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. Let r: R\ {—1} — R? be defined by

t) = i+In(t + 1)j.
() = i+ (e 4+ 1)
Find the equation of the tangent line to the graph of the curve defined by r at the point corresponding to ¢t = 1.

. Let r,s : R — R? be defined by
r(t) = ti + t%j

and
s(t) = (12 + )i + 3.

Calculate the angle between r'(¢) and s'(¢) at the point corresponding to ¢ = 1.

. Let r : R — R? be defined by
2t . 1—¢?

= —— i+ j+k
r(t) et el t

Show that the angle between r(t) and r'(¢) is constant.

. Let s : [a,b] — R? be a three times differentiable function.
Let r : [a,b] — R? be defined by

Find

on [a,b].
. Let s: [a,b] — R? be a three times differentiable function.
Let r : [a,b] — R? be defined by

Find

on [a,b].
. A vectorial function r satisfies the equation,
tr'(t) = r(t) + tA, Vt > 0

where
A eR3.

Suppose that r(1) = 2A. Calculate r”(1) and r(3) as functions of A.



10.

11.

12.

13.

14.

15.

Find a function r : (0, +00) — R3 such that

r(z) =ze"A + l/ r(t) dt.
T )1

where A € R3, A # 0.

Calculate the area of surface S, where
1 3
S = {(x,y,z)ER?’ s+ +22=1and 5 <z< %}
Calculate the area of surface S, where
— 1
S = {(x,y,z)eR?’ a4yt +22=1and T\/ggzg 5}
Caculate the area of surface S, where
S={(z,y,2) € R3 : 22 =22+ 9% and 2% + ¢ < 2ax}
where a € R.
Calculate I = [ [ x dS, where

S = {(a?,y,z)E]R3 s 2?4 9%> = R? and 2] < 1}.

Through the Divergence Theorem, calculate I = [ [4(yj + zk) - n dS, where

S:{(ff,y,z)GRB tx=R?—y2— 22 and z > \ER},

where R > 0.
Through the Divergence Theorem, calculate I = [ [(F -n dS where

S ={(z,y,2) €R® : 2? +4*> + 2% = 2Ry and z > 0}
and where F = 22%i + y%j + 22k e Ry > 0.

Let u : V — R be a scalar field and let F : V — R3 be a vectorial one, where V' C R3 is open u, F are of C!
class. Show that
div(uF) = (Vu) - F 4+ u (divF).

Let u,v : V — R be C? class scalar fields, where V' C R? is open and its closure is simple. Defining

9w O0%u O%u

2 _—— —_ —_
Vu_8x2+8y2+822

show that div(Vu) = V2u and prove the Green identities,

) ///V(vv2u+w-w) dV://SU(VU'n) s

where S = 0V (that is, S is the boundary of V.)



where S = 0V and % = Vu-n.

16. Let u: V = R, F: V — R? be C? class fields on the open set V C R3.
Prove that curl(Vu) = 0 and div(curl(F)) =0, on V.

17. Seja D C R? uma regido simples. Sejam u,v € C(D) N CY(D). Prove que

// UV dxdy:/ uY dy—// u,v dady,

D oD D

// Uy dxdy:/ uv dx—// Uyv dady,
D oD D

18. Seja V C R? uma regiao aberta limitada por uma superficie de classe C! fechada. Utilize a primeira identidade
de Green para provar a unicidade da solu¢do do problema de Dirichlet,

Viu=f, emV
(1)

U = ug, em OV,

onde f:V — R é continua e ug : AV — R é continua.

Também utilizando a primeira identidade de Green, prove que:

(a) para o prolema de Neumann
Viu=f, emV

g—g =ug, em JV,

///Vfdxdydz://avuods.

Sugestao: considere v = 1 apropriadamente na primeira identidade de Green.

ter uma solugao, é necessario que

19. Let M C R” be a 3-dimensional C! class manifold, where n > 4,
M = {r(u) = X;(u)e; : ue D},

D C R? and {ey, ..., e, } is the canonical basis for R",

Let w =dX; ANdX4 A dX3 be a 3-form on M, where,

o 8X1 (11) 8X1 (11) 8X1 (11)
dX, (11) = o duy + Dy dug + Dus dus,
0X 0X 0X
dX4(u) = 82(111) duy + 82(:) duo + % dus,
and X X X
dX3(u) = 82(1“) duy + 82(2“) duy + zi“) dus
Compute

(dX1(u) AdX4(u) AdX3(u))(s1,s2,83),



where

0
51 = ;1(;11) AUl,
_ Or(u)
S9 = (911,2 A'LLQ
and Ar(u)
ru
S3 = 8U3 A'LL3.

