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Abstract

We propose a new relative-error inexact version of the alternating direction method of mul-
tipliers (ADMM) for solving convex problems. Our main algorithm is essentially a generaliza-
tion of [44, Algorithm 1] promoting acceleration through inertial e�ects on iteration and with
a somewhat more �exible relative-error criterion. Contrary to the majority of existing inexact
relative-error versions of ADMM, one of the distinctive features of both [44, Algorithm 1] and the
main algorithm proposed in this paper relies on the fact that the �rst subproblem is supposed
to be solved exactly whereas the second one allows for inexact computations. We justify the
e�ectiveness of the proposed algorithm through some numerical experiments on regression and
classi�cation problems.
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1 Introduction

Consider the convex problem

minimize
x∈H

f(x) + g(Lx), (1)

where f : H → (−∞,∞] and g : G → (−∞,∞] are lower semicontinuous proper convex functions and
L : H → G is a linear operator (H and G denote �nite-dimensional inner product spaces). Problem
(1) appears in di�erent contexts in applied mathematics, including optimization, inverse problems,
machine learning, among others.

One of the most popular numerical algorithms for solving (1) is the alternating direction method
of multipliers (ADMM) [25, 27, 28], which has now attracted a lot of attention from the numerical
optimization community (see, e.g., [9, 11, 12, 13, 14, 15, 21, 22, 29, 31, 32, 33, 35, 40, 44]).

In this paper we propose and study a new inexact version of the (semi-proximal) ADMM allowing
relative-error criteria for the solution of the second subproblem (which will appear in the formulation
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of proposed algorithm) and promoting acceleration through the e�ects of inertia on the iterations.
Our approach is motivated by the recent contribution [44], where a new partially inexact ADMM is
formulated for solving two-block separable convex optimization problems.

Motivation. We �rst note that (1) is clearly equivalent to the separable problem

minimize f(x) + g(y),

subject to Lx− y = 0.
(2)

An iteration of the standard (semi-proximal) ADMM [15, 17] for solving (2) can be described as
follows: given a starting point (y0, z0) ∈ G2 and a regularization parameter γ > 0, iterate for k ≥ 0:

xk+1 ∈ argmin
x∈H

{
f(x) + 〈zk |Lx− yk〉+

γ

2
‖Lx− yk‖2

}
, (3)

yk+1 = argmin
y∈G

{
g(y) + 〈zk |Lxk+1 − y〉+

γ

2
‖Lxk+1 − y‖2 +

1

2γ
‖y − yk‖2

}
, (4)

zk+1 = zk + γ (Lxk+1 − yk+1) . (5)

We consider here the case in which (3) can be solved exactly and, on the other hand, (4) is supposed
to be solved only approximately by some other (inner) algorithm, like, for instance, CG or BFGS,
depending on the particular structure of the function g(·) in (2).

With this in mind, we will introduce a notion of relative-error approximate solution for (4) (more
details will be given on Section 2). To this end, �rst note that (4) is an instance of the general family
of minimization problems

minimize
y∈G

{
g(y) + 〈z |Lx− y〉+ γ

2
‖Lx− y‖2 + 1

2γ
‖y − w‖2

}
, (6)

where x ∈ H, (z, w) ∈ G2 and γ > 0 are given (in the case of (4), we have (z, x, w) = (zk, xk+1, yk)).
Moreover, since the function g(·) is convex, we have that (6) is also equivalent to the inclusion/equation
system for the pair (y, v): v ∈ ∂g(y),γv − γ [z + γ(Lx− y)] + y − w = 0.

(7)

A formal de�nition of approximate (inexact) solution of (7) (or, equivalently, (6)) will be given
in De�nition 2.1 in Section 2; such a notion of approximate solution will allow for errors in both the
inclusion and the equation in (7).

The extended-solution set. The Fenchel dual of (1) is

maximize
z∈G

−f∗(−L∗z)− g∗(z), (8)

where f∗ : H → (−∞,∞] and g∗ : G → (−∞,∞] denote the Fenchel conjugates of f and g, respec-
tively, and L∗ : G → H denotes the adjoint operator of L. Under standard regularity conditions [10] on
f, g and L it is well-known that (1) and (8) are, respectively, equivalent to the (monotone) inclusions

0 ∈ ∂f(x) + L∗∂g(Lx), (9)
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and

0 ∈ −L∂f∗(−L∗z) + ∂g∗(z). (10)

We make the blanket assumption:

Assumption 1.1. For the function f and the operator L as in (1), the following holds:

∂(f∗ ◦ −L∗) = −L ◦ ∂f∗ ◦ −L∗.

Several su�cient conditions for Assumption 1.1 to hold true can be found, e.g., in [10]. Motivated
by [44, Eq. (19)], we will consider an extended-solution set S, attached to the pair of inclusions
(9)�(10), de�ned as

S := {(z, w, s) ∈ G3 | s ∈ ∂(f∗ ◦ −L∗)(z), w ∈ ∂g∗(z) and s+ w = 0}. (11)

Under the Assumption 1.1, it is easy to check that if (z, w, s) ∈ S, then it follows that there exists
x ∈ H such that x ∈ ∂f∗(−L∗z), s = −Lx and x and z are solutions of (9) and (10), respectively.

