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Abstract

Using Henrici’s departure from normality as tool, we investigate the influence of nonnormal-
ity on the spectral sensitivity of system matrices of projection-type system realization methods.
Basically, we show that the system matrix of one of these methods is diagonally similar to the
system matrix of the classical Kung’s method and then conclude that the spectral sensitivity
of all methods decreases significantly under condition that are often met or easy to impose
in practice. Based on these results, we conclude that all projection-type realization methods
have essentially the same spectral properties as Kung’s method. Furthermore, a theoretical
eigenvalue error bound is derived and illustrated by numerical simulations.
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1 Introduction

During the last thirty years a great deal of attention has been given to state-space models in
balanced coordinates due to the role they have played in a number of important applications.
Application areas include system identification, realization of systems, the construction of reduced-
order models of complex systems, and sensitivity analysis [1, 2, 3, 4]. When computing reduced-
order models, for example, balanced realization becomes important because it enables derivation
of error bounds that inform about the quality of the model [5, 6, 7]. On the other hand, desirable
properties such as system stability are often attributed to balanced state space models [8].
Increasing use of state-space models has also been observed when solving parameter estimation
and harmonic retrieval problems, see, e.g., [9, 10, 11], and [12, 3, 13] for certain variants of Kung’s
method that have become popular in signal processing applications. Kung’s method constructs
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state-space models in balanced coordinates from the singular value decomposition (SVD) of a
block Hankel matrix containing noisy Markov parameters, fitting the data very well and handling
clustered eigenvalues within a certain accuracy [2]. However, very little is documented on sensitivity
of system eigenvalues to small perturbations in the state transition matrix.

The departure from normality of a matrix plays an important role in scientific computing:
among other things, it rules the accuracy of power methods for computing eigenvalue estimates, the
convergence behavior of Krylov methods, and the sensitivity of eigenvalues to matrix perturbations;
concerning eigenvalue computation, for instance, it is well known that while eigenvalues of normal
matrices are easy to handle, that may not be the case when computing eigenvalues of nonnormal
matrices. For an exhaustive discussion on influence of nonnormality in scientific computing, the
reader is referred to [14, Chap. 10].

In this paper we introduce a family of realization methods which is closely related to the
classical Kung’s method. Our goal is to analyze the nonnormality of the transition matrices of
these methods with the purpose of deriving eigenvalue error bounds. We show that this can be
done as the transition matrix of one of these methods is shown to be diagonally similar to the
transition matrix of Kung’s method. Our approach relies on the fact that there exists a close
relationship between eigenvalue condition numbers and measures of nonnormality [14, Chap. 10].
Using this fact we show that Henrici’'s departure from normality of the transition matrix of the
above methods can be expressed in terms of quantities which describe well the spectral sensitivity
of all methods, and then we use this result for estimating the eigenvalue condition numbers.

The main conclusion of the paper is that the spectral sensitivity of all methods decreases
significantly under conditions that are often met or easy to impose in practice. When this is
the case, it is seen that the methods feature essentially the same spectral properties as Kung’s
method. The analysis is restricted to the single-input single-output case with the assumption that
all eigenvalues are distinct.

The paper is organized as follows. Section 2 presents the proposed family of projection-type re-
alization methods along with a brief review of Kung’s method. A set of relationships and properties
of system theory as well as the notation used throughout is also included in this section. In Section
3, the connection between a particular projection method and Kung’s method is made precise and
the departure from normality of the system matrix of all methods is analyzed. These results are
then exploited to derive an eigenvalue error bound which is described and discussed in Section 4.
Numerical simulations that illustrate the theory are reported in Section 5. Finally, conclusions are
provided in Section 6.

2 Projection-type realization methods and review of Kung’s method

In the remaining of the paper the entries of a matrix A are denoted by a; ; or [A]; ;. A* denotes

the conjugate transpose of A and A’ its Moore-Penrose pseudo-inverse. The column (resp. row)
subspace of A is denoted by R(A) (resp. R(A*)) In addition, as usual, ||A|l2 and ||A||r denote
the spectral norm and the Frobenius norm of A, respectively. Finally, e; denotes the j-th unit
canonical vector of appropriate dimension; further notation will be introduced when needed.

