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Lecture II: Proximal-point (PP) and accelerated PP algorithms for convex
optimization
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In this lecture, we will study the proximal-point algorithm for convex optimization and its
iteration-complexity analysis.

1 The proximal-point algorithm for convex optimization

The proximal-point (PP) algorithm is a conceptual rather than a practical method. It is the baseline
algorithm for the development of other important computational schemes in numerical optimization,
including the proximal gradient method.

Consider the convex optimization problem

mi;leiIIRr}lize f(x) (1)

where f: R™ — (—o00, 00] is a proper convex and lower semicontinuous (lsc) function.

We also denote the optimal value of f by

Jo = inf f(a) &)

and assume that fo; > —00. Some results of convergence rates can be obtained without assuming
that the solution set of (1) is nonempty (see, e.g., [3]).
1.1 The exact PP algorithm

The main idea behind the method is to replace (1) by a “regularized version” based on the following
operation

win { ) + 55 - 512 3)

xeR™

where A > 0 is regularization parameter and z € R™. Problem (3) has a unique solution, say z) € R",
and z) = z (i.e., it is a fixed point of the operation described in (3)) if and only if z is a solution of
the minimization problem (1).

Motivated by this, the PP algorithm is defined by iterating the operation (3):
The (exact) PP method for solving (1) is defined as:



Let zg € R™ and iterate for k > 1:

) 1
T} = argmin {f(l‘) + G ||z — l‘k—lﬁ} (4)
z€eR™ k

where A\ > 0.

Example 1.1. As we already mentioned, the PP algorithm is a conceptual method; its study provides
insight for the development and analysis of different practical algorithms for convex optimization.
Howewver, in order to illustrate the iteration mechanism of the method, we will apply it to solve a
(convez) quadratic programming problem:

minimize { f@) = %(z,Ax) _ o, :c>} (5)

zeR™

where A: R™ — R” 4s a self-adjoint positive bounded linear operator and b is a vector in R™. Recall
that Problem (5) is equivalent to the linear operator equation

Ax =b. (6)

The PP method (4) applied to f as in (5) reads as, for all k > 1,

1 1
o = angain {30, A0} — (0,01 + 53l - 211l

which is to say that x = xy, is the unique solution of the (positive definite) reqularized linear equation
At 1) e=pyd (7)

—I)x= —Xp_1-

)\k )\k k—1

Summarizing, the PP algorithm for solving (5) or, equivalently, for solving the operator equation (6),
proceeds by computing solution of reqularized “approzimations” of (6), namely (7).

In the next subsection, we will analyze the convergence rates of the PP algorithm, as described
in (4). It will be convenient to note that the iteration of the PP method can also be written as

o = Alk (w01 — 7x) € Of (1) (8)

where 0f(xy) denotes the subdifferential of f at xy.

1.1.1 Convergence rates

We begin with the following proposition, by studying the progress of the iterations defined by the PP
algorithm (4) both in terms of the “metric” || - || and the objective function f.

Proposition 1.2. The following holds:



(a) Forallz € R" and k > 1,

lzg—1 = 2| > ||z — 2| + [lzg—1 — 2xl* + 22 (f(2x) = f(2)).

(b) Forallk>1,

fl@e—1) = f(@r) + (Op 21 — 2y = F@r) + Aellvil.

Proof. (a) Using the identity [|a||? — [|b?|| = |la — b]|* + 2{a — b, b) with a = 741 — x and b =z}, — ,
we find

lzx—1 = zl|* = lJog — 2| = lap—1 — 2xl” + 2(p1 — 2y, 2% — 2). (9)
On the other hand, direct use of (8) and the definition of df(xy) yields
(Vi 21 — @) > f(ar) — f(2), (10)
which then combined with the definition of vy as in (8) gives
(Th—1 — g, ok — ) > N (f (1) — f(2)). (11)

The desired inequality now follows from directly from (9) and (11).

(b) The inequality follows directly from (10) with © = xp_;. The identity follows from the

inequality combined with the definition of vy as in (8). O
Remark 1.3. Since the function f(-) + ﬁ” — xp_1]|? is %k—strongly convex and, by the definition
of ik,

0ed ( FO+ gl - x“w) (22),

it follows that

1 1 1
f(z) + ﬁ”x — g1 > fla) + m”fﬁk — e |® + m”ﬂi — || for all x € R",

which clearly gives the inequality in Proposition 1.2(a).

The following lemma shows the monotonicity of the sequence of norms of vg:

Lemma 1.4. For all k > 1, we have

vkl < llogl]-] (12)

Proof. Direct use of (8) gives vy € Of (xy) and vgy1 € Of(xg+1). Using the fact that 9f is monotone,
we have

(Vk41 — Vky Thg1 — 21) > 0.

