if |a| = 0, while (B:13) gives the case |o| = 1. If
|a] > 2, then

(223

* R J— J—
Sa1Sa1Sas = Pd(ay)Saz = Pr(az)Sas =  Saz (*)
SO
* * * * % *
SeSa = Sp .Sk St SarSas - San = Sk, - Se.Sag - Sans

()
and the result follows by induction. O
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35.8. Lemma. Given o and 3 in E* such that s},sg # 0, then either o is a
prefix of 3, or vice versa.

Proof. Since sjso = (sksp)* # 0, we see that o and § play symmetric roles,
so we may assume, without loss of generality, that |a| < |5|.
Observe that —
07 5058 = SaPr(a)Pr(8)58,

which yields p,(a)prs) # 0, and consequently r(a) = r(3). If |a| = 0, the
proof is thus concluded, so we suppose that || > 0, writing o = ayas . .. ay,
and 8= B102...0m.

Notice that a; = f, since otherwise we would have s}, ss, = 0 by
(Bo13) , which would imply s sz = 0. Writing v = d(f1) = r(f2), we then
have

07 5458 = Sp, -+ 50050581582 -+ 5B =
(B2=3)
= Sn o SeoDuSBy 8B = Sey v SeuSBs - SBs
and the proof again follows by induction. O

Our goal of proving the generating set of 7g to be a tame set of par-
tial isometries depends on an understanding of the semigroup they generate.
With the above preparations we are now able to describe this semigroup.

35.9. Proposition. Let 4 be the subset of Tg given by
G=4 UG ={p,:v€E°}U{s,:a€ E'}.
Then the multiplicative sub-semigroup of Tg generated by ¢ U ¢* U {0}
coincides with {snsj : a, 8 € E*} U {0}.
Proof. We will initially prove that the set M defined by

M = {5485 : o, 3 € E*} U{0},

is closed under multiplication. So pick «, 5, p and v in E*, and let us show
that
5a555,5, € M. (35.9.1)

If s3suy = 0, then our claim follows trivially. Otherwise sjs, # 0, and
(B53) implies that [ is a prefix of u, or vice versa. Assuming without loss of
generality that 3 is a prefix of u, we have that s, = sgs¢, for some path ¢,
whence

* * * x (BB=32) x (BB=9) *
SaSBSNSV = Sa85838581, = Sapd(ﬁ)85sy = Sapd(ﬁ)pr(§)85sl, =

If d(B) # r(£), the above vanishes, in which case (BiZl) is proved, or else
d(B) = r(§), whence pag)pr(e) = Pr(¢), and the above equals

= SaDr(e) S¢S, = SaS¢S, = Sags, € M.
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Strictly speaking, o§ might not be a path, but in this case so¢ = 0, by
(BD@), s0 sqes;, lies in M, as well.

This concludes the proof that M is a semigroup, as claimed. Using angle
brackets “( )" to denote generated semigroup, we clearly have

gUg*U{0} C M C(9ugU{0}),

from where the proof follows easily. O

Speaking of the elements s, s} forming the above semigroup M, notice
that when d(a) # d(8), one has

. (===

SaSp = )Sapd(a)Pd<5>SE =0.
So, we may alternatively describe M as
M = {sasps:a, B € B, d(a) # d(B)} U{0}.
Having a concrete description of our semigroup, we may now face our

first main objective:

35.10. Theorem. For every graph E, the set of standard generators of Tg,
namely ¥ =%, U %, is a tame set of partial isometries.

Proof. By (B23), it suffices to prove that SaSj is a partial isometry for every
a, 8 € E*. We have

* (=)
(5a55)(5a55) (8aSh) = Sa5558545a55 =  SaPd(8)Pd(a)Sh =

= SaPd()Pd(B)Sp = SaSs-
This shows that s,sj; is a partial isometry, and hence that ¢ is tame. (]

It follows from the above that the set {s, : a € E'} is also tame. So,
letting IF be the free group on the set E', we may invoke (IZI3) to conclude
that there exists a unique semi-saturated *-partial representation

uw:F — Tg, (35.11)

such that u, = s,, for all @ € E', where ’7~'E is the algebra obtained from 7g
by adding a unit to it, even if it already has one*?.

As usual let us denote by e, = ugu,-1.

44 1t s easy to see that T is unital if and only if EO is finite, in which case the unit of
TE is given by the sum of all the p,, with v ranging in EO.
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35.12. Proposition. The partial representation described in (BZT1) satis-
fies, for every a and b in E*,

(i) d(a) =d(b) = eq-1 =ep1,
(i) d(a) #d(b) = eq-rep-1 =0,
(iii) r(a) =d(b) = eq < ep-1,
(iv) a #b = eqep = 0.

Proof. Noticing that
€a—1 = Ug-1Uq = 3:;5(1 = Pd(a)>
points (i) and (ii) follow at once. As for (iii) we have

€q = UglUg-1 = 8q8, < Pr(a) = Pd(b) = €p—1-

Finally, if a # b, then

(E=3)
€alh = Ugllyg-1UpUp—1 = SqS,SpS; = 0. O

In order to avoid technical details, we will now restrict ourselves to study-
ing graphs for which 75 is generated by the s, alone, a property that follows
from the absence of sinks, as defined below:

35.13. Definition. A vertex v € EC is said to be a:
(i) sink, if d=1(v) is the empty set,
(ii) source, if r~1(v) is the empty set,

(iii) regular vertex, if r—*(v) is finite and nonempty.

If the vertex v is not a sink, then there exists some edge a in E' such
that d(a) = v. Therefore (Bi1d) implies that

S:;Sa = Pd(a) = Pv;

whence p, lies in the algebra generated by the s,.

» From now on we will concentrate on graphs without sinks, so we suppose
throughout that £ has no sinks.

In this case, as seen above, all of the p, may be expressed in terms of
the s,, which is to say that

4 ={sq:a€E"}

generates Tg, as a C*-algebra.
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35.14. Theorem. Let E be a graph without sinks, and let [F be the free
group on the set E', equipped with the usual word-length function. Also let

(i) R’ be the set consisting of relations (I1=1),
(ii) Reae be the set of relations described in (Z20), and

(iii) Re be the set consisting of relations (BATZ1T1), for each a and b in
E'. (By this we mean that we take the relation on the right-hand-side
of “=7 whenever the condition in the left-hand-side holds).

Then Tg is *_isomorphic to the universal unital C*-algebra generated by a
set {ug : g € F'}, subject to the set of relations R’ U R URE.

Proof. 1t clearly suffices to prove that Te possesses the corresponding uni-
versal property. As a first step, observe that the elements in the range of
the partial representation u given by (Bo) satisfy R’ for obvious reasons,
satisfy R..; because u is semi-saturated, and satisfy Ry by (Bo13).

Since s, = u,, for every a in E', we see that the range of u contains
¢,. Moreover, for every v € E°, one may pick a € E! such that d(a) = v,
because E has no sinks, whence

*
Pv = S$58a = Ug—1Ug,

and so we see that the range of u also contains %, hence generating ’7~'E as a
C*-algebra.

Let us now assume we are given a unital C*-algebra B which contains a
set {14 : g € F}, satisfying relations R’ U Rq. URE. As usual, for each g in
I, we will let é; = tgtg—1.

For each a in E', define, 5, = 4,, and for every v € EY, choose an edge
b € E', with d(b) = v, and put p, = é,-1. Notice that such an edge exists
because v is not a sink. Moreover, if a is another edge with d(a) = v, then
ép-1 = €4—1 by (BXTZ3), a relation which is part of Rg, and is therefore
satisfied by the .

We now claim that the sets

G ={p,:veE’, and @ ={3,:acE"},

satisfy conditions (BTI&d). In fact, since @ is clearly a partial representa-
tion, we have that each §, is a partial isometry by (IZZ32), and hence the p,
are projections.
If v1,vo € E° are two distinct vertices, choose a1,as € E', with d(a;) =
v;. Then
Doy Duy = éal—l éa;1 =0,

by (BETZ), so the p, are pairwise orthogonal, as required.
In order to check (BEZ13), let a,b € E'. Then

8 = Q101 = Qg1 Gia -1 Ty 1y = Tig—1EaEilp.
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If a # b, the above vanishes by (BiTZd). Otherwise, we have
558y = Ug-11q = €q-1 = Pa(a)-
Let us now prove (BZId), so pick a € E!. Since E has no sinks, there
exists some b € E*, such that d(b) = r(a). Then
o o (=) A .
845, = Uqlg—1 =€q < €p—1 = Pa(b) = Dr(a)-
Therefore, by the universal property of Tg, we conclude that there exists
a *-homomorphism ¢ : 7z — B, such that

©(py) = Dv, and  ©(s4) = Sq, (35.14.1)
for all v € E°, and all a € El.~ By mapping identity to identity, we may
extend ¢ to a unital map from Ty to B.

The proof will then be concluded once we prove that ¢(ug) = g4, for all
g in IF, which we do by induction on |g|. The case |g| = 0, follows since ¢
preserve identities, while the case |g| = 1, follows from (BoTZ).

If [g| = 2, write g = g1g2, with |g] = |g1[+[g2], and [g1], |g2| < |g|. Then,
since both v and @ are semi-saturated, we have by induction that

Pug) = (Ug,g,) = PUgytig,) = p(ug, )p(ug,) = tg, g, = tig, g, = Uy.
This concludes the proof. O

According to (IZ3), our last result may then be interpreted as saying
that B
Te~C *

par

(]Fa Rsat U RE)a
so we may apply (ZM) in order to describe 7-E as a partial crossed product.

35.15. Corollary. Given a graph FE without sinks, denote by Qg the spec-
trum of the set of relations Rg,, U RE, and consider the partial action of IF
on (g obtained by restricting the partial Bernoulli action. Then there is a
*_isomorphism N
@ : TE — C(QE)N]F,
such that
©(5q) = 1404, Va € E.

In what follows we will denote the already mentioned restriction of the
partial Bernoulli action to Qg by

Op = ({DgE}QECv'v {95}96G)7 (35.16)
By direct inspection, using ([I3), it is easy to see that
wo = {1}, (35.17)

is an element of 2. Since wp does not lie in any DgE (see (EOA)), for g # 1,
we have that {wp} is an invariant subset of Qp, whence its complement is an
open invariant set.

This moreover implies that Co(Qg\{wo}) is an invariant ideal of C(Qp),
whence Co (Qp\{wo}) [ is an ideal in C(Qg)xTF by (ZZ3).
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35.18. Theorem. In the context of (BAIA), the restriction of ¢ to Tg is an
isomorphism from T onto Co(Qg\{wo})xF.