Throughout this work we will also assume the following.

Assumption 1.2. We assume the extended solution set S as in (11) is nonempty.

Inertial algorithms. Iterative algorithms with inertial e�ects for monotone inclusions (and related
topics in optimization, saddle-point, equilibrium problems, etc) were �rst proposed in the seminal
paper [2] and subsequently developed in various directions of research by di�erent authors and research
groups (see, e.g., [3, 5, 6, 7, 8, 12, 16] and references therein). Basically, the main idea consists in at
a current iterate, say pk, produce an �inertial e�ect� by a simple extrapolation:

p̂k = pk + αk(pk − pk−1),

where αk ≥ 0, and then generate the next iterate pk+1 from p̂k instead of pk (see (17)�(19) below).
Our main algorithm, namely Algorithm 1, will bene�t from inertial e�ects on the iteration; see the
comments and remarks following Algorithm 1 for more discussions regarding the e�ects of inertia.

Main contributions. We present a theoretical and computational study of a variant of a partially
inexact (semi-proximal) ADMM proposed and studied in [44]. Contrary to [44, Algorithm 1], our
main algorithm, namely Algorithm 1 below, bene�ts from the addition of inertial e�ects; see (17)�
(19). The convergence analysis is presented in Theorem 2.5, to which the proof incorporates some
elements of [3]. We also mention that the relative-error criterion for Algorithm 1 is somewhat more
general than the corresponding one in [44] (see the third remark following De�nition 2.1). We justify
the e�ectiveness of our main algorithm through the realization of numerical experiments on some
machine learning problems (see Section 3).

Related works. As was already emphasized, this paper is motivated by [44]. Some other related
works are as follows. Paper [1] proposes a partially inexact ADMM for which the �rst subproblem is
supposed to be solved inexactly. The analysis of the main algorithm in [1] is performed by viewing it
as a special instance of a non-Euclidean version of the hybrid proximal extragradient method [34]. In
contrast to this, our main algorithm, namely Algorithm 1 below, assumes the second subproblem is
solved inexactly, its convergence analysis is much simpler when compared to [1], and it also incorpo-
rates inertial e�ects in the iteration. Moreover, since (22)�(24) below also allows for errors in ∂g, the
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error criterion we propose here is potentially more general than the corresponding one in [1]. Other
relative-error inexact versions of ADMM were also previously studied in [46, 47], but we notice that
the convergence results were restricted to the analysis of the dual sequences. We also mention that
the relative-error inexact variants of the ADMM from [3, 22] only apply to (1) in the particular case
of L = I, and, additionally, these variants assume the �rst subproblem to be solved inexactly with the
error condition veri�ed only a-posteriori, that is, only after the computation of second subproblem's
solution.

Organization of the paper. The material is organized as follows. In Section 2, we present our
main algorithm (Algorithm 1), and its asymptotic analysis in Theorem 2.5. Numerical experiments
will be presented in Section 3. Appendix A contains some auxiliary results that are useful in the
proof of Theorem 2.5.

General notation. We denote by H and G �nite-dimensional inner product spaces with inner
product and induced norm denoted, respectively, by 〈· | ·〉 and ‖·‖ =

√
〈· | ·〉. For any set X we denote

by Xn the n-product X × · · · × X . In G3, we will consider the inner product and induced norm
de�ned, respectively, by

〈p | p′〉γ := 〈z | z′〉+ 〈w |w′〉+ γ2〈s | s′〉, ‖p‖γ =
√
〈p | p〉γ , (12)

where p = (z, w, s), p′ = (z′, w′, s′) ∈ G3 and γ > 0. The ε-subdi�erential and the subdi�erential

of a convex function g : H → (−∞,∞] at x ∈ H are de�ned as ∂εg(x) := {u ∈ H | g(y) ≥
g(x)+ 〈u | y− x〉− ε ∀y ∈ H} and ∂g(x) := ∂0g(x), respectively. For additional details on standard
notations and de�nitions of convex analysis we refer the reader to the references [10, 39].

2 The main algorithm and its convergence analysis

Consider the minimization problem (1), i.e.,

minimize
x∈H

f(x) + g(Lx), (13)

where f : H → (−∞,∞] and g : G → (−∞,∞] are lower semicontinuous proper convex functions
and L : H → G is a linear operator between �nite-dimensional inner product spaces H and G.

In this section we present our main algorithm, namely Algorithm 1 below. This is a partially
inexact (the second block is allowed to be solved inexactly) semi-proximal ADMM with relative-error
criterion for the second subproblem. Recall the extended solution set S as in (11) and Assumptions
1.1 and 1.2. The main result of this section is Theorem 2.5 below; the three technical lemmas 2.2,
2.3 and 2.4 will be used in the proof of Theorem 2.5.

