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Abstract

We investigate the basic assumptions leading to Schwinger’s quantum action prin-
ciple in quantum mechanics. We present this principle in a new way that clarifies
some previous developments, e.g. the derivation of the fundamental commutators
among the canonical variables and the Heisenberg equation for operators. We define
operators associated to the classical transformations of the Galilei group, i.e. trans-
lations, boosts, and rotations and show their commutators obey the Lie algebra of

the Galilei group.

PACS: 83.65.Ca; 11.10.Ef

1 Introduction

Schwinger’s quantum action principle (QAP) in quantum mechanics was first presented
in [1] and followed the ideas of work originally developed in the context of relativistic
quantum field theory [2]. The basic idea of the QAP consists on taking a quantum action
W = ﬁf dt L, = ttf dt (pig; — H(q, p, 1)), defined in terms of operators, and to consider the
boundary term that comes from the variation of the action when we consider infinitesimal
variations doq; := q;(t) — qi(t), dop; := pi(t) — pi(t) in the functional form of the canonical
operators (examples of these transformations are given in section 5.1 for the cases of

translations, Galilean boosts and rotations). For the action given above one obtains as
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boundary term F' = p;00q; — Hdt, which Schwinger interpreted as the generator of unitary
transformations corresponding to the freedom of changing the descrition of a quantum
mechanical system. Further developments based on this interpretation of F' determine the
form of the fundamental commutators as well as the Heisenberg equation for operators.
Despite its power on fixing several basic properties of quantum mechanical and relativistic
field systems, some of the derivations of the QAP are not clear and sometimes invoke
assumptions that are not contained in the QAP itself, therefore, leaving the impression
the principle is incomplete.

For example, as it is shown in [1], the derivation of the canonical commutators [g;, p;] =
ihdij, [¢i,q;) = 0, [pi, pj] = 0 involves the use of the QAP twice, at one time taking for
action the form given above, and at another time taking for action W = [*dt L, =

ttf dt(p;qi — H(q,p,t)). Although the difference between the two lagrangians L, and L,
relies only on a total derivative, we cannot affirm that both actions will lead to the same
physical properties. In fact, this total derivative will appear as a boundary term in the
variation of the action giving a contribution to the generator I’ that may change the
description of the system.

Another development that is not clear refers to the derivation of the Heisenberg equa-
tion for operators. As the boundary term F' is obtained from the infinitesimal variation
of an hermitian operator W, then F'is both an hermitian and an infinitesimal operator
that depends on the infinitesimal variations dqq;, dop;, dot. Therefore, F' generates an in-

o _ _i
F and its inverse U~ = e~ #% that, as a first order

finitesimal unitary operator U = eh
approximation in dyq;, dop;, dot, write as U = 1 + %F, Ul=1- %F The QAP assumes
that given an operator K (g, p,t), the infinitesimal unitary operator U = 1+ %F induces a
change on K as 6K = UKU ' - K = —%[K, F]. In order to obtain the Heisenberg equa-
tion for K it is assumed additionally in [1] that 6K = — (% — 25)5,¢ however no proof
is given this relation is true in the general case. Another delicate point is the assumption
that the operator variations dqy, dpy are functions rather than operators, an issue that
led to several investigations [3]. In our approach we are able to let dqo, dpy be operators
at the cost of having extra transformations in our theory.

In our work we present a formulation of the QAP that solves the ambiguities mentioned
above and follows the general idea behind Schwinger’s QAP. The difference is in the choice
of the action and in the type of transformations we consider that will render a different
form for the boundary term. Another particular characteristic of our development is on
the role played by the Hamiltonian that appears independently of the generator F'. Both
generators will be fundamental in defining unitary transformations in the space of states
from which we will be able to determine the fundamental commutators without ambiguity

and from a single action. The purpose of this work is to make a comparative study of the



hypothesis that led Schwinger to formulate his QAP and the hypothesis that we use to
formulate our version of the QAP. We emphasize throughout the text where we deviate
from Schwinger construction and the new features that appear. We hope this may bring
a renewed interest on this subject.