Proof. As already seen, we have that wg ¢ DE| for every edge a, whence
DE C Qp\{wo}. Consequently

].a(SQ S C() (QE\{(JJO}) NIF,

showing that ¢(7g) is contained in Co(Qg\{wo}) xF. By (ZZ1) we have that

C(QE)NIF - .
Co(Qe\{wo})xF Cltwo})F,

which is a one-dimensional algebra given that the intersection of the Df
with {wp} is empty, except for when g = 1. Thus, the co-dimension of
Co (QE\{UJ()}) XIF in C'(Qp)xTF is the same as the co-dimension of 7g in %E,
both being equal to 1. Since ¢ is an isomorphism, one then sees that ¢(7g)
must coincide with in Co(Qg\{wo}) xF. O

Notes and remarks. In 1980, Enomoto and Watatani [I0] realized that certain
properties of the recently introduced Cuntz-Krieger C*-algebras [E8] could
be described by notions from graph theory. Seventeen years later, Kumjian,
Pask, Raeburn and Renault [[@] began studying C*-algebras for certain infi-
nite graphs, in the wake of which many authors established an intense area
of research going by the name of “graph C*-algebras”. Definition (B2) first
appeared in [B3]. It was inspired by ideas from [[A] and [B0]. The reader will
find a long list of references for the theory of graph C*-algebras in [E3].
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36. PATH SPACES

The definition of the spectrum of a set of relations given in (A1) is a one-
size-fits-all description, having many applications to concrete examples, such
as the various C*-algebras associated to semigroups of isometries and the
Toeplitz C*-algebra of a graph studied above. However experience shows
that, once we have focused on a specific example, the description of 0z given
in its formal definition may often be greatly simplified, leading to a much
more intuitive and geometrically meaningful picture of this space.

The purpose of this chapter is thus to develop a careful analysis of the
spectrum Qg of the relations leading up to 7g, as described in (BET3).

» As above, we will continue working with a fixed graph E without sinks.
Since Qg is a subset of {0,1}F = (), each w € Qp may be viewed as a
subset of IF'. A useful mental picture of an element w in Qg is thus to imagine
the vertices of the Cayley graph of IF painted black whenever they correspond
to an element in w.

Observing that Qg is a subspace of the space €y defined in (EI), every
w € Qp is a subset of I containing the unit group element, so the vertex of
the Cayley graph corresponding to 1 will always be painted black. Moreover,
the presence of relations R,,, imply that every w is convex, according to
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(Z=0), and one may easily show that the abstract notion of convexity given
in (IT9M) coincides with the corresponding geometric notion.

Our alternative description of the elements w belonging to Q0 will be
aided by the following concept:

36.1. Definition. Let w € 4, and let g € w. The local configuration of w
at g is the set

locy(w) ={h e F:|h| =1, gh e w}

Since the vertices in the Cayley graph adjacent to a given g are precisely
those of the form gh, with |h| = 1, the local configuration of w at g determines
which of the adjacent vertices correspond to elements belonging to w. Also
notice that the condition |h| = 1 implies that h is either an edge or the inverse
of an edge. Therefore loc,(w) C E' U (E')™!, where the inverse is evidently
taken with respect to the group structure of F.

36.2. Proposition. A given w € Q; lies in Qg if and only if w is convex,
and for all g in w, the local configuration of w at g is of one of the following
mutually exclusive types:

(a) there is an edge a € E', such that
locy(w) = {a} U {b~t:be E, d(b) =r(a)},
(b) there is a vertex v € E°, such that

locy(w) = {b7' b e EY, d(b) = v},

(c¢) locg(w) is the empty set.

Proof. Let us first prove the only if part, so let us suppose that w € Qp.
Since the relations involved in the definition of Qg (see (Bo1d)) include Ry,
we have that Qp C Qg_,,, so w is in Qg_,, and then (IZZ0) implies that w is
convex.

Let us now suppose that we are given ¢ in G, and there exists an edge
a € locg(w). If so, we claim that the local configuration of w at g is of type
(a). In fact, suppose by contradiction that some other edge b lies in locy(w).
Then, taking relation (Bo-TZ1d) into account, one sees that the function

f = €a€p

(see ([X3X)) lies in Fr,,, whence

1

0=flg7'w)=lacg lu]begw] = [ga € w]gh € w],

and since ga € w, it follows that gb ¢ w, whence b ¢ loc,(w). This proves
that a is the only edge (as opposed to the inverse of an edge) lying in locg(w).
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Let us now prove that b=! € loc,(w), whenever the edge b is such that
d(b) = r(a). Under these conditions relation (BEIZm) is in Rg, so the
function

f=ca—cacp-1 =e4(l —gp-1)

lies in Fr,, whence
0=flg7'w)=lacg wl(1-p" €y 'w]) =

= [ga € w](l —[gbt e w])

Since ga € w, it follows that gb~! € w, so b~! € loc,(w), as desired.

To conclude the proof of the claim that the local configuration of w at g is
of type (a), it now suffices to prove that b=! ¢ loc,(w), whenever d(b) # r(a).
Using that 7(a) is not a sink, choose ¢ € E' such that d(c) = r(a), so
¢! €locy(w) by the previous paragraph. We then have that d(c) # d(b), so
relation (BIZd) applies and letting

f = Ep-1€.-1,
we have

1

0=flg'w)=p"egwllc eglw] =[gb"" €wllge" € w.

Since gc™! € w, as seen above, we have that gb~! ¢ w, and consequently
b~ ¢ locy(w).

This proves the claim under the assumption that loc,(w) contains an
edge, so let us suppose the contrary. If locy(w) is empty, the proof is over,
so we are left with the case in which b~! lies in loc,(w) for some edge b.
Denoting by v = d(b), we have for an arbitrary edge ¢ that

1 1

cwl=[gct €wllgh €w] =cc1(g7 w)ep-1(g 7 w) = - -

Considering the appropriate function in Fg , related to (BETZ1), according
to whether or not d(c) = d(b), the above equals

= [d(e) = d)] -1 (g~ 'w) = [d(e) = 1],

which says that ¢ € locg(w) if and only if d(c) = v. This proves that locg(w)
is of type (b), and hence the proof of the only if part is concluded.

The proof of the converse essentially consists in reversing the arguments
above and is left to the reader. O

As already observed in (B2IQ), the element wy = {1} is a member of
Qg. By convexity, this is the only element displaying a local configuration of
type (BLZZ4).

By inspection of the possible local configuration types above one may
easily prove the following:
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36.3. Proposition. Let w be in Qg, and let g be in w.

(i) If locy(w) contains an edge a, then

b~' €locy(w) & d(b) =r(a), Vbe E".
(ii) If locy(w) contains ¢, for some edge c, then

b=t €locy(w) & d(b) =d(c), Vbe E.

We now begin to work towards giving a description of the elements of
Qg based on local configurations.

36.4. Lemma. Let w be in Qg, and let g be in w. Given a finite path v,
with m := |v| > 1, and v,,,! € locy(w), then gv—! € w.

Proof. We prove by (backwards) induction that uv,tv, !, ...v; ! € w, for

every k. By the definition of local configurations it is immediate that gv,,! €
w. Now supposing that ky < m, and

1

vt ..yk_l cw, Vk2>ko,

let h = pyrgly;ll_l...y,;)l. Then vy, € locy(w), and d(vg,—1) = r(vk,), so
1/,;01_1 is in locy, (w) by (BGZ3), meaning that
—1 1, -1 1, -1
WD hv = VeV Y
as desired. O

In our next main result we will use the above local description of the
elements in g to give a parametrization of Qg by the set of all (finite and
infinite) paths. In order to do this we must first fine tune our interpretation
of finite paths as elements of F: if « is a finite path of positive length, then
we may write a = ajas ...y, and there is really only one way to see « as
an element in IF, namely as the product of the «;. However, when « has
length zero then it consists of a single vertex and we will adopt the perhaps
not so obvious convention that « represents the unit element of IF. This is
not to say that we are identifying all paths of length zero with one another,
the convention only applying when paths are seen as elements of .

The correspondence, about to defined, of elements of IF with paths in F,
will send each path « to the subset w, introduced below:

36.5. Definition. Given o € E¥, let w, be the subset of IF defined by
Wo = {pv v € EX, d(p) = d(v), pis a prefix of a}.

Taking i to be the range of «, considered as a path of length zero, as
well as a prefix of o, one sees that w, contains every element of the form v—!,
where v is a path with d(v) = r(«). Likewise, if p is any prefix of «, then,
taking v to be the path of length zero consisting of the vertex d(u), we see
that p is in wg.

Let us now discuss the reduced form of elements in w,.
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36.6. Proposition. For any o € E¥, and for every g € w,, there are y,v €
E* such that

(i) g=mw,

)
(i) £(g) = lpl + v,
(iii) d(p) = d(v), and
(iv) p is a prefix of a.

Proof. Given g = uv=! € w,, as in (BE3), there is nothing to do in case |y
or |v| vanish. So we may assume that |u| and |v| are both at least equal to 1,
and we may then write write p = g2 ... fin, and v = s ... Vpy,, with the
i and the v; in E', whence
9= papa P iV Vg vy o

If pty, # Vi, then g is in reduced form, so ¢(g) = |u| + |v|, as needed.

Otherwise let us use induction on |u| + |v|. So, supposing that p, = v,
we may clearly cancel out the term “u,v,-1" above, and we are then left with
g = u'v' ", where p' = pips... pin_1, and v’ = vjva... vy 1. In this case,
notice that

d(p') = d(pn—1) = r(pn) = r(vm) = d(vm-1) = d(),

so p' and v/’ satisfy the conditions required of p and v in the definition of w,,
and the proof follows by induction.

In fact we still need to take into account the case in which m or n coincide
with 1, since e.g. when m = 1, there is no v,,,—1. Under this situation we may
still cancel out the term “u,v, 1", so that g = u'v/' ~! where 4/’ is as above
and v/ is the path of length zero consisting of the vertex d(p,_1).

If, instead, one had n = 1, we could take u’ = d(v,,—1) and v/, as above,
observing that

po=dvm-) =r(vm) =7r(p) = r(p) = r(a),

so /' is still a prefix of o and we could proceed as above. Of course this still
leaves out the case in which n = m = 1, but then ¢ = 1 and it is enough to
take p = v =r(a). O

As we will soon find out, the elements of IF of the form described in (BG3)
have a special importance to us. We shall thus introduce a new concept to
highlight these elements.

36.7. Definition. Given g in IF of the form g = uv~!, where u,v € E*, we
will say that g is in standard form if conditions (BOTG—) are satisfied.

The following is the main technical result leading up to our concrete
description of Q.
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36.8. Theorem. For each finite or infinite path «, one has that w, belongs
to Qg. In addition, the correspondence o — w, is a one-to-one mapping
from E* onto Qg\{wo}, where wy is defined in (BZIJ).

Proof. By checking convexity and analyzing local configurations it is easy to
use (BGZ) in order to prove that w, is in Qg\{wo}, for every a in E*. It is
also evident that the mapping referred to in the statement is injective.

In order to prove surjectivity, let w € Qg\{wp}, and define

Wy = W N IF+,
where IF is the positive cone®> of F. We claim that any
o= 10y ...0p, € Wy,

where each «; is an edge, and n > 1, is necessarily a path. In fact, for every
1=1,...,n— 1, notice that, by convexity, g := a1z ...q; € wy, and

a; taiqy € locy(w).

The local configuration of w at g is therefore of type (BL-ZA), since it contains
an edge, whence d(«;) = r(a;41), proving that « is indeed a path.