Before presenting our main algorithm, as we discussed in the Introduction, we have to formalize
the notion of inexact solution that will be used to compute approximate solution for the second
subproblem. Recall that the second subproblem of the standard (semi-proximal) ADMM (see (4))
belongs to the general family of minimization problems (6), which is, in particular, equivalent to the
inclusion/equation system (7) for the pair (y, v), i.e.,
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v ∈ ∂g(y),γv − γ [z + γ(Lx− y)] + y − w = 0.
(14)

De�nition 2.1 (σ-approximate solution of (6)). For x ∈ H, (z, w) ∈ G2 and λ > 0, a triple

(v, ỹ, ε) ∈ G × G × R+ is said to be a σ-approximate solution of (6) (or, equivalently, of (7)) if

σ ∈ [0, 1) and 
v ∈ ∂εg(ỹ),

γv − γ [z + γ(Lx− ỹ)] + ỹ − w =: e

‖e‖2 + 2γε ≤ σ2
(
γ2‖Lx− ỹ‖2 + ‖ỹ − w‖2

)
.

(15)

We will also write

ỹ ≈ argmin
y∈G

{
g(y) + 〈z |Lx− y〉+ γ

2
‖Lx− y‖2 + 1

2γ
‖y − w‖2

}
meaning that there exists (v, ε) such that (v, ỹ, ε) satis�es (15).

We now make some remarks regarding De�nition 2.1:

(i) Note that if σ = 0 in (15), then it follows that e = 0 and ε = 0, which is to say that the pair
(ỹ, v) satis�es the inclusion/equation system (7) (recall that ∂0g = ∂g) and, in particular, ỹ is
the exact solution of (6).

(ii) The error criterion for (7) as in (15) belongs to the class of relative-error criteria for proximal-
type algorithms. Di�erent variants of such error conditions have been employed for computing
approximate solution for (sub) problems for a wide range of algorithms in monotone inclusions,
convex optimization, saddle-point problems, etc (see, e.g., [3, 22, 34, 41, 42, 43]).

(iii) The relative-error criterion as in (15) is motivated by a similar one introduced in [44, De�nition
2.1]. On the other hand, we mention that (15) is somewhat more general than the criterion
of [44, De�nition 2.1], since it has the additional term ‖Lx− ỹ‖2 in the right-hand side of the
inequality.

(iv) The error criterion (15) will be used to compute approximate solutions in step 3 of our main
algorithm, namely Algorithm 1 below (see (22)�(24)).

(v) As an illustrative example, consider the special case of the LASSO problem [45]

min
x∈Rd

{
1

2
‖Ax− b‖2 + ν‖x‖1

}
, (16)

where A ∈ Rn×d, b ∈ Rn and ν > 0. Problem (16) is clearly a special instance of (1) in which
L := I, f(x) := ν‖x‖1 and g(x) := (1/2)‖Ax− b‖2 (for more details see Section 3 below). In
this case, our inclusion/equation system (7) clearly reduces to

v = A∗(Ay − b), γv − γ [z + γ(x− y)] + y − w = 0,
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or, in other words, in this special case, (7) is equivalent to the linear system (operator equation)(
γA∗A+ (γ2 + 1)I

)
y = γ (A∗b+ z) + w.

The latter linear system can be solved by the CG algorithm [37], where e as in (15) will simply
denote the residual of the system and the inequality in (15) can be used as a stopping criterion
for CG.

Next is our main algorithm.

Algorithm 1. Inexact ADMM algorithm for solving (1)

(0) Let (z0, w0, y0) = (z−1, w−1, y−1) ∈ G3, 0 ≤ α, σ < 1 and γ > 0. Set k = 0.

(1) Choose αk ∈ [0, α] and let

ẑk = zk + αk(zk − zk−1), (17)

ŵk = wk + αk(wk − wk−1), (18)

ŷk = yk + αk(yk − yk−1). (19)

(2) Compute

xk+1 ∈ argmin
x∈H

{
f(x) + 〈ẑk |Lx− ŷk〉+

γ

2
‖Lx− ŷk‖2

}
. (20)

(3) Compute

yk+1 ≈ argmin
y∈G

{
g(y) + 〈ẑk |Lxk+1 − y〉+

γ

2
‖Lxk+1 − y‖2 +

1

2γ
‖y − ŵk‖2

}
(21)

in the sense of De�nition 2.1, i.e., compute (yk+1, vk+1, εk+1) ∈ G × G × R+ such that

vk+1 ∈ ∂εk+1
g(yk+1), (22)

γvk+1 − γ [ẑk + γ(Lxk+1 − yk+1)] + yk+1 − ŵk =: ek+1, (23)

‖ek+1‖2 + 2γεk+1 ≤ σ2
(
γ2‖Lxk+1 − ŷk‖2 + ‖yk+1 − ŵk‖2

)
. (24)

(4) Set

zk+1 = ẑk + γ(Lxk+1 − yk+1), (25)

wk+1 = ŵk + γ(zk+1 − vk+1), (26)

k = k + 1 and go to step 1.

