dition inherent in the KS transformation and is closely re-
lated to the fact that the two two-dimensional oscillators
have the same angular momentum as shown in Eq. (34).
Thus, it can be seen that the equivalence between the Cou-
lomb-Kepler problem and a four-dimensional oscillator or
a pair of two-dimensional oscillators results, respectively,
in the separability of the problem in spherical polar coordi-
nates or parabolic coordinates as shown in Eq. (32) in con-
junction with Egs. (33) and (34).

'See, for example, M. Boiteus, Physics 65, 381 (1973); A. O. Barut, C. K.
E. Schneider, and R. Wilson, J. Math. Phys. 20, 2244 (1979); A. C.
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A uniformly accelerated reference frame S is defined as a set of observers who remain at rest with
respect to a given observer A who is accelerating at a constant rate with respect to the
instantaneously comoving inertial frames. The one-dimensional uniformly accelerated reference
frame S is considered. The world lines of A and the other observers making up S are determined.
Coordinates useful for describing events in S are carefully defined and the transformation
equations between different sets of them are derived. The variation with position in S of the speed
and frequency of light waves is determined. The motion of a free-particle in .S is determined.
Various phenomena in S, ordinarily associated with general relativity, are considered, in
particular the asymmetric aging of twins at rest at different positions and the existence of

horizons.

L. INTRODUCTION

Most texts on special relativity leave one with the
impression that the motion of objects can only be discussed
from the point of view of an observer fixed in an inertial
frame.! Although accelerated motions are discussed,” little
is said of accelerated observers,® and even less of acceler-
ated reference frames.

On the other hand, accelerated reference frames are con-
sidered in most general relativity texts, particularly in con-
nection with the principle of equivalence. But there is very
little discussion of the properties of such frames and most
comments concerning them are vague and occasionally er-
roneous.*

This apparent lack of interest in accelerated reference
frames or at least in the details of their properties is quite
surprising in view of the fact that the accelerated reference
frame is the bridge that Einstein used to go from special
relativity to general relativity and also in view of the fact
that the properties of such frames are extremely interest-
ing.

In contrast to the above attitude in most textbooks, sig-
nificant treatments of accelerated frames and related mat-
ters can be found in Maller,’ Rindler,® and Misner eral.” A
discussion of Mgller’s treatment can be found in Sears and
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Chen, Phys. Rev. A 22, 333 and 2901E ( 1980); 23, 1655 (1981 );25,2@
(1982): 26, 669 (1982); J. Math. Phys. 23,412 (1982); M. Kibler ané
Négadi, Lett. Nuovo Cimento 37,225 ( 1983); A. C. Chenand M. Kj
Phys. Rev. A 31, 3960 (1985). ¥
2R . Rockmore, Am. J. Phys. 43, 29 (1975).
3p. Kustaanheimo and E. Stiefel, ]. Reine Angew. Math. 218, 204 (194 5 |
4The coordinates #? = £, = ,and ¢ = B + y arethe squared parabg}
ic coordinates. The coordinates X and Yin Ref. 2 correspond to 5, anﬂ%
withf=y=0.
31t can be shown that p, = mr * sin’ @ =4as%p, =45p,.
$See, for example, L. I. Schiff, Quantum Mechanics (McGraw-Hill, N
York, 1958), p. 235; A. C. Chen, Am. J. Phys. 47, 1073 (1979).
TH. Goldstein, Classical Mechanics (Addison-Wesley, Reading, M,}"
1950), Chap. 9.

=

Brehme® and a survey of the use of accelerated observe%
and accelerated reference frames in relation to the twine
paradox is given by Marder.” E

A number of instructive treatments have also appear
in this Journal. Lass'® derives a useful transformati
between inertial coordinates and a particular set of coor
nates associated with an accelerated frame. Romain'' d
cusses and analyzes Lass’s transformation. Marsh'? d
cusses transformations between inertial coordinates and
coordinates associated with an accelerated frame from &
more general point of view, and considers both Lass
transformation and Mpgller’s transformation. Rindler"
shows the relation between Kruskal space in general rela-
tivity and the accelerated reference frame. Hamilton'* d
cusses in detail some of the observations that would b
made in a uniformly accelerated frame. Good'? considers.
in conjunction with a film clip some of the observations
which would be made by an accelerated observer especi
as it relates to the twin paradox.

One or more of the following criticisms can be made @
each of the above treatments of accelerated frames: The
approach is unnecessarily formal or abstract, key concepis
are left undefined, a working knowledge of general relatl
ty is assumed, no attempt is made to give a physical inte!
pretation of the coordinates introduced, the relationshi
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,2409 | between different sets of coordinates used is not made, and
mlerandT. * ' po investigation of the properties of the frame is made.
‘M.Kibler, | In this article we consider, within the framework of the

i special theory of relativity, the nature and properties of
_ ' uniformly accelerated reference frames. Our objective is
;?p(alr:gi ;_' i (i) to define precisely wh'z_:t is meant by a uniformly acc?e]-
%, Al erated reff?rence frame; (ii) to show the phys1cgl meaning
? of the various coordinates associated with a uniformly ac-
celerated reference frame; and (iii) to demonstrate the un-
/-Hill, New usual properties associated with a uniformly accelerated
79). - reference frame; properties normally associated with gen-
ling, MA, eral relativity, such as the variation in the speed and fre-
quency of light waves with position; the asymmetrical ag-
ing of spatially separated twins who remain at rest with
respect to one another; and regions into which an observer

can enter but not leave.