We next claim that, given any two finite paths o, f € w4, with 1 < |a| <
|3, then necessarily « is a prefix of 5. Otherwise let ¢ be the smallest integer
such that a; # ;. Again by convexity we have that

g:=aiqe...q;1 = P1P2...0i1 € wy,

(in case i = 0, then g is to be interpreted as 1), and o, B; € locg(w).
Including two different edges, locy(w) fails to be of any of the types
described in (BGA), thus bringing about a contradiction. This proves that «
is a prefix of 3, as desired.
We will now build a path « which will later be proven to satisfy w = w,.

(i) Assuming that the set of finite paths of positive length in wy is finite
and nonempty, we let a be the longest such path.

(ii) Should there exist arbitrarily long paths in w;, we let o be the infinite
path whose prefixes are the finite paths in w.

(iii) In case w contains no path of positive length, then the local configuration
of w at 1 is necessarily of type (BEZZH) (it cannot be of type (BGZd) since
w is convex and w # wp). In this case we put a = v, where v is the vertex
referred to in (BEZW).

45 F is defined as the sub-semigroup of F generated by E'. We assume that F also

contains the unit of TF.
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As already indicated, we will prove that w, = w. By construction it is
clear that w,NF+ = wNF,. Therefore, for any g in F, we have that g € w,
if and only if g is a prefix of .

In order to prove that w, C w, pick any g € w,, and write g = pur—1!,
with p a prefix of a and v a path with d(u) = d(v).

If |v| = 0, then g is a prefix of «, so g is in w. We therefore suppose that

V=VVy...VUnm,
where m > 1.

CASE 1. Assuming that n := |u| > 1, we have that p is in w. Moreover
pnt € loc,(w), and d(py,) = d(u) = d(v) = d(vy,). Therefore v,,' € locy(w)
by (BEZd). Employing (BEd) we then have that g = ur=! € w.

CASE 2. Assuming that |u| = 0, we have that pu = v, for some vertex v. The
fact that u is a prefix of «v in this case means that v = r(«), therefore

d(vm) = d(v) = d(p) = v = r(a).
Temporarily assuming that || > 1, we then have that a; € locy(w), and
d(vm) = r(aq), so v, € locy (w), by (BEZd). Another application of (EGZ)
then gives

waxlvl=w =g
Still under case (2), but now assuming that |a| = 0, write a = v, for

some vertex v. This implies that we are under situation (iii) above, whence
the local configuration of w at 1 is of type (BZZH). We then have by definition
that locy (w) = {b~!: b€ E', d(b) = v}. Observe that

d(vm) = d(v) = d(p) = d(e) = v,
so vt € locy (w), and again by (BEA) we conclude that w > 1v~1 = =t = g.

This concludes the proof that w, C w, so we are left with the task of
proving the reverse inclusion. Thus, let ¢ € w, and write

g =T1x2...Tn,

in reduced form. We claim that there is no i for which z; € (E')~! and
Tiv1 € E'. Otherwise, write 2; = a™!, and Zi+1 = b, with a and b in B!,
and let ¢ = z125...x;. Then, by convexity,

g, ga, gb € w,

whence a,b € locy(w). This results in a local configuration with two distinct
edges, contradicting (BG2). Therefore we see that the factors of the reduced
form of g lying in E'! must be to the left of those lying in (E*)~!. In other

words
1

g=pv -,
where p and v are in IF;. One may now easily employ (BG3) to prove that p
and v are paths, and also that d(u) = d(v). By convexity we see that p is in
w, hence p is a prefix of a. Consequently g € w,, thus verifying that w C w,,
and hence concluding the proof. O
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In order to obtain a model for Qg in terms of paths which accounts for
the exceptional element wgy, we make the following:
36.9. Definition.

(a) We fix any element in the universe not belonging to E*, denote it by @,
and call it the empty path*6.

(b) No path in E* is considered to be a prefix of @.
(¢) The full path space of E is the set Ef = E* U {@}.

(d) Given any w € Qg\{wo}, the stem of w, denoted o(w), is the unique
element « in E¥, such that w, = w, according to (EEX).

(e) The stem of wy is defined to be the empty path .

The stem may then be seen as a function
o:Qp — E’ﬁ,

which is bijective thanks to (BG3).
_ The restriction of the partial Bernoulli action to §2g, which gives rise to
TE according to (BiId), may therefore be transferred via the stem function

over to E*. It is our next goal to give a concrete description of this partial
action. We begin with a technical result.

36.10. Lemma. Let g be any element of F\{1}. Then:

(i) If DgE is nonempty, then g admits a standard form g = pv=! (see Defi-
nition (B01)),

(ii) If g = uv~! is in standard form then

J(Df) =X, :={a € E*: ju is a prefix of a}.

Proof. Assuming that DgE is nonempty, let w € Df, and let o = o(w). So

(=)
g E w = Wa,

and point (i) follows from (BGM).

In order to prove (i), let w € DJ, and let o = o(w). Since g € w = wa,
we conclude from (BGM) that there is a prefix of «, say p/, and a finite path
v with d(p') = d(v'), such that

g=uw =V

46 The empty path should not be confused with any of the paths of length zero we have
so far been working with.
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and ¢(g) = |¢/| + |¢/|. By uniqueness of reduced forms, we conclude that
w= ', and v = /. In particular p is a prefix of «, so

o(w)=aeX,.

This proves that O’(DgE ) € X,,. In order to prove the reverse inclusion,

let o € X,,. Then p is a prefix of a, so it is clear from the definition of w,
that g € wy, which in turn implies by (IZ11) that w, € Df. Therefore

a=o(ws) € o(DY). O

Having understood the mirror images of the Df through the stem func-
tion, we will now describe the corresponding partial action on the path space.

1

36.11. Proposition. Given g = puv~" in standard form, consider the map-

ping
Tuw vy € Xy =y € Xy,
Then the diagram 9F
DE, — - DF
o l l o
Tu,v
X, — A,
commutes.

Proof. Given any w in Df,l, let
a=oc(w), and [ =o(gw).
Then o € X, and 8 € X, so we may write
a=vvy, and (= pud,

for suitable paths v and 9.
Given any finite prefix 7' of ~, notice that v’ is a prefix of a = v,
whence vy’ € w, and
gw 3 gy =y,

so we conclude that uy' is a prefix of 8. Since 4/ may be taken to be equal
to v when + is finite, or arbitrarily large if v is infinite, we conclude that u~y
is a prefix of 8 = ud, whence v is a prefix of 4.

By repeating the above reasoning relative to ¢~ *, we similarly conclude
that § must be a prefix of v, which is to say that v = §. Therefore

1

Tuw (@) = 7 (vy) = py = pd = f,

concluding the proof. O
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We will now describe a topology on Eﬁ, relative to which the stem is
a homeomorphism. Before doing this, let us observe that, since Qg is a
topological subspace of the product space {0, 1}¥, its topology is generated by
the inverse images of open subsets of {0, 1}, under the canonical projections,

Ty Qp C {0,1}F — {0,1},

for g € IF. The topology of {0, 1}, in turn, is generated by the open subsets
{0} and {1}, so we may generate the topology of Qf using the sets

m,'({0}), and  wt({1}),

for all g in F. Under our identification of {0, 1} with the set Z(TF) of all
subsets of IF, recall from (E3) that the 7, are given by 7y (w) = [g € w]. We
then have by (IZI) that

. '({1})=DF, and x,'({0}) =Qp\DY.

So we see that the topology of Qg is generated by the DgE and their comple-
ments. However, by (BGId) we need only care for these when g admits a
standard form.

36.12. Proposition. Consider the topology on Eﬁ generated by all of the
X, together with their complements relative to E® where u ranges in E*.
Then the stem B

o:Qp — EY,

is a homeomorphism, and consequently EY is a compact, Hausdorff, totally
disconnected topological space.

Proof. Follows immediately from (BEIOW) and the above comments about
the topology of Q. O

36.13. Summarizing, let us give a detailed description of the restricted par-
tial Bernoulli action on g, once the latter is identified with the full path
space of E.

(a) The acting group is the free group IF on the set E*' of edges in our graph,

(b) The space E* consists of all finite and infinite paths on E, plus a so
called empty path @. Thus

Ef = E*U{@} = E*UE® U{g}.

1

(c¢) For each g in F admitting a standard form g = ur=", we set

EngH:{aeEﬁ:,uisapreﬁxofa}.
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(d) For each g in F not admitting a standard form, we let E‘g be the empty
set.

1

(e) For each g in F admitting a standard form g = pr=", we let 7, be the

partial homeomorphism of E? given by

Tg = Tuy = VY E€ Xy —> puy € X,
I I

%
B E?

(f) For each g in IF not admitting a standard form, we let 7, be the empty
map from the empty set Eg,l to the empty set Eg.

We thus obtain a topological partial action
T= ({Eg}gEFa {Tg}gEF)a

of IF on Eﬁ, which is evidently topologically equivalent to the restriction of
the partial Bernoulli action to Q.

Since equivalent partial actions clearly give rise to isomorphic crossed
products, we have the following immediate consequence of (BiI3):

36.14. Theorem. Given a graph FE with no sinks, consider the partial ac-
tion 7 described above. Then there exists a *-isomorphism

©: %E — C(Eﬁ)NIF,

such that
SD(S(I) = 1Xa(5a7

for all a € E'.

Since the stem of wy coincides with &, we have that o establishes a
covariant homeomorphism from Qg\{wo} onto E*\{@} = E*, so we have, as
in (B2I3) that:

36.15. Theorem. In the context of (BGIA), the restriction of ¢ to Tg is an
isomorphism from Tg onto Co(E*)~TF.

Let us take a few moments to discuss the question of compactness of the
various spaces appearing above. The starting point is of course the fact the
Qg is compact by (IZ). Being homeomorphic to Qg by (BGIZ), one also
has that E! is compact.
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36.16. Proposition. Let E be a graph without sinks. Then the following
are equivalent:
(i) E° is finite,
(ii) E* is compact,
(iii) wp is an isolated point in Qp,
(iv) @ is an isolated point in E*.
Proof. (i) = (iii): For each vertex v € E°, choose an edge a, € E' such that
d(a,) = v, and consider the compact-open subset of Qg given by

Uv:Df—IZ{WGQEZGEIGW}.

v

By (BGZ23) applied to g = 1, we see that the definition of U, does not depend
on the choice of a,. Using (BE3) we than conclude that

Qp\{wo} = |J U
veEEO
Assuming that EY is finite, we see that the above union of sets is closed,
whence its complement, namely {wp}, is open, proving wp to be an isolated
point.

(iii) « (iv): Follows immediately from the fact that the stem is a homeomor-
phism from Qg to E*, sending wy to @.

(iv) = (ii): If @ is isolated, then
E' = E\{2}
is closed in the compact space Eﬁ, hence E* is compact.

(ii) = (i): Assuming (ii), the open cover {X,},cpo of E* admits a finite
subcover, say
EF'=X, UX,U...UX, .