We now make some remarks concerning Algorithm 1:

(i) As we mentioned before, Algorithm 1 is closely related to [44, Algorithm 1]. Indeed, by letting
αk ≡ 0 in (17)�(19), in which case (ẑk, ŵk, ŷk) = (zk, wk, yk), and by deleting the additional
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term γ2‖Lxk+1 − ŷk‖2 in (24), Algorithm 1 above reduces to Algorithm 1 in the latter reference
for solving (1).

(ii) Algorithm 1 is specially designed for instances of (1) in which (20) has a closed-form solution,
i.e., for problems in which (20) is easy to solve. In this regard, one example of interest is
when f(·) = ‖·‖1 and L = I, in which case (20) has a unique solution given explicitly by
xk+1 = proxγ−1‖·‖1(ŷk−γ

−1ẑk). On the other hand, we assume that the computation of yk+1 as
in (21) demands the use of an (inner) algorithm, which the choice of depends on the particular
structure of the function g, and, in this case, one can use (22)�(24) as a stopping criterion for
the inner algorithm of choice.

(iii) Recall that we discussed in the Introduction (see �Related works�) other ADMM-type algorithms
related to Algorithm 1.

(iv) The main result on the convergence of Algorithm 1 is Theorem 2.5 below. Numerical experi-
ments will be presented and discussed in Section 3.

Next we present three technical lemmas � Lemmas 2.2, 2.3 and 2.4 �, which will be useful to prove
the main theorem on the convergence of Algorithm 2.5, namely Theorem 2.5 below.

Lemma 2.2. Consider the sequences evolved by Algorithm 1, let S be as in (11) and de�ne

pk = (zk, wk,−yk) and p̂k = (ẑk, ŵk,−ŷk), ∀k ≥ 0. (27)

De�ne also, for all k ≥ 0,

p̃k+1 = (z̃k+1, w̃k+1,−ỹk+1), (28)

where

z̃k+1 := ẑk + γ(Lxk+1 − ŷk), w̃k+1 := yk+1 and ỹk+1 := yk+1. (29)

Then,

(a) For all k ≥ 0,

−Lxk+1 ∈ ∂ (f∗ ◦ −L∗) (z̃k+1). (30)

(b) For all k ≥ 0 and p = (z, w, s) ∈ S,

〈pk+1 − p̂k | p− p̃k+1〉γ ≥ −γεk+1. (31)

Proof. (a) We �rst note that from (20) and the �rst de�nition in (29), we obtain 0 ∈ ∂f(xk+1) +
L∗z̃k+1, or, equivalently, −L∗z̃k+1 ∈ ∂f(xk+1). As (∂f)

−1 = ∂f∗, the latter inclusion is also equivalent
to xk+1 ∈ ∂f∗(−L∗z̃k+1), which in turn yields −Lxk+1 ∈ −L∂f∗(−L∗z̃k+1), which by Assumption
1.1 reduces to (30).
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(b) As
(
∂εk+1

g
)−1

= ∂εk+1
g∗, we have that (22) is equivalent to the inclusion

yk+1 ∈ ∂εk+1
g∗(vk+1). (32)

As p = (z, w, s) ∈ S, according to the de�nition of S in (11), we have s ∈ ∂ (f∗ ◦ −L∗) (z) and
w ∈ ∂g∗(z). The latter inclusions combined with (30) and (32) and the monotonicity of ∂(f∗ ◦ −L∗)
and ∂g∗ yield

〈s+ Lxk+1 | z − z̃k+1〉 ≥ 0 and 〈w − yk+1 | z − vk+1〉 ≥ −εk+1. (33)

To prove (31), note that from (27),(28), (25), (26), the assumption p = (z, w, s) ∈ S (combined
with the de�nition of S as in (11)) and (12), we �nd

〈pk+1 − p̂k | p− p̃k+1〉γ = 〈zk+1 − ẑk | z − z̃k+1〉+ 〈wk+1 − ŵk |w − w̃k+1〉+ γ2〈−yk+1 + ŷk | s+ ỹk+1〉

= γ〈Lxk+1 − yk+1 | z − z̃k+1〉+ γ〈zk+1 − vk+1 |w − yk+1〉

+ γ〈γyk+1 − γŷk |w − yk+1〉

= γ〈s+ Lxk+1 | z − z̃k+1〉+ γ〈w − yk+1 | z − z̃k+1〉+ γ〈zk+1 − vk+1 |w − yk+1〉

+ γ〈γyk+1 − γŷk |w − yk+1〉

= γ〈s+ Lxk+1 | z − z̃k+1〉+ γ〈z − z̃k+1 + zk+1 − vk+1 + γyk+1 − γŷk |w − yk+1〉

= γ [〈s+ Lxk+1 | z − z̃k+1〉+ 〈z − vk+1 − (z̃k+1 − zk+1) + γ (yk+1 − ŷk) |w − yk+1〉]

= γ [〈s+ Lxk+1 | z − z̃k+1〉+ 〈z − vk+1 − γ (yk+1 − ŷk) + γ (yk+1 − ŷk) |w − yk+1〉]

= γ [〈s+ Lxk+1 | z − z̃k+1〉+ 〈z − vk+1 |w − yk+1〉]

≥ −γεk+1,

where the latter inequality follows from (33).