Our work is organized as follows. In section 2 we review Schwinger’s development
of the QAP. Subsection 2.1 is devoted to the basics of unitary transformations in the
space of states and observables, a necessary tool to formulate the QAP. Subsection 2.2
reviews Schwinger’s derivation of the fundamental commutators and of the Heisenberg
equation for operators. In particular, we discuss those aspects which seem incomplete
and that demand assumptions besides the QAP itself. In section 3 we formulate a new
version of the QAP obtaining a boundary term F' that differs from the one obtained by
Schwinger. We assume a consistency between composition of transformations generated
by F' and H, thus obtaining the equations of motion for the canonical operators. Then
we analyze the structure of the transformation 6K generated by F' on an operator K.
In section 4 we analyze the role of the Hamiltonian on the evolution of the system, and
we assume it induces on an operator K a transformation dy K having the same structure
as the one induced by F'. As a result we obtain the Heisenberg equation of motion for K.
In section 5 we review symmetry transformations and analyze the conserved quantities
arising from Noether theorem. We specialize the transformation to the case of rotation,
boost, and translation obtaining the generators of each transformation. Then we show

their commutators obey the Lie algebra of the Galilei group.

2 The QAP in Quantum Mechanics

2.1 Transformation theory

! Consider two operators A(t), B(t) and their corresponding eigenvectors |x4,t>, |x5,t>
in the Heisenberg representation. Let us perform unitary transformations on each operator

according to

A(tl) — Av(t1> = UAA(t1>U21 B(tz) — é(tg) = UBB(tQ)U;l
Ixa,t1>— |Xa,t1>:=Ualxa, t1> IxB,t2>— |XB, t2>=Ug|xp, t2> .

(1)
The transformation function < xg,ta|x4,t; > changes as

<%B7 t2|%A7 tl >=< XB7 t2|U§1UA|XA7 tl > .

!This follows material presented in [2], section I.



In the case of an infinitesimal transformation we write U4 = 1 + %FA, Ug =1+ %FB,

hence
§ <xB, to|xa,t1> = <X, tla|Xa,t1> — <xB,la|xa,t1>
7
= -3 <xBta|(FB — Fa)lxa,t1> (2)
JA = —%[A,F] . (3)

Knowledge of the transformation function < xp,ta|xa,t1 > allows us to determine the
dynamical aspects of the physical system. This is due to the fact that all quantities of
physical interest are ultimately related to amplitudes of this type. Here, we notice the
unitary transformation given in (1) doesn’t change the eigenvalue spectra of the operators,
however, it does change the transformation function unless we transform both operators
by the same unitary transformation, in which case we would have § < xp,ta|xa,t1 >=
0. In the general case, equation (2) allows us to relate the effect of a change in the
transformation function, caused by an arbitrary change of eigenvectors, as the expectation
value of the operator —#(Fp— F4). A particular case of (1) is to consider transformations
generated by a family of unitary operators U(t) that, at the instant ¢, transforms all

observables in the same way, i.e. Uy(t) = Up(t). Equation (2) then writes as

7
§ <xB,t2|xa,t1>= — <xB, t2| (F(t2) — F(t1))xa,t1> (4)

The essence of the QAP is to find a form for the infinitesimal generators F(ts), F(t;)

from a dynamical principle.

2.2 The Schwinger QAP in Quantum Mechanics
2.2.1 The Schwinger formulation of the QAP

2 Let us consider a quantum mechanical system described by canonical variables {g;, p;}
and Hamiltonian H(g;, p;,t). We assume it exists a quantum action associated to the
system that writes as

W= [ dt Ligs(), palt). a(t). pu(8), 1) (5)

t1
In the Heisenberg representation the operators ¢;, p; are time dependent. Therefore, in
order to consider independent variations of these quantities and the time ¢ it is convenient
to introduce an independent parameter 7 such that ¢t = ¢(7), ¢:(7) = ¢:(t(7)),pi(7) =

pi(t(7)).