Since Mg y1Ug+1 = Tk — Tr+1 (see (8)) and Agyq > 0 direct substitution yields (vgy1 — Vg, vg11) < 0
and so

g1 1? = (Org1, Vrr1) < (Wi, V1) < Joelllvesall,

which is clearly equivalent to the desired inequality. O



The convergence rates for the PP algorithm will follow from the above results combined with the
following technical lemma:

Lemma 1.5. Let (ag), (M), (Bx) and (k) be sequences of nonnegative real numbers such that, for
all k > 1,

ap—1 > ag + MeBk + N,

Br—1 = Br + Ak

(13)

Define Ag =0, Ay = Z?Zl Aj and Ay = Z?Zl NjAj. Let also A > 0 be such that A\, > A > 0 for all
k > 1. Then the following holds:

(a) ap—1 + Ap—1Bk—1 > g + A + M Dpvk.

(b) Ek-:zl NiAjyi + ApBr + g < ap.

ag

()ﬂk_A SE

(d) min <20 <

(e) If (vi) is nonincreasing, then the assertion in item (d) holds with vy instead of minj—; _x 7;.

Proof. (a) Using (13), we find
op—1 + N1 B8e—1 > (o + MeBr + ANpve) + Ak—1Br—1
> (g + B + Afvk) + Mee1 (B + M)

= o + (Ap—1 + M) B + M (Di—1 + X))k,
A A
=Ag =Ag

which finishes the proof of (a).
(b) This follows from item (a) and a simple telescopic sum argument. (recall that Ag = 0.)
(c) This follows from item (b), the assumption that A\ > A for all £ > 1 and the definition of Ag.

(d) The first inequality follows from item (b) and the definition of Ay. To prove the second
inequality, note first that Aj =377 Ar > j A. Hence,

k k k
=3 a2 A) A, Z k+1) A2k227
i=1 j=1 i=1

which in turn, when combined with the first inequality, finishes the proof of item (d).

(e) This follows trivially from the fact that, in this case, v, = min;—; __ ;- O]

Assumption 1.6. Suppose Problem (1) admits at least one solution and denote by Zer Of the solution

set of (1).



Next we prove global convergence rates for the PP algorithm, both in terms of function values
and for the “residual” of the inclusion (8):

Proposition 1.7. Consider the sequence (xy) evolved by the (ezact) PP algorithm (4) and let (vk)
be as in (8). Let dy denote the distance of xq to the solution set of ZerOf # 0 of (1), i.e., dy =
mingezeraf || — wol|. Also, let Ay and Ay, be as in Lemma 1.5. Assume that there exists A > 0 such
that Ay > A > 0 for all k > 1. Then the following holds:

(a) Forallk >1,

2 2
f(xk)_foptSdOSdOZO(l>.

(b) Forallk>1,

ol < o < Y2 _ g <1> .

\/Zk_gkz k

Proof. Let T € Zer 0f be such that dy = ||T — x¢||. In particular, fo: = f(T).
Let

1 1
a = gllog ~ 7% Byi=fla) = f@) and = ol

By dividing the inequality in Proposition 1.2(a) (with x = T) by 1/2, using the above definitions and
the definition of vy as in (8) we get

ap—1 > ag + MefBr + Ak
Oun the other hand, using Proposition 1.2(b) and the definitions of «y and 7, we have
Qg1 2 Qg + Ak

Hence, one can apply the results of the technical Lemma 1.5. Note the item (a) is a direct
consequence of Lemma 1.5(c). On the other hand, item (b) follows from Lemma 1.5((d) and (e))
combined with Lemma 1.4. 0

Remark 1.8. Proposition 1.7 guarantees, in particular, that for a given tolerance p > 0, the PP
algorithm finds x € R™ (an approzimate solution for (1)) satisfying

f(l’) _fopt Sp

i

in at most

iterations, where [0] == min{n € Z | n > 6}.



1.1.2 Convergence rates for level-bounded functions
In this subsection we present an alternative analysis of the convergence rates for the PP algorithm.

We start with some discrete inequalities. First recall that the largest root of the quadratic
ab? + b — ¢, where a # 0 and ¢ > 0, is given by

2c

e — 14
b+ Vb? + dac (14)
Some discrete inequalities.
Lemma 1.9 (Nesterov). Assume that oy > 0 satisfies, for all k > 1,
ap_1 > o + az ) (15)
Then, for all k > 1,
(7)) 1 1
<——<—=0|+ 16
ak_l—i—caok_ck: <k:> (16)
where
2
cr=—
14+ /14 4ag

Proof. Assume that ay > 0 (if o = 0 then the result is trivial). Using (15) and (14) we obtain

20, 1 1 T+ 4ay_ 1
ap < Q-1 ,andsoZ( +\/W> .
1414+ 4ai_1 o 2 o1
Note that
1+ 1T+ 4ap_1 201
=140 <= 20=+/14+4a,_1—1 < §=
2 + + k-1 1+ VI F+dar
that is,
14+ /1 +40_q 14 2001
2 a 1+ I+4dap_1
Hence,
1><1+ 201 > L1 2
aE 14++/14+4ap 1) ap_q N 1 14+ 1+ 4C¥k,1.
In view of (15) we have, in particular, ag > ax_1 and so
1 1 2
— > +
o Af—1 14+ +/1+4ay_q
1 2
> +
Af—1 1+ +/1+4ag
1
= +c.
Qf—1



Consequently,

which gives the desired result. O

Corollary 1.10 (Generalization of Lemma 1.9). Assume that oy > 0 satisfies, for all k > 1,

a1 > oy +Dai (17)
where D > 0. Then, for all k > 1,
(7)) 1 1
< < = — 1
Y = 1+ cDagk — cDk © <k:) (18)
where
2
c:= :
1+ 1+ 4Day

Proof. Note that
ap_1> oy + Dai if and only if Day_1 > Day, + (Dak)2

and apply Lemma 1.9 to the sequence Day. 0l
Convergence rates for function values as a consequence of Corollary 1.10.