Given any vertex v, viewed as a path of length zero, hence an element of E*,
there exists some k such that v € X,,, so vy is a prefix of v, which is to say
that vy = v. Thus E° = {v1,vs,...,v,} is a finite set. O

36.17. Definition. We shall denote by %% the semi-direct product bundle
for the partial action 7 given in (BEI3).

As a consequence of (BEIA) and (IGZF), we have that 7z is isomorphic
to the full cross sectional C*-algebra of %~ .
Recall from (BET) that there exists a semi-saturated partial represen-

tation u of IF in %E, such that u, = sg, for all a € E'. Composing u with the
isomorphism given in (BGId) we obtain a semi-saturated partial representa-
tion _
v:F — C(E*)xF
such that
vy = 1x,04, VYac E. (36.18)
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36.19. Proposition. The Fell bundle %° associated to the above partial
representation v, in line with (), is isomorphic to A% .

Proof. Writing #F = {Bf tger, we will identify each BgE with the corre-
sponding grading subspace

Co(E%)d, C C(E*)xE.

With this identification, we will in fact prove that %° is equal to B~ .
By (BEIR) we clearly have that

Ugera \V/geEl,

and, by taking adjoints, this implies that the same holds for all g in (E*)~!.

Given a general element g in IF, write g = x1 - - - 2, in reduced form, that
is, each z; lies in E' U (E')™!, and 2; ' # 2;11. Then, using the fact that v
is semi-saturated, we deduce that

Vg =g, Vg, € BL ---BE CBE =Bl (36.19.1)

Tn Tn

If we now suppose that g = hy --- h,, no longer necessarily in reduced
form, we have that

E E E E
/Uhl""Uhn EBhlBhn gBhlh :Bg.

By definition of %" (see (IE)) we then see that By C BgE, for every ¢g in IF,
and the proof will be concluded once we prove that in fact By coincides with
BgE, which is to say that BgE is the closed linear span of the set of elements
of the form

Uh, - U
with g =hy - - hy,.

By definition 7g is generated, as a C*-algebra, by the s,, for a € E',
whence Tz is generated by {s, : a € E'} U{1}. Consequently C(E*)xT is
generated by {1x,d, : @ € E'} U {1}, and evidently also by the range of v.
Thus, given y in any Bf, we may write

y= lim Yn,s
n— o0
where each y,, is a linear combination of elements of the form vy, - - - vy, , with

Let P, be the composition

EQ
P, : C*(#") 5 €y (#7) = BE,
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where E, is the Fourier coefficient operator given by (IZH). We then have
that

y=Pyly) = lim Py(yn).
By (BEIT) it is easy to see that

Vhy = Uh,, ifhy-hy =g,

Pg(vhl . .vhn) = {

0, otherwise.

So, upon replacing each y,, by P,(y,), we may assume that each y, is a linear
combination of elements of the form vy, --- vy, , with hy - - h,, = ¢g. This im-
plies that y, is in By, and hence also y is in Bj. This shows that By = BgE ,
concluding the proof.

A generalization of the above result could be proved for any C*-algebra
of the form considered in ([ZTM), although we shall not pursue this here.

Let us now discuss the question of amenability for %% .

36.20. Theorem. Given a graph E without sinks, one has that

(i) B satisfies the approximation property and hence is amenable,
(ii) C(E*)xF is naturally isomorphic to C(E*)x,eqFF,

(iii) C(E*)xT is naturally isomorphic to C(E*)X,..TF,

(iv) Tg and Tg are nuclear C*-algebras.

Proof. We have already seen that the partial representation w of (BZ) is
semi-saturated. By (Bi3d) we have that u is also orthogonal, in the sense of
(E@T=3). Since v is the composition of u with an isomorphism, it is clear that
v is also semi-saturated and orthogonal. It therefore follows from (EITZ3)
that 2", and hence also %%, satisfy the approximation property.

We then conclude from (EIIT) that % is amenable, which is to say that
the regular representation

A C* (B = O (A7)

is an isomorphism. So, (ii) follows from the characterization of the full crossed
product as a full cross sectional C*-algebra (see (IZZ3)), and the definition
of the reduced crossed product as the reduced cross sectional C*-algebra (see
(Cm)). N

As already noticed, E* is an invariant open subset of Ef. Thus, if </
denotes the semi-direct product bundle for the restriction of 7 to E*, we
have that .7 is naturally isomorphic to a Fell sub-bundle of A . Since the
unit fiber algebra of <, namely Cy(E*), is an ideal in C(E*), the unit fiber
algebra of %, we deduce from (EI32) that <7 also satisfies the approximation
property. Thus (iii) follows as above.

Finally, (iv) follows from (EZTM), in view of the fact that commutative
C*-algebras are nuclear. O
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Notes and remarks. The partial crossed product description of Tg given in
(B613) follows the general method adopted in [ED] to give a similar description
of Cuntz-Krieger algebras for infinite matrices.
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37. GRAPH C*-ALGEBRAS

Having obtained a description of 7 in terms of a concrete partial dynami-
cal system in (BGI3), we will now proceed to giving a similar model for the
graph C*-algebra C*(FE). There are two methods for doing this, the most
obvious and equally effective one being to repeat the above procedure, ap-
plying (IZTM) to the set of relations defining C*(FE), and then reinterpreting
the spectrum of these relations as a path space.

For a change we will instead see C*(E) as a quotient of T, and then we
will apply the results of chapter (E32).

» As before, let us fix a graph E = (E°, E',r,d), assumed to have no sinks.

Recall that C*(F) is defined in much the same way as Tg, the only
difference being that relations (BiTd) are required to hold in C*(E) but not
in 7g. These are the relations

Py = 2 3(13:7

r(a)=v

for each regular vertex v € E° (see Definition (BEIZ)).

Since we are working with graphs without sinks, we may phrase these
relations in terms of edges only, as follows: given any vertex v as above,
choose an edge b such that d(b) = v, in which case p, = s;s, by (E3).
Therefore (BoT1d) may be rewritten as

SpShb = Y.  SaSak, (37.1)
r(a)=d(b)

for every b in E! such that d(b) is a regular vertex. These relations actu-
ally carry a greater similarity to the original relations studied by Cuntz and
Krieger [23].

Since relations (BoT1=d) are already satisfied in 7g, we clearly obtain
the following:
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37.2. Proposition. Let L be the closed two-sided ideal in T generated by
the elements
SpSb— Y. SaSe,
r(a)=d(b)
for every b in E' such that d(b) is a regular vertex. Then there exists a
*_isomorphism

x:C*(E)— Te/L,

sending each canonical generating partial isometry of C*(E), which we hence-
forth denote by 5, to s, + L.

Observe that, as a consequence of (BiId), and of our assumption that E
has no sinks, the 3, are enough to generate C*(F), whence the isomorphism
referred to above is uniquely determined by the fact that

X(84a) = Sa + L.

We will now describe the elements of Cy(E*)xIF corresponding to the
above generators of the ideal L via the isomorphism given in (BEIH). As we
will see, these lie inside the canonical image of Cy(E*) in the crossed product,
so we will be able to characterize the quotient algebra as a partial crossed
product using (EZZ10)

Given any edge b in E'! such that d(b) is regular, consider the complex

valued function on E* defined by

fo(a) = [d(b) is a prefix of a] — ¥ [ais a prefix of a], Vo € EF,
r(a)=d(b)

where brackets correspond to Boolean value. Clearly f;, is continuous. Since
@ has no prefixes, we see that f; vanishes on @, whence f, € Co(E?).

Recalling from (BEIOM) that X, is the set of all finite and infinite paths
admitting the given finite path u as a prefix, notice that

[ is a prefix of o] = 1x, ().

Consequently the function f; defined above may be alternatively described
as

fb = 1Xd(b) - Z 1Xa'
r(a)=d(b)
For each edge a in E', notice that the isomorphism ¢ of (BEI) satisfies

. &)

p(sa5q) = (1x,0a)(1x,0a)" =" 1x,01,

and similarly,

@(spsp) = (1x,00)" (1x,0) = -1 (1x, )01
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The standard form of b~! is clearly d(b)b~!, from where we see that
m-1(1x,) = 1x,,, S0 we deduce from the above that

o(spsp) = 1x )01

Interpreting f, within Co(E*)xF via the map ¢ introduced in (CI_I3) then
produces

U(fo) = fobr = 1x,4,01 — > lx,01=
r(a)=d(b)

—plsim) = X plsast) =(sis— X sasi)
7(a)=d(b) r(a)=d(b)

which should be compared with (BZ). As an immediate consequence of
(B63) and (BZ3A), we therefore conclude that:

37.3. Proposition. Let W be the subset of Cy(E*) formed by the functions

fo= 1Xd(b) - Z Ix,,
r(a)=d(b)

for each b € E' such that d(b) is regular. Also let K be the closed two-sided
ideal of Co(E*)xTF generated by «(W). Then the isomorphism ¢ given in
(BET3) sends the ideal L described in (BZ3) onto K, and consequently there
exists a *-isomorphism

Co(Eﬁ)N]F

b0 (E) —

such that
w(ga) = 1Xa5a + K;

where we are again denoting by S, the standard generating partial isometries
of C*(E).

Proof. It is enough to take ¥ to be the composition

(==Y Te @@=  Co(E")xF
R :

C*(F) 7 %

O

We are now precisely under the hypotheses of (EZ10), but before invoking
it we will give a concrete description of the ideal J mentioned there.
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37.4. Proposition. Let E’ be the subset of E' consisting of all paths a
which satisfy any one of the following conditions:

(i) « is infinite,
(ii) « is finite and v~ (d(c)) is empty,

(iii) o is finite and r~*(d(«)) is infinite.

Then E” is closed and T-invariant. Moreover, denoting by U the complement
of E’ in E*, we have that Cy(U) is the smallest T-invariant ideal of Co(E*)
containing the set W referred to in (BZ3).

Proof. We claim that every a in U is an isolated point of Ef. In fact, if a
is not in E”, then « is necessarily a finite path and r—! (d(a)) is a nonempty
finite set, so d(«) is a regular vertex and we may write

rH(d(e) = {a1,...,a,}.

Observe that the set

XoN ﬁ EN\ X g,

i=1

is open by (BGIA). It consists of all paths admitting « as a prefix, but not
admitting as a prefix any one of the paths aa;. The unique such path is
evidently «, so the above set coincides with {a}, thus proving that « is an
isolated point. Consequently U is open, whence E” is closed relative to E*.

Although this is not relevant to us at the moment, notice that any path
a satisfying (ii) above is also an isolated point, since X, = {a}.

Noticing that the conditions (i-iii) above are related to the “right end”
of a, while 7 affects its “left end”, one may easily show that E is T-invariant.

We next claim that every f, in W vanishes on E°. In fact, given any a
in E°, and given any edge b such that d(b) is regular, we have

fo(a) = [d(b) is a prefix of o] — > [a is a prefix of a].
r(a)=d(b)

If d(b) is not a prefix of «, meaning that r(a) # d(b), then evidently
r(a) # r(a), for all edges a considered in the above sum. This implies that
none of these a’s are prefixes of «, given that (BiZd) fails. Therefore all
terms making up f,(«) vanish, whence fj(«a) itself vanishes.

The remaining case to be treated is when d(b) is a prefix of «, that is,
when r(a) = d(b). Should « be a path of length zero, necessarily consisting
of the vertex d(b), then d(a) = d(b), so d(«) is regular by assumption, and
then o will not satisfy any one of conditions (i-iii) above, contradicting the
fact that o was taken in E°. This said we see that o must not have length
7€ro, SO we may write

a = x109...
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Given that r(a1) = r(a) = d(b), we see that ay is one of the edges a considered
in the sum appearing in the definition of f, above, and for this edge, the value
of “a is a prefix of ” is evidently 1. This shows that f,(«) = 0, showing our
claim that f; vanishes on E°.