2This section exhibits the same derivations of [1] but the results are presented in a different way as to

facilitate the comparison of Schwinger’s development with the one we present in section 3.
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Consider now infinitesimal variations in the functional form of these quantities

t(r) — Hr) =)+ dt(7)
(1) — @(7) = ¢(7) + 04:(7) (6)
pi(1) — (1) = pi(7) + dopi(7) (7)

where we allow dqq;, dop; to be operators. In this case we have to set a prescription in
order to calculate 0K (q,p, q,p) for any operator K. We adopt the convention of placing
dop to the left of %—[g and dpq to the right of %—Iq{ (analogously for §op, do¢) whenever there is
ambiguity in the position of these operators, i.e. 0K = %—Iq( d0q+dop %% + %% doq + 0op %—K
We notice that

dt déot dr - dr ddot
0 T Y T Ta ar (8)

and

dg; dr dg;(7) déot dq;  ddog;
e - ol

dt dt  dr dt dt ' dt
5 dpi 5 <depz( )) _ddgt dp; n doop;
“ar dt dr ) dt dt dt

then we obtain

dr dg;(T) dr dp;(T) ) (@L d 8L> (8L d 3L>
doL|{ qi (7), — — = —

oL d /0L . d /. 0L d (OL ) . oL
+ [825 + o (aqz%> + o (pzapiﬂ(;o 7 (8 (60qi — Gidot) + (dopi — p¢5ot)api) - (9

In terms of 7 we write

= [l S (e, G )

and using (8, 9) its variation gives

t2 OL dL d /0L . . 0L oL d oL
W= /t1 dt{[at_dt+dt((9qiq¢+piap)]5ot+<aqi—dtaqi)do%—l-

)

oL d 0L oL ) . oL
+dop; (8% clt@zii)} + ( 96, (00qi — didot) + (Sopi — piéot)%)

The QAP imposes that 6WW depends only on contributions arising from the boundary, i.e.

“(10)

t1

t2

OL . . oL
(SW = F(tg) — F(t1> = <L (50 aq ((50(]z — Q¢50t> -+ (50]?1' — pzéot)ap>

t1

from which we identify the generator of canonical transformations of the system as

oL : ) oL

9q;




The remaining part we impose to be zero. Due to the arbitrariness of the variations

dot, 00qi, 0op; we obtain

o~ ot rgy) =0 a2
oL d oL oL dOL
o dtog " op dop 1)
Using (13) we note the first equation is in fact equivalent to the operator identity
dL. 0L 0L oL, . 0L oL
@ ot T ogt T agtt Pigy, TGy

Some remarks:

(i) Equation (11) incorporates the form of the generator F' for the three quantum la-
grangians analysed by Schwinger in [2]: L, = prdr — H (qk, Pk, t), Ly = —Drqr — H (qx, D, t)
and L = (L, + Ly).

(ii) It it is possible to work directly with the paremeter ¢ instead of using the parameter

7. In order to obtain (10) we should take the transformations of t, qx(t), px(t), Gr(t), pr(t)

as
t — T=t+6t(t)
qi(t) — Q(t)z i(t) + 0oqi(t)
pi(t) — pi(t) = pi(t) + dopi(t)
dg;(t) N dgi(t) dQ( ) Iy dg;(t)
dt di dt O dt
dpi(t) _ dpit) _ dpit) 50dpi(t) _
dt dt dt dt
The variations 6o == dql(t) and 0y d” i) agree with the previous ones, in fact
5 dg;(t) — in( ) sz‘( ) _ dtdgi(t)  dgi(t) _ (1 B dfsot) dgi(t)  dgi(t) _
“ar T dt dt — di dt dt i ) dt dt
_ ddogi(t)  ddot dgit) _ ddogqi(t)  ddot dg;(t) (14)
dt dt  dt dt dt  dt

where the last equality is established as a first order approximation in dgt, dpq;. It is
important to notice that although we allow for a variation of the parameter ¢, we keep ¢
fixed when it appears as the argument of ¢;, p;, ¢;, p;. The use of the parameter 7 is is just

dq7 dpz (t

an alternative way to ensure this transformation for o=~ ) and the analogue for g

