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Resumo

A primeira parte destas notas s@o um resumo de alguns topicos do livro do Prof. Elon Lages
Lima, Variedades Diferenciaveis, publicado pelo Impa em 2011. A segunda parte é baseado no
capitulo 10 do livro Real Analysis and Applications, de F.S. Botelho.

1 Definicoes iniciais
Comegamos com algumas defini¢oes iniciais.

Definicao 1.1. Sejam U C R™ e V. C R™. Um homeomorfismo entre U e V € uma bijecao
continua £ : U — V' cuja inversa também € continua. Um difeomorfismo h : U — V' ¢ uma
bijecdo diferencidvel cuja inversa h™' : V — U também é diferencidvel.

Definicao 1.2 (Imersdo). Seja U C R™ wum conjunto aberto. Dizemos que uma aplicagdo
diferencidvel £ : U — R™ € uma imersdao, quando para cada u € U, f'(u) : R™ — R"™ € uma
transformagao linear injetiva (observe que nesse caso necessariamente m < n).

Definigao 1.3 (Submersao). Seja U C R™ um conjunto aberto. Dizemos que uma aplicagdo
diferencidvel £ : U — R™ é uma submersao, quando para cada u € U, f'(u) : R™ — R" € uma
transformacao linear sobrejetiva (observe que nesse caso necessariamente m > n).

2 A forma local das submersoes

Teorema 2.1. Seja D C R um conjunto aberto e ndo-vazio e seja £ : D — R™ uma funcgdo
vetorial de classe C'.

Denotemos (x,y) € R"™ onde x = (x1,...,2,) ER" ey = (y1,...,Ym) € R™.

Suponha que (Xxo,y0) € D seja tal que

detf, (x0,¥y0)] # 0.



Sob tais hipdteses, existem conjuntos abertos V, Z, W tais que
(x0,y0) € Z CR"™™ xo €V CR" e f(xg,y0) € W CR™,
e também uma funcio h:V x W — Z de classe C' tal que
f(h(x,w)) =w, ¥V(x,w) € V x W.

Demonstragao. Defina ¢ = f(x¢,yo). Sem perda de generalidade assuma ¢ = 0.
Defina ¢ : D — R™ x R™ por

p(x,y) = (x,f(x,y)).

Observe que
Ian On><m
(1)
fa:(x()a YO) fy(X07 yO)
onde I, , denota a matriz identidade n X n e 0, x,, denota a matriz com entradas todas zeros
n X m.
Observe também que

QOI(X(M YO) =

det(gp’(xo, yO)) = det fy(X07 yO) 7& 0.

1

Do Teorema da funcio inversa temos que h = ¢~ ! existe e é de classe C' num aberto V; x W

tal que
¢(x0,¥0) = (x0,f(x0,¥0)) € Vi x W.

Também do mesmo teorema existe um aberto U; x Us tal que p(U; x Uz) = V4 x W e onde
xg € Uy e yg € Us.

Defina V=UNVieZ=p YV xW).

Observe que ¢~ ! é de classe C', também do teorema da funcio inversa e além disso, como
¢ deixa a primeira coordenada fixa, ¢! também a deixard, de modo que existe uma funcio hy
tal que

h(x,y) = ¢~ (x,y) = (x, ha(x,¥)),
Logo para (x,w) € V x W temos que

(x,w) = ¢le " (x,w)]

plh(x, w)]

p(x, ha(x, w))

(x, f(x, ha(x, w)))

(x, f(h(x,w))), (2)

ou seja
(x,w) = (x,f(h(x,w))),
isto é
w = f(h(x,w)), ¥V(x,w) € V x W.
A prova estd completa. O



3 Forma local das imersoes

Teorema 3.1. Seja D C R™ um conjunto aberto e nao-vazio. Seja f: D — R™™ uma funcado
de classe C tal que
fi(x)

) = fa(x) . )

Frtm(x)

Seja xg € D. Defina o conjunto A por
A= {Z(f’(xo)v,ek>ek Ve ]R"} ,
k=1

onde {e1,e2,...,entm} € a base candénica do R,
Asuma que existem vi,Va,...,Vy € RY™ linearmente independentes tais que

R"™™ = A& F,

onde F € o subespago gerado por {vi,...,vp}.
Sob tais hipdteses, existem conjuntos abertos V, Z, W tais que

(x0,0) € V x W C R" x R™,
f(xg) € Z C R*™™ ¢ existe uma fungdo h: Z — V x W de classe C! tal que
h(f(x)) = (x,0), Vx € V.
Demonstragao. Defina ¢ : D x R™ — R"*™ paray = (y1,...,Ym) € R™ por

fi(x) + 320 yidvisen)
p(x,y) = : (4)
Jrem (%) + D200 Yi(Vis €ngm)

Assim,
¢ (x0,0)
(f1)a: (x0) (f)za(x0) - (f1)a,(%0) (viyer) o (Vm,e1)
_ (f2)a: (x0) (f2)aa(x0) - (f2)a,(%0) (viye2) o (Vi €2)
Grtm)as(30) pm)ea(30) = uvmden(50) (V1 Ensm) -+ (Vons )

Da hip6tese A & F = R"™™ logo
SOI(XOa O)URn-i-m] — Rn—f—m.

Assim, det(¢'(x0,0)) # 0 e portanto do teorema da fungao inversa existem abertos V, W, Z
tais que V C R®, W C R™ e Z C R*™™ ¢ tais que

h=p ' Z sV xW



6 de classe Cl em Z, f(x9) € Z,x90 €V e 0 W.
Além disso,

e(VxW)=LZ.
Observe que p(x,0) = f(x).
Logo
h(f(x)) = ¢~ (f(x)) = (x,0),
ou seja
h(f(x)) = (x,0), Vx € V.
A prova estd completa. O

Observagao 3.2. Sejam:V xW — V onde
(X, W) = X.
Considerando o contexto do ultimo teorema, seja também
E=moh:Z—V.
Assim,
(o f)(x)=moho f(x)=m(x,0) = x.
Logo, &lyvy = (flv)~. Resumindo, ¢ : Z — V de classe CF, quando restrita a £(V),

corresponde @ inversa de

f:V - £V).

4 Parametrizacoes e Superficies no R”

Definigao 4.1. Seja Uy C R™ um conjunto aberto. Uma imersio de classe C* r: Uy — R" (a
qual € também um homeomorfismo sobre v(Up)) € dita ser wma parametrizacio de classe C* de

U= I‘(UQ).
Observacao 4.2. Quanto d injetividade de v'(u) : R™ — R"™, temos que as sequintes condi¢oes
sao equivalentes.
1. v'(u) : R™ — R"™ € injetiva.

2.
Or(u) Or(u)

Ooup 7 Oupy,
sao vetores linearmente independentes.

U )

tem posto m, isto €, algum dos seus sub-determinantes m x m € diferente de zero.

3. A matriz Jacobiana

Definicao 4.3. Seja 1 < m < n. Dizemos que um conjunto nao-vazio M C R™ é uma superficie
m-dimensional de classe C* quando para cada p € M, existe um aberto U aberto em M tal que
p € U e existe uma parametrizagao r : Uy — U = r(Uy), para algum aberto Uy C R™.

O numero n —m € chamado de co-dimensao de M.



4.1 Mudancga de coordenadas

Seja M C R™ uma superficie m-dimensional onde (1 < m < n) de classe C* e sejar : Uy — U
uma parametrizacao do conjunto aberto em M, U C M. Seja Vi C R™ um aberto e seja
&V — Uy um difeomorfismo de classe C*.

Assim ro & : Vp — U ainda é uma parametrizacao de U.

Observe que £ representa uma mudanga de coordenadas.

Observagao 4.4. Ser: Uy — U es: Vo — V sao parametrizacoes de M tais que U NV # (),
entao

E=stor:r (UNV)=sHUNV)
€ um homeomorfismo entre abertos do R™.

De fato, vejamos o proximo teorema.

Teorema 4.5. Seja Vo um subconjunto aberto do R™ e seja s : Vo — R™ wma parametrizacdo
de classe C* do conjunto V. C R™. Dados Uy C R" aberto e f : Uy — V C R™ de classe C*,
entao

1. a composta s~ of : Uy — Vo CR™ € de classe CF.

2. Parax e Uy e
z=(s'of)(x)

temos que

(57 o f)'(x) = [s'(2)] ' o f'(x).

Demonstra¢do. 1. Como s : Vy — V é uma imersio injetora de classe C*, para cada ponto
p € V, existe um aberto Z C R que o contém e uma funcio de classe C*, g : Z — R™
(isto decorre da observacao 3.2) tal que

gl(Vnz)=s1
Seja p € £(Up) C V. Assim
slof=gof:f(VNZ)CcR —R™

de modo que s~ o f é de classe C*, pois f e g o séo.

2. Escreva h = s~ of e aplique a regra da cadeia a igualdade
soh="f.

O

Corolario 4.6. Sejam Uy e Vo C R™ e sejamr : Uy — V e s : Vi — V, parametrizacdes de
classe C* do mesmo conjunto V.C R™ Sob tais hipéteses, a mudanca de coordenadas

E=sltor

¢ um difeomorfismo de classe C*.



4.2 Funcoes diferenciaveis definidas em superficies

Definicao 4.7. Seja M C R™ uma superficie de classe C*. Dizemos que uma funcio £ : M —
RS € diferencidvel em um ponto p € M quando existe uma parametrizacao r : Uy — U de classe
C* com p € U, tal que

for:Ujy— R?

¢ diferencidvel em uy € Uy, onde r(ug) = p.
Da ultima proposicao e corolario, temos que
fos=(for)o(rlos)

serd também diferencidvel em ug = r~!(p), seja qual for a parametrizacdo s de classe C* de
uma vizinhanga de p.

Concluimos entao que a definicao em questao nao depende da parametrizacao escolhida.

Se tivermos superficies M C R" e N C R® demensoes m; e mo respectivamente, dizemos que
f: M — N é diferencidvel no ponto p € M quando considerada como uma funcao de M em R?,
f for diferencidavel nesse ponto.

Similarmente, dizemos que f : M — N é de classe C* quando para cada p € M existe uma
parametrizacdo r : Uy — U C M de classe C*, com p € U tal que

for:Uy— NCR?

é de classe C*.

Observe, que nesse caso, da dltima proposicao e seu coroldrio, f or é de classe C* seja qual
for a parametrizacao de classe C* r: Uy — U, tal que p € U.

Vejamos entao o préximo teorema.

Teorema 4.8. No contexto das ultimas observacoes acima, para que f : M — N seja de classe
C* ¢ necessdrio e suficiente que, para cada p € M, existam parametrizacées de classe C*

s:Vp—=VCN

r:Uy—-UCM
compeU, £f(U) CV e tais que

stofor:Uy— Vy Cc R™
seja de classe CF

Demonstragao. Seja £f: M — N de classe C*. Seja p € M. Assim existe uma parametrizacio
5: Vo — V C N de classe C*¥ com f(p) € V e Vy C R™2.

Sendo f continua, existe um aberto U; em M, tal que p € Uj e f(U;) C V. Podemos obter
uma parametrizacio r : Uy — r(Up) € M com p € r(Up), onde Uy C R™ é aberto. Defina

Up =~ YU, nr(Up))

elU = U1 N I‘(Uo).



Assim
f(U) cf(Uy) CV.

Pela definicdo, de f ser de classe C* temos que
for:Uy—V CR?
é de classe C* de modo que do tltimo teorema e seu corolario
stofor:Uy— Vo

é de classe C*.
A prova da reciproca é deixada como exercicio. O

Corolario 4.9. Sejam M,N,P C R" superficies de classe C* de dimensées mi,mo e ms3
respectivamente. Sejam £f: M — N eg: N — P funcées de classe CF.
Sob tais hipéteses gof : M — P € também de classe CF.