In order to describe the methods we are interested in, we first describe some definitions and
relationships from system theory. Consider a linear, discrete, time invariant system with p inputs



and ¢ outputs described in state-space form as:

Tpp1 = Az + Bug (1)
yre = Cxp+ Duyg ’

where the system matrix (or state transition matrix) A is n x n, the control matrix B is n xp, C'is
gxmnand D is ¢ x p. We always assume that the system is stable, i.e., the eigenvalues \; of A fall
inside the unit circle, and for simplicity, that D is the zero matrix. The estimation of A, B, and C
(up to a similarity transformation) from either input/output data {ux,yr} or Markov parameters
hy :

hy =CA* B, k=1,... hy,

commonly known as system identification or realization problem, is of paramount importance in
system theory. The proposed system realization methods, to be described in the sequel, rely on
the use of Markov parameters as data and start by forming an (M x ¢) x (N x p) block Hankel
matrix H (¢) with block entries in the position (i, j) equal to h;yj1¢—2. Recall that for controllable
and observable systems and M, N > n, this matrix has a full-rank factorization of type

C
CA

H() = , ACVBAB AB? .. ANTIB] =04 e, 1>1 (2)
cAM-1

where C and O are the so-called extended controllability and extended observability matrices,
respectively, and that for single-input single-output systems the above factorization becomes

H({) = Vi RA Wy, (3)
where
1A A7 - A
1 A A3 - ANt

Wy =
)\]\}—1
R:diag(rlyr%"'vrn)) A:diag(Aly)\%"'vAn)’ and Vm :WJJ\/}
We now observe that if G € RM*9*(Mx4) jg any solution of the matrix equation
H(2) = GH(1), (5)

from (2) it is straightforward to see that A(G), the spectrum of G, is described by

ANG) = {Ar, - A Ay e

where the A;’s are the system eigenvalues and )\](:) are spurious eigenvalues which depend on the

solution chosen. The main difficulty encountered in connection with the use of G for purpose of



system identification is the link of the system eigenvalues with a “large eigenvalue problem” and
the separation of them from the entire spectrum of G. We shall show that this can be circumvented
by using an n X n projected version of GG defined by

A=U*GU, (6)

where U is any orthonormal basis of R(H (1)). The motivation for this definition relies on the fact
that the spectrum of A only contains the system eigenvalues, i.e., we have that A(A) = {A1,..., A\, }.
Since U can be chosen in infinitely many ways, the above result result suggests that we can construct
infinitely many realizations with system matrices as defined in (6). From here on, any realization
based on (6) will be called a projection-type realization. Before continuing we emphasize that
because our interest is to analyze the spectral sensitivity of the system matrix of the methods
rather than the estimation of parameters B and C involved in the realization process, we will
focus only on the construction and analysis of the corresponding system matrix. We will see that
interesting spectral properties of matrices A can be assured provided that the solution G of (5) is
completely determined. This is the subject of the following proposition, the statement of which is
one of the most important contributions of this work.

Proposition 1 Assume that M, N > n and let G be any solution of the matriz equation (5). Then,

independently of the solution chosen, matriz A in (6) can be rewritten as
A=U*FU, (7)

where F is a block companion matriz with last row block defined by X = CAMOV and satisfying
H(2)=FH(1).

Proof: For simplicity, we shall prove the statement of the proposition for the single-input single-
output case; the proof for the general case is similar. Since H (1) is rank deficient, any solution of
the matrix equation (5) is of the form

G=HR2H) +Zz (8)

with Z satisfying ZH (1) = 0. In addition, since the columns of U span R(H (1)), from (8) it follows
that

U*GU =U*H(2)H(1)U 0

= UVyAVLU (9)

where we have used the fact that (3) is a full-rank factorization of H(¢) together with pseudo
inverse properties. Now observe that

Py

VAV, = (10)

P
el AM VAT/[

where e is a vector of all ones of appropriate dimension and p; is the i-th column of P = VMVJL,

the orthogonal projector onto R(H(1)). Let p] = el — ¢!, where ¢; denotes the i-th column of



the orthogonal projector onto [R(H (1))]*. Substitution of (10) in (9) with p; as before then leads

to U *VMAVJ\ZU = U*FU where F' is a companion matrix as described in the statement of the
proposition, as claimed.