2.2.2 Some derivations from the Schwinger QAP

(1) The Heisenberg equation of motion for operators

Let us choose L, = p;g; — H(q;, p;,t). From (11) we obtain
F(t) = pidoqi — Héot . (15)
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The unitary transformation U = 1 + %F (t) acts on an operator K(g;,p;,t) according to
(3),

h h h
Let us consider dog; = 0. Then (15,16) become
F = —Hjpt (17)
5K = %[K, H)ot (18)
In this case where F' = —H gt and in order to obtain the Heisenberg equation for the

operator, Schwinger assumes that 3 K corresponds to the negative change of K owing to

its implicit or dynamical dependence on t, i.e.

dK 0K

or in a equivalent way
0K = K(g;(t — dot), pi(t — dot), 1) — K(qi(t),ps(t),?) [induced byF = —Hdot]  (20)

This gives the Heisenberg equation

dK 0K i

Schwinger gives no proof of the general validity of relation (20), henceforth it must be
considered as an additional prescription to the QAP.
Remark: Taking K (q;(t),pi(t),t) = ¢;(t) and K(q;(t),p;(t),t) = p;(t) in (20) we obtain

0qi(t) = qi(t — dot) — qi(t) = —qidot .

opi(t) = pi(t —dot) — pi(t) = —pidot (22)

From the three basic variations associated to the operator ¢;(t) [4]

doqi(t) = qi(t) — ¢;(t) (variation in the functional form)
0qi(t) = qi(t+ dot) — q;(t) (the point variation)
orqi(t) = Gt + dot) — qi(t) = Soqi(t) + dqi(t) (the total variation)

we conclude that (in this case when one takes F' = —Hdot) dq;(t) differs from doq;(t),
0q;(t), and d7q;(t). Therefore, dq; should be interpreted as a new variation induced by
F = —Hdégt. The same applies to dp;.

3Cf. [1], pg 154.



(2) The commutators [g;, p;], [pi,p;l, (¢ 4]
Let us choose again L, = p;4; — H(q;,pj,t). Consider dpt = 0. Then (15, 16) become

F(t) = pjdoq;

2
0K = _ﬁ[Kapj(SOCIj]

At this point, Schwinger obtains part of the fundamental commutators by assuming that

dogq; s a function rather than an operator. This allow us to write

?

0K
h

(K, pj]00; - (23)

Taking the particular case of K = ¢; we obtain

l

> (9, P5]004; (24)

0g;

that is a relation between two unknown quantities: d¢; and the commutator [g;, ¢;]. In
order to determine the commutator [g;, p;| Schwinger assumes that dg; = dog;. Then, we

have
[Qiapj] = ih(sij . (25)
By a similar argument, taking K = p; we obtain
i ] =0 (26)

It remains to determine the commutator [g;,¢;]. This time we consider the action as

L, = —p;jq; — H(gj,pj,t). From (11) we get
F(t) = —(50]?]' q; — H(Sot .

Taking dot = 0 and repeating the same development we obtain the commutator [g;, ;] = 0.
Remark: We assumed dq; = dog;. By definition of dpq; we obtain dq;(t) = G;(t) — ¢;(t).
Since (24) is a particular case of (23) with K(g;(t),pi(t),t) = ¢:(t), we have

0qi(t) = @(t) — i(t) = SK(qi(t), pi(t),t) = K(Gi(t), pi(t),t) — K (qi(t), pi(t), 1) (27)
[induced by F = p; doqi]

that establishes the definition of K induced by F = p; dpq;. A similar argument applies
to dp;(t) which gives

0K (qi(t), pi(t),t) = K(qi(t),pi(t),t) — K(qi(t), pi(t),t) [induced byF = —dop; q;] (28)



As we finish this review of Schwinger’s QAP, we emphasize the following points:

(i) The variations dyg;, dop; are functions rather than operators. This assumption is nec-
essary to establish the commutators. The possibility to have a more general situation
force us to consider dgq;, dop; as operators.

(ii) The commutators are derived using a particular form for the generator F' with
0ot = 0. This suggests us to look for an action and transformations of ¢, pr that re-
sults on F' = p;00q; and F' = —dgp; ¢; directly from the beginning. The fact of using two
different Lagrangians to obtain the commutators indicates that it may be necessary to
incorporate the two Lagrangians L, and L, into a single action.