Lemma 2.3. Consider the sequences evolved by Algorithm 1 and let {p̂k} be as in (27). Then, for

all k ≥ 0 and p = (z, w, s) ∈ S,

‖p− p̂k‖2γ − ‖p− pk+1‖2γ ≥ (1− σ2)
(
γ2‖Lxk+1 − ŷk‖2 + ‖yk+1 − ŵk‖2

)
.

Proof. From the well-known identity ‖a− b‖2γ − ‖a− c‖2γ = ‖d− b‖2γ − ‖d− c‖2γ + 2〈c − b | a − d〉γ ,
with a = p, b = p̂k, c = pk+1 and d = p̃k+1, and Lemma 2.2, we �nd

‖p− p̂k‖2γ − ‖p− pk+1‖2γ = ‖p̃k+1 − p̂k‖2γ − ‖p̃k+1 − pk+1‖2γ + 2〈pk+1 − p̂k | p− p̃k+1〉γ

≥ ‖p̃k+1 − p̂k‖2γ − ‖p̃k+1 − pk+1‖2γ − 2γεk+1. (34)

In view of the second de�nition in (27), (28) and (29), we also �nd

‖p̃k+1 − p̂k‖2γ = ‖z̃k+1 − ẑk‖2 + ‖w̃k+1 − ŵk‖2 + γ2‖ỹk+1 − ŷk‖2

= γ2‖Lxk+1 − ŷk‖2 + ‖yk+1 − ŵk‖2 + γ2‖yk+1 − ŷk‖2. (35)

8



Now using (28), (29), (25) and (26), we obtain

‖p̃k+1 − pk+1‖2γ = ‖z̃k+1 − zk+1‖2 + ‖w̃k+1 − wk+1‖2 + γ2‖ỹk+1 − yk+1‖2

= γ2‖yk+1 − ŷk‖2 + ‖yk+1 − ŵk − γ (zk+1 − vk+1)‖2 + γ2‖yk+1 − yk+1‖2

= γ2‖yk+1 − ŷk‖2 + ‖γvk+1 − γ [ẑk + γ (Axk+1 − yk+1)]︸ ︷︷ ︸
zk+1

+yk+1 − ŵk‖2

= γ2‖yk+1 − ŷk‖2 + ‖ek+1‖2. (36)

Direct use of (35), (36) and (24) yields

‖p̃k+1 − p̂k‖2γ − ‖p̃k+1 − pk+1‖2γ − 2γεk+1 = γ2‖Lxk+1 − ŷk‖2 + ‖yk+1 − ŵk‖2 −
[
‖ek+1‖2 + 2γεk+1

]
≥ (1− σ2)

(
γ2‖Lxk+1 − ŷk‖2 + ‖yk+1 − ŵk‖2

)
,

which, in turn, when combined with (34) �nishes the proof of the lemma.

Lemma 2.4. Consider the sequences evolved by Algorithm 1 and, for an arbitrary p = (z, w, s) ∈ S,
de�ne

hk = ‖pk − p‖2γ ∀k ≥ −1. (37)

Then h0 = h−1 and, for all k ≥ 0,

hk+1 − hk − αk(hk − hk−1) + (1− σ2)
(
γ2‖Lxk+1 − ŷk‖2 + ‖yk+1 − ŵk‖2

)
≤ αk(1 + αk)‖pk − pk−1‖2γ ,

i.e., {hk} satis�es the assumptions of Lemma A.1 where, for all k ≥ 0,

sk+1 := (1− σ2)
(
γ2‖Lxk+1 − ŷk‖2 + ‖yk+1 − ŵk‖2

)
, (38)

δk := αk(1 + αk)‖pk − pk−1‖2γ . (39)

Proof. From (17)�(19) and the de�nition of p̂k as in (27), we obtain

p̂k = pk + αk(pk − pk−1), (40)

which is clearly equivalent to

pk − p =
1

1 + αk
(p̂k − p) +

αk
1 + αk

(pk−1 − p) .

Now using the well-known identity ‖tx+ (1− t)y‖2γ = t‖x‖2γ + (1 − t)‖y‖2γ − t(1 − t)‖x− y‖2γ with
t = 1/(1 + αk), x = p̂k − p and y = pk−1 − p, we �nd

‖pk − p‖2γ =
1

1 + αk
‖p̂k − p‖2γ +

αk
1 + αk

‖pk−1 − p‖2γ −
αk

(1 + αk)2
‖p̂k − pk−1‖2γ ,

9



which, in turn, when combined with the fact that p̂k − pk−1 = (1 + αk)(pk − pk−1) (see (40)) and
after some simple algebraic manipulations yields

‖p̂k − p‖2γ = (1 + αk) ‖pk − p‖2γ︸ ︷︷ ︸
hk

−αk ‖pk−1 − p‖2γ︸ ︷︷ ︸
hk−1

+αk(1 + αk)‖pk − pk−1‖2γ .