Proposition 1.11. Consider the sequences evolved by the PP algorithm (4) and suppose A\ > A >0
for all k > 1. Assume also that

Dy i=sup { |}z — || | max {f(@), /(1)} < flw0) } < +o0.

Then, for all k > 1,

A A
J(@r-1) = fopr = (1) = fopr + 25 (@) = Fopt)* = (k) = fopr + 55 () = Fopt)®
0 0

Proof. From Proposition 1.2(b),

fl@e—1) > flae) + Aelloel>. (19)

Let T € R™ be a solution of (1); in particular fo, = f(Z). From (8) and the definition of 0f(zy), we
have

f(@r) = fopt < (v, 2k —T) < vz — T < vl Do. (20)

In the latter inequality we used that f(Z) < f(x0), f(zx) < f(xo) (see (19)) and the definition of Dy.
The desired result now follows by combining (19) and (20). O



Theorem 1.12 (Convergence rate for function values as a consequence of Corollary 1.10). Consider
the sequences evolved by the PP algorithm and assume that Ay > A > 0 forallk > 1, and 0 < Dy < oo.
Then, for all k > 1,

20) — fo D} 1
f(xk) - fopt S {\( O) f Pt S CAO]{,' =0 (l{}) (21)
1 +c ﬁ (f(l’o) — fopt) k -
0
where
2
c= :
A
1+ \/1 + 4ﬁ(f(:c0) — fopt)
0
Proof. The proof follows from Proposition 1.11 and Corollary 1.10 (with D = \/D?). O

2 Generalizations of Corollary 1.9 — potentially useful for high-order
algorithms.

Lemma 2.1. Let p: Ry — R be a strictly increasing differentiable convez function and assume that
a,b > 0 are such that p(a) <0 < p(b). Then,

b
agb—‘p,(). (22)

¢'(b)
Proof. Using the inequality of the subdifferential we obtain 0 > ¢(a) > ¢(b) + ¢'(b)(a — b), which
gives the desired inequality (because ¢'(b) > 0). O

Lemma 2.2 (Nesterov). Assume that ap > 0 satisfies, for all k > 1, and for some 0 < 0 < 1,

Qp_1 > o + a,lje.

Then, for all k > 1,

(&7s) 1 1
< < — _
=1+ calk)/0 = (ck)i/o o <k1/9> (23)
where
c = 70
=17 048.

Proof. First note that if ap = 0, then the result is trivial. Assume now that ap > 0. Define 8 = az.

In particular, we have ap = /0 Then, from the assumption,
p ) k )

1+6 1 1

B, ¢ +pf-pl, <o



Define, for ¢t > 0,

1+ 1 1
oty=t 0 +t0—pY .

1-6

0 6

0 1 —
Note that ¢'(t) = < i > t0 + -t 0 . Clearly, ¢ is strictly increasing, convex and differentiable.

1+0

Moreover, ¢(Br) <0 < ¢(Bg—1) = /Bk_? . Hence, using Lemma 2.1, we obtain

146
B, Y
Br < Br—1 — i =0
1+6 1
(F57) s+ ot
1
08y,
1+6)82 , +5,°¢
1
P 688,
— Pk-1 1 1—0
1+6)8Y  +8, ¢

1+5k 1
1+6) +ﬁk 1
Br—1+1 )

R T R s

1—9
6k 1+Bk
T
(1+6) /Bk 1+Bk

So

1 1 0Bk—1 >
- > +1
Br — Br—1 (Bk—l +1

1 n 0
Br—1  Br—1+1




Using the above inequality and the fact that 8y is nonincreasing (i.e., that Sy > fBr_1) we obtain

i> 1 n 0 >1+< 0 )k
B~ Br—1 Bo+17 Bo Bo+1

Hence,

which combined with the fact that 5, = az, gives the desired result.

Corollary 2.3 (Generalization of Lemma 2.2). Assume that oy > 0 satisfies, for all k > 1, and for

some 0 <0 <1,

p_1 > o+ Dalyg.

Then, for all k > 1,

ay < 20 < _o(L
T (14+c¢Dafk)/0 = (cDk)V? k1/6

where

0
C'= ———>.
1+Daf

(24)

Proof. Note that ap_1 > ax + Da}je if and only if DY?ay_y > DYy, + [Dl/eak]H_e. Hence, the

proof follows by applying Lemma 2.2 to the sequence D'/qy,.

Remark 2.4 (A remark on the PP algorithm).

Proposition 2.5. Let

1
v = arguin { 10) + 5o — anlP}.

z€R™ 2\

Then

(a) If f is convex, then f(xzo) > f(xy) + %”954— — x0|)%.