We will now prove that E° is the biggest invariant subset of E* where
the f; vanish. For this, suppose that A is an invariant set properly containing
E’. Choosing any « in A\ E°, we see that « is a finite path, so we may let
v = d(a), noticing that v is regular. The standard form of g := a~! is given
by g = d(a)a™? so, by invariance of A, we have

A3 14(a) =d(a) =v.

Choosing any edge b with d(b) = v, we have that f, lies in W, and clearly
fo(v) =1, because v is a prefix of itself, while v can have no prefix of positive
length. This implies that f, does not vanish on A, proving that indeed E°
is the biggest invariant subset of Ef where the f, vanish. This also shows
that U is the smallest invariant subset outside of which the f, vanish, thus
concluding the proof. O

The above classification of paths in types (i), (ii) and (iii) has important
consequences in what follows and in particular the first two kinds play a
special role, justifying the introduction of the following terminology:

37.5. Definition. A path « in E? is said to be mazimal if it satisfies (BZZ3)
or (BZm).

This terminology is justified because a maximal path « cannot be en-
larged, either because d(«) is a source or because « is already infinite.

Let us take a few moments to study the topology of E’. Recall from
(BE2) that the topology of E* is generated by all the X u plus their comple-
ments. Therefore, the sets of the form

X NN EA\X,,
i=1 J=1

where p1,..., ¢y, and vy,..., v, are finite paths, constitute a basis for the
topology of E¥. Consequently the intersections of these with E” form a basis
of open sets for the latter. However, maximal paths have a neighborhood
basis of a simpler nature, as we will now see.

37.6. Proposition. Given a graph FE without sinks, and given a maximal
path « in E°, the collection of sets

{XMﬁEb cu € E*, u is a prefix of a}

is a neighborhood basis for o in E°.
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Proof. We first assume that « satisfies (BZ21), that is, a cannot be extended
any further due to the fact that d(«) is a source. Then the only path admitting
« as a prefix is « itself, meaning that

X = {a}, (37.6.1)

so the result follows trivially.

Assume now that « satisfies (BEZZ23), that is, « is infinite. Given any
neighborhood U of «, there are finite paths p1,..., 4, and vy, ..., vy, such
that . .

aec )X, NN E\X, CU.
i=1 j=1
This implies that every p; is a prefix of «, while no v; has this property.

Let k be any integer larger that the length of every p; and every v;, and
let i be the finite path formed by the first k£ edges of a. It is therefore evident
that each u; is a prefix of u, so one has that

ac X, C Xy,

K3

(37.6.2)

[t

1

Observe that X, is disjoint from X, , for every j because, otherwise
there is a path v € X, N X, and hence both p and v; are prefixes of 7. But
since |pu| > |v;|, we see that v; is a prefix of p, which in turn is a prefix of
a. It follows that v; is a prefix of a, whence o € X,,., a contradiction. So

X, C Eu\X,,j and, building on top of (BZT3), we conclude that

n
aecX,C ,ﬂleﬂ ‘
= j

EN\X,, CU.
1

I3

This concludes the proof. (I
Another useful fact about the topology of E” is as follows:

37.7. Proposition. Given a graph E without sinks, the subset of E” formed
by the maximal paths is dense in E”.

Proof. Before starting the proof, observe that, by (BZT), the paths satis-
fying (BZZ3) are isolated points, so they cannot be left out of any dense
subset!

In order to prove the statement, it is enough to prove that any path «
satisfying (BZZ0) is an accumulation point of maximal paths.

Given an arbitrary neighborhood U of «, pick finite paths uq, ..., u, and
Vi, ..., VU, such that

n mo
ac ‘ﬂl X, N ‘ml ENX, CU
1= Jj=
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(notice that we are unfortunately unable to use the simplification provided
by (BZM) here).

Thus every p; is a prefix of a, hence we may assume without loss of
generality that the p; all coincide with «, so in fact

mo
aeX,N () E\X,, CU (37.7.1)
j=1
By assumption we have that r‘l(d(a)) is infinite, so me may pick an
edge a such that aa is a path which is not a prefix of any v;.
We next extend aa as far as possible, obtaining a path of the form

B = aay,

which is either infinite or cannot be extended any further, and hence is max-
imal. We then claim that

BeXan N EN\X,,. (37.7.2)

Jj=1

Since it is obvious that « is a prefix of 3, it suffices to check that 8 ¢ X, , for
all j. Arguing by contradiction, suppose that some v; is a prefix of 8. If |v;| <
||, then v; is a prefix of «, contradicting (BZ—). Thus |v;| > ||, and then
necessarily aa is a prefix of v;, which is again a contradiction, by the choice
of a. This verifies (BZ_2), so in particular 8 € U, concluding the proof. [

Let us now give a description of C*(FE) as a partial crossed product.

37.8. Theorem. Let E be a graph with no sinks, and let E* be the 7-
invariant subset of E¥ described in (BZ3A), equipped with the restricted partial
action. Then there is a *-isomorphism

p:C*(E) = Co(E")xT,
such that

p(34) = 140,, Vac€ E",
where 1, is the characteristic function of X, N E”.

Proof. Letting Cy(U) be the ideal referred to in (BZA), we have
=) Co(EY)XF @=m [Cy(E?)
C"E) ~ ————r F
(5) K Co(U) )
That the isomorphism resulting from the composition of the above isomor-

phisms does satisfy the last assertion in the statement is of easy verification
and is left to the reader. O

~ Cy(E")xTF.

An important special case of great importance is when, besides having
no sinks, every vertex in EY is regular, according to (BETZ) (so E cannot
have any sources either). Then there are no paths in E° satisfying (BEZZ3)
or (BZZ), so we get the following immediate consequence of (B73):
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37.9. Proposition. If E is a graph with no sinks and such that every vertex
v € EY is regular, then E> = E>, and consequently there is a *-isomorphism

p:C*(E) = Co(E°)xTF,
such that
p(3.) = 1464, Va€E',
where 1, is the characteristic function of X, N E*°.
Observe that if E° is finite then E” is compact, because the latter is

closed in E* by (B74), and E* is compact by (B613). If, in addition, we are
under the hypotheses of the last result, then clearly E°° is also compact.

Having described C*(FE) as a partial crossed product, we now have a
wide range of tools to study its structure. We begin with amenability.
37.10. Theorem. Let E be a graph without sinks. Then:

(a) the semi-direct product bundle for the partial action describing C*(E)
in (BZ3) satisfies the approximation property and hence is amenable,

(b) there are natural isomorphisms
C*(E) ~ Co(E*)XF ~ Co(E*)%,eqF,

(c) C*(FE) is nuclear.

Proof. The Fell bundle mentioned in (a) is clearly a quotient of the Fell bun-
dle discussed in (BGZO), so the conclusions in (a) follow from (EI=334) and
(E@@). Point (b) follows from (BZ3) and (a), while (c) is a direct consequence
of (b) and (E2TM)). O

We will next study fixed points for the partial action 7 of IF on E*. For
this we should recall that by (BEId), unless a given element ¢ in I has a
standard form, 7, is the empty map and hence g cannot possibly have any
fixed points. For this reason elements not admitting a standard form are left
out of the next result.

37.11. Proposition. Let g € F, with g # 1, and suppose that g admits a

standard form g = pv—1.

(i) Then g has at most one fixed point in E*.
(ii) If g has a fixed point, then |u| # |v|.
(iii) If g has a fixed point and |u| > |v|, then there exists a cycle*” « such
that u = vy (whence g = vyv~1). In addition, the infinite path
a=vyyy...
is the unique fixed point for g in E*.

47 A finite path v € E* is said to be a cycle if |v| > 1, and 7(v) = d(). Notice that in
this case we may concatenate v with itself as many times as we wish, forming a finite of
infinite periodic path vyvy....



334 PARTIAL DYNAMICAL SYSTEMS AND FELL BUNDLES

Proof. Assume that « is a fixed point for g. Then
ae B, NEL=X,NX,,

SO we may write
a=ve = p(,

for suitable (finite or infinite) paths € and ¢, and moreover
a=Ty(a) =14(ve) = pe.

We then conclude that ve = ue, so either v is a prefix of u, or vice
versa. If |u| = |v|, one would then necessarily have y = v, whence g = 1,
contradicting the hypothesis. This proves (ii).

Speaking of (iii), let us add to the above assumptions that |u| > |v|, so
we may write p = vy, for some finite path « such that |y| > 0. We then have

VE = UE = VE,

so € = ~e, whence |g| = |y| + |¢|, from where we deduce that |e| = oo.
Moreover notice that this implies that

E=YY---s

so 7y is necessarily a cycle. Consequently o = ve = vy~yy..., proving (iii),
and hence also (i). O

The reader must have noticed the omission of the case |u| < |v|, above.
However, in this situation g—! has precisely the same fixed points as g, and
the condition expressed in (BEZT1d) evidently holds for g—!.

Having understood fixed points, we will now study topological freeness.
We must therefore analyze the interior of the fixed point sets F, which, as
seen above, have each at most one point. However, a singleton can only have
a nonempty interior if its unique point is an isolated point. We must therefore
discuss conditions under which a fixed point is isolated, and this hinges on
the following important graph-theoretical concept:
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37.12. Definition. Let v =~ ...7, be a cycle in . We say that v has an
entry, if the range of some ~; is the range of an edge other that ~;.

72
An entry to a cycle.

37.13. Proposition. Let a be an infinite path of the form

o =vyyy...,

so that necessarily d(v) = r(v), and +y is a cycle. Then
(i) « (or any other infinite path) is never an isolated point in E*,
(ii) « is an isolated point in E” if and only if oy has no entry.

Proof. An infinite path o = ayasag ... is always the limit of the sequence of
finite paths obtained by truncating «, that is

a= lim o7...aq,,
n—oo

so « is an accumulation point, hence not isolated.
Focusing now on (ii), suppose that « is an isolated point of E’. So, by
(BZM), there is a large enough prefix p of o such that

{a} =X, NE. (37.13.1)

Therefore p is a prefix of o, and by enlarging p a bit, we may clearly assume
that it is of the form
B=vay...7,
——
n

for some integer n. Assuming by contradiction that v has an entry, we can
find a path of the form

ViV e Wi
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with € # 7y, 11 (here k+ 1 stands for 1, in case k = |7|), which we may extend
as far as possible, obtaining a maximal path

B =Y V€A Qa, ...
Considering the path
o =pB=vyy. YV - VLEQ A, .
——

notice that o/ is clearly also maximal hence o/ € E”. Since p is a prefix of
o', we see that
o €X,NE,
contradicting (BZI3). This proves that v has no entry.
Conversely, supposing that v has no entry, it is easy to see that the only
path in E° extending

M= vy
is «, itself. So
X, NE" = {a},
showing that « is indeed isolated in E°. [l

Putting together our findings so far we have:

37.14. Proposition. For every graph E with no sinks, one has:
(i) The partial action T of TF on Eﬁ, described in (BGI3), is topologically
free.
(i) The restriction of T to E” is topologically free if and only if every cycle
in F has an entry.