We end this section by reviewing Kung’s method. Let

- . 1 0 1%
H(1) =USV* = [Uy Us)] [ 0 0 ] [ Vi } (11)
be a partitioned SVD of H(1) where both U/, and V; have n columns and ¥; = diag(oy,09,- -+, 04)
in which the nonzero singular values o; of H(1) are ordered in decreasing form. Kung’s method
constructs a realization by using estimates of an observable (resp. controllable) matrix obtained
from the singular value decomposition of matrix H (1) rewritten as

H(1) = @hE ) (5, 2)),

from which the system matrix is defined by

A = 2—1/2UTQ21/2 _ UTQ,

(12)

where U and U (resp. U and U) are formed by taking respectively the first N block rows and the
last N block rows of U; (resp. of UlEll/z).

The realization with system matrix Ak assures that the associated controllable and observable
Gramians are equal to Y1, in which case it is said that the system is balanced or that the state-space
model is in balanced coordinates [4]. Observe that a state transition matrix can also be determined
as

A =5V, (13)

where V and V are obtained from V} by taking its first (IV — 1) block columns and its last (N —1)
blocks columns, respectively.

3 Nonnormality Estimation

Our goal here is to estimate Henrici’s departure from normality of the system matrices of both the
projection-type methods and Kung’s method, focusing on single-input single-output systems with
the assumption that the eigenvalues of the system are distinct. The following technical result will
be needed.

Lemma 2 Let A be as in Prop. 1. Then A = UTQ where U (resp. U ) is formed by taking the
first (resp. last) N — 1 rows of U.

Proof: From the full-rank matrix factorization (3) and the matrix equation H(2) = FH(1) it

follows that F'Viy = ViyA. But since R(U) = R(Vn), it follows that U is invariant under F' and
therefore
UA=UU*FU = PFU = FU,



where the last equation is because P = UU* is the orthogonal projector onto R(H(1)) and the
columns of F'U belong to such subspace. Equating the first N — 1 rows of the matrix equation

UA = FU and then solving for A leads to A = UTQ , as desired. |

Observe that if in the previous lemma the orthonormal basis used in the definition of matrix
A is chosen to be Uy, the basis obtained from the SVD of H(1), then the corresponding matrix

A becomes diagonally similar to Ay, the system matrix of Kung’s method. This observation is
exploited in the following proposition to determine the Frobenius norm of matrix Ay from the
entries of the system matrix of a well-chosen projection-type method.

Proposition 3 Let A = U FUy where F is as before and U, is the basis of R(H(1)) obtained from
the SVD of H(1). Then, provided M = N > n we have

1ALlIE = Z Jai,i|* + 22 > laigllagl, (14)

i=1 j>1

where a; ; are entries of /i, and Ay is the state transition matriz of Kung’s method.

Proof: Since for M = N the Hankel matrix H (1) is symmetric, its singular values satisfy o; = |,/
j = 1 :n, where the v; are the non zero eigenvalues of H(1). This implies that there exists a
diagonal matrix J with entries [J]; ; equal to 1 or —1 such that U; = V;J. Using this relation and

the definition of Ak (see (12)), because UTQ — A = UFU4; by Lemma 1, we obtain
A = SRV Ev st = JsVAvrrrvs VAT = Az,
where the last equality is for (VyF*V) is the projected version of matrix KVT in (13). As the
above result shows that A is J-symmetric, we have that
[Axlil = [Axljal, 1 <d,5 <n. (15)
From this equality and the definition of Ay, it follows that