() (o) > f(2e) + g5 llos — ol

10

O



Proof. (a) Note that, for all x € R™, by the convexity of f,

1 1 1
F@)+ 5xlle = zoll® > fey) + 55 lley — w0l + Solle — o4
We now have just to take x = zg.

(b) For all x € R™, we have

1 1
F@) + 5xlle = 2oll? > F(e4) + 5o lles — a0l
The desired inequality now follows by taking z = xg. O

Note that (a) gives a better bound than (b), since (a) uses the convezity of f.

3 A duality view of the PP (HPE) method for convex optimization

Suppose we have k > 1 points in the graph of (the maximal monotone operator) 9f:

vj € 0f(y;), j=1,... k. (25)

What could we do in this case?
Two options:
(i) Define separating hyperplanes ending up with projective algorithms.

(ii) Define methods via duality (through affine minorants).

In what follows we will work with option (ii) above. The starting point is to note that (25) yields,
for all x € R™,

f(x) > fy;) +(vj,z—y;), G=1,...,k (26)

/

= ()

Now define the aggregated functionals:

Lo=0, Tp=X" Xy (k=>1). (27)

From the definition of I'j:

’ Tkv1 =Tk + Aer1vk41, k>0, ‘ (28)

Note that Vv; = v; (for all j > 1). Also, define, for £ > 1,

. 1
o1 = anguin ez {Tula) + 3o = aol’ . (29)

11



where o € R”, as well as (the dual variable)

b1 = infycse { D) + gl — P} (30

Note that Gy = 0.
The following result regarding x and G; will be useful.

Lemma 3.1. For all k > 0,

1 1
Cp(z) + §||$ — xo||? = B + 5\\95 — x|

Proof. Note first that if £ = 0, then the result follows from the fact that I'y = 0 and Gy = 0.
Assume now that £ > 0. Note that ¢px(x) = T'p(z) + %Hx — xg|? is a quadratic function and
Vorp(z) = VIp(z) + 2 — 29 and (since T, is affine) V2pi(z) = I. From (29) and (30), we find
or(xg) = Tr(ag) + %vak — 20]|? = Br and Vi(xy) = 0. Hence, using Taylor’s theorem:

or(2) = on(an) + (Tpr(an), — 2x) + 5 (V20re — 2a), 2 = 23)
——

=0

1
= B + §H$ — xp|%,

which combined with the definition of ¢y gives the desired result. O
Remark 3.2. From (25) and (27), we get

k
Te(x) < { D2 A | f@). (31)
j=1

Motivation. First note that from (31) we have a sort of weak duality:

k
1 1 1
Br < Bk + §H$ —ap||* = Ti(z) + §HIE —zo? < Z Aj | flx) + §||17 — % (32)
j=1
Hence,
We have that (i is a lower-bound for the optimal value of f. In order to approximate

the optimal value of f, it is enough to increase the value of §;. But increase it to what
proportion?

12



Let us try the following (strong duality):

k
. 1
> () < i = i, {et)+ S — )
= zeR
1 2
< Tp(z) + §||1 — x|

k

1 .

< Z Aj | flz) + §H'T — a1,
=1

Summarizing, the strategy is as follows:

(i) To increase (the dual function) (.

(ii) Do (i) in a way that, at least,

k
B> Aif(y)).
j=1

Note that a sufficient condition for (ii) above is
Br+1 > B + M1 f (Yrr1),
that is, it increases at least at the rate A1 f(yx+1)-

That said, the next goal is to study the behaviour of (the dual function) f;. Next lemma will help
in this direction.

Lemma 3.3. The following holds:
(a) Forall k>0,
1 1
Liy1(z) + §H$ — zol* = Br + Aky17et1 () + in — )%,
(b) For all k>0,

. 1
Tj41 = argmin {)\k+17k+1(1‘) + §||UTj - kaHQ} :
reR™

(¢) Forallk >0,
. 1
Prr1 = Bi + inf {/\k+1%+1(1’) +5lle - wkHQ} :

Remark 3.4. From item (a), we have (without aggregates!)

. 1
Fr1 = inf {)\k+17k+1($) +5lle - $A:|2} for all k> 0. (33)

Moreover, the analogous of item (c¢) has not been observed for the accelerated method. I have to
understand better this point here!

13



Proof. (a) Note that

8)

1 2 1
Prr1(2) + 5l — 20l2Z Th(@) + Meyrvisa (@) + gllz = zol|?

(a) 1
< By + §H9C — ]2 4 Nt 171 (2).

(b) This follows from (a) and the definition of z;11; see (29).
(¢) This follows from taking infimum in both sides of (a) and using the definition of Bxy1; see
(30). O

Remark 3.5. Lemma 3.3(c) motivates the study of the quantity, which gives the possible increasing
behaviour of By,

. 1
inf crn {)\kﬂ“/kﬂ(l’) + §Hflf - $k|2} :

Note that, using the definition of yi11(-) in (25), we have that the above infimum can be written as

. L. 1
Mot f(Yrg1) + inf {<)\k+11/’k+1: T —Ypg1) + 5l — Jfk-,||2} :
JJER”’ 2

Lemma 3.6. We have,

1
g { (0o =)+ gle =7} =

o 2 . 2
inf [y = 2112 = o+ — 21%).