A prova deste corolario é deixada como exercicio.

5 Superficies orientaveis

Definicao 5.1 (Atlas). Um atlas de classe C* de uma superficie m-dimensional M C R™ ¢ uma
cole¢do P de parametrizacées v : Uy — U C M de classe C* tal que os conjuntos U formam
uma cobertura de M.

Duas parametrizagoes de classe Ckr:Uy—Ues:Vy—V sio ditas coerentes se UNV = ()
ou, se UNV # 0, entio & = r~' os tem determinante Jacobiano positivo em todos os pontos
de s~H(UNV).

Um atlas € dito ser coerente quando todos 0s pares de parametrizacoes r,s sao coerentes.

Se M admite um atlas P coerente, € dita ser orientdvel e também é dita ser positivamente
ortentada por P.

Teorema 5.2. Seja M C R™ uma superficie de classe C*.

Se existemn n—m campos continuos de vetoresny, ..., Ny : M — R™ tais que ny(p), ..., n,_m(p) €
(T,M)* sdo linearmente independentes, ¥p € M, entido M ¢ orientdvel.
Demonstracdo. Seja P o conjunto das parametrizacoes de classe C*, r: Uy — U C M tais que

1. Uy é conexo.

2. Para cada u € Up, A(r(u)) a matriz n X n cujas colunas sao
r/(u)elv s 7r/(u)€m7 1’11(1‘(11)), s 7nn—m(r(u))7

tem determinante positivo. Aqui {ei,...,en} é a base canonica do R™.

Vamos mostrar que P é um atlas coerente em M.
Seja p € M. Considere uma parametrizacao de classe C*¥ r: Uy — U C M com p € U e Uy
conexo.



Entao por continuidade ou det A(r(u)) > 0, Yu € Uy e nesse caso r € P, ou entdo
det A(r(u)) < 0, Yu € Uy e nesse caso basta substituir r por ry, onde ry(uy,us,...,Uy) =
r(—uy,ug,...Uy) que obteremos ry € P.

Como p € M é arbitrario, mostramos assim que as imagens das parametrizagoes de P cobrem
M.

Sejamr: Uy — U es: Vy— V elementos de P tais que U NV # 0.

Temos que mostar que

rlos: sfl(U nv) — rfl(U nv)
tem determinante Jacobiano positivo em cada ponto
ucs 1 (UNV).
Seja
p=r(u) =s(u) eUNV C M.

Observe que
s'(up)e; = > adr'(wy)e;, Vj € {1,...,m}.
i=1
Disto obtemos, 4
det A(s(uz)) = det{a’} det A(r(u1)),
de modo que 4
det{a’} > 0.

Observe que a matriz Jacobiana de r~! os em uy é exatamente {aj}.

A prova esta completa.
O

Teorema 5.3. Seja M C R"™ uma superficie m-dimensional de classe C*, onde 1 < m < n.
Seja p € M.

Os elementos de T,M sdo os vetores velocidade em p dos caminhos diferencidveis contidos
em M e que passam por p.

Mais precisamente,

LM = {v=X(0): X:(—ee) > MCR"
é diferencidvel e A\(0) = p}. (5)

Demonstragcao. Seja v € T, M. Assim existe w € R™ tal que
v =r'(u)w,

onde p = r(u), para uma paremetrizagao apropriada
r:Uy— U

Portanto

v — Tim r(u+tw) — r(u).
t—0 t



Para ¢ > 0 suficientemente pequeno, defina A : (—e,¢) — M por
At) = r(u+tw).

Logo,
v =\ (0)

A0) =r(u) = p.
Reciprocamente, suponha que A : (—¢,e) — M seja um caminho diferencidvel com A(0) = p.
Seja
v = XN(0).
Observe que existe uma parametrizagao r : Uy — U, onde p € r(u) € U, para u € Uy, de
modo que para 0 < €1 < ¢ suficientemente pequeno,

A—e1,61) CU.

Observe que

rto A (—51,61) — Uy

¢é diferenciavel.
Defina

assim,

de modo que
v=X(0)=r'(uyw e T,M.

A prova esta completa. O
Proposigao 5.4. Seja U C R™™ um conjunto aberto e seja £ : U — R™ uma aplicagcdo de
classe CF.

Seja ¢ € R™,

Defina

M={peU:f(p)=cef(p):R™" = R" ¢ sobrejetora }.

Sob tais hipdteses, se M # 0, entdo M € uma superficie de classe C*.
Além disso,
T,(M) = Kerf'(p), Vp € M.

Demonstragao. Denotemos (x,y) € R™™" e seja
p = (%0,¥0) € M.

Logo
f(x0,y0) = c.



Renomeando as varidveis, se necessario, obtemos det[f,(x0,y0)] # 0, e assim, do Teorema
da funcao implicita existem 6; > 0 e d2 > 0 tais que para cada x € Bs, (xg) existe um dnico

y € Bs,(yo) tal que
f(x,y) =c,

onde denotamos
y = §(x),

onde tal funcéo é de classe C*, de modo que
f(x,£(x)) = ¢, Vx € By, (xp).

Logo a vizinhaca Z = By, (x0) X Bs,(yo) de p é tal que a parametrizagdo s : V = Bs, (x0) —
Z 0 f~1(c), onde s(x) = (x,£(x)), é bijetiva.

Resumindo p € Z N f~1(c) C M.

Sendo tal p arbitrario, segue-se que M é uma superficie.

Seja agora v € T,M. Seja A : (—¢,e) — M tal que A(0) =p e XN(0) =v.

Assim,

= f(\
v (6)

Logo v € Kerf'(p).
Como T,M e Kerf'(p) sao dois subespagos de dimensao m de R™™" e do exposto acima
T,M C Kerf'(p), obtemos que
T,M = Kerf'(p).

A prova estd completa.

6 Superficies no R” com bordo
Definigao 6.1 (Semi-espago). Considere a func¢do linear o : R™ — R, onde

a(u) = Zakuk, Yu € R™,
k=1

e onde a € R,Vk € {1,...,m}.
Definimos o semi-espagco H C R™ por

H={ueR™ : a(u) <0}
Observe que ne nesse caso, a fronteira de H, denotada por OH, serd

OH ={ueR™ : a(u) =0}.

10



Observagao 6.2. Seja A C H C R™ um conjunto aberto em H. Seja f: A — R™ uma funcao
diferencidvel.

Mostraremos que f'(u) : R™ — R™ estd bem definida, Yu € A.

Seja F : U — R™, uma extensdo diferencidvel de F' onde U D A € aberto.

Sejau € A. Seu € H°, obviamente,

F'(u) = f'(u).

Assuma entao que u € ANIH. Seja {vi,...,vy} C H uma base do R™.

De fato, tal base existe, pois dada uma base qualquer do R™, trocando o sinal de cada
elemento se necessdrio, podemos obter que cada elemento pertence a H, (mesmo trocando alguns
sinais ainda teremos uma base).

Seja t > 0. Assim

u+tvy € HVke{l,...,m},

POiLS
a(u+tvy) = a(u) +ta(vy) <0, Vk e {1,...,m}.

Como A € aberto em H e u € ANOH, para todo t > 0 suficientemente pequeno, temos que

u-+tvy € A
Seja, k € {1,...,m}.
Assim
Flujve = lim F(u+tvg) — F(u)
t—0 t
—  lim F(u+tvy) — F(u)
t—0+ t
—  lim flu+tvg) — f(u)
t—0+ t
= f'(u)vg. (7)
Logo

F'(u)vg = f'(u)vy, Vk e {1,...,m}.

Disto podemos concluir que F'(u) nao depende da extensao escolhida.

Vale também a regra da cadeia, isto €, se f : A — R" e g : B — RP diferencidveis, onde
A C H é aberto e H e f(A) C B C Hy, onde H é semi-espago do R™ e Hy é semi-espaco do
R™, entao (gof): A — RP € diferencidvel e

(gof)(u) =g (f(u))f'(u), Yu e A.

Observagao 6.3. Considere novamente um semi-espaco H C R™ e seja A C H um conjunto
aberto em H. Definiremos o bordo de A em H, denotado por A, como

0A=ANO0H.

Observe que o bordo OA € uma hiperficie em R™.
De fato, sendo A aberto em H, temos que A =U N H, para algum aberto U C R™.

11



Portanto,

UNOH = UnN(HNOH)
= (UnH)NOH
= ANoH
= 0A, (8)

de modo que OA € um subconjunto aberto na hiperficie
OH = a~1(0).

Teorema 6.4. Seja A C H um conjunto aberto em H e seja B C Hy um conjunto aberto em
Hy, onde H, Hy sdo semi-espacos em R™

Seja £ : A — B um difeomorfismo de calsse C*.

Sob tais hipoteses

f(0A) = 0B.
Em particular a restricao flpa é um difeomorfismo entre 0A e OB.

Demonstracao. Sejau € ANH? =U. Assim U C R™ é um aberto tal queu € U C A C H.
Restrito a U, f é um difeomorfismo de classe C'* sobre f(U). Pelo Teorema da Funcao Inversa
f(U) é aberto no R™. Como f(U) C B C H; concluimos que f(U) C BN Hy. Assim

f(ANH®) C BNHS.

Portanto
£f71(0B) C 0A.

Similarmente, invertendo os papéis de f, f~! e, A e B, podemos obter
f(0A) C 0B,

de modo que

f(0A) = OB.

6.1 Parametrizagoes para superficies no R"” com bordo

Definicao 6.5. Uma parametrizacdo (de classe C* e dimensdo m) de um conjunto U C R™ ¢
um homeomorfisno r : Uy — U de classe C* definido no aberto Uy C H em H, onde H é um
semi-espago, tal que '(u) : R™ — R™ é uma transformacdo linrear injetiva para cada u € Up.

Definicao 6.6. No contexto da ultima defini¢do, um conjunto M C R™ ¢é dito ser uma superficie
de dimensdo m e classe C*, com bordo, quando para cada p € M, existe uma parametrizacdo

r:Uy— U C M, com p=r(u), para algum u € Uy C H, onde Uy € aberto em H e H C R™ ¢
Um Semi-espaco.

12



Teorema 6.7. Seja M C R™ uma superficie m-dimensional de classe C* com bordo. Sejam
r: Uy — Ues: Vo — V parametrizacoes de classe C* de abertos (em M) U,V C M, com
UNV #0. Sob tais hipdteses,

stor:r {(UNV)=sH(UNV)
€ um difeomorfismo de classe Cy,

Demonstragdo. Sejau € r~{({UNV).

Seja p = r(u) e seja v =s"(r(u)).

Observe que do exposto anteriormente, s poder ser estendido a uma aplicacao s; : W — R”
de classe C¥ num aberto W C R™ tal que v € W. Como s}(v) : R™ — R"™ § injetiva, temos
que, da forma local das imersoes, restringindo-se W se necesséario, s; é um homeomorfismo de
W sobre sua imagem s;(W), de modo que o homeomorfismo inverso s; ' : s;(W) — W é a
restricao de uma aplicaciao g de classe C* definida num aberto do R™.

Definindo A = r~1(s1(W)) temos que u € AN H.

Observe que

(s or)|anm = (gor)|ann

onde gor é de classe CF.
Em particular (s or) é de classe C* em u, Yu € r"{({U N V).
A prova esta completa. O

Observagao 6.8. Para um a superficie M C R™ com bordo, o bordo de M ¢é o conjunto dos
pontos p € M tais que toda parametrizacio r : Uy — U de classe C' de um aberto em M,
U C M com p =r(u), necessariamente temos que u € 0Uy.

Pelo Teorema 6.4 juntamente com o fato de que cada mudanca de parametrizagao é um
difeomorfismo, para p € M, basta que exista uma parametrizacio r : Uy — U de classe C de
aberto U em M, com p =r(u) e u € Uy, para que se tenha p € OM.