2

12 512 o o
) (2
0= <—J1/2 laijl = =17 \%z’!) = U—],\am‘!Q + ;!%!2 = 2[aijlajl, (16)
Ui 0'] ? J

where the a; ;’s are entries of matrix /1, and hence
2 2
[Axclij|” + [[Axljal” = 2laqjllazal (17)
If the Frobenius norm of Ax is computed as

n—1 n

[ Ak HF_Z|AKH|2+ZZ| Jigl? + [TAx]al?,

i=1 j>1



the equality (14) is a consequence of (17). This concludes the proof. ]

Matrix A described above via pseudo-inversion is often used in estimating parameters from
exponentially-damped noisy signals [11]. This matrix is sometimes referred as to the transition
matrix of Kung’s method in non balanced coordinates.

An immediate consequence of (15) is that Ay is balanced in the 2-norm. Recall that a matrix
is balanced in the a-norm if for any 4, the a-norm of the i-th row equals the a-norm of the i-th

column. Using results of Osborne [15], it follows that E%/ ? minimizes the Frobenius norm of all
matrices G = DL AD where D is a diagonal matrix, and so ||Ax||r < ||A||r. That is, the similarity

transformation G = D™'AD, with D = Ei/ 2, not only balances matrix A but also reduces the
Frobenius norm. As a result the nonnormality Ax and all system matrices of projection-type
methods as described in Lemma 1 can be now described. This is given in the following corollary
where we use as measure of nonnormality Henrici’s departure from normality [16, p. 314]. Recall

also that for general A € €™ | Henrici’s departure from normality, denoted by D(A), is defined
as [16]

D(A) = |AlF =D N (A% (18)
j=1

Corollary 4 Assume that M = N > n. Then for any projection-type realization method with
system matriz A it holds

D(A)? < D(A) (19)

Proof: We first prove that the inequality holds for the case where we consider the system matrix

A. In fact, a simple expression for D(Ag)? can be given using the identity
Jai i ? + lagal* = 2lajllaza| + (laig| — lajal)?

in (14). Doing this, (14) takes the form

D(4)? =D(A)’ = Y > (laig| = laja)*. (20)

i=1n j>i

which proves (19) when the system matrix is A. We now make the crucial observation that all
system matrices of projection-type realization methods, as defined in (6), are unitarily similar

to A. The assertion of the corollary then follows from this observation because all these system
matrices share the same Henrici’s departure from normality. |

Two conclusions can be drawn from equality (20). The first is that D(Ax)? is always smaller than

D(A)? and that matrix Ax can become much more close to being normal than matrix A provided
that |a; ;| and |a; ;| differ by a large quantity. In terms of spectral sensitivity, this suggests that the
eigenvalue problem related to Ak should be better conditioned than the eigenvalue problem related
to A, despite the fact that both matrices share the same spectrum. We will return to this point

later. The second conclusion is that the departure from normality of A and Ay can become small



provided that |a; ;| = |aj;|. This is important because in such case, both matrices A and Ay are
ensured to behave almost as normal matrices in the sense that their eigenvalues become relatively
insensitive to small matrix perturbations. In other words, the condition |a; ;| ~ |a; | ensures that

A and Ax essentially share the same spectral properties, the same comment being valid if A is
replaced by any system matrix of any projection method as those described before. The following
corollary provides an estimate for D(Ax)?.

Corollary 5 Using the same assumptions of Corollary 4 it holds that

D(A)* <n— 1+ f1 5+ TTINE =D AP (21)

i=1 i=1
where f1 denotes the minimum 2-norm solution of the linear system H(1)f = H(2)ey.

Proof: We first observe that using Theorem 3 in [17] it follows
D(A? =n+ |f15 — Ipallz = Y AP,
i=1

where p; is the first column vector of the orthogonal projection onto R(Vy). The statement of the
corollary is thus a consequence of Corollary 4 and the fact that the right side of (21) is an upper
bound for D(A)?, as seen from Lemma 7 in [17]. [ |

In reference [17] it was proved that || fT||o decreases with the dimension M of the Hankel matrix
and that this norm approaches zero as M is going to infinite. Therefore, since the right hand of (21)
is an upper bound for D(A4)?, A being any system matrix of any projection-type realization method,
we can conclude that small values of Henrici’s departure from normality of all these matrices can
be expected provided that A is large enough and the eigenvalues satisfy |\;| ~ 1. We end the
section with the observation that the conditions || fT||2 ~ 0 and |);| ~ 1 are often met in connection
with slightly damped systems [12, 18].