N | =

Proof. Note that

1 1
mf{ww—y»+gm—zw}::mf{ww—¢r+gm—zw}+<wz—w

zER"™ TER™
A
= _@ + <'U,Z - y>
b2
= _@ + <’U,Z - y>
2
v
T
2
1
= ool + (v~ )

1 1
—5 (W12 + 20,5 = 2) + lly = 21| + S ly — =11

1

= S ly =212 = o +y = 21).

14



As a consequence of the above lemma and Lemma 3.3(d) we obtain:
Proposition 3.7. The following holds:

(a) For all k>0,

1
Br+1 = B + M1 f (Y1) + 3 [Hykﬂ — 2]|? = [ Ne10r41 + Yrg1 — l‘kHQ]-

(b) Forallk>1,

B =201 Mf(y) + 525 [Hyj —xj1|? = [ Noj +yj — xj—l\ﬂ-

(¢) Forallk>1,

1 1 . f
B+ Sl = wl® = Sllz — 2kl + X5 Aif () + 3 25 [Hyj —zj-1)® = Ay +y; — xj—l\lz}-

(d) Forallk>1,

(@) + 5llz = 2ol = Slle — @ll® + im0 Aif () + 3 X5 [Hyj —zj1|]? = [ Nvj +yj — xj—l”ﬂ-

Proof. (a) Follows from the fact that yx41(z) = f(yg+1)+ (Vk+1, T—Yg+1), Lemma 3.3(c) and Lemma
3.6.

(b) By summing the equation in (a) for j = 0,...,k we obtain, for all k£ > 1,

k-1 k-1
1
Br — Bo = E [Bj+1 — Bj] = (Aj-é—lf(yj-i-l) t3 [”yj-l-l —zj||* = I\ j+1vj41 + Y1 — l’j||2]>
=0 =0

I
™=

1
(A0 + 3 s = -al? = Iy 35 = 23-117) ).
1

.
Il

The desired result now follows by using the fact that gy = 0.
(¢) This follows directly by adding ||z — 21| in both sides of (b).
(d) This follows from (c) and Lemma 3.1. O

Proposition 3.8. For all k > 1,

k k
2 = zoll® > [l =zl + 2272 20 [F(y) — F(@)] + D051 [y — x5l = Ny +y5 — fﬂj71||2]

15



Proof. This follows directly from Proposition 3.7(d) and (31). O

Remark 3.9. It is possible to prove Proposition 3.8 without the aggreage functionals! Indeed, note
that from (33), we have

. 1 2
> 1.
ﬁk_mlenf" {vk( )+ " — ||z — zg—1]| } forall E>1
Hence,

1
() + IIw—f% = B+ 5 ||$_a7k||2

1 1
=f@w+¢gg{«%x—y> siclle = 2l + gl -l
Since v, < f, it follows that

[l = w112 = 1w + e — 21 2] + 5o —

1 1
SR yw -1l = flyw) + oW

2k

After multiplying both sides by 2\, > 0 and using a standard telescopic serie argument we obtian the
same inequality as in Proposition 3.8, and in a much simpler way. So what exacly is the point of
using or not the aggregate funcionals? Maybe the main motivation is acceleration!

4 Accelerated methods

The results of this section are drawn from [7] and [6].

We will now show how the duality view of the PP algorithm developed in Section 3 can be used
to devise accelereted versions of the PP algorithm.

New variables. Here, we will

generate two sequences of points (x1),~q and (yx)~o, to be defined later.

The key ingredients:

A sequence of lower approximations by affine functionals 7(+) for function f: for all k > 1,

Ye(z) < f(x)| for all x e R". (34)

A sequence of scalars a; > 0 for all £ > 1.

16



A sequence of dual/aggregate functionals: |I'g := 0| and, for all k£ > 1,

k
Th(z) = ;‘TJW@) < f(z)| forall xeR" (35)
: k
7=1
where, for all k£ > 1,
k
Ak = Z aj. (36)
j=1

Note that T'y as in (35) is an average!

A sequence (fB);>q of dual approximations: For all k > 0,

1 1
Br = inf {Aka(ﬂﬂ) +5lle— on||2} < Apf(@) + S lle ~ wol?| forall zeR"™  (37)

where . Note that .
A sequence (yi) in R™ such that | Axf(yx) < Bk |, i-e.,

Act) < inf, {ATu(e) + Gl — ol (38)

xe

@ A lower bound | Ay, > O(kP) | for all k£ > 1. For instance, for first-order methods, p = 2.

Note that (37) and (38) yield

i X 1 n
Flur) = @) < ol —ol®| forall zeR™ (39)

Remark 4.1. The plan to achieve the goal in ingredient number 5, namely
Arf(ye) < B forall k>0 (40)
is to study the variation of these two sequences and prove that
Br+1 = Br 2 Ak1f (k1) — Aef(yr)  for all k> 0.