Observacgao 6.9. Se M C R"™ € uma superficie com bordo de classe C* e dimensdo m+1, seu
bordo OM ¢ uma superficie (sem bordo) de classe C* e dimensdo m (isto pois OH C R™*! ¢
um subespago de dimensao m).

As parametrizacées que definem OM como superficie sdo as restrigoes ao bordo Uy =
Uy N OH, das parametrizacées r : Uy — U de classe C*, que tem como imagem, um aberto U
em M, tal que UNOM # ). Observe que a restri¢ao r|py, : Uy — OU tem OU = U NOM como
imagem. Podemos parametrizar OU da sequinte forma.

Escreva u = (ug,u1,...,uy,) € H, e defina

Hy = {u=(ug,uy,..., uy) € R . uy <0}
Assim identificamos OHy com R™, onde

OHp = {(0,u1,...,Um) : (U1,...,upy) € R™}.

Observe que para todo semi-espaco H C R™T! existe um isomorfismo linear T : R™H —
R™ ! tal que T(Hp) = H.

Entdo para cada parametrizacio s : Vo — U de calsse C* no aberto Vo em H, definimos,
Uyp =T (V) e obtemos r =soT : Uy — U, uma parametriza¢io padronizada definida num
aberto em Hy, de classe C* e com a mesma imagem de s.
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Ser:Uy— U € padronizada e UNOIM # 0, a restricio r|ay, : OUy — OU na superficie OM
estd definida em um subconjunto aberto OUy C R™, considerando que identificamos 0Hg com o
Rm

Definicao 6.10 (Espaco tangente). Seja M C R™ wma superficie com bordo de classe C' e
dimensao m+1. Para cada ponto p € M podemos definir o espago tangente de dimensao m+1,
denotado por T,M C R", por

T,M = v'(u)[R™H],

onder(u) =per: Uy — U € qualquer parametrizacdo de classe C' de um aberto em M, U C M
e Uy C R™*L ¢ um conjunto aberto em semi-espaco H C R™t1,

Observagao 6.11. Seja p € OM.

Assim, para uma paremetriza¢io r : Uy — U C M, com p = r(u), temos que u € dU,, de
modo que r'(u)[0Uy] = T,(0M) € o subespaco tangente ao bordo de M em p € OM.

Observe que

T,(0M) € T,M
onde T,(OM) € um subespaco de T,(M) de dimensiao m (co-dimensao 1).

Proposigao 6.12. Seja M C R™ uma superficie m-dimensional com bordo. A defini¢cdo de
T,M nao depende da parametrizacdo uilizada.

Demonstragao. De fato sejam r : Uy — U er : Vj — V parametrizagoes em M onde p = r(u) =
s(v)eUnNV.
Observe que
E=(s"tor):r ' (UNV)=sHUNTV)

é um difeoformismo, onde
sof=r.

s'(v)¢'(u) = 1'(u).

Como ¢ : R™*tL 5 R™*L ¢ um isomorfismo, temos que
()R] = ()R],
A prova esta completa. O

Observacao 6.13. Seja p € OM. Temos entao o espago tangente T,M e o seu subespago
tangente T,(OM).

Além disso, em T,M temos o semi-espago composto pelos vetores de T,M que apontam para
fora de M e pelos vetores de T,(OM).

Vejamos com mais rigor essa ideia intuitiva.

Definicao 6.14. Dizemos que um vetor w € R™ aponta para fora do semi-espago H, quando
w ¢ H.
Nesse caso, se
H={ueR" : a(u) <0},

teremos a(w) > 0.
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Vejamos também o proximo teorema.

Teorema 6.15. Seja f : A — B um difeomorfismo entre A C H e B C Hy, onde A € aberto
em H e B é aberto em Hy e, H,H; C R™ sao semi-espacos.

Suponha que w aponta para fora de H. Sob tais hipdteses, para cada u € 0A temos que
f'(u)w aponta para fora de H;.

Demonstracao. Observe que
H={ueR" : a(u) <0},

Hy={ueR™ : f(u) <0},

onde «, 8 : R™ — R sao funcoes lineares apropriadas.

Sejau € 0A = ANOH. Pelo Teorema 6.4, f é um difeomorfismo entre 0A e 3B, de modo
que f'(u) : R™ — R™ transforma isomorficamente 0H em 0Hj.

Assim, dado v € R™, temos que

Blf'(w)v] =0,

se e somente se,

a(v) =0.

Como a(w) > 0, basta entao mostar que
BIE (ww] > 0.

Observe que para t < 0 temos que u+ tw € H, pois a(u + tw) = 0+ ta(w) < 0.
Logo, para t < 0 suficientemente pequeno em médulo, temos que

u+ttwe A\ 0A,
de modo que
f(u+tw) e B\ 0B

e portanto
Bf(u+tw)) <O0.

Assim para tais valores de t, obtemos

BE(u+tw)) - B(E(w) _ B(f(u+tw)) _ o
¢ t

Fazendo t — 0, obtemos
B(f' (u)w) > 0.

A prova estd completa. O

Definicao 6.16. Seja M C R"™ uma superficie m + 1-dimensional de classe C' com bordo e
seja p € OM.

Dizemos que um vetor w € T,M aponta para fora da superficie M, quando existe uma
parametrizacio r : Uy — U de classe C' de um aberto Uy em H, onde H C R™t! ¢ um semi-
espaco, U C M € aberto em M, e onde p =r(u) € U, u € 90Uy e w = r'(u)wq, para algum
wo € R 0 qual aponta para fora de H.
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Observe que nesse caso, do tltimo teorema, para qualquer outra parametrizacao s : Vo — V,
com p =s(v) € V, v € V), temos que

w =s'(v)wy,

para algum w; € R™*! o qual aponta para fora do semi-espaco Hi, tal que 0Vy = Vo NOH; e
no qual V{ é aberto.
De fato, definindo

§=sr,
e
wi = &' (u)wy
temos que
s'(v)wi = s'(v)§'(u)wo
= r'(u)wy
= w. 9)

Pelo ultimo teorema, w; aponta para fora de Hy, pois wy aponta para fora de H.

Observagao 6.17. Em cada ponto p € OM, os vetores tangentes a OM e os vetores que
apontam para fora de M, formam um semi-espaco de T,M. Como dim(T,M) =m+ 1, temos
que dim(T,(0M)) = m, de modo que eziste um unico vetor n(p) o qual é ortogonal a T,,(OM),
estd em T,(M) e aponta para fora de M. O vetor n(p) € dito ser o vetor normal exterior a OM
em p € OM. (normal exterior ao bordo de M em p).

Seja p € OM, onde p = r(u) e u = (0,u1,...,uy,) € AUy (para uma parametrizagao
apropriada padronizada,).

Observe que n(p) € T,M tem a forma

Or(u) Or(u) Or(u)
n(p) = ap g + aq o +...+an o
onde a base de T,(OM) ¢
Or(u) Or(u)
Ooup 7 Ouyy,
Deve-se ter entao,
0
np) - ZW o ke, m). (10)
Ouy,
Temos entdo m equagoes lineares e m + 1 incognitas, ag, a1, ..., 0m+1-
Obtemos entao mediante (10) a1(ag),. - .,am(ag), onde tais relagoes sao lineares.

Mediante a condi¢do n(p) - n(p) = 1, obtemos a2, ou seja |ag|.

Finalmente, o sinal de ag deve ser obtido de modo que n(p) aponte para fora de M.

Mostraremos agora, de uma maneira mais formal, que se M € orientada, entdo seu bordo
também o é.

Seja M C R™ uma superficie m + 1-dimensional de classe C1, orientada e com bordo.

Denotemos por P o conjunto das parametrizacoes v : Uy — U C M, de classe C', com as
sequintes propriedades.

16



1. Uy € conexo.

2. Uy € aberto no semi-espaco

H = {(ug,u1, ..., upm) € R™ + ug <0},

3. r € positiva em relagdo a orientagao de M.

Jd vimos que o conjunto das parametriza¢oes padronizadas r : Uy — U C M que satisfazem
1 e 2 (padronizadas) formam um atlas de M.
Se incluirmos a condi¢cao 8 também ainda teremos um atlas.
De fato, sejas : Vo = V a qual satisfaz 1 e 2. Se s € negativa podemos compo-la com a
tranformagao linear
T(Ug, Uty - vy Up) = (U0 ULy v oy —Up)

e assim definindo Uy = T~1(Vp), teremos que
r=sol :Uy—V

satisfaz as condicoes 1, 2 e 3, pois detT" < 0.
Portanto P é um atlas.
Vamos agora identificar R™ com

0Hp = {u = (ug,u1,...,uUm) : ug=0}.

Seja Py o conjunto das restrigoes ro = r|sy, das paramerizacoes r de P tais que OUy =
Uy NOHy # 0.

Assim Py € um atlas de classe C* de OM.

Mostraremos agora que Py € coerente.

De fato, sejam rg: OUy — OU € Py e sg : OVy — AV € Py tais que

U NV # 0.
Assim, a mudanca de parametrizacdo & = sal org € a restri¢do do difeomorfismo & =s lor
ao bordo do dominio em questao.
Defina A = &'(u) : R™H — R™* g derivada de € em u tal que

r(u) € 9U N AV

(dominio de &).
Como P ¢é coerente, temos que det A > 0.
Por outro lado, & € um difeomorfismo do aberto

r (UNV)C Hy

no aberto

Sil(U N V) C H,.

Do Teorema 6.4, temos que

A(0H,) = 0Hy
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ou seja
Aei = (0, Ay ,ami),

Vie{l,...,m}.
Finalmente, como ey = (1,0,...,0) aponta para fora de Hy, temos do Teorema 6.15, que
Aey = (aoo, 10, - - - Amg) também apontard.

Portanto deve-se ter agg > 0, onde a matriz A tem a sequinte forma

aw O - 0
a1o ail o ai

A=| . . (11)
am0 Aml1 - Amm (m+1)x (m+1)

Observe que det A = agg det Ay onde

a1 a2 - Qi
a1 @ - G2,

Ap = ) . ) : (12)
am1l Am2 - Omm

mxXm

e onde Ay € a derivada de & em u.
Como det A > 0 e agy > 0, temos que det Ag > 0.
Disto concluimos que o atlas Py € coerente.
A orientacao de OM € dita ser induzida pela orientacdo de M.

7 The tangent space

Let M C R™ be a m-dimensional surface, where 1 < m < n, of C! class, with a boundary
oM.

Observe that for each p € M, there exists a parametrization r? : U(I)J — UP C M, where
Ul C Hy is open in the semi-space Hy (for standard parametrization), for a local system of

coordinates. Here
Ho = {(u1,...,um) € R™ : u; <0}

We denote D = Upe U and and generically also denote M = r(D) = Upepyr? (U]). where,
to simplify the notation, we have written

r’(u) = r(u),

emphasizing we are in fact referring to a particular system of coordinates relating U} and for a
specific parametrization defined on U}.

Definigao 7.1 (The tangent space to M). In the context of the last lines above, let p = r(u) €
M. We define the tangent space to M at p, denoted by T,(M), by

T,(M) = {Zaiagi‘:) CQp, e am € R}.

=1
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We recall that for a C* class surface,
or(u) ™
Oui i=1

Observagao 7.2. We recall that the dual space of a real vector space V', is formally defined as
the set of all linear continuous functionals (in this context, in fact real functions) defined on
V. From the Riesz representation theorem, considering the specific case where V- C R", given a
linear continuous functional F : V — R there exists a € V such that

1s linearly independent ¥p € M.

Flu)=a-u, VueV.

In such a case, as for any Hilbert space, we say that V* =~ V| that is the dual space V* is indeed

identified with V.