The desired result now follows from the above displayed equation, Lemma 2.3 and the de�nition of
hk in (37).

Next we present our main result on the asymptotic behavior of Algorithm 1.

Theorem 2.5 (Convergence of Algorithm 1). Consider the sequences evolved by Algorithm 1 and let

∅ 6= S be as in (11). Assume that

∞∑
k=0

αk

(
‖zk − zk−1‖2 + ‖wk − wk−1‖2 + γ2‖yk − yk−1‖2

)
<∞. (41)

Then there exists (z∞, w∞, s∞) ∈ S such that

zk → z∞, wk → w∞ and yk → −s∞. (42)

Additionally, we also have

vk → z∞, z̃k → z∞, yk → w∞ and Lxk → −s∞, (43)

where z̃k is as in (29).

Proof. We start by making a few remarks. First, from (41), (12), the de�nition of pk as in (27) and
the fact that αk(1 + αk) ≤ 2αk (because 0 ≤ αk < 1), we conclude that

∑∞
k=0 δk < ∞, where δk is

as in (39), which, in turn, combined with Lemmas 2.4 and A.1 (below) gives

lim
k→∞

hk exists and
∞∑
k=1

sk <∞, (44)

where hk and sk+1 are as in (37) and (38), respectively. Using the second statement in (44), (38),
(24) and (23), we �nd

Lxk+1 − ŷk → 0, yk+1 − ŵk → 0, vk+1 − [ẑk + γ(Lxk+1 − yk+1)]︸ ︷︷ ︸
zk+1

→ 0 and εk+1 → 0. (45)

From the second and third statements in (45), (26) and a standard argument based on the triangle
inequality we also �nd

yk+1 − wk+1 → 0. (46)

Second, from (41) and the fact that α2
k ≤ αk, we obtain

lim
k→∞

αk‖zk − zk−1‖ = lim
k→∞

αk‖wk − wk−1‖ = lim
k→∞

αk‖yk − yk−1‖ = 0,
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which in turn combined with the de�nitions of ẑk, ŵk and ŷk as in (17)�(19) yields

ẑk − zk → 0, ŵk − wk → 0 and ŷk − yk → 0. (47)

Third, note that the �rst de�nition in (29) and the �rst statement in (45) yield

z̃k+1 − ẑk → 0. (48)

Now, let pk = (zk, wk,−yk) be as in (27). Note that using the �rst statement in (44), the
de�nition of hk as in (37) and Lemma A.2 below, it follows that to prove the convergence of {pk} to
some element in S (and hence the statement in (42)) it su�ces to show that every cluster point of
{pk} belongs to S. To this end, let p∞ = (z∞, w∞, s∞) ∈ G3 be a cluster point of {pk} (we know
from (44) and (37) that {pk} is bounded), i.e., let z∞, w∞ and −s∞ be cluster points of {zk}, {wk}
and {yk}, respectively. That said, let {kj} be an increasing sequence of indexes such that

zkj → z∞, wkj → w∞ and ykj → −s∞. (49)

Direct use of (46) and the second and third statements in (49) give w∞ = −s∞, i.e., s∞ + w∞ = 0.
In view of (49) and (47), we also have

ẑkj → z∞, ŵkj → w∞ and ŷkj → −s∞, (50)

which, in particular, when combined with the �rst and second statements in (45) yields

Lxkj+1 → −s∞ and ykj+1 → w∞. (51)

From (48) and the �rst statement in (50) we also have z̃kj+1 → z∞, which combined with Lemma
2.2(a) (with k = kj), the fact that the graph of ∂(f∗ ◦ −L∗) is closed and the �rst statement in (51)
yields s∞ ∈ ∂(f∗ ◦ −L∗)(z∞). As a consequence, according to the de�nition of S as in (11), to prove
that (z∞, w∞, s∞) ∈ S, it remains to verify that w∞ ∈ ∂g∗(z∞). To this end, recall �rst that from
(22) we know that ykj+1 ∈ ∂εkj+1

g∗(vkj+1), which combined with the second statement in (51), the

�rst statement in (49), the third and fourth statements in (45) as well as with the closedness of the
graph of ε-subdi�erential of g∗ gives the desired result, namely w∞ ∈ ∂g∗(z∞).

Altogether, we have proved that every cluster point of {pk} belongs to S and so, as we explained
above, it guarantees that {pk} converges to some element in S, i.e., here we �nish the proof of (42).

Finally, the proof of (43) follows trivially from (42), (45), (47) and (48).

We now make a few remarks concerning Theorem 2.5:

(i) A su�cient condition for (41) is as follows: for some 0 < θ < 1 and k0 ≥ 1,

αk ≤ min

{
α,

θk

‖zk − zk−1‖2 + ‖wk − wk−1‖2 + γ2‖yk − yk−1‖2

}
, ∀k ≥ k0; (52)

here we adopt the convention 1/0 =∞.