Since these two function start at the same value, namely, Bo = Aof(yo) = 0, a simple telescopic
argument is enough to prove (40).
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Note that from the definition in (35) we obtain Axl'y = 2?21 ajy; (for all & > 1) and so
A1l = Zf:ll a;y; = Z§:1 a;vj + agr1ve+1 = Al + agr17%11. Using the facts that
and we then obtain Ag 1k = Akl + ag17x+1 for all £ > 0, i.e.,

A a
it = o LN A"f“ Vo1 VE >0 (41)
k+1 k+1
Note also that
Api1 = A + apy1 Yk > 0. \ (42)

The primal variable z;. Now define the sequence (x}) as follows:

1
T = argmin,cpn {Aka(x) + §||x — g;OHQ} k>0. (43)

The dual values [;:

1
Br = inf ern {Akfk(x) + §||x — x0||2} k> 0. (44)

Recall that .

Variation of the dual values jy.

Lemma 4.2. The following holds for all x € R™:

(a) Forall k>0,

1 1
AT (x) + §Hﬂf — ol =Bk + §||CU — zg|%

(b) For all k>0,

1 1
A1 lpq () + §||m — 20> = B + akt1vk41 () + 5”95 — x| (45)

Generating 7;(-) by computing points in the graph of the e-subdifferential. Assume that
we have

18



In particular, for j = k + 1, we have

V1 € Oz [ (Ykt1)- (47)

The computation of the pairs (y;,v;) will be specified later, through some proximal-point procedure!

The affine minorants. The inclusions in (46) yield, for all j =1,...,k+ 1,

f(x) > fly;) + (vj,x —y;) — € for all x € R™. (48)

~~

=; (@)

In particular, for j = k4 1, we have

| f(@) > n(z)  forall xR | (49)

An immediate consequence of (43), the definition of v;41(+) as in (48), which gives in particular that
, and (45) is as follows:

VY41 = k41

. 1
Tyl = argmingcpn {ak+1"}’k+1($) + in — g;kHQ} , k>0

which yields

‘ Tht1 = Tk — Akt 1Vk+1, k> 0. ‘ (50)

Next we will add the term Ay f(yx) in both sides of (45), since the sum Ay = 2?:1 a; will give
the improved complexity in function values.

Lemma 4.3. For all k > 0, for all x € R",

1 1
A f(yr) + App1 D (z) + §||f'3 — zo]|? > Br + akt17e+1(x) + Ay (Yk) +§||$ — 2. (51)
(%)

Proof. Adding Ay f(yx) in both sides of (45) we obtain

1 1
Apfyr) + AgpaTera () + §||$ —zo|* = Br + akr17641(®) + Apf (yi) + §||$ — x|

To finish the proof, note that from (49) with = y* we have f(yi) > Yr41(yx) and so (after
multiplying both sides of the latter inequality by Ag):

Ak f(yr) > Arvi+1 (Yg)-
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The new variable Z;; the middle-point in the segment.

The term (s*) in (51) motivates the definition of the following variables:

_ Ay, k41
Ty = Yk + T, 52
Agt1 Ag+1 (52)
_ Ay af+1
T = Y + T a3
Ag11 A1 (53)
where x € R".
Note that the above definitions of 7, and T yield T — x), = Zk'H (x — ), i.e.,
k+1
A U
x—xp = L (x — Tk)- (54)
ak+1

Note also that since y541(+) is affine and (53) is a convex combination (because A1 = Ak + ag+1),

k ak+1 .
Ve+1(Yk) + k+1(7), 1€,
Ay (Uk) AHIV +1(7)

we obtain yx41(%) =

App1V41(T) = Ay (Uk) + apgp w41 () - (55)

See (x+) in Lemma 4.3

Note now that direct substitution of (54) and (55) into (51) gives:

Lemma 4.4. For all k > 0, for all x € R",

2

1 2 ~ Ak+1 =2
Af () + A1 Tar1(2) + Sllz = zol” 2 B + A1+ (2) + 5.9 7 — Zk | (56)
k1

——
(k)

Proof. As we mentioned before, the proof follows from direct substitution of (54) and (55) into
(51). O

We will now introduce a new variable:

A >0 for all k> 1.

The relationship between the scalars \; and ay. Motivated by (% %) in (56) we have now to

impose the following relationship between A\ and ag: aé‘“ = Ak1+1’ i.e.,
k41 ¢
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azyq = Apr1 Met1. (57)

Explicit formula for computing a;1 from ;1 and Ag:

Ak+1 + \/)\iﬂ + 4\p 114k
2 bl

Qo1 = k> 0. (58)

Indeed, from (57) and the fact that Apy1 = Aj, + agqr we obtain af ; = (A + ag41)Ag1, which
can be written as a quadratic equation: aiﬂ — Apr10k+1 — Apr14x = 0.

From (56) and (57) we obtain the following:

Lemma 4.5. For all k > 0, for all x € R",

X 1 ~ 1 - -
Apf () + Apr1lia (2) + 5llz = ol|* = Br + Ak | ve+1(T) + et 17— Tkl - (59)
+
(skororok)
Proof. The proof is a direct consequence of (56) and (57). O

We now need the following lemma:

Lemma 4.6. We have

. 1 2 1 2 2
xleann (v, —y) —¢ +ﬁ||$ -z > o\ [y = 2)I” = (A0 +y — z[|* + 2)e)] .