(iii) The derivation of the Heisenberg equation for operators assumes a particular form
F = —Hyt. This suggests us to consider the Hamiltonian as a separated generator.

(iv) Equations (20, 27, 28) fix the variation § K for different choices of F' and. These cases
assume that dyq;, dop; weren’t operators. What will happen to d K if we allow dyq;, dop; to

be operators?

3 A new formulation of the QAP in quantum me-

chanics

3.1 Establishing the QAP

In this section we intend to present the QAP in a way that incorporates the observa-
tions made in (i)-(iv). Again, let us consider a quantum mechanical system described by
canonical variables {¢;, p;} with Hamiltonian H(g;, p;,t). In order to keep the discussion
as simple as possible and to avoid non-essential complications due to spin we assume that
all observables can be written in terms of these fundamental operators. Let us suppose
that the initial and final configurations of the system happen at instants ¢;,%,. We state
the QAP as follows: There exists a functional of the canonical variables defined by

to
w= [ a (piq'i — pigi — 2H(q, , t)) (29)

t1

such that under a transformation of the canonical variables (9oq;, dop; being operators)
qi(t) — Gi(t) := ¢i(t) + doai(?)

pi(t) — pi(t) := pi(t) + dopi(t)

it transforms as 6W = F(ty) — F(t1). This quantity is related to the variation of the
amplitude < xg,ta|xa,t1> by

(30)

7
§ <xB,talxa,t1>:= — <xB, ta|OW |xa,t1 > (31)



where F(t1) and F(ty) are generators of unitary transformations acting on the states
Ixa,t1> and |xp,ta>.

From (30) we have

t2 OH OH
—00¢; — OoPi=— | -
s 09 op ap)

Assuming the QAP we must have 6W = F(t3) — F(t1). Therefore, we identify

oW = (pi d0qi — Oop; Qi)

to
+2 dt( — D;i 00G;i + Oopi Gi —
t1 t1

F(t) = pidoqi — dopi i (32)
t
The QAP fixes the remaining part as zero i.e.
t2 . . oH OH
/ dt( — Pi00Gi + Oopi ¢i — ——004i — 50]%’) =0
ty a% apz
and since the variations dgq;, dgp; are arbitrary we must have
OH OH
=—p;, — =4 . 33
9 = P gy = (33)
Consider now
OH OH
H(Q? +5OQ7P + 50p7t + 5t> - H(qapu t) aq 50(]2 + 50]% a + Eét

Taking the particular case of variations dyq; = ¢;0t, dop; = p;0t and using (33) we have

dH  O0H
da ot
The boundary term we obtained in (32) differs from the one derived by Schwinger, e.g.

(34)

F = p;00q; — Hdpt, in that we do not have any contribution arising from the Hamiltonian.
The reason is that we do not consider time transformations in (30). This separation of

the Hamiltonian from the generator F' suggest the time evolution of states is generated

by H alone.

Now, we should check the consistency between unitary transformations generated by
F and H. Let us consider a time independent Hamiltonian (i.e. %—If = 0) and the following
transformations

F(t)

!x,t>—> 0 t>= e O >, |y to>"— | t>=er 0|y g

Consistency requires that

ehH(t t0)

F
I, to> ~— |x.t> — X, t>

R F (o)

|X7t0> - |§<V7t0> — ’X7t>

10



1.e.

e%F(t) _ e%H(t—to)e%F(to)e—%H(t—to) ‘

For an infinitesimal transformation with §¢ = ¢t—t, this gives F'(t) = F(to)++ 6t[H, F(to)],
or equivalently

dF l
— = —_[F,H].

Using (32), the previous equation can be rewritten as

0

Di 00Gi + Pi 00di — OoDi @i — OoDi ¢i = 5

[pi, Hd0q; — ﬁpi[&)qm H] + 7 dopilai, H] + 7 [6opi, H]qi

which gives

G = —la, H, pi = —1pi, H] (35)
0

160gi, H], b0pi = —+[0opi, H] -

The commutators involving the variations dgq;, dop; are in general different from zero, a
fact that is only possible by assuming them to be operators. Another condition arises
when we consider ¢; = —+%[q;, H] and take the variation dy directly from this relation:
dogi = —3100ai, H] — #[gi, doH], that gives

(¢, 00H] =0 . (36)
Analogously we obtain
[pi, 00H] =0 . (37)

These equations are consistency conditions to be satisfied by the variations dgq;, dop;. It
becomes clear that the choice of the Hamiltonian restrict the type of transformations (30)
we can consider for the system.