Proof. The main ingredients of this proof have already been taken care of, so
all we need is to piece them together.

Given g in IF, one has by (BEZID) that the fixed point set Fj is either
empty or consists exactly of one infinite path. In the second case this infinite
path is never isolated in E* by (BTZ3), so the interior of Fy is always empty,
and hence 7 is topologically free on E*.

We next prove the only if part of (ii) via the contra-positive. If there
exists a cycle v with no entry, then

By ={vm-- -}
by (BZLT), and moreover 7y ... is isolated in E” by (BZI34), whence F}, is
open and consequently 7 is not topologically free on E”.

Conversely, observe that any nonempty fixed point set necessarily looks

like

Fg={vyyy...},
by (BZIID) (recall that if the hypothesis “|u| < |v|” in (BZII4) fails, then
it will hold for ¢!, while F, = F,-1), where 7 is a cycle. If every cycle has
an entry, then vyyy... is not isolated in E” by (EZZIZd), so the interior of
F, is empty. This proves that 7 is topologically free on E’. O
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We may then use the above result in conjunction with (E3) to obtain
the following result, sometimes referred to as the uniqueness Theorem for
graph C*-algebras:

37.15. Theorem. Let E be a graph with no sinks such that every cycle in
E has an entry. Also let B be a C*-algebra which is generated by a set
{p,:ve E%YU{s, :acE"Y,

where the p! are mutually orthogonal projections and the s/, are partial isome-
tries satisfying the relations defining C*(E), namely (Bi2=d). Then B is
naturally isomorphic to C*(E) provided p!, # 0, for every v in E°.

Proof. Consider the *-homomorphism
p:C*"(E)— B

mapping the p, to p, and the s, to s/, given by the universal property of
C*(FE). Since B is supposed to be generated by the p! and the s/, it is clear
that ¢ is surjective. So the proof will be concluded once we prove that ¢ is
injective. In order to do this we argue by contradiction, supposing that

Ker(g) # {0},
Identifying C*(E) and Co(E”)x,qF, by (BEZIIH), we may see Ker(y)
as an ideal of the latter algebra. So we have by (ZI3) and (BZTZ1), that
K :=Ker(p) N Co(E") # {0}.

Moreover K is an invariant ideal of Co(E®) by (ZZID). So, writing
K = Cy(U), where U is an open subset of E”, we have that U is nonempty
and invariant.

Using (BZ2) we may find a maximal path « in U, and then by (BZ1) we
see that there exists a finite path p such that

a€X,NE CU.
Adopting the notation Xz =X, N E’, we rewrite the above as
a € XZ cU.
The standard form of p=! is d(u)u=?, so T,~1 Maps XZ to Xi’l(u). Therefore
the invariance of U implies that
X =Tu1(X}) =7, (X, NU) CU.
Consequently the characteristic function of Xfl%#) lies in Cy(U), and hence

also in the null space of ¢. Noticing that said function identifies with pg(,)
under (BZ10M), we then conclude that

Paguy = ¢Paquy) =0,
a contradiction. O

Let us now discuss the question of simplicity of C*(E).
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37.16. Definition. We shall say that a graph F is:
(i) transitive if, for any two vertices v and w in E, there exists a finite path
d such that d(d) = v, and r(J) = w.

(ii) weakly transitive (also known as co-final) if for any path o in E* and any
vertex w, there exists a finite path ¢ such that d(9) is some vertex along
a, and r(0) = w.

g

w

37.17. A pictorial way to understand weak transitivity is to imagine that you
are standing at the end (range) of the path «a, attempting to reach a given
vertex w. Even if there is no path to get you there, in a weakly transitive
graph you are able to back up a few edges along a before finding a path §
taking you to w.

37.18. Proposition. The partial action 7 of F on E° is minimal if and
only if F is weakly transitive.

Proof. Supposing that F is weakly transitive, we will show that the orbit of
every a in E° is dense. In view of (BZ2), it is enough to prove that any
maximal path lies in the closure of Orb(«).

So, let U be a neighborhood of a given maximal path £, and we must
then prove that U has a nonempty intersection with the orbit of «. By (BZ4)
there exists a finite path p such that

BeX,NE CU.

En passant we observe that p is a prefix of 3.
We next apply the hypothesis that E is weakly transitive to o and d(p),
obtaining a path & whose source is some vertex v along «, and such that

r(8) = d(n).
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Splitting « at v, let us write « = /&’ with d(¢/) = v = r(a’). In
particular poa’ is a well defined path. Assuming we have backed up along o
as few steps as possible, as described in (BZI2), we have that the rightmost
edge of o/ and the rightmost edge of § differ, so that da’ ~! is in standard
form. It then follows that uda’ ~!is also in standard form and the conclusion
follows from the fact that

Tusar—1 (@) = poa’ € X, N E’ N Orb(a) € U N Orb(a).

Conversely, suppose that F is not weakly transitive. So we may pick a
path « and a vertex w violating the condition in (BZIG1). This means that
it is impossible to replace a prefix of a by another, in order to obtain a path
with range w. Observe that, by (BGI), the process of replacing prefixes is
nothing but applying a partial homeomorphism 7, to a path, so we deduce
from the above that

Orb(a) N X, = 0.

It follows that Orb(«) is not a dense set, so its closure is an invariant subset,
refuting the minimality of 7. ]

As a consequence we obtain:

37.19. Theorem. Let E be a weakly transitive graph with no sinks such
that every cycle in E has an entry. Then C*(FE) is a simple C*-algebra.

Proof. Still referring to the partial action 7 of IF on E” giving rise to C*(E)
in (BZ3), we have that 7 is topologically free by (BZIZH), and minimal by
(EZ18). Thus Co(E®)x,eqF is simple by (ZZ3). The conclusion then follows
from (BZTM). O

Our next main result will be an application of (Z2) to graph algebras. In
order to succeed in this endeavor, we must therefore find sufficient conditions
for 7 to be topologically free on every closed invariant subset of E°.

With this in mind we will now introduce another important graph the-
oretical concept.
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37.20. Definition. Let v be a cycle in E. We say that ~ is:

(i) recurrent if there exists another cycle §, with the same range and source
as 7, such

VBYYY o F YT

(ii) transitory if it is not recurrent.

In a recurrent cycle, the existence of the above path § means that it is
possible to exit v and return to it at a later time. In a transitory cycle this
is impossible.

V7
Y6
8
V3
5
V2 Yo
Y4
131
il
73
V2

A recurrent cycle 7.

The cycle v in the diagram above is recurrent because the path

YV1V2V3Y9YYY

temporarily exits « before returning to it.

The comparison between infinite paths in (BZZI3) cannot be replaced
by the comparison of y8vy with a finite path of the form ~~v...~. In fact,
given a recurrent cycle o, consider the cycle v = oo. Then, taking § = o,
we have that the infinite paths v8~yvyy ... and yyv7... coincide, whereas 5~y
does not coincide with any path of the form ~~...~. This is because

|vBv| = 5lo|, and  |yy...v| =2n|a|,

where n is the number of repetitions. Incidentally, notice that oo is recurrent,
provided o is.

Observe that a recurrent cycle must necessarily have an entry.
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37.21. Proposition. Let E be a graph with no sinks. Then T is topologi-
cally free on every closed T-invariant subset of E” if and only every cycle is
recurrent.

Proof. Suppose that every cycle in E is recurrent and let C' be a closed
invariant subset of E”. To show that 7 is topologically free on C' we need
to prove that, for every g in IF\{1}, the interior of Fy, N C, relative to C,
is empty. This is obviously true if Fy N C itself is empty, so let us assume
otherwise.

Using (BZ0) we may assume that g has a standard form g = vyv—1,
where 7 is a cycle, and that F; N C consists of the single point

oa=vyyy...
(for this we might need to replace g by ¢g~, if necessary, observing that
Fy, = F,-1). In order to show that the interior of Fy N C relative to C' is
empty, it is clearly enough to show that « is not isolated in C.
By hypothesis v is recurrent, so we may choose a finite path 5 as in
(BZm). For each n, consider the path

n = Tyyngy-1(@) =vy"Byyy... =vyy...vByyy. ..
——
n

Since C' is invariant, it is clear that «,, lies in C. It is also easy to see that
oy # a, and

1

n—0o
7% r Q,

so « is an accumulation point of C', hence not isolated.

Conversely, suppose that 7 is topologically free on every closed invariant
subset and let v be a cycle in E. Let

a=yyy... eEb,
and let C be the closure of the orbit of . Then it is evident that « is fixed
by y, so we have by (BZ) that
F,NnC={a}.
Since T is topologically free on C', by assumption, we have that the interior
of F, N C relative to C' is empty. In particular X, N C, which is an open
neighborhood of «, cannot be contained in F,, N C. Consequently
0 # (X, NONE, N C) = (X, N\ a} = (X,\{a}) NC.

So, X, \{a} is an open set intersecting C', from where we see that

(X, \{a}) N Orb(a) #0.

Picking some o’ # a in X, N Orb(«), notice that, since the action of IF
consists of prefix replacements (see (BG)), we have that o/, just like «, is

an eventually periodic path ending in yy7v.... Since &' is in X, we see that
v is a prefix of o/. So o/ must be a path of the form
o =By ..,

proving that ~ is a recurrent cycle. O
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With this we obtain the following important classification of ideals in
graph C*-algebras.

37.22. Theorem. Let E be a graph with no sinks, such that every cycle
is recurrent. Then there is a one-to-one correspondence between open T-
invariant subsets of E° and closed two-sided ideals in C*(E).

Proof. Observe that the partial action in point satisfies both (EIII&A), by
(B1I3) and because the free group is known to be exact.

So the statement follows from (BZZ1) and (ET), once we realize C*(E)
as Co(E") %, [F, by (EZID). O

There is a lot more that can be said about the ideals of C*(E) under
the above hypothesis. In [[3] these are characterized in terms of hereditary
directed subsets of E, plus some extra ingredients. Also, the quotient of
C*(FE) by any ideal is shown to be again a graph C*-algebra.

With some extra effort, these results may also be obtained via our tech-
niques. We leave them as exercises for the interested reader.

Notes and remarks. Most of the results in this chapter may be generalized to
Exel-Laca algebras, by employing very similar techniques [BE0].

The study of the ideal structure of graph C*-algebras was initiated in [Z0]
for finite graphs, followed by [[J], where the general infinite case is considered.

Graphs in which every cycle has an entry are said to satisfy condition (I).
It is a generalization of a similar condition introduced in [E8]. On the other
hand, graphs in which every cycle is recurrent are said to satisfy condition
(K) [@]. This in turn generalizes condition (II) of [ET].

Most of the above results describing the various algebras associated to
a graph E as partial crossed products, beginning with (BGId), could also be
proved directly by first guessing the appropriate partial dynamical system and
then proving that the corresponding crossed product algebra has the correct
universal properties. This strategy would evidently be logically correct and
a lot shorter than the one adopted here, but we have opted to follow the
above more constructive, and hopefully more pedagogical approach, not least
because it may be used in other situations where guesswork might not be an
option.