“linear” part of y(z)

As a consequence,

1— o2

>
- 2)

1
Do+ =zl +2e <oy -2 = nf { 0w —y)—e +orfo— 2 Iy = 21
——

TER™
linear part of v(z)
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Proof. Note that

1 , 1 1 )
N e _ = _ [P Y
(0.3} 2+ grllo =l = 5 [P =) + 5lle =21 = 2]
10 1 )
=3 <)\v,x—z)+§Hx—zH — A+ (v, z —y)
1T 1 ,
2 5 |FIllle =2l + Slle = 2[" = Ae + (A, 2 —y)
1T [l
ZX _—‘ ;j‘ —)\€—<>\’U,y—z>]
1 2 2
= 55 v +y =2 = [ly = 2[° + 2)¢]
1
= oy Ly — 22 = (I +y = z[” + 2xe)] .

Computing the variables (yi,v;) in the graph of J.f as in (46).

First recall that (see (48)) "ykﬂ(x) = f(Yr+1) + V41, T — Ykt1) — €11 ‘ Motivated by (* * #x)
and Lemma 4.6, we now know that we have to set:

) 1 -
er ~ avgmingcge {0+ gllo =37 k20 (60)

in the following sense (HPE step):

Ukt € Oep oy Fuka1)s Ier0rrs + Yrrn — Zell? + 2241811 < 0% |lyksr — Tal*. (61)

From (61) and Lemma 4.6 we then obtain (motivation: see (x * xx) in (59))

1 - ) 1 ~
in {%H(l‘) + o —lle - wk!2} = f(yk+1) + inf {(vk+1, T = Ypt1) — Ekt1 T e |z — 93k||2}

TER™ k+1

1—02 -
||yk+1 - $k\|2,

>
> f(Yrs1) + Prrt

which gives, in particular, that

~ ~ o~ — 0 ~
e (B) 4 51T =Bl 2 Fen) + Gl - Bl (62)

2 k41

Now from (59) and (62) we obtain the following:
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Lemma 4.7. For all k > 0, for all x € R",

1
Arf(yr) + A1l (z) + §H$ —20l|2 > Bk + Ak 1 f(ypr1) +

Proof. The proof is a direct consequence of (59) and (62). O

FINALLY! The invariance!.

Lemma 4.8. For all k > 0,

(=0 Ak

— 7|2 64
eyl = &l (64

Apf(yi) + Brt1 > Br + Ak f (Y1) +

Proof. The proof follows by taking the infimum over x € R" in the left-hand side of (63) and then
using the definition of Sy in (44). O

Recall that
@

The above assumption will be important in the next lemma, essentially to ensure that Ao f(yo) = 0.

Lemma 4.9. Forall k > 1,

B> Apf(yr) + (1 —o?) 3k A;

j=1 2\ ||?JJ_5UJ 1% (66)

Proof. From (64), for all & > 0,

K
A ~
o)) [ g ||yj+1 _$j||2} :

J=0

k k
Z[5j+1 Bj > Z j+1f yj+1 — A f(yj
j=0 7=0

which gives, for all £ > 0,

K
A ~
Brer = fo > A1 f(We1) = Aof(yo) +(1—0%) [ g ||yj+1 —$j||2} )
N~—— —0
=0 =0;See (65) J

which is clearly equivalent to (66). O
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THE ALGORITHM! We have yet all the ingredients to build an algorithm. Namely, it will come
from the conditions

| (65), (58), (52), (61), (42) and (50). |

Algorithm 1. Accelerated inexact PP algorithm (Monteiro-Svaiter)

(0) Choose xp,y0 € R" and o € [0,1), let Ag = 0 and set k£ = 0.

(1) Compute Ag+1 > 0 and (Ygt1, V41, €x+1) € R™ x R® x Ry such that

Uki1 € Ocyp  F(Whr1)s Ik 10k1 + Urrn — Tll® + 201841 < 02 llyer — el

where
% = Ay, " k41
Ak + ag4+1 Ak + ag+1 ’
Nyt + \/A§+1 + AN A,
Ak+1 = 9 .
(2) Let

A1 = Ak + @41,

Th+1 = Tk — Ak4+1Vk+1-

(3) Set k =k +1 and go to step 1.

We now proceed to compute convergence rates/iteration-complexity of Algorithm 1.

The iteration-complexity of Algorithm 1.

Lemma 4.10. For all k > 1, for all z € R",

A; - 1 1 .
Acf0) + (1= o) Ty 2E gy = Bl + o — @il < ALw(@) + gz — a0l | (67
J

Proof. By adding ||z — z/|? in both sides of (66) we obtain

k
A, - 1 1
Acf(u) + > T;llyj — T+ glle = okl < B+ glle = ]|,
g=1 """
To finish the proof, note that from Lemma 4.2 we have

1 1
Br + §Hx — ap||? = ApTx () + §H$ — ||
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In order to proceed, we have now to prove the following property:

AT < Anf, k>0 (68)

which follows directly from the facts that I'y, < f for all £ > 1 and Ay = 0.