In Schwinger’s original formulation [1], the variations dgg;, dop; were assumed to com-
mute with the canonical variables. Therefore, the equations he obtains is dog; = —%[Qi, doH|,
dopi = —%[pi, doH| which differs from ours. Consistency conditions (36,37) are absent in

Schwinger’s formulation and appear here due to the operator character of the variations

d0q, dop-

3.2 The fundamental commutators

We have not determined yet any fundamental commutators among the canonical variables,

therefore, the previous equations do not establish any dynamical aspect of the model.
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We assume the generator F' induce an infinitesimal transformation on the canonical
variables ¢;(t), p;(t) that we write as dpq; = 0pq; + 00, Orp; = Opp; + dop;. As we will see
below, the additional terms d¢q;, 6 pp; are required in order to garantee the consistency of
the formalism in the case dyq;, dop; are operators.

In order to fix the fundamental commutators, let us consider the action of the generator
F on an operator K(q,p,t). Since F' = p; doq; — dop; ¢; doesn’t depend on ¢, it is reasonable
to assume from (27, 28) that

5rK (q,p,t) == K(q+ 6q,p + dop,t) — K(q,p,1) = 05K + 6K (38)
where
oK oK
oK = 00q; + dop;
0 aq 0q; + O0oPi=— o, (39)
orK == K(q,p,t) — K(g,p,t) (40)

with 6 K referring to an arbitrary change in the functional form of the operator K. Also,

SpK =UKU ' — K = —%[K, Fl. (41)

From (38,41) we obtain the following equation

— 0K 0K 7 7 7 7
F +3ql- 0g; + i - L pildods — 3 pil K dodi] + 3 dopil KK, ail + 3 K dopilq
which gives
oK 7 oK 7
= ——[K,pl, = —|K, g 42
90 - (K i) o, - K al (42)
_ 7 7
orK = —[K,dopi|l ¢i — — pi [ K, 00qi] - (43)

h h

We see from (43) that 6pK is determined by the commutators of K with the operators
d0qi, Oop;- In particular, taking for K the gy and py in (41) we obtain the commutator

relations

i, 0] = iR 0i5,  [qis q5] = [pi,ps] = 0 (44)
and 0pq; = 7 @i, 00p;] @5 — 7 Pj @i, %0;],  0rpi = + [Di, dops] 45 — 7 j [Pis oqs]. Placing K
as 0oq, Oop into (42) we obtain

96 o) - doop; 9004,
R s T

gFQz‘ = -

12



that works as an alternative definition for dpq;, dpp;. From (32) we write 4

Orq; = % — 00 = rqi= %. 46
S = —4E _ 5 0. Srp; — — aF ( )
FPi = —4q opi == OFp; = dag;

which resembles equations (33) with H in place of F'. It should be noticed that the effect of
the generator F' on the canonical variables is to produce a change dpq = 0 pq+6oq, dpp =
0pp + dop, that adds contributions érq, dzp to the original arbitrary variations dyq, dop.
Equation (38) is an assumption we have to make in order to calculate the fundamental
commutators. It gives the response of K(q,p,t) to the action of the generator F. It has
the same role as the assumption made by Schwinger that §K = — (4 — 2K) 5t although

dt ot
the contents of one and another are quite different.

4 The Dynamical Evolution of the System and the

Hamiltonian

4.1 The Heisenberg equation of motion for an operator

We consider now the role of the Hamiltonian on the dynamics of the system. Let us
extend the previous construction considering F' = Hdt, i.e. we assume the generator
Hoit induce an infinitesimal transformation on the canonical variables that we write as
0rq = 0q + 8:q, Sup = dup + &p. The form of this transformation will be fixed below.