20. Let V C R? be a simple region. Let F : V — R3 be a vectorial field of C! class.
Let x¢ € V°. Show that

‘ ) ffaB(xo)F'ndS
div(F(xg)) = T,h_% Vol(B,(x0))

where n denotes unit outward normal field to B,(xg).

21. Let V C R? be a simple region. Let f: V — R be a scalar field of C? class.
Let xg € V°. Through the first Green identity, show that

S Jop, s 5 95
V2 — r(x0) On :
Jxo) = limy = 0B )
where n denotes the unit outward normal field to B, (xg).

22. Let M C R™ be a m-dimensional surface of C? class, where 1 < m < n.
Let X,Y,Z € X(M), where X (M) denotes the set of tangential vector fields of C class defined on M.
Show that
(a) [aX + BY, Z] = a|X, Z] + B[Y, Z], Vo, B € R,
(b) [X,aY + BZ] = o[X, Y]+ B[X, Z], Vo, B € R.

(¢) Anti-symmetry:
X, Y] =—[Y,X],

(d) Jacob Identity:
([X,Y],Z]1+ Y, Z],X]+[[Z,X], Y] =0.

(e) Leibnitz rule:
[fX,9Y] = fglX, Y]+ f(X - 9)Y —g(Y - f)X, ¥f.g € C*(M).

(f) Recalling that LxY = [X, Y], show that

1.
Lx[Y,Z] = [LxY, Z] + Y, Lx 7],

ii.
Lx(Ly)Z — Ly(Lx)Z = Lix y|Z.

23. Consider a 3-dimensional surface M C R* defined by
M = {(z,y,z,w) €R* : 2? +¢y* + 2% + In(w) = 1}.
(a) Defining u = (uq1,us,us3) = (z,y, 2), write M in the form,

M = {r(u) € R* : ueR3.



(b) Let p = r(u). Obtain the tangent space and equation of the hyper-plan tangent to M at p.
(c) For f: M —- R, X,Y € X(M) such that

f(r(u)) = 2* + eV (sin((2? + 22))% + w(z, y, 2),

_ mar(‘xvyaz) 81‘(.13,:(},2) 2 Qar(xayvz)
e or(a,y, 2) or(a,y,2) or(a,y,2)
s 2 r,y,z (2 2\\3 r\z,y,z m-l—zz rz,y,z
Y (z,y,2) = (sin(zy)) o + (cos(z® + y*)) oy +e 5

for p = r(xo, Yo, 20), calculate

(X - (),
(DxY)(p),
(X, Y](p),
(X, Y] )

v. Compute numerically the results obtained the 4 last items at the point pg = r(zo, yo, 20) = r(m, 0, 1).

i.
ii.
iii.
i

<

24. Obtain the differential dM (z,y, 2) to calculate the area of the surface M C R*, where
M = {(z,y,z,w) €R* : e¥ ={z+ 22 +5and 2° +y* + 2? < 1}.
Remark: You do not need to calculate the area, just write the concerning integral.
25. Consider the surface M C R* defined by

M={(z,y,2) ER* : e* —a® —y® —2* =1}

Write its equation in the form,

where
I‘({E, Y, Z) = Xl(xvya Z)el + -+ X4(£E, Y, Z)e4~
Let 0X 0X 0X
dX, = —L d La Ld
YT 0 T Oy v+ 9. ¢
and 0x 0x 0X
dX, = —2d L d L dz.
4 ox v dy vt g

(a) Calculate
(Xm A dX4)(S1, SQ),

where 5
S| = 71‘(%%2) Az,
ox
and 5
oy = E@y2) N
dy

and where Az, Ay € R.