Theorem 4.11 (see [6]). For all k > 1,

Aj _ 1 dg
A [F k) = fopt] + (1= 0?) S5y S llyy = il + 5 e —a]* < 2 (69)
2\ 2 2
As a consequence, for all k > 1,
ag A _ dé
fyk) — fopt < ﬁa Zj:l TjHZ/j — 7> < 1 _7002 and ||z, — x| < do. (70)

Proof. Using (68), we obtain the following upper bound for the right-hand side of (67) with = = z,:

1 d?
Al (z4) + 5!\96* — ap||? < Ap fopt + 70

which in turn combined with (67) with 2 = x, yields (69). To finish the proof, note that (70) follows
readly from (69). O

Theorem 4.11 tell us, in particular, that for obtaining a convergence rate for

f(yk) - fopt

we have to

‘ Study how the quantitie Ay grows!

Recall that and, for k > 0,

‘ Apy1 = A +arp1 ‘

where

Ak1 + \/Aiﬂ + AN p1Ag

k41 = 9
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Lemma 4.12 (see [6]). The following holds:

2
(a) For all k>0, Agyq > (\/ K+ /\kH) )

VA
(b) For all k >0, /A1 — VA, > Y5

(c) Forallk>1,|A > i (=5 ij)g-

(d) Forallk>1, 3-8 ||ly7 — 72 < 4d3.

Proof. (a) Note first that

Akt1 + \//\ZH + 4\p 114k

A
A1 = 5 > k2+1 + VA1 4

Hence,

A
Apt1 = Ag + agp1 > A + ( k;l + )\k—i-lAk)

2

_ 2 V )‘k+1 V )\k+1 /\k+1

- (\/Ak) +2V/ AT ¢ ( : ) + 2k
2

_ <\/7+ \/)\k+1> 4 Ak+1

4
<f+\/m>2,

which gives (a).

(b) Note that (a) is clearly equivalent to \/Ag+1 > VAg +
to the statement in (b).
(c) Note that, from (b),

, which is of course equivalent

V Akl
2

(=X (V- VA) 255

_ 7=1 7=1
which is clearly equivalent to (c).
(d) Note first that from (c) we obtain Ay > %, ie., f\‘—]’: > 1| The desired result now follows
from the latter inequality and the second inequality in (70). O

What is relevant here is not just the “format” of the aggregate functions T'k(+), but instead the
possibility of making A large enough!
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4.1 Bregman methods

Definition 4.13 (Bregman distance).

Dy(x,y) = ¢(x) —o(y) — (¢'(¥),z —y), Va,ycR" (71)
Note that
a / / n
%D@(fv,y) o' (x) —¢'(y), VYa,yeR" (72)
Motivation:
lz* —z|? = lz* =" |2 = la* —z|* + (@" —x, 2" — ™). (73)

Lemma 4.14. The following holds:

Dy(a", ) — Dy(a",2") = Dy(a™, 2) + (¢'(a7) — ¢'(w), 2" — ™). (74)

Proof. Note that

Do(a* ) — Dola,a%) = [pl(a”) — p(@) — (¢ (@), 0" — a)] - [p(a") — p(a™) — (&' (@), 2" — a™)
= (@) = p(z) = (¢ (x), 2" —2) + (¢'(27),2" —2T)
=p(@") = p(z) = (¢ (2), 2" —2) + (¢'(a") = ¢ (2), 2" — 2™)
= Dy(at,x) + (¢ (@h) — (@), 2" — o).
O
4.1.1 The Bregman PP algorithm
Consider the PP iteration: For k > 0,
2R = Argmingepn {/\k,Hf(:L') + Dp(;c,q;k’)} , A1 >0 (75)
which is equivalent to, for all k£ > 0,
kY Akt
okt = —ED@(ka,xk) _ el =) € Of (xF*1). (76)
ox Ae+1

Concluding remarks and references. The regularization procedure described in (3) was first
introduced by A. N. Tikhonov in the context of ill-posed operator equations and is now widely
known as Tikhonov regularization (see, e.g., [12]). The function that maps z to the minimization
problem (3)’s optimal value is referred to as the Moreau-Yosida regularization of f (see, e.g., [11]).
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The proximal-point algorithm originates from the work of Martinet [4] and was further developed
and popularized by Rockafellar’s seminal contributions [10]. Much of the material presented here is
drawn from (3], [5], and [2]. Specifically, Lemma 1.4 is from [3], while Lemma 1.5 and Proposition
1.7 are from [5]. Additionally, Lemma 1.9 is taken from [2] (see also [8]).

In modern research, the proximal-point algorithm serves as a foundation for designing and analyz-

ing practical numerical schemes with theoretical performance guarantees. Notable examples include
the proximal gradient method [8], the proximal-Newton method |2, 6] and, more recently, high-order
tensor methods (see, e.g., [1, 9]), along with accelerated versions of theses methods (see, e.g., [6, 8]).
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