343

References

(1]

[16]

[17]

F. Abadie, “Sobre acées Parciais, Fibrados de Fell e Grupéides”, PhD Thesis, Uni-
versity of Sdo Paulo, 1999.

F. Abadie, “Enveloping actions and Takai duality for partial actions”, J. Funct. Anal-
ysis, 197 (2003), 14-67.

F. Abadie, “On partial actions and groupoids”, Proc. Amer. Math. Soc., 132 (2004),
1037-1047.

F. Abadie, M. Dokuchaev, R. Exel and J. J. Simén, “Morita equivalence of partial
group actions and globalization”, Trans. Amer. Math. Soc., to appear.

F. Abadie and L. Mart{ Pérez, “On the amenability of partial and enveloping actions”,
Proc. Amer. Math. Soc., 137 (2009), no. 11, 3689-3693.

C. Anantharaman-Delaroche, “Systémes dynamiques non commutatifs et moyenna-
bilité”, Math. Ann., 279 (1987), 297-315.

P. Ara, R. Exel and T. Katsura, “Dynamical systems of type (m,n) and their C*-
algebras”, Ergodic Theory Dynam. Systems, 33 (2013), no. 5, 1291-1325.

R. J. Archbold and J. S. Spielberg, “Topologically free actions and ideals in discrete
C*-dynamical systems”, Proc. Edinb. Math. Soc., 37 (1993), 119-124.

W. Arveson, “An Invitation to C*-Algebras”, Springer-Verlag, 1981.

W. Arveson, “C*-algebras associated with sets of semigroups of isometries”, Internat.
J. Math., 2 (1991), no. 3, 235-255.

D. Bagio, J. Lazzarin and A. Paques, “Crossed products by twisted partial actions:
separability, semisimplicity, and Frobenius properties”, Comm. Algebra, 38 (2010),
no. 2, 496-508.

T. Bates, J. H. Hong, I. Raeburn and W. Szymanski, “The ideal structure of the
C-algebras of infinite graphs”, Illinois J. Math., 46 (2002), no. 4, 1159-1176.

B. Blackadar, “Shape theory for C*-algebras”, Math. Scand., 56 (1985), 249-275.

G. Boava and R. Exel, “Partial crossed product description of the C*-algebras as-
sociated with integral domains”, Proc. Amer. Math. Soc., to appear (2010), arXiv:
1010.0967v2.

J.-B. Bost and A. Connes, “Hecke algebras, type I1I factors and phase transitions with
spontaneous symmetry breaking in number theory”, Selecta Math. (N.S.), 1 (1995),
no. 3, 411-457.

L. G. Brown, “Stable Isomorphism of Hereditary Subalgebras of C*-Algebras”, Pacific
J. Math., 71 (1977), 335-348.

L. G. Brown, P. Green and M. A. Rieffel, “Stable isomorphism and strong Morita
equivalence of C*-algebras”, Pacific J. Math., 71 (1977), 349-363.



344
[18]

[19]

[20]
[21]
[22]

[23]

[34]
35]
36]
[37)
38]

[39]

L. G. Brown, J. A. Mingo, and N. T. Shen, “Quasi-multipliers and embeddings of
Hilbert C*-bimodules”, Canad. J. Math., 46 (1994), 1150-1174.

N.P. Brown and N. Ozawa, “C*-algebras and finite-dimensional approximations”,
Graduate Studies in Mathematics, 88, American Mathematical Society, Providence,

RI, 2008.

Z. Burdak, “On decomposition of pairs of commuting isometries”, Ann. Polon. Math.,
84 (2004), 121-135.

A. Buss and R. Exel, “T'wisted actions and regular Fell bundles over inverse semi-
groups”, Proc. London Math. Soc., 103 (2011), 235-270, arXiv: 1003.0613.

A. Buss and R. Exel, “Fell bundles over inverse semigroups and twisted étale
groupoids”, J. Operator Theory, 67 (2012), 153-205, arXiv: 0903.3388.

A. Buss, R. Exel and R. Meyer, “Inverse semigroup actions as groupoid actions”,
Semigroup Forum, 85 (2012), 227-243, arXiv: 1104.0811v2.

L.A. Coburn, “The C*-algebra generated by an isometry”, Bull. Amer. Math. Soc.,
73 (1967), 722-726.

F. Combes, “Crossed products and Morita equivalence”, Proc. London Math. Soc.,
49 (1984), no. 2, 289-306.

J. Crisp and M. Laca, “On the Toeplitz algebras of right-angled and finite-type Artin
groups”, J. Aust. Math. Soc., 72 (2002), 223-245.

J. Crisp and M. Laca, “Boundary quotients and ideals of Toeplitz C*-algebras of
Artin groups”, J. Funct. Analysis, 242 (2007), 127-156.

J. Cuntz and W. Krieger, “A class of C*-algebras and topological Markov chains”,
Invent. Math., 56 (1980), no. 3, 251-268.

J. Cuntz, “A class of C*-algebras and topological Markov chains II: Reducible chains
and the Ext-functor for C*-algebras”, Invent. Math., 63 (1981), 25-40.

R. Curto, P. Muhly and D. Williams, “Cross products of strongly Morita equivalent
C-algebras”, Proc. Amer. Math. Soc., 90 (1984), no. 4, 528-530.

K. R. Davidson, “C*-Algebras by Example”, Fields Institute Monographs, 1996.

M. Dokuchaev and R. Exel, “Associativity of crossed products by partial actions,
enveloping actions and partial representations”, Trans. Amer. Math. Soc., 357 (2005),
1931-1952 (electronic), arXiv: math.RA/0212056.

M. Dokuchaev, R. Exel and P. Piccione, “Partial representations and partial group
algebras”, J. Algebra, 226 (2000), 505-532, arXiv: math.GR/9903129.

M. Dokuchaev, R. Exel and J. J. Simén, “Crossed products by twisted partial actions
and graded algebras”, J. Algebra, 320 (2008), no. 8, 3278-3310.

M. Dokuchaev, R. Exel and J. J. Simén, “Globalization of twisted partial actions”,
Trans. Amer. Math. Soc., 362 (2010), no. 8, 4137-4160.

M. Dokuchaev and B. Novikov, “Partial projective representations and partial ac-
tions”, J. Pure Appl. Algebra, 214 (2010), 251-268.

M. Dokuchaev and B. Novikov, “Partial projective representations and partial actions
117, J. Pure Appl. Algebra, 216 (2012), no. 2, 438-455.

R. G. Douglas, “On extending commutative semigroups of isometries”, Bull. London
Math. Soc., 1 (1969), 157-159.

R. G. Douglas, “On the C*-algebra of a one-parameter semigroup of isometries”, Acta
Math., 128 (1972), 143-151.



[40]

[41]

[42]
[43]

[44]

56]
57)
58]
59]
[60]

[61]

345

M. Enomoto and Y. Watatani, “A graph theory for C*-algebras”, Math. Japon., 25
(1980), 435-442.

E. G. Effros and F. Hahn, “Locally compact transformation groups and C*-algebras”,
Memoirs of the American Mathematical Society, No. 75 American Mathematical So-
ciety, Providence, R.I. 1967 92 pp..

G. A. Elliott, “Some simple C*-algebras constructed as crossed products with discrete
outer automorphism groups”, Publ. Res. Inst. Math. Sci., 16 (1980), 299-311.

I. Erdélyi, “Partial isometries closed under multiplication on Hilbert spaces”, J. Math.
Anal. Appl., 22 (1968), 546-551.

R. Exel, “Circle actions on C*-algebras, partial automorphisms and a generalized
Pimsner-Voiculescu exact sequence”, J. Funct. Analysis, 122 (1994), 361-401, arXiv:
funct-an/9211001.

R. Exel, “The Bunce-Deddens algebras as crossed products by partial automor-
phisms”, Bull. Braz. Math. Soc. (N.S.), 25 (1994), 173-179, arXiv: funct-an/9302001.

R. Exel, “Approximately finite C*-algebras and partial automorphisms”, Math.
Scand., 77 (1995), 281288, arXiv: funct-an/9211004.

R. Exel, “Twisted partial actions, a classification of regular C*-algebraic bundles”,
Proc. London Math. Soc., 74 (1997), 417-443, arXiv: funct-an/9405001.

R. Exel, “Amenability for Fell bundles”, J. Reine Angew. Math., 492 (1997), 41-73,
arXiv: funct-an/9604009.

R. Exel, “Partial actions of groups and actions of inverse semigroups”, Proc. Amer.
Math. Soc., 126 (1998), no. 12, 3481-3494.

R. Exel, “Partial representations and amenable Fell bundles over free groups”, Pacific
J. Math., 192 (2000), 3963, arXiv: funct-an/9706001.

R. Exel, “Exact Groups, Induced Ideals, and Fell Bundles”, preprint, arXiv: math.
OA/0012091.

R. Exel, “Exact groups and Fell bundles”, Math. Ann., 323 (2002), 259-266.

R. Exel, “Hecke algebras for protonormal subgroups”, J. Algebra, 320 (2008), no. 5,
1771-1813.

R. Exel, “Inverse semigroups and combinatorial C*-algebras”, Bull. Braz. Math. Soc.
(N.S.), 39 (2008), 191-313, arXiv: math.OA/0703182.

R. Exel, “Non-Hausdorff étale groupoids”, Proc. Amer. Math. Soc., 139 (2011), no.
3, 897-907.

R. Exel and M. Laca, “Cuntz-Krieger algebras for infinite matrices”, J. reine angew.
Math., 512 (1999), 119-172, arXiv: funct-an/9712008.

R. Exel and M. Laca, “Partial dynamical systems and the KMS condition”, Comm.
Math. Phys., 232 (2003), no. 2, 223-277.

R. Exel, M. Laca and J. Quigg, “Partial dynamical systems and C*-algebras generated
by partial isometries”, preprint, arXiv: funct-an/9712007.

R. Exel, M. Laca and J. Quigg, “Partial dynamical systems and C*-algebras generated
by partial isometries”, J. Operator Theory, 47 (2002), 169-186.

R. Exel and F. Vieira, “Actions of inverse semigroups arising from partial actions of
groups”, J. Math. Anal. Appl., 363 (2010), no. 1, 86-96.

J. M. G. Fell, “An extension of Mackey’s method to Banach *-algebraic bundles”,
Mem. Am. Math. Soc., 90 (1969).



346

[62]

[63]
[64]

[65]

[71]
[72]

J. M. G. Fell and R. S. Doran, “Representations of *-algebras, locally compact groups,
and Banach *-algebraic bundles”, Pure and Applied Mathematics, vol 125 and 126,
Academic Press, 1988.

N. Fowler, M. Laca and I. Raeburn, “The C*-algebras of infinite graphs”, Proc. Amer.
Math. Soc., 128 (2000), no. 8, 2319-2327.