In the general case, from elementary linear algebra, given a basis (e1,--- ,epn) for V, we
may obtain a corresponding dual basis for V*, given by Fy,--- , Fy, € V*, such that
where
{1 fi=j
0ij = { 0  otherwise. (13)
In the next lines we present the formal details on these last statements.
Teorema 7.3. Let V' be a real m-dimensional vector space and let {v1,--- , vy} be a basis for
v
Under such hypotheses, there exists a unique basis {Fy,--- , Fy,} for V* such that
Fi(vj) = 0y,
where
1 ifi=j
i = T . . 14
(5] {0 ZfZ#],VZ,]E{l,"-,m} ( )
Demonstragao. For each i € {1,--- ,m}, define F; : V — R by
E(V) = Gy,
where,
m
VvV = Z a;jVvi.
j=1
Therefore,

Fi(vj) = (Sij, V’i,j S {1, ce ,m}.
Now we are going to show that such {£7} are unique.
Let Fy,--- , Fp, € V* be such that Fj(v;) = d;5, Vi,j € {1,--- ,m}.
Let v=>"" av; €V
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Thus, fixing ¢ € {1,--- ,m}, we have,

m
E(v) = EQ_av))
j=1
m ~
= Z a; Fi(v;)
j=1
m
= D4l
j=1
-
= F(v) (15)
Therefore, ~
Fi(v) = Fi(v), Vv eV,
so that, 3
F,=F;, Vi€ {1, ,m}.
We may conclude that the Fi,---, F,, € V* in question are unique.
At this point, we are going to show that Fy,--- , F,, € V* are linearly independent.

Suppose that by,--- ,b,, € R are such that

m
F= Z b;F, = 0.
=1

Thus,
m m
0=F(vj) =Y biFi(vj) =Y bidij =b;, Vi€ {1,--- ,m}.
i=1 i=1
Hence, {F},--- , F,} is a linearly independent set.

To finish the proof, we are going to show that {Fy,--- , F,,} spans V*.
Let S e V*.
Denote b; = S(v;),Vi € {1,--- ,m}.

Define -
F=) bFeV
i=1
Thus " -
F(Vj) = Zb’LE(V]) = Zbléw = bj.
i=1 i=1
Thus,

SV) =80 ajvy) =D a;5(vj) =) a;b;.
j=1 j=1 j=1
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On the other hand,

F(V) =F ZCL]’V]' = Z CLjF(Vj) = Z ajbj.
j=1 j=1

j=1
Hence,
F(v)=S(v),¥v eV,
so that .
S=F=) bF,.
i=1

Thus, {F1, -, F,} spans V*| so that it is a basis for V*.
This completes the proof.
O

Teorema 7.4. Let M C R™ be a m dimensional surface and let f : M — R be C* class function.
Let p = r(u) € M. Under such hypotheses, we may associate to such a function f, a
functional

F:T,(M)—R
where, for each
v Or(u)
= U 8’LLZ 5

we have

Flv) = F<v-ar(u)>

! Ouz
o (Fer)({ui+ev}) — (For)({ui})
e—0 I
= df(v). (16)

Conversely, if F' : T,(M) — R is a continuous linear functional, that is, if there exists

a € R™ such that 5
F(v)=a- <’Ui gi“)> Wy € T,(M),

then there exists f : M — R of C! class such that,

F(v)=df(v), Vv e T,(M).
Demonstragdo. For f € C1(M) and p € M in question, define F : T,,(M) — R by

F(v) =df (v),

for all v =wv; Bgz(;:) € T,(M).
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Hence,

where

We may conclude that F' is continuous and linear on T),(M), that is,

_0(for)(u)

&)
o 2T + 0d) = (7 o) ({us))

e—0 g

" O(for)(u) 0X;(u)

o ( 0;5;‘)) ,

Vg

i 1..-- )
aXJ 7v]€{7 7n}

F € T,(M)*.

(17)

Conversely, assume F': T,(M) — R is linear and continuous, so that by the Riesz represen-
tation theorem, the exists, a € R™ such that

Or(u)

Flv)=a- (v—) | W € T,(M).

Define f: M — R by

Thus f(r(u)) = a-r(u) = o

From this,

df (v)

This completes the proof.

= lim

8ui

fw)=a- -w,VYw € M.
Xj(u).

o Xj({u; +evi}) — a; X;({ui})

e—0 £

(18)

O

Corolario 7.5. In an appropriate sense, the corresponding dual basis to T,(M)*, to the primal

basis for T,(M)

(Bt

is given by {dw;(r(u))} where {w;(r(u)} = r~(r(u)) = {w;}, so that we could denote such basis

for Tp(M)* by

{duy, -, dup}.
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Demonstragao. Let us denote

and
{’]:(0707 7071707”' 70)7

that is, value 1 at the j — th entry and value 0 at the remaining ones.
Hence

dui(€;) = dwi(r(u))(e;)
_ iy Wit e9y)) — wi(r(u))
e—0 €
Qwi(r(u))
8’[1,]'
8’LLZ'
B,

Summarizing, we have obtained
dul(éj) = 5ij7

so that, in the context of last theorem, {du;,--- ,duy,,} is a basis for T,(M)*.
The proof is complete. O

8 Vector Fields

Definicao 8.1. Let M C R"™ be an m-dimensional surface that is, 1 < m < n.
Generically denoting
M ={r(u) : ue D},

let p=r(u) € M and consider the set

be a basis for T,,(M).
We define a vector field
X : M — {T,(M), pe M},

by

X ={X,, pe M},

where point-wise

Xy = 32 X, (0 2.
i=1 ¢

Moreover, for each p € M we define the operator

X, : CY(M) — CY(D)
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where

(f or)({ui + eXp,(W)}) = (f or)({ui})

- iy :
0 or)(w) OX;(u)
= V) (%, 5 ). (20)

Moreover, we denote by X' (M) the set of C'! class vector fields on M.

Definigao 8.2 (The exterior product). Let V' be a real vector space and V* its dual one. Let
(Fr,--+ \Fp) e VEx V*x - x V* (k times) and (vi,va, -+ ,vE) €V XV x -+ xV (k times).
We define point-wise the exterior product (Fy A Fo A -+ A Fi)(vy,va, - ,Vg), by

(Fy AFy Ao A Fy)(vi,va, oo Vi) = det{Fi(v;)}.

Observacao 8.3. Concerning a C' class m-dimensional surface M C R", where 1 < m < n

and
M = {r(u) : ue D},

for a vector field X € X (M) where

or(u)
X=X
pi 8’114
and f : M — R of C! class, we shall denote,

where point-wisely,

(X e(w) = df(X)[e(u)
i oD 42X )~ (for)(u) o)

e—0 £

where p = r(u).

Definigao 8.4 (Lie bracket). Let M C R™ be a C! class m-dimensional surface where 1 < m <
n.
Let X,Y € X (M), where X(M) denotes the set of the C®°(M) = NpenCF(M) class vector
fields. We define the Lie bracket of X and Y, denoted by [X,Y] by,
Or(u)

X,Y]=(X Y- X Y;)—2,
(X, Y] =( )Oui
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where

Or(u)
X=X
8ui
and or(u)
r(u
Yehan

Teorema 8.5. Let M C R" be a C! class m-dimensional surface where 1 < m < n. Let
X,Y € X(M) and let f € C*(M).
Under such hypotheses,

XY f=X-(Y-f)=Y - (X-f).
Demonstracao. Observe that

X-(Y-f)

X - (df(Y))

~ o (ALe00y )

- (2

_ P(for)w),, . A(for)(w)dy;

Similarl
. &(f or)(u)
8uj8ui

I(for)(u)oX;

V&= du;  ou;

XY +

Y;,
so that

X-(Y-f)=Y-(X-f)
O(f or)(w) OY: o Of o7)(w) OX,
8ui 8Uj J 8u2 8Uj

Y;. (23)

On the other hand,

(X.Y]-f = [(X%—Y-Xi)aggj)} . (24)

Observe that

S [(X-Y»

_ O(for)(u) ,
= T(X'Yz)

o
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Similarly,

[(X : m)a‘"(u)] f

8’LLZ'
O(f o1)(w) X; .
N Ouz Ouj Y} (26)
Therefore,
(X, Y]-f = [(X Y — YXz)agiU)} f

_ O(for)(w) Y, O(for)(w)dX;.

N 8114 8—UjX] 811,1 811,]' Y}
= X-Y-f)=Y-(X-]f) (27)
The proof is complete. O

Exercicios 8.6.

1. Let M C R™ be a C' class m-dimensional surface where 1 < m < n and let X,Y,Z €

X(M). Show that

(a) [aX + BY, Z] = a[X, Z] + BIY. Z), Vo, B € R,

(b) [X,aY + pZ] =a|X,Y]+ B[X, Z], Vo, B € R.

(c) Antisymmetry:

[X7Y] = _[KXL
(d) Jacob Identity:
(X, Y], Z] +[[Y, 2], X] + [[Z,X].Y] = 0.

(e) Leibnitz Rule:

[fX.gY] = fg[X. Y]+ f(X - 9)Y —g(Y - /)X, Vf,g € C*(M).
At this point we introduce the definition of Lie Algebra.

Definicao 8.7 (Lie Algebra). A Lie Algebra is a vector space V' for which is defined an anti-
symmetric bilinear form [-,-] : V- x V' — V, which satisfies the Jacob identity.

Observacgao 8.8. Observe that, from the exposed above, QE(M) is a Lie Algebra with the Lie

bracket or(u)
r(u
XY =X "Y,-Y X;)—.
Y] = (X vi- v X B
Definigao 8.9 (Integral curve). Let M C R™ be a C! class m-dimensional surface where 1 <
m<n. Let X € X(M).
Let A curve (rou) : I = (—¢,e) = M is said to be an integral curve for X on I around
p = r(u(0)), if
dr(u(t))
dt

= X(u(t)), vt e I.
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Observe that in such a case:

dr(u(t))  Or(u(t)) du(t)
& ow @A)
_ Xi(u(t))arg;(f)), (28)
so that
duz(t) .
o = Xi(u(t)). (29)

9 The generalized derivative

At this section we introduce the definition of Lie derivative. We start with a preliminary
definition, namely, the generalized derivative.

Definigao 9.1 (Generalized derivative). Let M C R™ be a C' class m-dimensional surface
where 1 < m < n. Let X € X(M). Let r(u(t)) be the point-wise representation of the integral
curve of X around p = r(u(0)).

Let Y € X(M) and f € C?>(M). We define the generalized derivative of f relating Y, along
the direction X, at the point p = r(u(0)), denoted by DxY (f)(p), by

Dyv(y) = OO S,

Teorema 9.2. Let M C R" be a C' class m-dimensional surface where 1 < m < n. Let
X € X(M). Let r(u(t)) be the point-wise representation of the integral curve of X around
p = r(u(0)).

LetY € X(M) and f € C*(M).

Under such assumptions,

DxY(f)(p) = X - (Y- f)(p)-

Demonstracao. Observe that,

pyr(nw) = W,

d [O(f or)(u(?))
= [a—uzyz(u(t))]

_ [PP(for)(u(t)) dui(t) .

+[a(for)( u(t)) 9Yi(u duj ]t O

8ui 811,]
_ [PP(for)(u())
N |: 8uj8uz X ]
O(f or)(u(?)) 9Yi(u(t))
" [ du; du; () ] =0
= X-(Y-f)p) (30)
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Definicao 9.3 (Derivative of Y € X'(M) on the direction of X € X(M)). Let M C R™ be a
m-dimensional surface where 1 < m < n. Let X,Y € X(M). Let p = r(u(0)) where r(u(t)) is
the integral curve of X about p = r(uyp), where ug = u(0).

