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Remark 0.1. Para entregar dia 11/Abril: 4(b), 4(c),5(¢), 6(c),6(d), 7(b),9,14,15,17.

1. Let A, B C R™ be open sets.
Prove that AU B and A N B are open.

2. Let A, B C R™ be closed sets.
Prove that AU B and AN B are closed.

3. Calculate the limits:

(a)
r—=y
(w7y)—>(0 0 VZ— 7’
(b)
lim rty—4 4
(z, y)~>(2 2) /T +vy

4. Prove formally that:

(a) hmmy)_) 13)350—57]"‘7— —5

(b) limg ) 21)—a:—|—4y—|—4—10

(¢) lim pyoaa?+y? —22+1=09,

(d) lim(y, ) (—1,2) 322 — 292 — 22+ 3y +5=8.

5. For the functions below indicated, show that lim(, ,)_(0,0y (%, y) does not exist, where

(a)
f(@,y) = \/TTyf
(v) y
f(z,y) = @,
() .
fz,y) = ;7;32
(d)

x* + 39623/2 + 29cy3
(22 + 42)2

flx,y) =

)
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__ Y
f(l',y)— (I6+y2)2'

6. For the functions f : R?\ {(0,0)} — R below indicated, show that lim
value, where,

2,y)—(0,0) f (7, y) exists and calculate its

(a)
o= oo ().
) z? 4 3zy
[l y) = Nearh
() ) )
[l y) = %
(d) . .
f(z,y) = cos (%) .

7. For the functions f : R?\ {(0,0)} — R below indicated, calculate, if they exist, the limits lim, ) (0,0) f(2,9)
and discuss about the possibility or not of such functions to be continuously extended to (0,0), by appropriately
defining f(0,0), where

(a)

4 2.2 4
f(x,y)—1n<3x vy + 3y +2),

x? + y?
(b)

flz,y)=1n (:1020082 (ﬁ) + 3) .

8. Let a,b,c € R, where a # 0 or b # 0.

Prove formally that,
lim ax + by +c=axyg+ byo + c.

(w,y)—)(wo,yo)

9. Let a,b,c,d,e, f € R where a #20, b# 0 or ¢ # 0.
Prove formally that,
(w)y)gr(ximyo) az® + by* + cay + dx + ey + f = axd + byi + cwoyo + dxo + eyo + f.
10. Let D C R™ be an open set, let f,g: D — R be real functions and let x¢ € D.
Suppose there exists K > 0 and ¢ > 0 such that |g(x)| < K, if 0 < |x — xq| < 0.
Assume
A, T0 =0
Under such hypotheses, prove that
lim f(x)g(x) =0.

X—X0



11.

12.

13.

14.

15.
16.

17.

18.

Use the item ?7 to prove that
lim z,y) =0,
(z,y)—(0,0) f@:9)

where f : R2 = R is defined by

f(z,y) _{ (22 + 9?2 + 2 —y)sin (ﬁ)v if (z

5, if (z,y) = (0,0).

Let D C R™ be an open set and let x¢ € D.
Assume f,g: D — R are such that
lim f(x)=LeR
X—X0
and
lim g(x) = M € R,
X—X0
where L < M.
Prove that there exists delta > 0 such that if 0 < |x — x¢| < J, then
L+ M
fx) < —5— <g().
Hint: Define € = M;L.
Let D C R™ be an open set and let f : D — R be a continuous function. Assume A C R is open. Prove that
f7L(A) is open, where,
YA ={xeD: f(x)€ AL
Let f:R™ — R be a continuous function and let ¢ € R.
Prove that the sets B and C' are closed, where,
(a) B={xeR" : f(x)<c}.
(b) C={xeR" : f(x)=c}.
Let A, F C R™ be such that A is open and F is closed. Prove that A\ F is open and F'\ A is closed.
Let D C R™ be an open set and let f: D — R be a continuous function.
Assume F C R is closed. Prove that there exists a closed set F; C R™ such that f~1(F) = DN Fy, where
fTYF)={x€eD : f(x)eF}.
Let f: R?2 = R be such that
sin(z+y) .
fay)={ e HrtuF0
1, ifx+y=0.
Prove that f is continuous on R2.
Let f:R? — R be such that

Prove that f is continuous on R2.