4 Spectral Properties

Before proceeding, recall that for general A € C"*" having simple eigenvalues \;(A), the condition
number of eigenvalue \;(A) is given as

[[ill2]|vill2
kj = W’ (22)
where v; and u; are right and left eigenvectors of A associated with A;. It is well-known that
u;v; is always nonzero and that the real number x; controls the sensitivity of eigenvalue A; to
perturbations on A (see, e.g., Wilkinson [19, p. 87]). The following result will be needed to prove
our main result concerning the sensitivity spectral of the system matrices of all realization methods
studied here.



Lemma 6 The state transition matriz of Kung’s method in non balanced coordinates /1, has a
spectral decomposition given as

A= U VAU V)T = U V)MV, (23)
Consequently, the condition number k; of eigenvalue \; satisfies
Rj = Ve llal[Vibes 2. (24)

Proof: It is sufficient to observe that the companion matrix F' used in the definition of A satisfies
the matrix equation F'Vy = VA, and that the columns of ¢; form an orthonormal basis for R(Vy).
Details can be encountered in Bazén [17]. [ |

Proposition 7 Let k; and k; and denote the condition numbers of eigenvalue \; regarded as

eigenvalue of Ax and /i, respectively. Then it holds that
l%jgl%j, ]zl,,n

Proof: Let 0; and 4, denote right and left eigenvectors of matrix Ay associated with A;. From
the definition of Ak and (23) it follows that they can be taken as

b= S e, — Vs 0
These eigenvectors satisfy the normalization condition 49; = 1, so &; = [|;|2[|9;][2. From this
observation and (25) it follows that using (25)

195113 = e;VIUhE U Vives,

VU VIVIET U Ve,

VUV H(1) Ve, (26)
= VRV WL RV Vive;

= (Vi) ViWhe;)/ 5

where r; = [R]; ; and the last four equalities are for VX7 'ty = H(1)T = WJTVRTVJI, and VJEVN =1.
Similarly, from |||z it follows

18,13 = esVithSiVile,

= e VIhSIV iU Ve,
e; VEVNRWN VU ViTe;
ri (WAL U Vile),

(27)

where, as before, we have used the fact that (1 X,V] = H(1) = VyRWx. From (26),(27), and the
fact that |Vie;jll2 = ||Wnej|l2 and HW]TVeng = HVX,@-Hg, using the Cauchy-Schwartz inequality it
then follows that

R < B2

9



and the proof concludes. |

An analysis of the condition numbers £; and their use to estimate the condition number of
H (1) can be encountered in [20, 18]. The main conclusion drawn there is that %; depends on eigen-
value separation, the closeness of the eigenvalues to the unit circle, and mainly on the dimension
of the Hankel matrix in that moderate condition numbers are generally obtained whenever the
Hankel matrix is large enough. Following the line of analysis in [18] an upper bound for #; can be
immediately obtained.

Corollary 8 For all N > n, the condition number k; satisfies

1§l%j< 1+

(n—1)/2
-1 12 2 n )\z 2 2 - - )\z 2
n— 1+ £ lpl3 + T [l — ol = Sy ] i=1im (@)

(n— 1)5?

where f1 denotes the minimum 2-norm solution of the linear system H(1)f = H(2)en, fo is the
first component of fT, py denotes the first column vector of the orthogonal projection onto R(Vi),
and 0; = min ; |\ — Ajl.