We define the derivative of Y on the direction X at the point p = r(ug), denoted by

(DxY)(p),
by
(DxY)(p) = lim Y(u(®)) ; Y(u©0)) _ dY(dl;(t)) o,
Observagao 9.4. Observe that
Y(u(t)) = Y;(u(t))%u(f)),
so that
(u Ui r(u 21:' u U4
(DxV)p) = aYngu](-O)) d (;20) 0 (a u(io)) LY (“(0)83 u(ia(ug)) d (Jﬁgo)
_9Yi(u(0) ‘ &r(u(0))
_ Tquj(u(O)) + E(u(O))WXJ (u(0))
= Y ) P +n<uo>xj<u0>gzjg;oj. (31)
Summarizing,
(U 21‘ u
(DxY)(p) = dYi(X)(up)”. a(uf) + E(uo)Xj(uo)%&fj,)-

Definigao 9.5 (Lie derivative of a vector field). Let M C R"™ be a C' class m-dimensional
surface where 1 < m < n. Let X € X(M). Let r(u(t)) be the point-wise representation of the
integral curve of X around p = r(u(0)).
Let Y € X(M) and f € C*(M). We define the Lie derivative of Y, along the direction X,
at f € C*(M) at the point p = r(u(0)), denoted by LxY (f)(p), by
LxY(f)(p) =X - (Y- f)p) =Y - (X - f)(p).

Observe that in such a case

LxY (f)(p) = ([X,Y]- /)(p), Vf € C*(M),

so that we denote simply,
LxY =[X,Y].

Relating the statements of this last definition, consider the following exercises.

Exercicios 9.6.

1. Prove that ~
Lx|Y,Z)=[Lx,Y,Z]+|Y,LxZ], VX,Y,Z € X(M).

2. Prove that 3
Lx(Ly)Z — Ly(Lx)Z = Lixy1Z, VX,Y, Z € X((M).
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9.1 On the integral curve existence

In this section we present some well known results about the existence of solutions for a
nonlinear system of ordinary differential equations. At this point we recall, in a more general
fashion, the definition of integral curve.

Let M C R™ be a C' class m-dimensional surface, where 1 < m < n, where

M = {r(u) : ue D},

where D C R™ is a connected set such that 9D is of C* class.
Let X € X(M), that is
Or(u)
8ui '

Let up € D° and p = r(up). An integral curve for X around p is a curve

X = Xi(u)

(row):I— M,

where I is a closed interval, such that tg € I°,

and

dr(u(t)) B
80— ().
that is or(u(t)) du;(t) B X}(u(t))ar(u(t))
8ui 8t - 811,1 ’

so that, in a component wise fashion,
du(t)
ot

We present now the results concerning the existence of solutions for the ordinary differential
equation systems in question.

= X;(u(t)), Vi € {1,..m}.

Teorema 9.7. Let V C R™ be an open set. Let X : V = R™ be a continuous function such
that X X
| X(u) = X(v)| < Klu—v|, Va,v eV,
for some K > 0.
Let ug € V and let v > 0 be such that B,(ug) € V, where

By(up) ={ueR™ : ju—ug| <r}.
Let C > 0 be such that X
| X (u)] < C, Yu € B,(ug).

Let ty € R and let o = min{1/K,r/C}. Under such hypotheses there exists a curve u : I, —
B, (ug) such that

{ W) — X (u(t) (32)
u(to) = uo,
where,

I, =[to — a,to + al.
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Demonstragao. Observe that

i = X(u(t)
{ u(to) = uo. (3

is equivalent to

u(t) = ug + t X(u(s)) ds.

Define the sequence of functions {u,, : I, — R™} by
uj (t) = up,
t

W1 () =ug+ [ X(un(s))ds, Vt eI, Vn e N.
to

First, we shall prove by induction that

u,(t) € By(ug), Vn e N, t € I,.

Clearly
ul(t) S BT(UO),Vt el,.
Suppose
u,(t) € By(ug), Vt € I,.
Thus, K
| X (u,(t))| < C, Vt € 1,,
so that
t A
[upt1(t) —ug| < | X (un(s))| ds
to
< C|t — to‘
< Ca
T
< C—=
- C
= ’]"7 (34)
so that

u,+1(t) € Br(wg), Vt € L,

The induction is complete, that is,

u,(t) € By(ug), Vt € Iy, Vn € N.
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Moreover, for t > ty we have

t A~ A~
[un 1 (t) —ua ()] < [ [X(un(s)) = X(un-1(s))] ds

< Kl|uy,(s) —up—1()| ds

to
t s
< K |X(un*1(51)) - X(un72(51))| dsi ds
to Jto
t s
< KZ/ [u,—1(s1) — up—2(s1)| ds1 ds

< KQ/ / / (Wn_a(s2)) — X (u,_3(s2))| dsa ds; ds
to Jto Jto
S1
S KB/ / / \un 2 82) — Up— 3(82)‘ d82 d81 dS (35)
to Jto

Proceeding inductively in this fashion, and recalling that point-wise u;(¢) = ug, we finally
would obtain

[upt1(t) —u,(t)] < / / / / |ua(sn) — ugl| dsy, dsp, -+ - dsy ds
to Jto Jto
< ”r/// / dsy, ds,—1---dsy ds
to Jto Jto to
|t _ t0|n+1
< T 36
- (n+1)! (36)
The same estimate is valid for ¢ < .
Therefore,
t— t0|
t) — t < K™t —to|™ ‘
[uny1(t) —up(t)] < rK"| | CES]
< rK"a" |t - t0|
(n+1)!
|t — o
<
= "y
— 0, uniformly as n — co. (37)
Fix n,p e N.
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From the last inequality

[Unip(t) — un(t)]
= [np(t) = anip-1(t) + Wnyp-1(t)
St 2(t) + Ungpoa(t) + - s (£) — ua(0)

< angp(t) = Wnp-1 (O] + [tngp-1() = Wpgp—2(t)[ + - + (W1 (£) — un(t)]
p
1
< rlt—to] Y ———
kzjl(n-i-k)!
=1
< rft—to] Y L (38)
k=(n+1)

Let us denote {a;} = 7;. Observe that

. a k!

k—oo Qg kl—{go(k-i-l)! hovoo K+ 1

Hence,
— 1
D7
k=1
is converging so that

=1
Z 2l — 0, as n — oo.
=(n+1)

From this and (38), {u,} is a uniformly Cauchy sequence of continuous functions, which
uniformly converges to some continuous u : I, — B, (ug), such that

k

u(t) =up+ [ X(u(s)) ds,

to
so that du(t) .
{ lcll—t = X(u(t)) (39)
u(to) = up.
The proof of uniqueness of u is left as an exercise. O

Teorema 9.8 (Gronwall’s inequality). Let f,g : [a,b] — R be continuous and nonnegative
functions. Suppose there exists A > 0 such that

t
fit) < A+/ f(s)g(s) ds, Vt € [a,b].

Under such hypotheses,
F(t) < Aeda9) 45 it ¢ [a, ).
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Demonstragao. Define h : [a,b] — R by

t
h(t)=A +/ f(s)g(s) ds.
From the hypotheses, h(t) > 0 and

F(t) < h(t), Vt € [a,b].

Moreover,
W(t) = f(t)g(t) < h(t)g(t), Vt € [a,b].
Therefore,
h'(t)
<
e <90, V€ [a.b]
so that Ila(his
B0 < ooy, vi € fa.b)
and hence .
In(h(t)) —In(A) < / g(s) ds, Vt € [a,b],
a
that is,
t
In(h(t)/A) < / g(s) ds,
a
so that
% < 6f(fg(s) ds’
that is,
t
F(t) < h(t) < Aela9) 9 vt ¢ [a,b).
The proof is complete. O

Teorema 9.9. Let V C R™ be an open set. Let X : V = R™ be a continuous function such
that
|X(u) —X(V)| < K|u—v|, Vu,velV,

for some K > 0.
Let ug € V and let v > 0 be such that B,(ug) € V, where

B,(up) ={ueR™ : ju—ug| <r}.

Let C > 0 be such that A
| X (u)] < C, Yu € By(ug).

Let Fy(ug) denote the unique integral curve u: I, — R such that

i) = X(u(t))
{ U_((%) = Up, (40)

where a = min{1/K,r/C}, and I, = [—a, a.
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Under such hypotheses there ezists r1 > 0 and € > 0 such that for each vy € B.(ug) there
exists an integral v : [—e,e] — R™ such that

Moreover,

{ = X(v() (41)

v(0) = vyp.

lu(t) — v(t)] < efMug — vol,Vt € [—¢,€].

Demonstragao. Define r; = r/2 and € = min{1/K,r/(2C)}.
Let v € B,(ug). Thus B, (vo) C By-(ug), so that

X (v)| < C, ¥v € By, (ug).

From Theorem 9.7, with v in place of ug, 71 in place of r, 0 in place of ¢ty and ¢ in place of «,
there exists a curve v : I — R™, where I, = [—¢,¢], such that

Now define

Thus,

lu(t) —v(@)| =

IN

<

i = X(v()
{ Vl(i(t)) = Vp. (42)
f(t) = Tu(t) = v(?)]
lu(t) —v(t)]
t A A
; (X (u(s)) — X(v(s))) ds +ug — vo
t
/0 Klu(s) —v(s)| ds| + |ug — vo|
It
lup — vo| + K f(s) ds. (43)
0
From the Gronwall’s inequality with A = |ug — vg| and g(¢) = K we obtain,
f(t)
< h(t)
It
= Jug—vo| + K f(s)ds
0
< Ae O‘t‘ K ds
gy voleXT, (44)
U

The proof is complete.
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10 Differential forms

We start with the following preliminary result.

Teorema 10.1 (Partition of unity). Let K C R™ be a compact set such that
K c ULV,

where V; C R™ is bounded and open, Vi € {1,---m}.
Under such hypotheses, there exist functions hi,--- ,hym : R® — R such that

m

th(u) =1, Vue K,
i=1

0 < hi(u) <1, Yu € R”

and

hi S CC(‘/Z)7

that is, h; is continuous and with compact support contained in Vi, Vi € {1,--- ;m}.
We recall that the support of h;, denoted by supp h; is defined by

supp h; = {u € R : h;(u) # 0},
Vie{1,---,m)}.

Demonstracao. Let v € K C UL, V;.
Thus, there exists j € {1,--- ,m} such that u € V.
Since V; is open, there exists 7, > 0 such that

B, (u) CVj.

Observe that
K C UuGKBm (u)

Since K is compact, there exists uq,---uy € K such that
N
K C szlBr](uJ),

where we have denoted r,; = 7;, Vj € {1,---, N}.
For each i € {1,---m} define W; as the union of all B, (u;) which are contained in V.
For each i € {1,--- ,m}, select also an open set W; such that
W, CcW; cW; c V.
At this point, define g; : R™ — R, by
d(”a ch)
d(”a WZC) + d(uv Wz) ’

gi(u) =

where generically, for B C R™ we define

d(u, B) = inf{jlu —v| : v € B}.
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Observe that 3
gz(u) = 1>vu € Wiv

0<gi(u) <1, Vu e R"

and L

gi(u) =0,YVu € W¢,
so that

supp g; C Vi, Vi e {1,--- ,m}.
Define
hl = 4g1,
hy = (1 - g1)g2,
hs = (1 — g1)(1 — g2)gs,
I = (1 - 91)(1 - 92) cee (1 - gm—l)gm'

Hence

0 <h(u) <1,Vu e R",

and h; € C.(V;), Vi{l,--- ,m}.
Now we are going to show by induction that

Pt ety = 1= (1= gu)(1 = g2) - (1= gp), ¥j € {1, -m},

For j =1, we have hy = g1 =1 — (1 — g1).
Suppose that for 2 < j < m we have

hi+ho+-+hj=1—(1-g)(1—g2)--- (1 —gj).
Thus,

h1+h2+“‘+hj+hj+1
= 1-1-g)1—g2) - (1—g))+ (1 —9g1)(L—g2)--- (1 —gj)gj+1
= 1-(1-9g)1-92)-- (1= gjt1) (45)

The induction is complete so that, in particular, we have obtained
hithy+ - +hn=1-(1-g)1—-g2) (1 —gm) (46)
Hence, if u € K, then u € K C UYL B, (uj) = U, W; so that u € W;, for some j €
{1, ,m}.
Thus, g;j(u) = 0, so that from this and (46), we obtain
hi+ -+ hm(u) = 1,Yu € K.