Given an operator K, in analogy with (41), we assume it transforms under the action

of the generator H as
Sk = —%[K, Hot] (47)

with (20) suggesting us to write 65K = K(q+ 0,q,p + 6ip,t) — K(¢.p,t) = 6g K + 6,K
with g K and §;K defined as in (39,40)

oK oK
K = Y il 4
0y oa 0¢qi + 0y o, (48)

Thus we obtain °

- oK oK 1 )
ogK t)+ —00q + oipi— = ——|K, H|ot — —H|K, it
H (Q7p7 ) 3(]1 tqi tPi apz h[ ] h [ ) ]
dF - oF d0q; |, 9dp; o dF - @ oF d0q; | dop; B
"We denoted g+ = &= + 66:;,- Da: Do a&iw di* Bo; 6651,- ot T op aa(f;,--

5We use the same idea explicit in eq. (43) of taking dy K associated to the commutator of K with

the parameter §t.
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or

DK 0K i

T+ Opie— = —— K, H

aqiat%‘l’étpz o, oI, H]ot (50)
SuK(q.p,t) = —%H[K,ét}

Now, since the variation ¢ is not an operator we obtain 6y K = dyq = dxp = 0. Taking
K = ¢ in (47) and using (35) we have 6,q; = —+[q;, H]6t = ¢;6t. Analogously, &,p; = p;ot.
Replacing these values into (50) we obtain the Heisenberg equation for the operator

dK 0K i

T E_ﬁ[K’H] . (51)

A final consistency check consists to put K = H into (47), which gives 6, H = —+[H, H|6t =
0. Also, by definition we have 6, H := g—g@qi + 5tp,~g—][f = —P;q;0t + p;0tg; = 0 upon using
(33). Finally, we notice that

_ OH
Ouqi = O0nq +0q; = G0t = ot
Opi
_ oH
oupi = O0pp; + 0p; = pidt = — 34, ot

that is consistent with (46) upon the identification F; = Hét.

4.2 The Heisenberg equation for the g-eigenstates

As an application of the previous development let us consider the position eigenstates
|g,t>. Considering F; = Hét we have dy|q,t>= 1+ 6tH|q,t>. We develop dy|q,t> as

0
dulg, t>:=|q,t +0t> —|q, t>= (5talq,t> .
Then we get
0 i
—l|q,t>= -Hl|q, t> 52
prld - Hla, (52)

In Schwinger’s approach [1], equation (52) is obtained in a quite different manner, as it
follows from F' = p;doq; — Hot and §lq, t>= —%F|q,t>: %(piéoqi — Hét)|q,t> . Then, if
d0q; is a c-number, together with ¢, in Schwinger’s formalism one can formally calculate

the functional derivatives 3-|q,t>, 2|q,t>, this last one we associate to equation (52).
Qi 3

6Since the transformation is unitary it doesn’t affect the eigenvalues, therefore the only contribution
is due to the time variation.
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5 Symmetry Transformations and Conserved Quan-
tities
5.1 Noether Theorem

We analyze now symmetry transformations and the associated conserved quantities. We
will follow the same development as [4] adapted to an Hamiltonian formalism. Let us

denote w = p;¢; — piqi — 2H (g, p) and take

Wlq(t),p(t), 4(t), p(t), t] = /dtw(Q(t),p(t),Q(t),P(t)) :

We submit the canonical variables and the time to arbitrary transformations of the type

t — t'=t+4+0t
¢ — q(t') = q(t) + 0q(t) (53)
pi — pPi(t) = pi(t) + opi(t)

that are related to dyq;, dop; by
Another useful relation is

dt  dt dt dt’ dt — dt dt dt -’

In addition to transformations (53) we also consider an arbitrary change on the functional

form of w(q,p) that is independent on the functional changes of the canonical variables
and keeps the equations of motion invariant, e.g. w(q,p) — w(q,p) + Q(q,p). The
only possibility comes from a functional change on the Hamiltonian, H — H' = H +
Q(q,p) (2 = —2Q) . In terms of this modified Hamiltonian H’ the equations of motion
write as ¢; = +lgi, H'] = £lg, H +Ql,  p; = +lpi, H] = +[p;, H + Q] which stay
invariant if [g;, Q(q,p)] = [pi,2(g,p)] = 0, that gives Q(q,p) constant, which we can

ignore. Transformations (53) are a symmetry transformation [4] if

which gives

o

OH )
dg;

(U051
Op;

d .