J#i
Proof: From [21]

D(A)? (n—1)/2

(n— 1)5?

i< |1+ (29)

Inequality (28) follows from using the expression for D(Ax) described in (20) where we use the

exact value of D(A)?, as described in Proposition 3 in reference [18]. [ |

Observe that the right hand of inequality (28) can grossly overestimate the condition number &;
since, as commented above, D(Ax)? can become much smaller than D(A4)? when |a; ;| differs largely
from |a;;|, a fact frequently seen when A is not large enough. Numerical examples illustrating
this phenomenon are presented later. Observe also that if N is large enough and the eigenvalues in
modulus are reasonably close to 1 but not extremely close to each other, which is very often seen to
happen in practice, then &; approaches 1 because under these conditions || f||3 a2 0. That is, if these
conditions are satisfied, then the eigenvalues become relatively insensitive to small perturbation in
the system matrix.

Remark A comment regarding the accuracy of Kung’s method in the noisy data case is required.

First, it should be noted that because Ak is obtained from A via a diagonal similarity, the same set
of eigenvalue are to be obtained from both matrices, at least theoretically, this result being valid
regardless of whether the data are corrupted by noise or not. Secondly, it is convenient to invoke

an eigenvalue perturbation analysis recently reported in [18], where the main conclusion is that if A

is obtained from the SVD of a perturbed Hankel matrix H(1) = H(1) 4+ E and if | E|| < o, (H (1))
and the dimension of the Hankel matrix is large enough, then the eigenvalue error satisfies

|/\j—Xj|%sin9, j=1:mn; (30)

10



where sin# denotes the distance between the subspaces R(U;) and R(U;) with U the matrix of

left singular vectors associated with the n largest singular values of H (1). Thus, since Ax and A
share the same eigenvalues, it is concluded that the estimate (30) also holds for Kung’s method in
balanced coordinates, and that excellent eigenvalues estimates are to be expected provided that N
is large enough and || E||; < 0,(H(1)), as in this case sinf ~ 0.

5 Numerical Simulation

The goal here is to illustrate numerically the theory presented in the paper. For this we choose a
system having closely spaced eigenvalues and then simulate two well differentiated cases in order
to assess the sensitivity of system eigenvalues to inaccuracies.

In the first case we use exact data and our goal is to illustrate how nonnormality of the state tran-
sition matrix affects the precision of eigenvalues extracted by using finite precision computations.
For our illustration we compute Henrici’s departure from normality of Ax and A, the eigenvalue
condition numbers £;, £, and the eigenvalue error |\; — Xj|, where Xj denotes the computed eigen-
value. All quantities were computed in MATLAB using square Hankel matrices of increasing orders
to illustrate the effect of the dimension of the problem over the quantities computed. The data
consists of samples of an impulse response (real) signal, hy, kK = 1 : 1024, synthesized from an
eighty degree of freedom vibrating system, (see [12] for details), whose signal parameters (system
eigenvalues \; and weights 7;) as well as the eigenvalue separations, are described in Table 1.

Table 1: Signal parameters corresponding to a vibrating system.

zj, Zj | [z, 121 ] i, T | ]
0.9138 + 0.40322 0.9988 -0.0013 £ 0.0004: | 0.00151
0.9908 + 0.12622 0.9988 -0.0008 £ 0.0032: | 0.00010
0.9774 + 0.2062: | 0.9989 | -0.00024 0.0001z | 0.00548
0.9457 + 0.32200 | 0.9990 | -0.0001 4 0.0001z | 0.00004
0.9923 + 0.11622 0.9990 0.0002 £ 0.00102 | 0.00001
0.9479 + 0.31572 0.9991 -0.0003 £ 0.0009: | 0.00004
0.9596 + 0.27802 0.9991 0.0079 £ 0.00192 | 0.00155
0.8269 + 0.5608: | 0.9991 | 0.0015 + 0.0009: | 0.01991
0.8977 + 0.43872 | 0.9991 | -0.0002 + 0.00062 | 0.00151

© 00 ~J O U W N .