(ii) As we discussed in the Introduction (following Assumption 1.1), under standard regularity
conditions on (1), the result (z∞, w∞, s∞) as in Theorem 2.5, gives that there exists x∞ ∈ H such
that x∞ ∈ ∂f∗(−L∗z∞), s∞ = −Lx∞ and x∞ and z∞ are solutions of (9) and (10), respectively.
Moreover, the third statements in (42) and (43) give, in particular, that Lxk − yk → 0.

11



3 Numerical Experiments

This section presents some numerical experiments on the LASSO and logistic regression problems,
which are both instances of the minimization problem (1). We compared the following algorithms:
the inexact relative-error ADMM from [44, Algorithm 1] and Algorithm 1 from this paper, which
we denote as admm_inexact and admm_inexact_inertial, respectively. We implemented both al-
gorithms in Python 3.7 and, for both algorithms and all problem classes, used the same stopping
criterion, namely

dist∞
(
0, ∂f(xk) + ∂g(xk)

)
≤ ε, (53)

where dist∞(0, S) := inf{‖s‖∞ | s ∈ S} and ε is a tolerance parameter set to 10−6.
The inertial parameter αk (as in step 1 of Algorithm 1) is updated according to the rule (52) with

θ = 0.99 and k0 = 1. More precisely, we choose αk as

αk = min

{
α,

(0.99)k

‖zk − zk−1‖2 + ‖wk − wk−1‖2 + γ2‖yk − yk−1‖2

}
, ∀k ≥ 1,

where 0 ≤ α < 1.

3.1 The LASSO problem

In this subsection, we perform numerical experiments on the LASSO problem (as already discussed
in (16)), namely

min
x∈Rd

{
1

2
‖Ax− b‖2 + ν‖x‖1

}
, (54)

where A ∈ Rn×d, b ∈ Rn and ν > 0. For the data matrix A and the vector b, we used two categories
of non-arti�cial datasets:

Gene expression: This category consists of six standard cancer DNA microarray datasets
from [18], which have dense and wide matrices A, with the number of rows n ∈ [42, 102]
and the number of columns d ∈ [2000, 6033]. These problems are called brain (with n = 42 and
d = 5597), colon (with n = 62 and d = 2000), leukemia (with n = 72 and d = 3571), lymphoma
(with n = 62 and d = 4026), prostate (with n = 102 and d = 6033) and srbct (with n = 63 and
d = 2308).

Single-Pixel camera: This category consists of four compressed image sensing datasets from [20],
which have dense and wide matrices A, with n ∈ {410, 1638} and d ∈ {1024, 4096}]. These
problems are called Ball64_singlepixcam (with n = 1638 and d = 4096), Logo64_singlepixcam
(with n = 1638 and d = 4096), Mug32_singlepixcam (with n = 410 and d = 1024) and
Mug128_singlepixcam (with n = 410 and d = 1024).

We implemented both algorithms admm_inexact and admm_inexact_inertial in Python 3.7,
combined with a CG procedure to approximately solve the subproblems (21); see also the �fth remark
following De�nition 2.1. As usual (see, e.g., [3]), we solved the (easy) subproblem (20) by using the
standard-soft thresholding operator. We also set α = 0.2, σ = 0.99 and γ = 1. Moreover, as in [13],

12



Table 1: Outer iterations for the LASSO.

Problem admm_inexact admm_inexact_inertial iteration2
iteration1

(iteration1) (iteration2)

Ball64_singlepixcam 374 296 0.7914
Logo64_singlepixcam 382 311 0.8141
Mug32_singlepixcam 311 246 0.7909
Mug128_singlepixcam 994 939 0.9447
Brain 4227 3391 0.8022
Colon 767 489 0.6375
Leukemia 833 671 0.8055
Lymphoma 1232 996 0.8084
Prostate 2806 2263 0.8064
srbct 677 543 0.8021

Geometric mean 880.21 701.74 0.7972

we set the regularization parameter ν as 0.1‖AT b‖∞, and scaled the vector b and the columns of
matrix A to have unit l2-norm.

Table 1 shows the number of outer iterations required by each algorithm on each problem instance.
Table 2 shows the cumulative total number of inner iterations required by the CG algorithm for solving
(21). Table 3 shows runtimes in seconds demanded by each algorithm to achieve the prescribed
tolerance as in (53). Figure 1 shows the same results graphically.

3.2 The logistic regression problem

This subsection presents numerical experiments on the `1�regularized logistic regression problem
[26, 36]

min
(w,v)∈Rn−1×R

{
q∑
i=1

log
(
1 + exp(−bi(aTi w + v))

)
+ ν‖w‖1

}
, (55)

using training datasets consisting of q pairs (ai, bi), where ai ∈ Rn−1 is a feature vector, bi ∈ {−1,+1}
is the corresponding label, w ∈ Rn−1 represents a weighting of the feature and v ∈ R represents a
kind of bias.