We have tried to carefully define all quantities intro-
duced, to derive results from as straightforward and ele-
mentary view as possible, and to avoid excessive formal-
ism. We assume only a modest knowledge of special relativ-
ity theory, and have provided in Sec. III an outline of the
results from special relativity which will be needed.

In order to keep the discussion as simple as possible we
restrict ourselves to motion along a line in one dimension.
II. DEFINITIONS AND NOTATION
A. Units

To simplify the mathematical expressions which we ob-
tain in this paper, we shall work in a system of units in
which ¢ = g = 1, where c is the speed of light and g is an
arbitrary constant acceleration which we will introduce
later. For g = 9.5 m/s?, the unit of length is almost exactly

. one light year and the unit of time is almost exactly 1 yr.
| The technique for restoring the constants ¢ and g in the
| resulting expressions can be found in the literature.'®

- | B.Standard clocks and standard rods
):)}f:rt‘:sirrsl E We assume in what follows that we have_ava\_ilable alarge
| number of identically constructed infinitesimally small

appeared 3 CIO(_:ks, which we shall refen: to as standard clocks, and
spimationd yvhu:h have the property that if any two of them are at some
fcoordi- | 'mstantatrestwith respect to one gnother at the same point,
ain®! dis- 8 thep at that instant their rates will be equal, regardless of
<h'? dis their accelerations. .
Lates and Bl We': also assume that we ha_ve a_vallable a larg_e number of
e from 28 identically constructed 1nﬁn1tes1_mal rods which we shall
h Lass's Fefer to as standard rods, and Whlch have the property that
Rindler’® ifany two of them are at some instant at rest w1.th respect to
epilcili one another at the same point, then at that instant their
bon s lengths will be equal, regardless of their accelerations.
would be
COHS?‘?;: | C. Observers
ervations —
sspecially | An observer is considered to be an intelligent point parti-

~ ¢le,'" equipped with a standard clock and a standard rod,
:made of | 3nd having the following properties: (i) negligible interac-
mes: The | ton with the surroundings, (ii) the ability to move arbi-

trarily consistent with the usual relativistic limits, and (iii)
the ability to communicate with other observers by means
of light signals. We assume the universe to be one-dimen-
Sional and to be filled with such observers.
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D. Reference frames

Each observer defines a world line in space-time, and the
world line of each observer can be broken down into a
succession of instants in time. If we consider a continuous
set of observers whose world lines for simplicity we assume
do not cross, then an event can be specified by determining
(1) the world line on which the event occurs, or equivalent-
ly the observer who is present at the event; and (ii) the
point in time, on the above world line, at which the event
occurs. Which observer is present at the event determines
the “where” of the event, and the point on the observer’s
world line at which the event occurs determines the
“when” of an event. _

We define a reference frame to be a continuous set of
observers who remain at rest with respect to one another.'®
An observer B will be considered to be at rest with respect
to an observer A if it always takes the same amount of time
as measured by A for a light signal to make a round trip
from A to B and back again. As defined above, a frame of
reference is a hypothetical physical entity and not a math-
ematical entity. A frame of reference is not the same as a set
of coordinates. Methods for coordinating a frame of refer-
ence will be considered later.

ITL. INERTIAL FRAMES AND SPECIAL
RELATIVITY

A, Introduction

In this section, we have gathered together some results
from the special theory of relativity which will be useful to
us in later sections. Although the choice and formulation of
these results is somewhat unusual, we have made no at-
tempt to provide a detailed justification of them. In most
cases the necessary justification can be found in one or an-
other of the many excellent books on special relativity. The
purpose of this paper is not to investigate the foundations of
special relativity, but to show that uniformly accelerated
frames of reference can be handled quite naturally within
the framework of special relativity. Implicit in our choice
of results is the assumption that the special theory of rela-
tivity is properly defined as the theory of flat space-time
and is not restricted, as required by some definitions, to
observations made with respect to inertial frames of refer-

ence.

/' B. The existence of an inertial frame -

We shall assume that there exists at least one frame hav-
ing the following properties: (i) if A and B are arbitrary
observers in the frame, L the distance between A and B
determined using measuring rods, and 27 the time as mea-
sured by observer A for a light signal to go from A to B and
back to A again, then the quantity c=L /T is a constant,
that is, it has the same value for every choice of observers A
and B in the frame; (ii) if length is defined using measuring
rods or light signals, then the resulting geometry is Euclid-
ean.

Any frame having the above properties will be called an
inertial frame. The quantity ¢ defined above will be called
the speed of light in an inertial frame, and in our system of
units has the value 1. We shall later generate, or at least
indicate how to generate, with the help of a few additional
postulates, a whole set of frames satisfying the above prop-
erties, but for our present purposes all we require is the
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