The proof is complete. O
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Observagao 10.2. Concerning this last theorem, the set {hy,--- ,hp} is said to be a partition
of unity subordinate to Vq,--- ,Vy, and related to K.

At this point, we recall to have already established that {du;}", is the dual basis for T},(M)*

corresponding to the basis
{ Or(u) }m
8ui i=1 ’

of T,(M).
Observe that, for f € C*(M) and
Or(u)
vV =1 o, S Tp(M),
we have,
0f(r(u)) 9X;(u)
df(v) = =5 X 0w " (47)
On the other hand, denoting
5 — Or(u)
J 8’[1,]' ’
m
dul(v) = dul Ujéj
j=1
= wjdui(€;) = vjd;j = v; (48)
From these last result we obtain,
0f(r(u)) 9X;(u)
d = i
f(V) an Ouz v

9f(r(u)) 9X;(u)
an Ouz dUi (V)
9f (r(w))

= S ). (49)

We have just got the differential expression

oo )

8ui
that is, )
_ Of(r(u)) 0X;(u ‘
U="3%, B
so that
df = MdX'(u).
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Definicao 10.3. Let M C R" be a C' class m dimensional surface, where 1 < m < n. For

p=r(u) € M, we define a 1-form in M, locally as an element w of (T,M)*, and globally as a
field of elements in T(M)* = {(T,M)* : p € M}, expressed locally by

m
w= Z wi(u)dug
k=1
where wy : D — R are functions of C1 class, Vk € {1,--- ,m}.

We define also a k — form in M, locally by
w= Zw; Ydug,

that is, locally w is an element of (T,M)* x - -+ x (T,M)* = [(T,M)*]*, where 1 < k <m, wy is
a C' class function, duj = dui, N -+ Ndug,, and

I=(i1,...,i)
is any collection of k indices i; € {1,--- ,m}.

Definicao 10.4 (Differential of a form). For a I-form

m

w=Y we(u)duy,

k=1

we define its exterior differential, denoted by dw, locally by

dw = Z dwy (1) A duy,

that is,

d A duy,.

oo
11 Integration of differential forms

In this section first we present a discussion about the subject, before presenting the main
result, namely, the Stokes Theorem on its general form.
Let M C R" be a m-dimensional C! class surface with a boundary M, where generically,

M ={r(u) : ue D},

and
OM =r(0D).

Here we assume D to be compact and therefore M is compact. Let w = wy duy be a k-form and
consider the problem of calculating the integral:

I:/ wr duy.
M
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At this point, we suppose the manifold M is oriented, in the specific sense that, considering

a canonical system
n
{e1, -+ ,e,} CR",

i

we may select normal continuous fields, point-wise denoted by

{01 (r(w), nz(r(w)), ..., 0y (r(u))},

where each n;(r(u)) is orthogonal to
{ Jr(u) }m
8ui i=1 ’

and such that, for each u € D, R™ is spanned by

({0 ettt

Oui ) oy

and

Moreover, we assume the matrix to change from this local basis

({2 eyt o)

ui ) oy

to the canonical one of R™ has always positive determinant, YVu € D. In such a case we say
that M is positively oriented concerning the canonical base of R™ ( the other possibility for a
oriented surface, is that the mentioned determinant be negative Vp € M. In this case we say
that M is negatively oriented related to the canonical base of R™).

Let p € M. Thus u, =1 '(p) € OD.

We also assume that, for an appropriate local system of coordinates compatible with the
orientation, there exists a C'! class function point-wise indicated by gP(uy,--- ,um_1) such that
for a rectangle B, = [, [, BY] we have,

DNB, = {(u1,....;um) €R™ : of <uyp < By, Ve {1,..,m—1},
and of), < upm < gP(u1, - um—1) < B1,} (50)
Thus,
UpE@MB; D) aD,
and since D is compact, There exists, p1,--- ,ps € M such that
oD C Uj_,B,,.
Define

Bpo =D° \ Uf:prz-

Select a partition of unit
{pop }izo
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subordinate to
{B,, Po” p1> ’ ’B;s}‘
Observe that
supp{pp, } C By, V1 €{0,--- s},

0<pp(u)<1, vie{0,- - ,s}, ueD,

S
> pp=1LYVueD.
=0

Let us first consider the specific general case in which:

m
=S ()7 fi(u) dur Adug - Adug A A dug,
7j=1
where f;: D — R are C" class functions Vj € {1,--- ,m}, and where dAuj means that the term

du; is absent in the products in question.
Observe that

dwzzwdul/\---/\dum.

ou;
j=1 J

Denote also,

Sk = (51)527"' )éka"' 7Sm))
S = (517527”' 7Sm)7

Thus,
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and hence,

/dw
M

m

- /D Z(_l)m%ﬁ(d% A (duy A dug -+ Aduj A - A dug))(S)

J

m

- /D Z(_l)jﬂ aKE?I@ZZZ) ) (duj A (dug Adug -+ Aduj A+ A dug))(S)

— i:/ zm:[ +1Mduj duydusy - - - duj - - - dupy,

D 8’U,]

s

- Z/ J+1 (ppzfj)(ub‘“ ’ ;a ,Um)
) 1
_(pplfj)(ul’“' ,Ozé»,--- vum)]duldUQ"'dAUj"‘dUm

+/ (_1)m+1(pplfm)(u17 N ’um_l’gl(’UJ’ e ’um_l) dul e dum—l
oDNB;

[ )t o)
0B,

S

_ Z/ap A ), )
nB;
= /6 (—1ym*t (prlfm> Uty 1, g (U, - ume1)) dut - - dttm_1
b =1

— /6D (Z ppl(u)) Z(_l)j+1fj(u)du1du2 c. dAuj e dugy,

=1 j=1
oD =1

so that

= /6 D (=17 fi(a)(dug Adug - A dug A+ A dug)(S5)
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12 A simple example to illustrate the integration
process

We would emphasize, in the final of last section, when the wedge product is absent, the
differential forms and integrations are relating the usual calculus sense.

In the next example, we see how to connect the general differential form concept to a more
usual one, in the ordinary calculus sense.

So, let M C R™ be C! class surface given by:

M ={r(u) : ue D},
where, for simplicity D = [a,b] X [c,d].
Consider the integral
I = / fdX1 NdXy
M

Or(u)

B Or(u)
= /Df(u)(Xm (U.) AN ng(u)) <a—u1 duy, Dy d’LL2> (54)

where, X; : D = R and X5 : D — R are C! class functions.
Observe that

o 8X1 (u) 8X1 (u)
dXy (U_) = 9u, duy + By dus
and X X
dX>(u) = ﬂ duy + ﬂ dus
8u1 u9

Consider the elementary rectangle
(ul,ul + Aul) X (UQ,UQ + AUQ),

which has as its sides the vectors

(Auy,0) € R?,
and
(0, Auy) € R2.
Define or(u)
r(u
= _ A
aul uy,
and dr(u)
r(u
X A
2 8U2 uz,

Considering the basis

(G, 500},

all to simplify the notation we shall denote

§1 = (Aul, O),
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and

§2 = (0, AUQ)
Recall that, for the general case, for
Or(u)
Ve 8’LLZ

we have

du](v) = 'Uj,Vj € {17 e 7m}'
Recall also that, from Definition 8.2,
(Fi A= AFR) (v, vi) = det{Fi (v)) }E s

Let us evaluate

(dX1(u) A dX2(u)) <8;£:) Aug, 852‘:) AuQ>

= (dXi(u) A dXa(u))[(81,82)]

— (X1 (w) A dXa(w)[(Aur,0), (0, Aus)]

B 0X (u E)X (u) 0X2(u) 0X2(u)

- [ ~ur 8;2 dw) A( T R dW)]

((Auq,0 1),(0 Aug))
<8X1 w) OXau) ;A du2> + <aX1(u) 0X5(4) 4 Adulﬂ

|: Ouy Ous Ous uy
((Au1,0), (0, Auz))
_ <3)§L(1 )8)8(2(2 )du1 /\dl@) ((Auy,0), (0, Auy))

N <8X1(u) 0X5(W) 4o A du1> ((Aug,0), (0, Aug))

Ous ouq
~ 0X1(u) 0Xa(u) | dug(Aug,0) duyi(0, Aug) ‘
- ouq Ous dus(Aug,0)  dus(0, Aus)
+8X1(u) 0Xs(u) | dug(Aug,0) dus(0, Ausg) ‘
Ous Ouq duy (Auy,0)  dui(0, Aug)
~ 0X1(u) 8X2(u)' Au; 0
ouy Oug 0 Aug
+8X1 (u) 9Xa(u) | 0 Aug
Ous Ouyq Aup 0
<8X1(u) 0Xa(n)  9Xi(u) 8X2(u)> Ay A, (55)
ouq Ouo Ouo ouq

So, to summarize,

(dX1(u) AdXa(u))[(Aug,0), (0, Aug)]

. 8X1(u) 8X2(u) . 8X1(u) 8X2(u)
N < 8U1 8UQ 8UQ 8u1 AUIAU% (56)
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or in its differential form:

(dX1(u) A dXa(u))[(dut, 0), (0, duz)]
_ <0X1(u) 0Xy(u)  9X1(u) 9X3(u)

dujdus.
8U1 8uQ 8uz 8u1 > ez (57)

Observe that this last differential form is one in the usual sense calculus, which is also used
in the final usual integration process.

13  Volume (area) of a surface
Consider the problem of calculating the volume defined by the vectors
Vi,Vo, -+, Vi €R?
where 1 < m < n.

Definigao 13.1. Given vi,ve € R™ we shall define the volume (in fact area) defined by vi and
vy, denoted by Vo, by
Vo = |vi|va[sin ],

where 0 is the angle between vy and vo, which is given by:

Vi1 Vg
cosf = ,
[vi[[ve|
so that
Vo = |vi]|va|V1—cos?6
(vi - va)?
= |vi|lva|4/1 — ——=
[vi[[val ViEvaP
= VIvi2[val? = (v v2)?, (58)
that is,
Vi = [vilval’ = (v1 - v2)?
. Vi-Vy V]V
N Vo V] Va2:Vy
= g9, (59)
so that,
Vo = \/9_2,
where

g2 = det{v; - vj}zj:l.

44



Definicao 13.2. Let v, ,v,,, CR" be non zero vectors, where 2 < m < n.
For 2 < s < m, we shall define inductively the volume defined by vi,va,---

2
V2 - 927
and
V2 = V2 Ve VE € {2, s}
k+1 — Vi IVE+1] ) y ST
where
k
Vitl = Vil — Z@jVj,
i=1
and where )
k
{a;} = argmin ¢ vy — Zajvj coap, - ,ap €R
i=1

Teorema 13.3. Under the statements of last definition, we have:
VE =g, Vk € {2, s+ 1},
where
g = det{v; - Vj}f;j:l.

Demonstragao. We prove the result by induction.
For k£ = 2 we have already:
V22 = g2.