Problem (55) is clearly a special instance of (1) with x = (v, w), L the identity operator and

f(v, w) := ν‖w‖1 and g(v, w) :=

q∑
i=1

log
(
1 + exp(−bi(aTi w + v))

)
. (56)

We solved the (easy) subproblem (20) by using the standard soft-thresholding operator. Analogously
to [3, 23], to approximately solve the second subproblem corresponding to g(·), namely (21), we used
the limited-memory BFGS (L-BFGS) method.

We selected three cancer DNA microarray non-arti�cial datasets from the Gene expression col-
lection, as described in Subsection 3.1, for which bi ∈ {−1, 1} for i = 1, . . . , n. In addition, we also
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Table 2: Total inner iterations for the LASSO.

Problem admm_inexact admm_inexact_inertial iteration2
iteration1

(iteration1) (iteration2)

Ball64_singlepixcam 801 620 0.7741
Logo64_singlepixcam 817 652 0.7981
Mug32_singlepixcam 622 432 0.6945
Mug128_singlepixcam 2054 1911 0.9304
Brain 35848 19720 0.5501
Colon 6257 3353 0.5359
Leukemia 7421 4631 0.6241
Lymphoma 13706 8194 0.5978
Prostate 23552 14562 0.6183
srbct 5715 3748 0.6558

Geometric mean 4374.71 2924.09 0.6684

Table 3: Runtimes in seconds for the LASSO.

Problem admm_inexact admm_inexact_inertial iteration2
iteration1

(iteration1) (iteration2)

Ball64_singlepixcam 0.0648 0.0598 0.9228
Logo64_singlepixcam 0.0578 0.0448 0.7751
Mug32_singlepixcam 0.0019 0.0009 0.4737
Mug128_singlepixcam 0.5505 0.4489 0.8154
Brain 0.0163 0.0126 0.7731
Colon 0.0069 0.0049 0.7101
Leukemia 0.0119 0.0098 0.8235
Lymphoma 0.0139 0.0109 0.7842
Prostate 0.0195 0.0121 0.6205
srbct 0.0089 0.0079 0.8876

Geometric mean 0.0204 0.0153 0.7478

14



Figure 1: Comparison of performance in LASSO problems
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Table 4: Outer iterations for logistic regression problems.

Problem admm_inexact admm_inexact_inertial iteration2
iteration1

(iteration1) (iteration2)

Colon 4343 2936 0.6761
Leukemia 2231 1562 0.7001
Prostate 3100 2124 0.6852
Arcene 419 301 0.7184
a9a 2310 1524 0.6597

Geometric mean 1961.98 1349.05 0.6874

Table 5: Total inner iterations for logistic regression problems.

Problem admm_inexact admm_inexact_inertial iteration2
iteration1

(iteration1) (iteration2)

Colon 19344 14218 0.7351
Leukemia 11493 7235 0.6295
Prostate 26637 14845 0.5603
Arcene 2683 2297 0.8561
a9a 17201 10987 0.6387

Geometric mean 12227.22 8263.79 0.6758

used the a9a (n = 32561 and d = 123) and Arcene (n = 900 and d = 10000) datasets from [24] and
[30], respectively. Both of these datasets are sparse and are available from the UCI Machine Learning
Repository [19] (where a9a is called adult). We set the regularization parameter ν as 0.1‖AT b‖∞ and
scaled the columns of matrix A to have unit l2-norm. We also set α = 0.36, σ = 0.99 and γ = 1.

Tables 4, 5 and 6 show the outer iterations, the total inner iterations and the runtimes, respectively.
These results are also graphically summarized in Figure 2.

16



Figure 2: Comparison of performance in logistic regression problems
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Table 6: Runtimes in seconds for logistic regression problems.

Problem admm_inexact admm_inexact_inertial iteration2
iteration1

(iteration1) (iteration2)

Colon 0.0149 0.0105 0.7047
Leukemia 0.0369 0.0178 0.4824
Prostate 0.0596 0.0467 0.7836
Arcene 0.2139 0.2007 0.9383
a9a 2.8205 1.0811 0.3833

Geometric mean 0.1146 0.0717 0.6256

A Auxiliary results

The following lemma was essentially proved by Alvarez and Attouch in [2, Theorem 2.1] (see also [4,
Lemma A.4]).

Lemma A.1. Let the sequences {hk}, {sk}, {αk} and {δk} in [0,∞) and α ∈ R be such that h0 = h−1,
0 ≤ αk ≤ α < 1 and

hk+1 − hk + sk+1 ≤ αk(hk − hk−1) + δk ∀k ≥ 0. (57)

The following hold:

(a) For all k ≥ 1,

hk +

k∑
j=1

sj ≤ h0 +
1

1− α

k−1∑
j=0

δj . (58)

(b) If
∑∞

k=0 δk < ∞, then limk→∞ hk exists, i.e., the sequence {hk} converges to some element in

[0,∞).

Lemma A.2 (Opial [38]). Let H be a �nite dimensional inner product space, let ∅ 6= S ⊂ H and

let {pk} be a sequence in H such that every cluster point of {pk} belongs to S and limk→∞ ‖pk − p‖
exists for every p ∈ S. Then {pk} converges to a point in S.
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