Figures 1-(a) and 1-(b) show that nonnormality and eigenvalue condition numbers strongly
depend on the dimension of the problem, and that, as predicted in theory, the state transition
matrix in balanced coordinates Ay has in fact better spectral properties than the state transition
matrix A. The eigenvalue error is computed by using several implementations of matrix Ay,

namely the Uj-projection version: Ax = 21_1/ 2L{f C’LﬁE}/ 2, the Uy pseudo-inverse versions: Ax =

»-Y 2UTQ Ei/ 2, and the corresponding counterparts using the right singular matrix V. As a result
of the computations it was confirmed that except for the projected based versions, all remaining U -
based versions using balanced or non balanced coordinates yield essentially the same eigenvalues.
A similar comment applies for the eigenvalues obtained from the V;-based versions. The conclusion
drawn from the results is that the projection-based versions tend to yield estimates of inferior

11



quality compared with the remaining implementations either using matrix {; or matrix V;. This
difference in quality is evident for moderate values of N, as illustrated in Figure 2-(a).

10* T T T T T T 10°

N L
10° b (VN 3 [

10' b

10° |

107

107H

(a) (b)

Figure 1: (a): Henrici’s departure from normality as a function of N. D(Ag)? (solid line) and
D(A)? (dash-dotted line). (b): Eigenvalue condition number as a function of N. max; &, (solid
line) and max; x; (dash-dotted line). In both cases the Y-axis is in a logarithmic (base 10) scale.

The second case illustrates the performance of Kung’s method in recovering system eigenvalues
in a noise environment. For this, the exact signal is perturbed by using additive zero mean random
noise, adjusted in such a way that ||noisel||/||signal|| = 0.05, and then the Kung’s matrix eigenvalues
are computed. Mean values of 100 noisy realizations are reported. As a result of the computations
it is again observed that the quality of the computed eigenvalues by using the projected version is
slightly inferior to that obtained from the other versions, see Fig 2-(b). Poor results are because

the norm of the error matrix ||E||s = ||[H (1) — H(1)||2 exceeded largely o,,(H(1)), i.e., the condition
|E|l2 < 0 (H(1)) that insure the error estimate (30) was no longer valid.

Finally, the spectral stability of balanced and non balanced matrices associated with Kung’s
method is illustrated. For this, both versions, the balanced and non balanced matrices, were cor-
rupted by random matrices such that ||state transition matrix||/|[random matrix||2 = 0.01 and then
their eigenvalues were extracted. Mean values of eigenvalue error obtained from 100 realizations,
displayed in Fig 2-(c), illustrate that the balanced version of Kung’s method features slightly better
spectral stability than the non balanced one .

6 Conclusion

In this paper spectral properties of state transition matrices of certain projection-type realization
methods were investigated based on the estimation of Henrici’s departure from normality. It was
shown that the system matrix of one of these methods is diagonally similar to the system matrix of
Kung’s method and proved that the spectral sensitivity of all methods decreases significantly under
conditions that are reasonable in practice. Specifically, it was proved that if the Hankel matrix is
large enough and the eigenvalues are reasonably close to the unit circle but not extremely close to
each other, then the eigenvalues become relatively insensitive to small perturbations, and that in
this case the projection-type methods feature essentially the same spectral properties as Kung’s
method. Further, because both matrices in balanced and non balanced coordinates relate to each

12



Figure 2: (a) Eigenvalue error as a function of N arising from considering the effect of finite precision
computations on “exact data”. Results from projected V- based versions (dashed line). Results
from balanced pseudo-inverse U -based versions (solid line). (b) Eigenvalue error as a function of N
using additive noise in the signal hy. Results from balanced ¢; implementation (solid line). Results
from non balanced U, implementation (dash-dotted line). (c) Eigenvalue error as a function of N
using additive noise in the transition matrices. Results from balanced ) implementation (solid
line). Results from non balanced U; implementation (dash-dotted line).

other via a diagonal similarity transformation, it was concluded that eigenvalue error bounds, that
apply for state transition matrices in non balanced coordinates, also hold for the balanced case [18].
Experiments were provided to illustrate that the eigenvalue estimates obtained from the balanced
case do not outperform so much those obtained from the non balanced ones (Fig. 2-b). The analysis
of nonnormality and results of conditioning may be useful in system analysis when modifications
of the state transition matrix are needed. Further research for assessing the spectral properties of
system matrices in the multi-input multi-output case is needed.
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