For 2 < k < s+ 1 assume
VkZ = gk

It suffices, to complete the induction, to show that
Vk2+1 = Gk+1-

By definition,
2 2| 2
Viier = Vi Vil

where
k
Vil = Vgl — E a;vj,
j=1
and where 5
k
{a;} = arg min ¢ |V —Zajvj :oap, - ,a €R
j=1

y Vs+1, by

For this last optimization problem, the extremal necessary conditions are given by:

k
(Vi+1 — Zdjvj) vy =0,Vse{l,-- ,k},
j=1
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so that
{ve viHa;} = {vis1 - vs},
that is,
{a;} = {vs v} Vi1 vs}

Observe that

_ . O k+1
gk+1 = {Vz : V]}Z‘,j:1
V1 -V Vi1 -Vg V1 Vi1
Vo V1 V9o - V9 Vo Vi1
= (60)
Vik41 V1l Vig1-V2 ... Vil Vigl
so that,
k ~
V1 -V Vi1 -Vy . A2 (Vk+1 — Z i1 (IjVj)
Vg - V1 Vg - Vg . Vg - (Vk+1 — Zj:l djVj)
Jk+1 = . : . : (61)
k ~
VE+1° V1 Vii1 V2 oo Veal o (Vesr — D051 G5V5)
that is,
V1V Vi -Vy SN 0
Vg - V1 Vo - Vo NN 0
Ik+1 = : : - : : (62)
ko o~
Vi1 VI VeV o Vi (Vg — D00 G5V5)
From this, since
k
Vs - (karl — E &jVj) =0,Vs € {1, ..,k‘},
=1
we obtain,
V1V Vi-Va NN 0
Vo V1 V9 - V9 e 0
Jk+1 =
LAy L
Vi1 V1 Vil Ve oo (Ve — 2050 @5V5) - (Ve — D051 45V;)
so that
V1 -V Vi-Va NN 0
Vo V1 V9 V9 e 0
Gev1 = : : . : (63)
V41Vl Ve41 V2 ... Vgl Vigl

from which, calculating the determinant through the last column, we have,
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Grr1 = gkl Vir1n

This completes the induction.
The proof is complete.

Let us turn our attention to the problem of calculating the volume of a manifold.
Consider a m-dimensional C'! class surface M C R", where, 1 < m < n and
M ={r(u) : ue D}.

We define, the volume of M, denoted by V', by:

V;/dM,
M

where dM will be specified in the next lines.
We may also denote,

V:Lde)

At this point we address the problem of finding dM (u).
Let u= (uy, - ,upy) € D, and let p =r(u)..
Consider the m— dimensional elementary rectangle

(u1,u; + Aug) X (ug,ug + Aug) X « -+ X (U, Uy + Aty).

We are going to obtain the corresponding approximate volume in the surface, which we
denote by

AM (u).
Observe that,
Ar,, = r(ut, -, uj + Auj, e Uy) — (Ul U, U)
= a;sjl) Auj + o(Auy)
~ 8;5;1) Awuy, (64)

for Awu; sufficiently small.
Hence, AM (u) is approximately defined by the set of vectors

{Ary,, -+ ,Ar,, } CR",

where, Ar,; ~ 51(:) Auj, from the last theorem, we obtain,

AM(u) = /gAu1Aug - - - Ay,
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where
g = det{gi;}ij—1,

and where

_ Or(u)
8=,

JWVie{l, - ,m},

and finally
So, in its differential form, we could write,
dM(u) = /g duy - - - dup,

so that up to local coordinates and concerning partition of unity, we have

/M M = / dM (u)

D
= D\/Edul---dum. (65)

14 Change of variables, the general case

Let D C R™ be a compact block (or even a more general compact region analogous to a
simple one in R3). Let f: D — R be a continuous function.
Consider the integral I, where

IZ/Df(X)dXZ/Df(l’h'”,l’n)dl‘l"'dl“n-

Consider also the change in variables, given by the C! class functions X1, -+, X, : Dg — R,
where we denote
r(u) = Xi(u)e; +--- + X, (u)ey,.

We assume r : Dy — D to be a bijection, where {e1,--- ,e,} denotes the canonical basis for
R” and
u=(up, - ,u,) € Dy CR".

More specifically, the change of variables is given by,

x1=X1(u), - 2, = Xp(u).

'det {”;;fj@}

g = det{g;;}

At this point we shall show that

2
=9

where
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and

so that

9ij = 8uz ' 811,]'

Observe that

(B {2}

(Xl)ul (XQ)ul (Xn)u1 (Xl)m (Xl)u2 (Xl)un
. (Xl)uz (XZ)uz (Xn)uz (XZ)m (XZ)uz (X2)un
= (67)
(Xl)un (X2)un (Xn)un (Xn)ul (Xn)uz (Xn)un
so that
0X;(u) " (8Xi(n)
{ du; } { du, }
= { (Xk)ui(Xk)ug}
k=1
_ [Or(u) Or(u)
N { 8uz ‘ 8uj }
= {9} (68)
Hence, )
'det {8);;(;) } = det{gi;} = g-
Thus, @
8XZ u
{5} = e
so that, from the exposed in the last two sections, we have,
I = /Df(a;1,~~~ X)) dxy - - dzy,
= G, X)) VG dun
= . f(Xi(u), -, Xp(u)) ‘det{a);;lfju)}‘ duy - - duy,. (69)
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15 The Stokes Theorem

In this subsection we present the Stokes theorem:

Teorema 15.1. Let M C R™ be a C! class oriented compact m-dimensional surface with a
boundary OM, where 1 < m < n.
Let w =" wr dur be a (m-1)-form. Under such hypotheses,

/dw:/ w.
M oM

Demonstragao. The proof follows from the discussion at section 11.

Indeed, denoting
0
Sk = ;{l(:;) dUk, Vk € {1, s ,m},

and
S]: (Sh'” 7éj7"' 7Sm)7

where §; means the absence of such a term in the concerning list of vectors, we may infer that

the general form
m

> (wi(w)dur(u))(S;)
1

j=1

would stand for:

(=1 hj(u) (dug A--- Adug A--- A dug)(S;),

M

7=1
= > (=17 hy(u) duy - - duy - - dug, (70)
j=1
for appropriate C* class functions hj,Vj € {1, ,m}.

15.1 Recovering the classical results on vector calculus in R?
from the general Stokes Theorem

e Recovering the standard stokes Theorem in R3. Let S C R? be a C! class surface with a
boundary C' = 0.5, where

S ={(z,y,2) €R® : 2= z(2,y) and (z,y) € D},

where D C R? is a simple region.

Consider the form w = P dx + @ dy + R dz, where we denote F = Pi+ Qj + Rz, and
where P,Q,R:V O S — R are C! class scalar functions.

From the Stokes Theorem 15.1 we have
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/w:/dw,
C S

/Pdaz—FQdy—FRdz = /dw
C S

that is,

= /(dP/\d:z:+dQAdy+dR/\dz)
S

P P P
= /(8—dx—|—a—dy+a—dz>/\dm
S 0z

ddx dy
oQ oQ oQ

+<8x dx + By dy + 5, dz) A dy
OR OR OR

+<£ da:—l—a—ydy—i-gdz) ANdz

= /(Qz—Py) d:c/\dy—i—/(Ry—Qz) dy N dz
S S
+(P, — R;) dz N dx. (71)

We recall that in S, z = z(z,y), so that, in the context of informal calculus language, we
have
dz = zp dx + 2z, dy.

Also,
dx N\ dy = dxdy,

dy Ndz = dy N (zzdx + zydy) = —z,dxdy,
dz N dx = (2zdx + 2zydy) A doe = —zydzdy,

so that from

—~

72), we obtain,

Pdr+Qdy+ Rdz

Il
S—3—

(Qz — Py) dxdy + / (Ry — Qz) (—2zg) dzdy N dz
D D
(P. — Ry) (—2y) dady

(Ry — Q) (—2z) dzdy + (P, — Ry) (—2y) dxdy + /D(Qx — P)) dzdy

+

Il
S—

D

curl(F) - [—z,1 — 2yj + k] dzdy
ik

curl(F) - e i ? e ],/z% + 22 + 1 dxdy
\ a4+

curl(F) -ny /22 + 22 + 1 dady

S—SS

curl(F) -n dS, (72)

—5—

o1



where n is unit outward normal relating S.

So, to summarize we have obtained,

/F-dr:/curl(F)-ndS,
C S

which is the standard Stokes Theorem result in R3.

Observagao 15.2. We have used some informality here.

In fact, in a more rigorous fashion, we should have:

I‘(l‘, y) = (l‘, Y, Z(JL‘, y))v

and

(dx A dy)(ro(2,y) dz,ry(z,y) dy)
= (dz ANdy)((1,0,2,) dz, (0,1, z,) dy)
= dz dy, (73)

and with more details,

(dy A dz)(re(z,y) do, ry(z,y) dy)
= (dy ANdz)((1,0,2;) dz, (0,1, 2) dy)
(dy A (zgdx + 2ydy))((1,0,2,) dz, (0,1, 2y) dy)
= 2zp(dy Ndx)((1,0, z,) dx, (0,1, z) dy)

+2zy(dy A dy)((1,0, z5) dz, (0,1, z) dy)
dy(dx,0, z,dx) dy(0,dy, z, dy)
dz(dx,0, zzdx) dz(0,dy, z, dy)
0 dy
dr 0
= —zydxdy. (74)

= ZI

= ZI

A similar remark is valid for
dz N dx.

Recovering the Divergence Theorem in R3:

Let V C R3 be a simple volume with a boundary S = V. Let F = Pi+ Qj + Rk where
P,Q,R:V — R are C! class scalar functions.

From the last item, we have
(dz A dy)((1,0, 2;) dz, (0,1, 2) dy) = dzdy,

(dy Ndz)(((1,0, zz) dz, (0,1, z) dy)) = —zzdzdy,
(dz Ndz)(((1,0,25) dz, (0,1, 2)) dy)) = —2z,dzdy,
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so that,

(P dy A dz + Qdz A dx + Rdz A dy)((dx,0), (0,dy))
= P(—2;) dzdy + Q(—2y) dedy + R dxdy
= (Pi+ Qj+ Rk) - (—2,i— 2,j + k) dedy

i ik
N R
= F-ny/z22+22+1dedy

= F-nds, (75)

where . .
(=221 — 24§ + k)

NE R

is the unit outward normal relating S and

dS = /224 22 + 1 dzdy.

Consider, with some informality here, the form

n-—

w=PdyNdz+ QdzNdx+ Rdx Ndy =F -ndS.

From the Stokes Theorem 15.1, we have

oo

/dw _ /(dP/\(dy/\dz))—i—(dQ/\(dz/\da:))+(dR/\(da;/\dy))
1% 1%

Observe that

oP oP

oP
= /V<%dm—|—a—ydy+gdz>/\(dy/\dz)

oQ 0Q oQ
+ <% d:c—l—a—ydy—l—a dz) A (dz A dx)

+<8—Rd$—|—a—Rdy+8—Rdz>/\(da:/\dy)

ox oy 0z
B oP 0Q OR
= /‘/<8x+8y+8z> dr Ndy A dz
= / div(F) dz dy dz. (76)
v

Joining the pieces we obtain
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/Sw _ /S(F-n)dS

= /de/\dz—l—de/\dm—i—Rdm/\dy
s

= / div(F) dx dy dz, (77)
\4

which is the standard Gauss Divergence Theorem.

Exercicios 15.3.

1. Find the domain of the one variable vectorial functions r below indicated.

(a) X
r(t) = i+ V- D+ 3
(b)
r(t) = In(t? — 16)i + V12 + 2t — 15j + tan(t + 1)k,
(c)

r(t) = /25 — t2i 4+ /12 + 2t — 8j.
2. Through the formula

d_y _dy/dt
de  dx/dt’
calculate the derivatives of the functions defined by the parametric equations indicated,
(a)
et . 2 .
r(t) = T i + t*1In(t)j,
(b)

r(t) = =20 (Vi 2);.

T 5+ sin(t)
3. Letr:R\ {—1} — R? be defined by

r(t) = - it In(#* + 1)j.

Find the equation of the tangent line to the graph of the curve defined by r at the point
corresponding to t = 1.

4. Letr,s: R — R? be defined by
r(t) = ti + t%j

and
s(t) = (t* + )i + t3.

Calculate the angle between r'(t) and s'(t) at the point corresponding to t = 1.
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10.

11.