(b) Consider the differential form

w= (w(z,y,2) + 2%y + 2)dX1 AN dX4 + (w(zx,y, 2)* +sin(z? + y) — 22)dX; A dXo,

where ax ax ax
dXy = 22 do + —2 dy + —= d=.
2 or + dy vt a:
Obtain the exterior differential dw of w at (s1,s2,s3), where
o = @y:2) f
Ox
5y = 2X@:0:2) Ay,
dy
and 5
oy = @y:2)
0z

and where Az, Ay, Az € R.
26. Let M C R™ be a 3-dimensional C' class surface, where n > 4,
M = {r(u) = X;(u)e; : ue D},

D C R? and {ey, ..., e, } is the canonical basis for R",

Let w =dX; ANdX4 AdX3 be a 3-form on M, where,

Xy (u) = 22 g, 0K L KW
ouq Oug us3
o 8X4(11) 8X4(11) 8X4(11)
dX4(11) = D duy + Dy dug + Dus dus,
and OX3(u) DX (u) 0X3(u)
~ 0X3(u 3(u 3(u
dX3 (11) = Dy dui + Dy dug + Dus dus
Compute
(dX1(u) AdX4(u) AdXs3(u))(s1,s2,83),
where dr(u)
81 = ;ulll Auyq,
0
Sg = (;(;21) Auo
and Ar(u)
S3 = ;—u: A'LL3.

27. Consider the vectorial field F : R® — R? where F = 2%i + y2j + (2 — 2?)k.
Through the Stokes Theorem, calculate
I:// curl(F) -ndS
s

S:{(x,y,z)€R3 Dz =8—a? —2° and 2 < z < 4}.

where



28. Consider the vectorial field F : R?* — R? where F = yi + yj + 5k.
Through the Stokes theorem, calculate
I:// curl(F) -ndS
s

S ={(z,y,2) €ER® : 2=16— 2% —3y? and 2z > y* + 22 + y}.

where

29. Let D C R™ be an open set and let f: D — R be a function of C! class (therefore differentiable on D).
Let xg € D and € > 0. Prove that there exists § > 0 such that if x € D and |x — x¢| < J, then

(a)
f(x) = f(x0) = f'(x0) - (x —x0) + r(x),

where
|r(x)] < elx — xq].

(b) Use the previous item to show that if x, y € D, |x — xo| < ¢ and |y — xo| < J then

f(y) —f(X) = fI(XO) : (y_X)—’_rl(XaY)a

where
|T1 (Xa Y)| S 265

30. Let M C R" be a m-dimensional surface of C! class, where 1 < m < n, where
M =A{r(u) : ue DCR"}

Let f € C?(M) and X,Y € X(M).

In this chapter, we have denoted

(a) Calculate
X-(Y-f).

(b) Show that
X-(Y-[)=Y-(X-f)=[X,Y]-f,

where

Or(u)
(911,1' '

(X, Y] = (dYi(X) — dX;(Y))
(c) Consider the 3-dimensional manifold M C R* defined by
M = {(x,y,z,w) € R* : eV — 2% —¢? — 2* =5},
i. Defining u = (u1, ug,u3) = (x,y, z), write M in the form,

M = {r(u) € R* : ueR3.



ii. For f: M = R, X,Y € X(M) such that

f(r(n) =5y + w(z,y, 2),

_ . 81‘(37,2472’) 381‘(1‘,],/,2’) 2 381‘(1‘,],/,2’)

X(x,y,2) = cos(z — y) o +y 3y + (x4 2%) 2,

e or (e, y,2) Or(a,y.2) | o 0r(e,y.2)
_ Lor(xy, 2 9 analr(Ty, 2 L3, 0r(z,y, 2

Y(Z‘, y7 Z) =€ ax + (bln(l‘ + y )) 8?./ + € 82’ )

for p = r(x,y, z), calculate
(X YT- )
31. Consider a 3-dimensional surface M C R* defined by
M= {(z,y,2) € R* : In(w) —x +2y* — 2> =1}.
Write the equation of M in the form,
M = {r(z,y,2) : (z,y,2) € R’}

where
I'(Z‘, Y, Z) = Xl(xvya Z)el +o 4+ X4(l‘, Y, Z)64,
(a) Obtain (dX; A dX3 AdX4)(s1,82,83).
(b) Consider the differential form
w=e" Y’ dXs + sin(a:yQ) dX;.

Obtain the exterior differential dw of w at (s1,s2), where for the last two sub-items,

o = @y 2) N
oz
5y = 2X@:y,2) Ay,
oy
and 5
oy = Z@y2) N
0z

and where Az, Ay, Az € R.