F. P. Greenleaf, “Invariant means on topological groups”, Mathematical Studies, vol.
16, van Nostrand-Reinhold, 1969.

M. Gromov, “Random walk in random groups”, Geom. Funct. Anal., 13 (2003),
73-146.

P. R. Halmos and J. E. McLaughlin, “Partial isometries”, Pacific J. Math., 13 (1963),
585-596.

E. Hewitt and K. A. Ross, “Abstract Harmonic Analysis II”, Springer-Verlag, 1970.

E. Hopf and N. Wiener, “Uber eine Klasse singuldrer Integralgleichungen”, S.-B. Preu.
Akad. Wiss., Phys.-Math. KI. 30/32 (1931), 696—706.

K. Hordk and V. Miiller, “Functional model for commuting isometries”, Czechoslovak
Math. J., 39(114) (1989), 370-379.

A. an Huef and I. Raeburn, “The ideal structure of Cuntz-Krieger algebras”, Ergodic
Theory Dynam. Systems, 17 (1997), 611-624.

K. Jensen and K. Thomsen, “Elements of KK-Theory”, Birkhauser, 1991.

T. Katsura, P. S. Muhly, A. Sims and M. Tomforde, “Graph algebras, Exel-Laca
algebras, and ultragraph algebras coincide up to Morita equivalence”, J. Reine Angew.
Math., 640 (2010), 135-165.

S. Kawamura and J. Tomiyama, “Properties of topological dynamical systems and
corresponding C*-algebras”, Tokyo J. Math., 18 (1990), 251-257.

A. Kumjian, D. Pask, I. Raeburn and J. Renault, “Graphs, groupoids, and Cuntz-
Krieger algebras”, J. Funct. Anal., 144 (1997), no. 2, 505-541.

M. Laca, “From endomorphisms to automorphisms and back: dilations and full cor-
ners”, J. London Math. Soc., 61 (2000), 893-904.

M. Laca and I. Raeburn, “Semigroup Crossed Products and the Toeplitz Algebras of
Nonabelian Groups”, J. Funct. Anal., 139 (1996), 415-440.

E. C. Lance, “Hilbert C*-Modules: A Toolkit for Operator Algebraists”, London
Mathematical Society Lecture Note Series, 1995.

M. V. Lawson, “Inverse semigroups, the theory of partial symmetries”, World Scien-
tific, 1998.

M. Matsumura, “A characterization of amenability of group actions on C*-algebras”,
preprint, arXiv: 1204.3050v1.

K. McClanahan, “K-theory for partial crossed products by discrete groups”, J. Funct.
Anal., 130 (1995), no. 1, 77-117.

K. Morita, “Duality for modules and its applications to the theory of rings with
minimum condition”, Sci. Rep. Tokyo Kyoiku Daigaku Sect. A, 6 (1958), 83-142.

G. J. Murphy, “C*-algebras and operator theory”, Academic Press, 1990.

A. Nica, “C*-algebras generated by isometries and Wiener-Hopf operators”, J. Oper-
ator Theory, 27 (1992), 17-52.

J. Packer and I. Raeburn, “Twisted crossed products of C*-algebras”, Math. Proc.
Camb. Phil. Soc., 106 (1989), 293-311.



[85]
[86]

[87]
[88]

[94]
[95]

[96]

[100]
[101]
[102]

[103]
[104]
[105]

[106]

[107]

347

A. Paques and A. Sant’Ana, “When is a crossed product by a twisted partial action
Azumaya?”, Comm. Algebra, 38 (2010), no. 3, 1093-1103.

W. L. Paschke, “Inner product modules over B*-algebras”, Trans. Amer. Math. Soc.,
182 (1973), 443-468.

G. K. Pedersen, “C*-Algebras and their automorphism groups”, Acad. Press, 1979.

J. Phillips and I. Raeburn, “Semigroups of isometries, Toeplitz algebras and twisted
crossed products”, Integr. Equ. Oper. Theory, 17 (1993), 579-602.

D. Popovici, “A Wold-type decomposition for commuting isometric pairs”, Proc.
Amer. Math. Soc., 132 (2004), 2303-2314.

G. B. Preston, “Inverse semi-groups”, J. London Math. Soc., 29 (1954), 396—403.

J. C. Quigg, “Discrete C*-coactions and C*-algebraic bundles”, J. Austral. Math.
Soc. Ser. A, 60 (1996), 204-221.

J. C. Quigg and I. Raeburn, “Characterisations of crossed products by partial ac-
tions”, J. Operator Theory, 37 (1997), 311-340.

I. Raeburn, “Graph algebras”, CBMS Regional Conference Series in Mathematics,
103, American Mathematical Society, Providence, RI, 2005. vi+113 pp.

J. Renault, “A groupoid approach to C*-algebras”, Lecture Notes in Mathematics
vol. 793, Springer, 1980.

J. Renault, “The ideal structure of groupoid crossed product C*-algebras”, J. Oper-
ator Theory, 25 (1991), 3-36.

Marc A. Rieffel, “Morita equivalence for C*-algebras and W*-algebras”, J. Pure Appl.
Algebra, 5 (1974), 51-96.

E. P. Scarparo, “Algebras de Toeplitz generalizadas”, master’s thesis, Universidade
Federal de Santa Catarina, 2014.

C. F. Sehnem, “Uma classificagdo de fibrados de Fell estdveis”, master’s thesis, Uni-
versidade Federal de Santa Catarina, 2014.

Néndor Sieben, “C*-crossed products by partial actions and actions of inverse semi-
groups”, J. Austral. Math. Soc. Ser. A, 63 (1997), no. 1, 32-46.

N. Sieben, “C*-crossed products by twisted inverse semigroup actions”, J. Operator
Theory, 39 (1998), no. 2, 361-393.

M. Stocinski, “On the Wold type decomposition of a pair of commuting isometries”,
Ann. Polon. Math., 37 (1980), 255-262.

S. Stratila and D. Voiculescu, “Representations of AF-algebras and of the group
U(c0)”, Lecture Notes in Mathematics, Vol. 486. Springer-Verlag, 1975, viii+169 pp.

V. V. Wagner, “Generalised groups”, Proc. USSR Acad. Sci., 84 (1952), 1119-1122.
Y. Watatani, “Index for C*-subalgebras”, Mem. Am. Math. Soc., 424 (1990), 117 p.

H. Zettl, “A characterization of ternary rings of operators”, Adv. Math., 48 (1983),
117-143.

R. J. Zimmer, “Hyperfinite factors and amenable ergodic actions”, Invent. Math., 41
(1977), 23-31.

R. J. Zimmer, “Amenable ergodic group actions and an application to Poisson bound-
aries of random walks”, J. Funct. Anal., 27 (1978), 350-372.



348

Subject Index

[A-valued inner-product] 113
[G-equivariant map] 13
G-graded

48

126
48
30
30
[F-homomorphism/ 31
F-partial representation] 52
hdjoint_Hilbert bimodule] 118
hdjointable operator] 114
algebraic

203

32

31

parfial dynamical system] 31
hIgebraically_equivalent actions] 31

amenable

168

160
hpproximafe identity] 95
kpproximation property] 163
Banach

[F-algebraic bundle] 125

hlIgebraic bundle] 125
Bernoulli

28

29
Blaschke Tactor] 264
68

C*-algebraic

125

krossed product] 71

235

70

partial_ dynamical system] 70
71
163
Elosed under V. or_V-closed] 90
Elosure with respect to V] 90
338
Eompafible parfial isometries] 82
Eompletion of a pre-Fell-bundle] 207
conditional

Expectation in Fell bundles] 181

149
30
Eonfractive Tinear map] 141
Eonvex subsel of a group] 110
Eonvolution product] 134
Eovariant representation] 57
tross sectional CU*-algebra) 136
Erossed product] 44
Evcle in a graph] 333
ilation of a partial representation]
258
domain, or source map 1n a graph]
301
dual

224

224
bdges in a graph] 301




318
Enfry To a cycle] 335
Enveloping action] 16
Equivalence oI partial actions] 13
41
exact
173
groum 173
Extendable semigroup] 268

[faithiul conditional expectation] 159
Fell

125

173
125
final

74

By 74
[fnite-V-closure] 90
nitelv-V-closed] 90
243
Fourier

141

200
[ree partial action] 248
full

[Hilbert module] 116

318

230

116
global

10

dynamical system] 10
16
graded

197

e 49
grading

Eoace 48

Bubspace in a C*-algebra] 126
graph

301

302

pf a partial action] 13

349

group

126

136

52
Hardy

264

ppacey 264
hereditary

[Fell_ sub-bundle] 175

116
Hilbert_A-G-bimodule] 116
bhomogeneous space] 48
[deal of a Fell bundle] 175
[dempofent semilattice] 19
imprimitivity

116

117
197
302
initial

74

Epaxcey 74
[nfegrafed form] 137

lnvariant set under a partial action]
14
[nverse semigroup] 19
30
[somorphic Fell bundles] 170
LCCH Topological space] 68
least
ipper bound 1in_P] 271
271
left
Hilbert_A-module] 114
pre-Hilbert_A-module] 114

[engfh Tuncfion] 22
[inking algebral] 120

[ocal configuration] 312

330
[minimal partial action] 253




350

Morita-Rieffel-equivalent

116

partial actions] 117
Morita-Rieffel-globalization] 247

[morphism between Fell bundles] 170

multiplier
41
40
[NCCT] 274

[Nica’s covariance condition] 274

non-degenerate

[[-homomorphism] 68
94
[bon-degenerafe algebra] 41
lhuclear CT-algebral 216
16
Ore sub-semigroup] 266
orthogonal
169
partial representation] 169
partial
10
Rufomorphism] 69
Erossed product] 44
dvnamical system] 10
63
kroup C*-algebral 109
homeomorphism] 24
73
52
20
path
302
302
pre-Fell-bundle] 204
prefix of a path] 303
73
proper T 68
110
271

range
[map n_a graph] 301
302
fecurrent cvcle] 340
reduced
Eross sectional C*-algebral 141
Erossed product] 143
21
broup C*-algebral 141
regular
epresentation of C™ (%)) 141

fepresentation of a Fell bundle]

140
Eemigroup of isomefries] 263
307
kestricted smash product] 223
restriction
pI a global action] 16
pf a unifary representafion] 258
right
Hilbert_A-module] 114
pre-Hilbert A-module] 113
EFaturated Fell bundle] 129
Eection of a Fell bundle] 134
Fegment 1 a group] 110
31
Bemi-direct product bundle] 127
semi-saturated
129
23
partial representation] 55
Eemigroup of isometries] 262
19
Eeparable Fell bundle] 231
307
Fmash product] 221
source
302
307
Bpectrum of a set of relations] 104
btable C*-algebra] 227
Etably 1somorphic] 117
315




318
Etrong Morifa equivalence] 122
Fummaftion process] 166
fame set of parfial isometries] 76
Toeplitz
[C*-algebra of a graph] 302
264
topological
25
156
24
partial dyvnamical system] 24
topologically
Equivalent parfial actions] 25
[ree partial action] 248
125
fransifive graph] 338
fransifory cycle] 340
[inconditionally convergent] 146
[inilateral shift] 265
[init Tiber algebral] 125
unitary
52
Eemigroup dilation] 270
universal
partial representation] 64
tepresentation ol a Fell bundle)
136
271
68
[rertices in a graph] 301
weak quasi-Tatfice] 271
[weakly transitive graph] 338
[Wiener-HopfI algebra] 293

fword Tengfh] 22

351