12.

Letr : R — R? be defined by

2 - 1—t2,+k
ey 1 .
1+ T 1)

r(t)

Show that the angle between r(t) and r'(t) is constant.

A wectorial function r satisfies the equation,
tr'(t) =r(t) +tA, Vt >0

where
A eR3.

Suppose that r(1) = 2A. Calculate v (1) and r(3) as functions of A.
Find a function r : (0,4+00) — R3 such that

r(z) = ze®A + L /f r(t) dt.

X

where A € R3, A # 0.

Through the Green Theorem, calculate the areas of the regions D, where,

(a)
D={(z,y) eR?* : 22 +¢y> <1 andy > 1/2}.
(b)
D={(z,y) €R* : 2> +¢y* <1 and —1/2 <y <V3/2}.
(c)

D:{(a:,y)e}R2 | and 0 <z < 1/2}.

Calculate the area of surface S, where

1 3
S:{(az,y,z)ER3 : $2+y2+22:1and§§z§§}.
Calculate the area of surface S, where
3 2, .2, .2 —V3 1
S=<¢(z,y,2) eR’ : " +y " +2°=1 andT§z§§ .

Calculate the area of surface S, where
S={(z,y,2) € R : 22 =22 +9? and 2* +4° < 2ax},

where a € R.
Calculate I = [ [gx dS, where

S = {(1‘7?],2’) eR? : 2?2+  =R? and |2| < 1}.
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15.

1.

15.

16.

17.

18.

19.

Through the Divergence Theorem, calculate I = [ fS(yJ + zk) - n dS, where

S:{(az,y,z)ER?’ s x=+/R?>—y?—2? and:z:>@}

where R > 0.
Through the Divergence Theorem, calculate I = [ fSF -n dS where

S ={(z,y,2) € R® : 2* +y* + 2% = 2Roz and z > 0}

and where F = 221 + y%j + 2°k e Ry > 0.
Let u:V — R be a scalar field and let F : V — R3 be a vectorial one, where V.C R? is
open u, F are of C' class. Show that

div(uF) = (Vu) - F 4+ u (divF).

Let u,v : V — R be C? class scalar fields, where V. C R3 is open and its closure is simple.
Defining

0%u n 0%u n 0%u

ox?  0y? 022

show that div(Vu) = V2u and prove the Green identities,

" ///V(’UV2U+V’U'VU) dV://Sv(Vu-n) ds

where S = OV (that is, S is the boundary of V'.)

v /// (vV?u — uV?v) dV = //(v——u >dS

where S = 0V and g—:‘l =Vu-n.
Letu:V =R, F:V —R3 be C? class fields on the open set V C R3.
Prove that curl(Vu) = 0 and div(curl(F)) =0, on V.

Let D C R? be a simple region. Let u,v € C(D)NCY(D). Prove that

// UV, da:dy:/ uv dy—// UV dxdy,

D oD D

// ULy dxdy:/ uv da:—// uyv dady,
D D D

Let V. C R3 be an open region bounded by a closed surface of C' class. Through the first
Green identity, prove the uniqueness of solution of the Dirichlet problem,

Viu=f, inV

Viu =

and

(78)
u = ug, on OV,

where f 'V — R is continuous and ug : OV — R is also continuous.

Also through the first Green identity, prove that
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(a) for the Neumann problem
Viu=f, inV
(79)
g—:‘l =wug, on IV,

to have a solution, it is necessary that

[ [ astviz= [ [ was.

Hint: Consider v =1 in the first Green identity.
(b) Prove that any two solutions of the Neumann problem differ by a constant.

20. Let V C R? be a simple region. Let F : V — R3 be a vectorial field of C' class.
Let xg € V°. Show that

J Jop,(xp) F - dS
div(F(xo)) = xo)
’LU( (XO)) TLI}’%) VOl(Br(XO)) )
where n denotes unit outward normal field to By(xp).

21. Let V C R3 be a simple region. Let f:V — R be a scalar field of C? class.
Let xg € V°. Through the first Green identity, show that

]
. ffaBr(xo) 8_1f1 ds
r50 Vol(Br(x0))

where n denotes the unit outward normal field to By(Xo).

22. Let M C R™ be a m-dimensional surface of C? class, where 1 < m < n.

Let X,Y,Z € X(M), where X (M) denotes the set of tangential vector fields of O™ class
defined on M.

Show that
(a) [aX + BY,Z]) = o[X, Z] + B]Y, Z], Va, B € R,
(b) [X,aY + BZ] = a[X,Y] + BX, Z], Ya, 5 € R.
(c) Anti-symmetry:
(d) Jacob Identity:
(X, Y], Z] +[[Y, 2], X] + [[Z, X], Y] = 0.
(e) Leibnitz rule:

[fX,9Y] = fg[X.Y]+ [(X-9)Y —g(Y - /)X, Vf,g € C}(M).
(f) Recalling that LxY = [X,Y], show that

1.
Lx|Y, Z] = [LxY, Z] + [Y, Lx Z],
Lx(Ly)Z — Ly(Lx)Z = Lix y|Z.
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23.

2.

25.

Consider a 3-dimensional surface M C R* defined by
M = {(z,y,z,w) € R* : 2% + 4> + 22 + In(w) = 1}.
(a) Defining u = (u1,us,u3) = (x,y, z), write M in the form,
M = {r(u) € R* : uecR3}.

(b) Let p =r(u). Obtain the tangent space and equation of the hyper-plan tangent to M
at p.
(¢) For f: M - R, X,Y € X(M) such that

f(r(u)) = 2% + e’V 4 (sin((2? + 2%))% + w(z, y, 2),

_ $ar(xayaz) 6r(x,y,z) 2 Qar(xvyaz)
and
i or(z,y,2) or(z,y, 2) 20r(z,y, 2)
_ 2 2 2\\3 Ttz

V(0. = Gina))* LD o cos(u? 42 EEID et ),
for p = r(xo, Y0, 20), calculate

i (X-f)p).

ii. (DxY)(p),
ii. [X,Y](p),

. ([X,Y]-F)(p)
v. Compute numerically the results obtained the 4 last items at the point py =
r(zo, Yo, 20) = r(m,0,1).
(d) Let Z € X(M), where

or(x,y, 2)
ox

or(x,y,z)
0y

or(x,y, z)

Z(wy2) = @ +y+2) !

+ 2z +y+ 2) +(-y+2)

Obtain the integral curve r(u(t)) of Z, such that u(0) = (1,—1,0).
Obtain the differential dM (x,y, 2) to calculate the area of the surface M C R*, where

M = {(z,y,z,w) €R* : ¥ = [sin(2® +y)]* + 2° + 5 and 2 + y* + 2> < 1}
Consider the surface M C R* defined by
M= {(z,y,2) eR? : e¥ —a® —¢? - 22 =1}.
Write its equation in the form,
M = {r(z,y,2) : (z,y,2) € R*},

where
r(x,y, Z) = X1($7y7 Z)el + -+ X4($7y72)e4-
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Let
. 8X1 8X1 aXl

dX —d —d —d
! ox T oy v+ 0z =
and 0X 0X 0X
AdXy = —2 do + 224 gy + 224 g2
4 ox T oy y+ 8, “*

(a) Calculate
(dX1 A dX4)(Sl, Sg),

where

o = I@y2) N
ox
and 5
S = r(x’y’Z) Ayv
dy

and where Az, Ay € R.
(b) Consider the differential form

w= (w(z,y,2) + 2%y + 2)dX1 AdXy + (w(z,y, 2)* +sin(z? + y) — 22)dX; A dXo,

where ax ax ax
dXy = =2 do 4+ —2 dy + == dz.
2 ar + oy v+ 8z “*
Obtain the exterior differential dw of w at (s1,s2,83), where
s — or(z,y, 2) Ac,
oz
5 — or(z,y, z) Ay,
Ay
and 5
o = BY2) N
0z

and where Az, Ay, Az € R.

. Let M C R™ be a 3-dimensional C' class surface, where n > 4,
M = {r(u) = X;(u)e; : ue D},

D C R3 and {ey,...,e,} is the canonical basis for R",
Let w=dX NdXy ANdX3 be a 3-form on M, where,

X X X
dX, (u) = Tf) duy + TL(;) dus + TL(;) dus,
X X )
dX4(u) = %lu) du1 + %:) dUQ + %311) dU3,
and OX3(u) OX3(u) OX3(u)
ng(u) = a%f dU1 + a%; dUQ a%; dU3
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217.

28.

29.

Compute
(Xm(ll) A dX4(11) A ng(u))(sl, S92, Sg),

where Br(u)
r(u
S1 = 8u1 Aul,
or(u
So = 8’5[,2) AUZ
and 5
S3 = r(u) AU3.
8’LL3

Consider the vectorial field F : R® — R3 where F = 2%i + y?j + (z — 2?)k.
Through the Stokes Theorem, calculate

I://Scurl(F)-ndS

S:{(x,y,z)€R3 Dz =8—a?—2y° and 2 < z < 4}.

where

Consider the vectorial field F : R? — R3 where F = yi + yj + 5k.
Through the Stokes theorem, calculate

I://Scurl(F)-ndS

S={(z,y,2) €ER® : 2 =16 —2® — 3y and z > y* + 2z + y}.

where

Let D C R™ be an open set and let f : D — R be a function of C' class (therefore
differentiable on D).

Let xg € D and € > 0. Prove that there exists § > 0 such that if x € D and |x — x¢| < 6,
then

(a)
f(x) — f(x0) = f'(x0) - (x —x0) + r(x),

where
Ir(x)| < elx — xg].

(b) Use the previous item to show that if x, y € D, |x — Xo| < and |y — xo| < 9 then

f(y) = f(x) = f'(x0) - (y — %) +11(x,y),

where
r1(x,y)| < 2ed.
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30. Let M C R™ be a m-dimensional surface of C* class, where 1 < m < n, where
M ={r(u) : ue DCR™}.

Let f € C*(M) and X,Y € X(M).
In this chapter, we have denoted

| O erw)

X-f=df(x Fu o Xiw).

(a) Calculate
X-(Y-f).
(b) Show that
X-Y-f)=Y-(X-f)=[X,Y] [,

where

Or(u)
Oui '

(c) Consider the 3-dimensional manifold M C R* defined by

(X, Y] = (dYi(X) — dXi(Y))

M = {(z,y,z,w) € R : ¥ — 25 — 92 — 21 =5}
i. Defining u = (u1,u2,u3) = (z,y, z), write M in the form,
M = {r(u) € R* : ueR3}.
ii. For f: M — R, X,Y € X(M) such that
flr(w) = 59" +w(z,y. 2),

ar(fﬁ‘,y, Z) 381‘(1},y, Z) 2 331‘(%% Z)
o +vy By + (z + 2%) 5

X(z,y,2) = cos(z — y)
and

LO0r(z,y,2)

481‘(1‘, Y, Z) + 63337; 8r(a:, Y, Z)
ox

. 2 3
+ (sin(z” 4+ y7)) By 9. ,

Y(z,y,2) =e
for p =r(z,y,z), calculate

(X, Y] f)(p)
31. Consider a 3-dimensional surface M C R* defined by
M = {(z,y,2) € R* : In(w) — x4+ 2% — 23 =1}.
Write the equation of M in the form,
M = {r(z,y,2) : (z,y,2) € R’}
where

I'(l“’ya Z) = Xl(xaya Z>el + -+ X4(55‘,y, 2)647
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(a) Obtain (Xm ANdXo N dX4)(S1, S92, Sg).
(b) Consider the differential form

w=e"T dX, + sin(zy?) dX;.

Obtain the exterior differential dw of w at (s1,s2), where for the last two sub-items,

~ Or(x,y,2)
S1 = o Ax,
o = Y2 N
dy
and 5
S3 = r(,y,2) Az,
0z

and where Az, Ay, Az € R.
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