Sa: + 20m: [ ¢ —
7t >q1+ pz(%

Using the equations of motion we obtain

d
. 5a; — op; ,~—2H5t>:0
dt(p q Di 4.
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and from this we write the corresponding conserved quantity
Q(t) = pi 6q; — dpi q; — 2HOt . (54)

Let us consider transformations of the canonical variables that corresponds to infinitesimal

translations, rotations and boosts. Their effect on the canonical variables is
G — 4 =q+0a;+ (dw x q); + dvit
pi — Pi=pi+ (0w X p); + mov;

Let us consider the particular cases:
(i) Boosts: dq; := dv;t, Op; :== mdv;. The conserved current is Q(t) = (p;t — mg;)ov;
and the boost generators are identified as NV; := p;t — mgq; with %ﬁ” =0= % = 0.

(ii) Rotations: 0¢; := €;;10w; qr, Op; = €;x0w; pr. The conserved current is Q(t) =

dJ; _
dt

(iii) Translations: dg; := da;, Jdp; := 0. The conserved current is Q(t) = p;da; and the

2¢€;jxq;prow; and the rotation generators are J; = €;;,q,;pr With

translation generators are P; = p; with dj:i = 0.

5.2 Galilei algebra

We analyze now the commutators between the generators ﬁ, j, N , H for the case of a

massive spinless particle. Using the Heisenberg equation for operators (51) we obtain

d 0 0P, . Op;
P = in( L \p = —inZ = _ip P
(P H] =i (dt at> hor = Mg =0
o dooN ., L 0d; L O0(eqipe)
[JZ,H} = Zh(dt - at)Jl = —1h 61& = —lhT =0
L /(d 0 . ON; . O(pit — mq;) . .
NoH) = (%= ZV\N, = —inD — _p QPG i,
[Ni, H] Z(dt 875)2 ot ! ot Wby =
The other relations follow from the fundamental commutators (44)

[Ji, Pj) = [€mqupi, D] = €imtlqe, vl = theiipr = iheij P

[Ni, P;] = [pit — maq;,p;] = —ihmd,;

[Ji, J]] == ZhEZ]ka

(Ni, J;] = [pit — mq;, €juqipi] = €jmt[pi, Grlpr — Mejrqi(qi, i) = ihe;je Ny

[Ni, N;| = [pit — maq;, p;t — mq;] = —mt[p;, q;| — mtlg,p;] = 0.

These commutators correspond to the Lie algebra of the Galilei group. We notice that in
our approach they arise as a consequence of the QAP (through the fundamental commu-
tators between the canonical variables and the Heisenberg equation), and the fact that
J, N, P are conserved quantities. This result extends the QAP far beyond the dynamical

aspects of the theory, relating it to algebraic aspects too.
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6 Conclusion

We presented an equivalent form for the QAP in which the boundary term arising from
the variation of the action has the form F' = p;00q; — dopiq;. The absence of the term
depending on the Hamiltonian lead us to consider separately the unitary transformation
U = ernlt=00) a5 the generator of time translations. One aspect that should be investigated
is the case of systems in which the Hamiltonian contains the time explicitly. In some
of these cases, quantum mechanics formalism assumes the time evolution is generated

H(t=to) Hhut satisfying

by an unitary operator not necessarily having the form U = e
Ut to) = 1— % [f dt H{H')U(t',t5). It remains to be investigated the extension of the
QAP to this case.

In our work we considered systems without spin. One approach to describe spin is to
add to the canonical variables {¢;, p;} extra fermionic coordinates, 6,, 7, [5]. The devel-
opment of a QAP involving both bosonic and fermionic variables is expected to generate
supersymmetric quantum mechanics, an area that can provide further applications of the
QAP.

Finally, it may be possible to formulate the QAP in quantum field theory following an
Hamiltonian formalism which generalizes our approach and whose form can be compared
with the lagrangian formalism adopted by Schwinger in [2]. The analysis of the QAP to
relativistic quantum fields will be presented in a forthcoming work.
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